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GENERALIZED WEIERSTRASS SEMIGROUPS AT SEVERAL POINTS
ON CERTAIN MAXIMAL CURVES WHICH CANNOT BE COVERED
BY THE HERMITIAN CURVE

M. MONTANUCCI AND G. TIZZIOTTI

ABSTRACT. In this paper we determine the generalized Weierstrass semigroup H (Poos P1,..., Pp),
and consequently the Weierstrass semigroup H(Px, Py, ..., Py), at m+ 1 points on the

curves Xy pn,s and YV, s. These curves has been introduced in Tafazolian et al. [28] as

new examples of curves which cannot be covered by the Hermitian curve.

1. INTRODUCTION

Let X be a nonsingular, projective, geometrically irreducible algebraic curve of positive
genus ¢ defined over a finite field F, with ¢ elements and let X(FF,) be the set of its
F,-rational points. The curve X is called F,-mazimal if its number of [F -rational point
attains the Hasse-Weil upper bound, namely equals 2g,/q + ¢ + 1. Clearly, maximal
curves can only exist over fields whose cardinality is a perfect square. Apart for being
of theoretical interest as extremal objects, maximal curves over finite fields has attracted
a lot of attention in recent decades due to their applications to coding theory and cryp-
tography. Maximal curves are indeed special for the structure of the so-called Weiestrass
semigroup at one point, which is the main ingredient used in the literature to construct
AG codes with good parameters. In [9], Delgado proposed an interesting generalization of
Weierstrass semigroups, where instead of one single point several points of the curve are
considered simultaneously. His original approach was on curves over algebraically closed
fields, but later Beelen and Tutas [3] studied such object, called generalized Weierstrass
semigroup, for curves defined over finite fields. Moyano-Fernandez, Tenoério and Tor-
res [20] presented importante properties of generalized Weierstrass semigroup at several
points on a curve, which suggested again the use of maximal curves to obtain good AG
codes. In [9] Delgado introduced also the notion of maximality to generalized Weierstrass
semigroups (see Definition [2.5]). Interesting connections between the concepts of maximal
elements and generating sets for Weiestrass semigroups was presented in [26], and in [30],
the authors used the notion of maximality in generalized Weierstrass semigroup to give a
characterization of gaps and pure gaps of Weierstrass semigroups.
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The most important and well-studied example of a maximal curve is the so-called Hermit-
ian curve M, defined over F 2 by the affine equation y? + y = 29+, A well-known reason
is that for fixed ¢, the curve #H, has the largest possible genus g(H,) = ¢(¢—1)/2 that an
[F 2-maximal curve can have. A result commonly attributed to Serre, see [21], Proposition
6], gives that any F2-rational curve which is covered by an F z-maximal curve is itself also
[F ;2-maximal. Therefore many maximal curves can be obtained by constructing subcovers
of already known maximal curves, in particular subcovers of the Hermitian curve. For
a while it was speculated in the research community that perhaps all maximal curves
could be obtained as subcovers of the Hermitian curve, but it was shown by Giulietti
and Korchmadros that this is not the case, see [I7]. Giulietti and Korchmdros constructed
indeed a maximal curve over Fy, nowadays referred to as GK curve, which cannot be
covered by the Hermitian curve whenever ¢ > 2. Garcia, Giineri, and Stichtenoth, in [15],
presented a new family of maximal curves over F 2. (n odd), known as GGS curves, which
generalizes the GK curve and that are not Galois-covered by the Hermitian curve [18, [10].
Many applications of these curves in coding theory have been made in recent years, see
e.g. [1, [2], [8], [12], [19] and [3I]. Another generalization of the GK curve over F . (n
odd) has been introduced by Beelen and Montanucci in [4], which is now known as BM
curves. These curves are not Galois-covered by the Hermitian curve as well. Applications
of of the BM curves to coding theory can be found in [22] and [25].

Tafazolian, Teherdn-Herrera, and Torres [28] presented two further examples of maximal
curves, denoted by X, , s and Y, s, that cannot be covered by the Hermitian curve. These
examples are again closely related to the GK curve. They are not generalizations as the
GGS and BM curves, but instead subcovers of the GK curve. The curves X,;, s and
Yn,s can be considered as concrete models of the quotient curves computed by Fanali and
Giulietti in [I3, Theorem 4.5] while for s = 1 the curve ), ; is the GGS curve mentioned
above. Recently, Bras-Amorés and Castellanos [5] determined the Weierstrass semigroup
at certain m + 1 points on the curves X, ;,1 and ), (case s = 1) and present some
conditions to find certain pure gaps for certain specific semigroups, yielding to some AG
codes with good parameters. It is so natural to ask: what happens if s > 17 In this paper
we determine the generalized Weierstrass semigroup H (P, P1, ..., Py), and consequently
the Weierstrass semigroup H(Ps, Py, ..., Py), at m 4 1 points on the curves X, s and
Vn s for arbitrary s > 1, generalizing the results in [5].

The paper is organized as follows. In Section 2 we fix the notation that will be used
throughout the paper and recall some basic facts about generalized Weierstrass semigroups
and their maximal elements. In the same section the curves X, ; ,, s and Y, s, together with
their most important properties, are also presented. Section 3 is devoted to determine
the generalized Weierstrass semigroup is at several points on the maximal curves X, ,
while in Section 4 we present similar results for the curve ), ;.



