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ON A FAMILY OF LINEAR MRD CODES WITH PARAMETERS [8 x 8,16, 7],

MARCO TIMPANELLA AND GIOVANNI ZINI

ABSTRACT. In this paper we consider a family F of 2n-dimensional F4-linear rank metric codes in IFZX”

arising from polynomials of the form z9° + 6xq7+5 € Fyn[z]. The family F was introduced by Csajbdk,
Marino, Polverino and Zanella (2018) as a potential source for maximum rank distance (MRD) codes.
Indeed, they showed that F contains MRD codes for n = 8, and other subsequent partial results have
been provided in the literature towards the classification of MRD codes in F for any n. In particular, the
classification has been reached when n is smaller than 8, and also for n greater than 8 provided that s is
small enough with respect to n. In this paper we deal with the open case n = 8, providing a classification
for any large enough odd prime power g. The techniques are from algebraic geometry over finite fields, since
our strategy requires the analysis of certain 3-dimensional Fy-rational algebraic varieties in a 7-dimensional
projective space. We also show that the MRD codes in F are not equivalent to any other MRD codes known
so far.

1. INTRODUCTION

Rank metric codes over finite fields were introduced by Delsarte in its seminal paper [7] in 1978, and
increasingly studied since then. The interest is mainly boosted by their applications in information theory,
such as crisscross error correction [21], code-based cryptography [9] and linear network coding [25], but also
by the connections with other mathematical objects, such as semifields [23] and linear sets [27].

An Fg-linear rank metric code C is an Fg-vector subspace of the space Fj**™ of m x n matrices over the
finite field F,;, equipped with the rank distance d(A, B) := rank(A— B). We denote the main parameters of C
by [m xn, k,d],, where k is the Fy-dimension of C and d is the minimum distance of C, i.e. the minimum rank
distance between two distinct elements of C. The Singleton-like bound k¥ < max{m,n}(min{m,n} —d+ 1)
holds; see [7]. When equality holds, C is called mazimum rank distance (MRD for short). Codes of this sort
have particular interest because of the optimality of their parameters. The first examples of MRD codes
were constructed by Delsarte [7] and independently by Gabidulin [8], and are known as Gabidulin codes.

We are interested in the square case m = n. In this case, we can identify Fy*" with the F -algebra £,, 4 of
g-polynomials over F,» of degree smaller than ¢", with composition modulo z9" —z; see [19]. Thus, F,-linear
[n x n, k,d]q rank metric codes C can be seen as k-dimensional F4-vector subspaces of L, 4 with minimum
rank distance d. If in addition C is an Fyn-vector subspace of £, 4, we say that C is Fyn-linear.

Most of the known families of Fy-linear MRD codes are indeed [n x n,2n, d]; Fgn-linear codes Cy for some
g-polynomial f(x) € L, 4, where

Cy =z, [(x))r,n = {ax +bf(x): a,beFyn} C Ly g5

see e.g. [I7] and the references therein. Such codes are strictly connected with so-called linear sets of the
projective line PG(1, ¢™) over Fgn. When Cy is MRD, the polynomial f(x) is said to be scattered and defines
a scattered linear set in PG(1,¢"); see [19].

Csajbdk et al. [] introduced for n even the family of rank metric codes Cs s := Cy; , with

f5,5(x) := 27+ 5xa? " €Ly,
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where § € Fyn, 6 # 0, and s € {1,...,n — 1} is coprime with n/2. Whenever si+a? # 1, the minimum
distance of Cs s is large: either d = n — 1, i.e. C55is MRD; or d = n — 2, i.e. Cs5 is as close as possible
to being MRD. In the latter case Cs, is called Almost MRD, in analogy with Almost MDS codes in the