2. PRELIMINARIES

Let F, denote a finite field with ¢ elements. Let X be a nonsingular, projective, geo-
metrically irreducible algebraic curve of positive genus g defined over F, and let Q =
(Q1,...,Qn) an m-tuple of pairwise distinct rational points on X'. Throughout the paper
the following notation will be used.

o [, (X): function field associated to X.
e Div(X): the set of divisors on X.

e (f), (f)oo and (f)o: principal divisor, divisor of poles and divisor of zeros of f € F,(X)*,
respectively.

e £(G): the Riemann-Roch space associated to G € Div(X), that is, the F,-vector space
{heF, (X)<:(h)+G>0}uU{0}.

e /(G): the dimension of L(G).

e Rq: the ring of functions in F,(X)* having poles only on the set {Q1,..., @y}, that
is, that are regular outside {Q1,...,Qmnm}.

e Nj: the set of nonnegative integers.
e For a fixed a = (g, ..., ) € Z™, D, denotes the divisor a1Q1 + . . . Q.
e vp: the discrete valuation in the function field F,(X') at the point P € X.

2.1. The curves X,p,s. Let ¢ = p* a power of a prime number p and let n,b,s > 1 be
integers satisfying the following:

e n is odd;

e b is a divisor of a;
"+1
qg+1°
For ¢ € F2 with ¢! = —1, we define the curve X, 4, s over F 2. by the affine equations

e 5 is a divisor of

a/b—1
1 cy?™t =t(z) = 27" and y? —y = M,
Y Yy Y
=0
q"+1

here M = —
where SqF 1)

. The curve X, 4, is Fjen-maximal and it has genus

2spb '

g(Xa,b,n,s) =

Furthermore, &, 4, s is a subcover of the GGS curve, see [2§].
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We will denote an affine point P = (a,3,7) € Xypns(Fpen) by Pag,). The unique
common pole of the functions z,y and z will be denote by P,. Thus, we have the
following divisors:

(2) (2 —a) = (¢ + )M P00 — (@ +1)MPx ;
q/p’
(3) (y—B) =Y MPu, 0 — =MPy, with t(a;) = 7" and § € Fe ;
Yy (v,3,0) pb 009 Q; a q?
i=1
@ aq/p° 3
4)  (2) = Z Z Pla;p;.0) — q—bPoo, with 3; € F2 and cﬁ}”l = t(ay), for all 4, j.
p

j=1 i=1

From [28, Proposition 5.1] we have that H (Px) = (5 M 7 (g+1)M), which is a telescopic

I pb I
semigroup. More details about the curve &, ;, s can be found in [28§].

Remark 2.1. Since telescopic semigroups are symmetric (see [20, Lemma 6.5]), the Frobe-

1 =
spb

nius number of H(P) is {; = 29 — 1 =
1

—[(¢® = ") (g +1)M — ¢°].
p

Proposition 2.2. [27, Proposition 1.6.2] A divisor K is canonical if and only if deg(K) =
2g—2and ((K) > g.

Lemma 2.3. The divisor
K: <qn+2_pbqn_8q3+q2+(s_ 1)pb _2)

spb

is a canonical divisor of Xgpn.s-

Proof. First, note that deg(K) = 2g — 2. Now, by Remark 2.1] the Frobenius number of
H(P,) is 2g — 1 and thus ¢(K) = g. Then the result follows from Proposition O

2.2. The curves Y, s. Let g be a prime power. Let n > 3 be an odd integer and s be a

divisor of %. The )V, s curve defined over F2n is the projective curve defined by the

equations

(5)

2 M 9

xq_'_x — yq+1
{yq -y = z



q"+1

where M =
s(g+1)

. The curve ), s is F2n-maximal and it has genus

g(yn,s) = 25 .

We note that, for s = 1, the curve ), 1 is the GGS curve. So, we can say that this curve
generalizes the GGS curve.

Let Y, s(F2n) be the set of Fen-rational points of }, s, and we will denote P = («, 8,7) €
Vn,s(Fg2n) by Pl g)- The unique common pole of the functions x,y and z will be denote
by P,. Thus, we have the following divisors:

(6) (z—a)=(¢+1)MPaoo — (¢g+1)MPy ;

q
(7) (y—B) =Y _ MPq, 50 — ¢MPs, with af + a; = 37 and 8 € Fy ;
i=1

? q

(8) (2) =D Playso) — ¢°Poo, with B € Fp and BT = a4+, foralli=1,...,q.

j=1 i=1
From [28, Proposition 5.1] we have that H(P.,) = (¢M, ¢*, (¢+1)M) and it is a telescopic
semigroup. More details about the curve Y, s can be found in [2§].

Analogously to Lemma one can prove that the divisor

n+2 . n __ 3 2 —1
() K:<q "= s+ ¢ +s

S ‘2) P =1[(¢® = Dig+ )M —¢* — 1P

is a canonical divisor of ), ;. Since the proof would be very similar to that of Lemma [2.3]
we will omit it.

2.3. Weierstrass semigroups and gaps. As before, let X be a curve over F, and let Q =
(@Q1,...,Qm) be an m-tuple of pairwise distinct rational points on X. The Weierstrass
semigroup H(Q) of X at Q is the set

H(Q) = {(al, o am) €NT T h € Fy(X)* with (h)e = ia@}

In [23], G. Matthews introduced the concept of minimal generating set for H(Q), denoted
by I'(Q) = I'(Q1, . .., @). The word “generating” comes from the fact that H(Q) can
be reconstructed from I'(Q), as we describe in the following.
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Let uy,...,u; € Ny, where ug, = (ug,, ..., us,) for all k =1,...t. The least upper bound
(lub) of the vectors uy, ..., u; is defined as
lub{uy,...,w} = (max{uy,,...,uy },...,max{us,,,...,u, }) € Ny

In [23] Theorem 7], it is shown that, if 2 < m < ¢, then

H(Q) = {lub{uy,...,u,} e N{' ;uy,...,u, €I'(Q)}.

The elements in the finite complement G(Q) := Nj*\H(Q), are called Weierstrass gaps,
or simply gaps, of X at Q (or simply gaps. A pure Weierstrass gap (or simply pure gap)
is an m-tuple a € G(Q) such that {(Dy) = ¢(Do — Q) for j =1,...,m. The set of pure
gaps of X at Q will be denoted by Go(Q). As mentioned in the Introduction, Weierstrass
semigroups and their gaps are an important tool in coding theory, see e.g. [7], [16] and
[24]. For more details about Weierstrass semigroups at m points see [6] and [7].

2.4. Generalized Weierstrass semigroups and mazimal elements. Given X and Q = (@, . ..

as before, we define the generalized Weierstrass semigroup of X at Q to be the set

(10) H(Q) = {(~vq,(h), .., —vq, (h) € Z" : h € RQ\{0}}.

For further references and recent applications of these structures see [3, 26, 29]. It is
worth mentioning that the generalized Weierstrass semigroup H (Q) is a different set
than the (classical) Weierstrass semigroup H(Q) of X at Q presented in the previous
section. However, the classical and generalized Weierstrass semigroups are related by

~

H(Q) = H(Q) NN{* provided that ¢ > m; see [3, Proposition 6].
For a = (avq,...,ap,) € Z™ and i € {1,...,m}, we let
V(@) :={B=(f,....5m) € H(Q) : Bi=c, and §; < o for j #i}.

Such sets play an important role in the characterization of H (Q) as the following propo-
sition shows.

Proposition 2.4. [29, Proposition 2.1] Let o € Z™ and assume that ¢ > m. One has

Q)+ 1, foralli € {1,...,m};

(1) o € H(Q) if and only if {(Dy) = (Do —

(2) V() = 0 if and only if £{(Dy) = €(Dq

Let a = (a1, ..., qy) € Z™. For a nonempty subset J C {1,...,m}, define
Via):={B8=(Bi,...,0.) € HQ) : Bj =ajfor j € J, and 5; < o for i & J}.

Definition 2.5. An clement o € H(Q) is called absolute mazimal if V() =0 for
every J C {1,...,m} with #J > 2. If otherwise V;(a) # 0 for every J C {1,...,m}
with #.J > 2, we say that a € H(Q) is relative mazimal.

7Qm)
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The sets of absolute and relative maximal elements in H (Q) will be denoted, respectively,

by T(Q) and A(Q).

Proposition 2.6. [29, Proposition 3.2] Let o € }AI(Q) and assume that ¢ > m. The
following statements are equivalent:

(i) @ € T(Q);

(ii)) VI"(a) = {a} foralli € {1,. },'
(ili) V" () = {a} for some i € {1 Lom};
(iv) {(Da) = (Do — 3272 Qi) + 1.

Given a finite subset B C Z™, we define the least upper bound (lub) of B by

lub(B) := (max{f;, : B € B},...,max{f3,, : B € B}) € Z™.

~

The next theorem shows that the set I'(Q) determines H(Q) in terms of least upper
bounds.

Theorem 2.7. |29, Theorem 3.4] Assume that ¢ > m. The generalized Weierstrass
semigroup of X at Q can be written as

H(Q) = {lub({8",....,8"}) : B'....B" € T(Q)}.

In this way, ['(Q) can be seen as a generating set of H(Q) in the sense of [23]. We observe
that, unlike the case of generating set for classical Weierstrass semigroups of [23], the set
f(Q) is not finite. Nevertheless, it is finitely determined, in the sense that we describe in
the following.

For ¢« = 2,...,m, let a; be the smallest positive integer ¢ such that tQ); — tQ;_, is a
principal divisor on X. We can thus define the region

Cn =Cn(Q) ={a=(ay,...,an) €Z™ : 0<o;<a;fori=2,...,m}.
Let n° = (ni,...,n.) € Z™ be the m-tuple whose j-th coordinate is

—a; , ifj=i—1
77;- = a; , ifj=1
, otherwise.

Defining
(11) Om=0(Q) ={byn*+... +b,m™ €Z™ :b; € Zfori=2,...,m},

we can state the following result concerning the absolute maximal elements and relative
maximal elements in generalized Weierstrass semigroups at several points.
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Theorem 2.8. [26, Theorem 3.7] Assume that ¢ > m. The following holds:
[(Q) = (T(Q) NCu(Q)) + On(Q)
AQ) = (MQ)NCn(Q)) + On(Q).

Remark 2.9. Note that since ['(Q) N C,, and A(Q) N C,,,(Q) are finite and O, is finitely
generated, ['(Q) and A(Q) are determined by a finite number of elements in H(Q). Also,
note that ['(Q) = I'(Q) N N{* and so if we get I'(Q) we have I'(Q).

For a = (ay,...,an) € Z™, let Vi(a) := {8 € Z™ : B; = a; and B; < «; for j #
i} and V(a) = U, Vi(a), and define A(Q) := AQ) N Ng*. In [30] the following
characterization of gaps and pure gaps of a Weierstrass semigroup at several in terms of
maximals elements in a generalized Weierstrass semigroup is provided.

Theorem 2.10. [30, Theorems 3.1 and 3.2] Assume that ¢ > m. Then
)6 = |J (V(B)NN), and

B*eA(Q)
2) Go(Q) = U (ﬂ Wﬂi)) .
Q™ \i

An equivalent formulation for the absolute and relative maximal property can be made
with respect to the concept of discrepancy, which has been introduced in [II]. This
reformulation will be especially useful for us in calculations, when determining absolute
and relative maximal elements.

Definition 2.11. Let P and ) be distinct rational points P and @) on X. A divisor
A € Div(X) is called a discrepancy with respect to P and @ if L(A) # L(A — Q) and
LIA—P)=L(A-P—-Q).

Proposition 2.12. [30, Proposition 2.8] Let o € Z™ and assume that ¢ > m. The
following statements are equivalent:

(1) a € A(Q);

(2) V() =0 and €(Dy) = (Dg—1) + (m —1);

(3) fori,j €I with j #1, Do—1+ Q; + Q; is discrepancy w.r.t. Q); and Q;;

(4) there exists i € I such that Do_ 1+ Q; + Q; is discrepancy w.r.t. Q; and Q;, for any
J#

(5) there ezists i € I such that V;(a) =0 and V; j(a) # 0 for every j # i.

Proposition 2.13. [29, Proposition 3] Let X be a curve over F,, r be an integer such
that 1 < r < q and Q1,...,Q, be rational points on X. Let « = (avy,..., ) € Z" and
Q=(Q1,...,Q,). The following statements are equivalent:

(i) @ €T(Q);
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(il) a1@Q1 + ... + a,.Q, is a discrepancy with respect to any pair of distinct points in

{Qb c e '7@7’}-

We end this section presenting a technical lemma that will be an important tool in com-
putations with discrepancies in the next sections.

Lemma 2.14. [14] Noether’s Reduction Lemma]| Let D be a divisor, P € X and let K
be a canonical divisor. If dim(L(D)) > 0 and dim(L(K — D — P)) # dim(L(K — D)),
then dim(L(D + P)) = dim(L(D)).

3. GENERALIZED WEIERSTRASS SEMIGROUP AT CERTAIN m + 1 POINTS ON &, ;s

In this section we present our main results about Weierstrass semigroups and generalized
Weierstrass semigroups at certain m + 1 points on the curve &, 4, s over Fg2n, where 1 <
m < q/p°. Let Py and Py on Xy, s as in Subsection 2.1l To simplify the notation,
we will denote P, 00) by F;, for each ¢ = 1,. ..,q/p’, and Py = (Px, Pi, ..., Py).
Define D := (2)y = ;1.2:1 Z‘Z’i ’f) Pla, 8,,0) as already introduced in Equation ().

We observe that with the conditions on a,b and n given in Section 21, if m < ¢/p°,
then m < ¢?". This allows us to use the results given in Sections and [2.4] where this
hypothesis was required.

Proposition 3.1. Let (i,5) € ([0,q] x [1, M] N Z*)\(q, M) and 1 < m < q/p°. Then the

1 m

divisor A = —b[(q2 —mp")(q +1)M —igM — j¢°| Py + Z(zM +J) Py is a discrepancy to
p =1

every pair of distinct points in {Ps, P, ..., Py}

Proof. First, to see that L(A) # L(A— P) for all P € {Py, Py, ..., P,} we just note that

ZM_qu_Z
the principal divisor of the function f := ———— is

B H;nzl(x — )
m Q/Pb

—J%[<q2—mpb><q+1>M—z‘qM—jq3]Poo—Z(z’Mﬂ')Pw > [g+1)M—iM—j)P+(M—j)D,

=1 t=m+1
where D=D — (P, +---+ Pypp)-
Hence f € L(A)\ L(A—P) for all P € {Py, Py,..., Py}

Now, we must prove that L(A—P)=L(A—P—Q) and L(A—Q) = L(A—Q — P), for
all P,Q € {Py,Py,...,P,}. By Lemma 2.14] it suffices to prove that L(K — A + P) #
L(K — A+ P+ Q), where K is a canonical divisor. Let

K= (]%[(q2 —p") g+ )M —¢’] - 1) P,
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be the canonical divisor given in Lemma 2.3l Then, we have that
1
K+P+Q-A = <ﬁ[(q2 —p") g+ 1)M —¢%] —1> P+ P+Q

m

_]%qu =)+ M g S|P = 3 )P
= [(m = Da+ DM + 500+ —1)q—b—1]Poo+P+Q—§:(z’M+j)Pg.

(=1

If Py € {P,Q} then we can assume without loss of generality that P = P, and Q = P;.
Thus,
3 m
K+P+Q-A= [(m—1)(Q+1)M+z’}%M+(j—1)}%]Poo—(z’M+j—1)P1—Z(z'M+j)Pg
=2

and we have that 27 'y’ (z —g) - (z — ) E LK+ P+Q — A)\ LK +Q — A).
If Py & {P,Q}, we can suppose that P = P; and ) = P5. In this case, we have

3 m

K+P+Q-A = [<m—1)<q+1>M+¢Z%M+<j—1>]%—1]Poo—<iM+j—1>P1—<Z’M +i=h=) (iM+))F,
=3

and 2771y (z —ag) - (v —ap) € LK+ P+ Q — A) \ L(K +Q — A).

So, LK +P+Q —A) # LK+ Q — A) and, by Lemma 214 we can conclude that
LIA—P)=L(A-P—-Q).

Therefore, A is a discrepancy with respect to P and @ for any two distinct points P, Q) €
{Psx, Pr,..., Py} O

Our next aim is to compute explicitly the absolute and relative maximal elements in
generalized Weierstrass semigroups of X, ., at (m + 1)-tuples of rational points, where
1 <m < q/p®. To do so, we observe that from Section 2.1l and Section 4] one has

(12) Cop1 ={B€Z™ 1 0<Bi<(q+1)M fori=2,...,m+1},

and ©,,,1 is generated by the (m + 1)-tuples
(13) n'=(0,...,0,—(¢g+1)M,(¢g+1)M,0,...,0) € Z" for i=2,...,m+1.
———

i-th entry

For (i,7) € ([0,q] x [1, M] N Z*)\(q, M) define

(14) a"™:= (ﬁ[(Cf —mp®)(q+ )M — igM — jg®],iM +4,...,iM —l—]) e Zmt,



Note that when writing /™ = (o™, o™ ... a®9"™) one has o™ = i — (q +
1)M, for all m > 2.
Lemma 3.2. Let o/7™ = (af™™, o™, ... ab"™) be as above with m > 2. Then

VT (ayg PP QBIT _  (q+ DM, L al T — 14 (g + DM, ol — 1) = 0.

Proof. Letd—(aé“” Oézljm—l-(QﬂLl)M . Z]m+(q+1)M al3™) and Deg, —aoijoo—l—
(Oéijm (q+1)M)P + ...+ (o) b 1+ (g + 1)M)Pm_1 + ab3™m P, In view of Proposition
[2.4)(2), it is sufficient to prove that

((Dg—(Pi+...4+P,))=0(Dsg— (P +PL+...+P,)).
Equivalently, by Lemma 2.14] let us show that
LIK—Da+P+...4+P) #L(K —Dag+ P+ P +...+Ppy)

1

where K as before denotes the canonical divisor K = (—b[(q2 — ) (g +1)M — ¢ — 1) P
p

given in Lemma 23]

Hence
qM q3
K—Dsg+ P+ P +... m — 1)( q+1M+Zp——|—(] l)ﬁ P
m—1
[(iM+(—1)+(q+1)M|P, — (iM +j—1)P,,.
k=1

Let f:= 2" (x —a;)...(x — ayu_1). Thus
3
. . . q
(f) = (]_1)Pl+"'+(]_l)Pq/pb_(]_l)ﬁPoo
FiMPy + -+ iM Py — i M Py,
p
g+ DMP 4+ (g+ D)MPoy — (m —1)(q + 1)MPs

m—1

ZZMJr (G—1 4 (g+ 1)M]P, + (iM + 5 — 1)P,,

/ 3
Z (M +j—1)P — ((m— 1)(€I+1)M—|—i%\f +(j— 1)}%) P.

k=m+1

So, fe L(K—Dg+ Py +Pr+...+Py)\L(K —Dg+ P+ ...+ P,,), and the proof is
complete. 0

We are now ready to give an explicit description for the absolute and the relative maximal
elements of H(P,,41) in the region C,,1 given in Equation (12)).



12 M. MONTANUCCI AND G. TIZZIOTTI

Theorem 3.3. Let 1 < m < q/p°, Prgr = (P, P1, ..., Py), and §m+1 be as abowve.
Then

~

T(Prns1) N Crg1 = Smgr U {0},
where S,y is the set of all o™ as in (T7).

Proof. It follows from Propositions 2.13] and [3.1] that §m+1 C f(Pm+1) N Cpy1. To prove
the reverse inclusion we will use induction on m.

First, for m = 1 if (A, 1) € T(P3y) N Cy, then p < (¢4 1)M and so u = iM + j, for
some (i,7) € ([0,q] x [1, M] N Z*)\(q, M). Now, by Propositions and B, we have

1 ~

that (—b[(q2 —mp®)(q + 1)M —igM — j¢?|,iM + j) € I'(P2)NCy and the results follows
p

from Proposition

Let now m > 2 and suppose that f(PkH) NCry1 = §k+1 for k=1,...,m — 1. Recall
that, when writing o™ = (af?™, ai?™, ..., a’™), we have ay”™ = af"™ ' — (¢+1)M.
Given a = (ag, a1, ..., ) € f(PmH) NCma1, let Dy = agPs + Py ... 4+ o, Py, and
let us consider ¢ := min{t € N : ag +t(q¢+ 1)M > 0}. Observe that, by Proposition 2.6]
{(Dy) > 1, and thus |a|= deg(Dy) > 0. In addition, @ € C,41 and hence oy >
=Y a5 > —=m((g+1)M —1). So ag +m(q+1)M > 0, which shows that 1 < t < m.

We distinguish two cases.

eIf 1 <t<m—1, wehave 2 < m+1—t < m. Without loss of generality, assume that
a1 = minj<g<,{ay}. Hence Theorem and Equation (I3) lead to

o = (a0+£(Q+I)Maala"'aam—£7am—f+l - (q_l_]')Maaam - (q+1)M) S [/—\[(Pm-i-l)
Since 0 < ay < (q+ 1)M for k =1,...,m, we get

B =lub(e/,0) = (ap + (g + )M, 01, ..., 0,...,0) € HP, .1 7).

m—t»
In particular, V;”“_E(B) # (). From the induction hypothesis, ‘there exists aibimtl=t ¢
S,v1 i such that a@m =1 ¢ vIH={(8) As ai’™ = o™ — {(g+ 1)M and oy =
iM+j < ayfor k=2,...,m, it follows that a*™ € VJ'(a). Therefore, a = ™™ by
Proposition 26, since a € T(P,,,).

o If £ = m, by using a similar argument, we obtain ay + m(q¢ + 1)M € H(Py) =

($M, % (q+1)M). As ag+m(q+1)M < (g+1)M, we have either ap+m(q+1)M =0
M 3

qu + n]%, for some integers A\, n > 0.

If ag +m(qg+ 1)M = 0 then ag = —m(q + 1)M, which is a contradiction since g >

—m((qg+1)M —1) > —m(q+ 1) M.

or ag+m(g+1)M =\

3
q 1

o ];[Cf(q +
)M — igM — jg®] for some (i,5) € ([0,q] x [1, M] N Z*)\(¢, M). So, we have that

M
In the other case, we can write ag + m(q+ 1)M = (¢ — z)q—b + (M —7)
p
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ag = <[(¢* —mp)(q + )M — igM — j¢°] = ag”™. Suppose that o and o™ are

not comparable in the partial order <. Without loss of generality, we may assume that

Uy < aﬁnjm In this way, since a;’j’ﬁ > 1forall k=1,...,m — 1, we have that a €
Vilag"™ o™ =1+ (q+ )M, ..., ;" =1+ (¢ +1)M, ™). However, by Lemma [3.2]
we have

Vl(agjmla a?j’m -1+ (q + I)Ma sy a;;fff -1+ (q + 1)M7 a;ﬁ#,m) = @

Thus o and @™ are comparable with respect to <, which leads to o = o™ by their
absolute maximality.

Therefore, f(Pm+1) NCmi1 C §m+1 and the proof is complete. O
For i, 7, ko, ... ki1 € Z, define

Vo s = (Z;[(q2 —mp® — p* (3205 ke))(q+ 1)M — igM — jg?],
kolg+ )M +iM +j, ... kpa(g+ )M +iM + j) € Z™

(15)

The set of absolute maximal elements in the generalized Weierstrass semigroup H (Prt1)
is presented in the following corollary.

Corollary 3.4.
f(PmH) = {725’"”%“ € 7™ : (i,7) € ([0, q]x[1, M]NZ*)\(¢, M) and ky, . .., kpi1 € Z}.

Proof. From Theorem 2.8 we have that
(16) /P\(Pm-i-l) = (f(Pm-i-l) N Cm-i-l) + Om1,

where ©,,11 = 0,11 (Ppy1) = {boan* + ... + bpym™ € Z™ b, € Zfori=2,...,m+ 1}
and n° = (0,...,0,—(¢+ )M, (¢+1)M,0,...,0) € Z™ for i=2,....m+1, asin
——

i-th entry

(I3). Hence

Omir = {(=b2(qg+ 1)M, (by — b3)(q + 1) M, (bs — bs)(q + 1)M, ...,
(b = brs1)(q+ V)M, b1 (q+1)M) € Z™ s b € Zfori=2,...,m+ 1}
= {(_ Zn:—glkf(q_'_1>M7k2(q+1>M7k3(q+1)M7---7km+1(q+1>M>;
k€ Zfor £=2,... m+1}.

By the previous theorem we have that f(PmH) NCry1 = §m+1 U {0}, where §m+1 is the
set of all a™™ as in (I4)). So, the result follows from Equality (I6]) above. O

In the following corollary we determine the minimal generating set of the Weierstrass
semigroup H(P,,41).
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Corollary 3.5. Let i,j, ko, ..., kny1 and 'yzgm . be as above. Then, I'(Pp1) is the

S km+
set of all ypi™, € Ng'™
Proof. The result follows directly from Remark and Corollary 3.4 0J

Theorem 3.6. Let 1 <m < q/p°. Let
20m — ((m — 1)(g + )M,0,. .., 0) € Z"*
and for (i,7) € ([0,¢] x [1, M]NZ*)\(q, M), let

BT = (%[(Cf — ") g+ )M —igM — jg*),iM + j, ..., iM +j) e 7m+1,
Then
A(Pyi1) N Conir = {B™™ (i, 5) € ([0,q] x [1, M]NZ*)\(g, M)} U {8},

Proof. If m = 1, then the result follows from the previous theorem. Therefore, we can
suppose m > 2. Let Ry = {B"™ : (i,5) € ([0,q] x [1, M]NZ*)\(¢, M)} U{B"*™}. Let
us prove that R,,;1 C /A\(Pmﬂ) N Cpy1. Note that Ry, 11 C Chyuyq, since (4,7) € ([0, q] %
[1, M]. To prove that Ry1 € A(P,41), by Proposition (3), it is sufficient to prove
that the divisor D = Dgijm 1 e, e, With (4, 7) € (([0,¢] x [1, M]NZ*)\(¢q, M))U{(0,0)},
is a discrepancy with respect to Py, and P for any k. =1,...,m.

First, suppose (7, j) # (0,0). Thus

1 m
D= ﬁ[(‘f — ") (g + V)M —igM — jg*|Poc + (iM + j) P+ Y (iM + j = 1) Py,
ik
Let D := 232:1 gi’ib Pla,,8,,0) (as above). Since,
TV L g b )M — M — g Pa — (1M 4 )P
)= @ gM — j¢*] P 7) Py
+(M = j)(D—=P)+(q— )M Y _P,
ik
ZM—qu—i
we have that — . € L(D)\ L(D — Py).
— oy

Now, we must prove that £L(D — Py) = L(D — P, — P;). By Lemma 2.14], it suffices to
prove that L(K — D + Py + P.) # L(K — D + P.,), where K is the canonical divisor
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1
K = <ﬁ[(q2 — pb)(q +1)M — q3] — 1) P.. Note that

1 m
K—D+P00+Pk_p(qu+(j—1 o — > (iM+j—1)P,
/=1

Thus, 227 'y’ € LK —D+ Py + P.)\ L(K — D+ Py,), and it follows that D is discrepancy
with respect to P, and Py for any k=1,...,m

Therefore, to conclude that R, .1 C K(Pm+1) N Cpui1, it remains to verify that %™ ¢
AP i)

For (i,7) = (0,0), we have D = (m — 1)(¢+ 1) M Py, — Z P,. Again, we will prove that

=1
£k

L(D)# L(D - P,) and L(K — D+ Py) # L(K — D + Py + P,).

Note that H(a: —ay) € L(D)\ L(D — Pg). Moreover, since

=1
O£k

1 m
K —~D+ P+ Py = 1;[(612 —mp’)(q+ )M = ¢®*|P + ) _ Py,
ZM—lyq
(x—a1)...(x — )
Therefore, we conclude that R,, ;1 C /A\(Pmﬂ) N Crs1.

Now, let B € /A\(Pmﬂ) N Cpa1. Since B € /A\(PmH), from definition we have that
Vit (B) # 0 for any k € I. So, there exists an absolute maximal element o™ €
Vit(8), where o™ is given in (I4)). Thus B, = iM + j and (3 > iM + j. Similarly,
there exists an absolute maximal element /7™ € V27 (3), and thus 33 = i'M + j’
and By > i'M + j'. Hence iM + j = i'M + j', and therefore (i,7) = (¢/,j'). Pro-
ceeding in the same way with pairs of the remaining indexes, we conclude that there
exists an absolute maximal element o™ ¢ ﬂm+1 VmH(B) and, in particular, we can
conclude that g, = iM + j for k = 2,....m+ 1. As B € /A\(Pmﬂ), it follows that
B # o™ and thus B, > a'’™. Hence, for each B8 € A(Pns1) N C(Ppsr), there
exists a unique a®™ € f( P,.:1) N Cpy1 such that ™™ e VI\{l}(B). Therefore,
#C(Prig1) N Crst) = #(A(Ppser) N Cs). As #Rmpn = #(L(Ppig1) N Cry) and
R, C /A\(Pmﬂ) N Cpy1, We have /A\( P,.:1) NCpi1 = Ryy1, which proves the result. [

€ LK =D+ P+ Py)\ L(K — D + Py).

Now, for 7,7, ko, ..., kpni1 € Z, define

i 1 = . |
04 ki = (E[(q2 —pP A+ > k))(g+ )M —igM — jq’],
=2
ko(q+ )M +iM +j,...  kpyr(q+ )M +iM + j) € Z™H
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and

m~+1
AkQ ..... karl = ((m - 1 - Z kf)(q + 1)M7 k2(q + 1)M, ey km—i—l(q + 1)M> E Zm+1,
(=2

Note that, if (i,7) € ([0, ¢] x [1, M], then k(¢ + 1)M +iM + 5 > 0 if and only if £ > 0.

From the previous result and Theorem 2.8 we get the set of relative maximal elements in
the generalized Weierstrass semigroup H(P,,41).

,,,,, kmi1 D€ as above. Then

Corollary 3.7. Let 62; -

.....

APa) = {67 . €Z™ ;(i,5) € (0,q x 1, M]NZ)\(¢, M) , ko, ..., ki1 € Z}

-----

U{AkZ ~~~~~ m+1 S Zm+1 k27 ] km-i—l € Z}

By Theorem 2.10 we have that the gaps and pure gaps of H(P,,.1) can be obtained from
elements in the set A(P,,41). Since A(Py11) = A(P41) NN, using the previous result
we have the following.

Corollary 3.8. Let 522] .

..... +1 PR m+1

gM(q — i) = p"(¢ + 1)M)/p*(q + 1)M]. Then
APpp) = {67 . € A(Pm+1) Koy ks € No with S0 ke < 1050}

.....

U osnbnss € APri1) 5 ks oy g € No with 70 ke <m — 1},

be as above and let 7; 5y == |(¢*(M — j) +

Proof. By definition, we have that A(P,,41) = /AX(PmH) NNy, Note that, 6kg
N6n+1 if and only if ko, ..., kpny1 € Nm“ and Zz 2 ]‘76 < TG And Mgy gy € N6n+1 if
and only if 6,7 € Ni" and EmH ke < m — 1. So, the result follows from Corollary

.....

B.7 O

Lemma 3.9. Let ko, ..., kyni1, kb, ... ki1 € No and (4,7),(7,5) € ([0,q] x [1,M] N
Z*)\(q, M). Then, we have that

(1) 52; ..... km+1 7& }‘ké 7777 k;n+1’.
(2) Zf (k2’ ey km_l'_l) % (ké, ey k?”)’b-‘rl) then 5]{5; 7777 k) m1 % 6 ----- k;n+1’ O/ﬂd Ak2 ..... km+1 %
Ak2/ ..... k;n+1; and
i\j
(3) if (i, ) # (7, )then(skg ..... k+17£62 ..... [T
Proof. (1). Suppose that 522] ..... by = Ak, kl,, for some Ko, .o kpgr, kg, kg, € N

Then, ko(q+ 1)M +iM + j = kb(¢+ 1)M, and we have that j = [(k} — kg)(q +1)—1i|M,
a contradiction, since (i, j) € ([0, q] x [1, M] N Z*)\(q, M).

(2). Let (ko ..., kmy1) # (k:z, ..., k,.1). So, thereist € {2,...,m+1} such that k, # k.
Suppose that 6,7 62 o k- Then, ky(q+ V)M +iM +j = K(qg+1)M +i' M+ .

.....
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Thus, we have j' — j = [(k — k}) (¢ + 1) + ¢ —¢'| M, a contradiction, since k; — k; # 0 and
(i, 5), (', 5") € ([0, ¢] x [1, M]N Z*)\(q, M).

It is clear that A, k.1 7 Ay, ok, since k(g +1)M # kj(q + 1) M.

(3). Suppose that 525 ,,,,, I 52; Ko By previous item, we have that k, = kj, for all
te{2,...,m+1}. So, we get j'—j = (i—4')M. Now, since j, 5’ € [1, M], we havej =7
and i = 4'. Therefore, we conclude that if (i, ) # (¢, j'), then 525 b1 7 5 Ko o O

Proposition 3.10. For (,7) € ([0,q] x [1, M]NZ*)\(q, M), let 75 = |(¢*(M — j) +
qM(q — 1) — p*(q+ 1)M)/p*(q + 1)M | be as above. Then

AP mi1) = Qm_ ,1m| Z Z lml

=0 gj=1
7(i,5) 20

,,,,, € APoi1) ; koo ks € Ny with 27k, < 7.5} and

B = {My ks € Nm+1 - kg, ... kmi1 € Ngsuch that S0k < m — 1}. Thus, by
Corollary B8 A(P,,11) = A UB. For each £ € {2,....,m+ 1}, k(g +1)M +iM +j >0
if and only if k, > 0. Now, note that if 7, ;) < 0, then 5” ..... by & A, since there are
not ko, ..., kne1 € Ny with Zzzz ke < 7,5)- So, using Lemma [3.9] and the number of
non-negative integer solutions ]{52, . ka to ZZ:; ke < 7,5 and ZZ:;l ke <m—1we
—l— m) (2m — 1)!

can conclude that |A|= Z Z —=— " and [B|= ————.
= o m! (m—1)I'm!

T(z J)>0

B9, we have that A NB = () and the result follows. O

Now, by Lemma

By Theorem 210, we have that G(P,,4+1) = U (V(B) N NJ"*1). In the follow we

ﬁEA(Perl)
present a bound for the cardinality of G(P,,41).

Proposition 3.11. Let A1 = |A(Py11)| and suppose that A(P,.1) = {8, ..., 084},
with B, = ( fk), . ,B,(,fil) for each k € {1,...,A}. Then

Amt+1 /m+1
CPl< S (znw)

k=1 r=1 s#r

m—+1

Proof. For each B, € A(P,,,1), we have that |[V(3,) N NI |= Z H B™ and the result
r=1 s#r
follows. O
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For the particular case m = 1 we have that
M
A= [APY)I=14D D Ty

i=0  j=
T(0.9)

v =

0

Given (my,my), (n1,n2) € N2, we write (my, ms) < (n1, ng) if my < no.

Remark 3.12. Note that, by Lemma 3.9 and since (i, j) € ([0, ¢] x [1, M]NZ*)\(q, M), for
all @ = (a1, ), 8 = (b1, 52) € A(P3), with o # 3, we have that ay # 51 and as # fs.
So, we have o« < B or B < a.

Let n > 1 be an integer and let A = {a; < @y < -+ < @, } C NZ, where o, = (a%k), aék)),

for each k =1,...,n. Define (;(A) :=0 and, for t =2,...,n,

(17) G(A) = {ax = (agk),aék)) € A; oy < ayand agk) > agt)}|.

Proposition 3.13. Let A(Py) = {8, < By < --- < By, }, where, for each t =1,..., Ay,
B, = (ﬁf), ét)), and G(A(P2)) is given (I7). Then

Ao

G(Py)|= D (B + 85 — GAP))].

t=1

Proof. The results follows directly from Theorem 210 and the definition of (;(A(Py)). O

4. GENERALIZED WEIERSTRASS SEMIGROUP AT CERTAIN m + 1 POINTS ON ),

Denoting for simplicity the point P, 00) € Vn,s as given in Equation (8) by P;, where
1 < i < ¢, and taking p® = 1 in the equations, results and proofs in the previous section,
we get the similar results for the absolute and relative maximals elements in H (Prit1)
and the minimal generating set of the Weierstrass semigroup H(P,,11), for 1 < m < g,
where P11 = (P, P1,. .., Py). We will summarize the main results below. The proofs
will be omitted because they are analogous to those presented in the previous section.

Theorem 4.1. Let 1 <m < q and P11 = (Px, P1, ..., Py). Let

aim = (¢ —m)(qg+1)M —igM — j¢*,iM + j,...,iM + j) € Z™*,
Then

L(Pyi1) N Coir = {7 : (i, 4) € ([0, 4] x [1, M] N Z*)\(¢, M)} U{0}.

Corollary 4.2.
T(Ppi1) = {((¢—m— 05 k(g +1)M —igh — jg?,
kolg+ )M +iM +34,...  kpya(q+ )M +iM + j) € Z™ ;
(i,7) € ([0,q] x [1, M]NZ*)\(q, M) , ke €Z for £ =2,....,m+ 1}.
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For (i,7) € ([0,q] x [1, M] NZ*)\(q, M) and ko, ..., kyy1 € Z, let
(18) B = (= m =0 k) (g + )M —igM — jg,
kolg+ V)M +iM +j, ... kpoa(g+ )M +iM + j) € Z™

Corollary 4.3. Let i, ], ko, ..., kns1 and ﬁk 7777 ., be as above. Then, [(Pyu4q) is the
set of all B”m € Ny,

Theorem 4.4. Let 1 <m < q and P11 = (Px, P1,..., Py). Let
BY0™ = ((m —1)(q +1)M,0,...,0) € Z™
and for (i,7) € ([0,q] x [1, M]NZ*)\(q, M), let
B = ((¢* = 1)(q+ 1)M —igM — jg*,iM + j,...,iM + j) € Z™.
Then
A(Prs1) N C(Prar) = {8+ (i, ) € ([0,] x [1, M] N Z*)\(q, M)} U{B"*"}.

Corollary 4.5.

AP) = {((@—1= 05 k(g + DM —igM — jg?,
ka(q" + 1)M—|—ZM+],... ki1 (¢" + 1)M +iM + j) € ZF! ;
(i,5) € ((0,q] x [L, M]NZA)\(¢, M) , ke € Z for € =2,...,m +1}

U {(m— 1= S ) (g + DM, Foq” + DM, .. o (@ + 1)M) 5y € Z}.

Corollary 4.6.

APra) = {((¢* = 1= 375 ko)(g + )M — igM — j¢,
ko(g"™ + 1)M+1M+], ok (" + V)M +iM + §) € Z™
(4,7) € ([0,q] x [1, M] ﬂZ2)\( M), ke €Z and ke(¢" + )M +iM +5 >0
fort=2,....m+1 ,and (¢* —1—Zm+1k5)(q+1)M—iqM—jq320}
U {(m-1- m+1k@(q—k1)ﬂ4 ka(q" 4+ V)M, . kg (¢ 4+ 1)M) ; ky € Ng and
m+1
k‘g <m— 1}
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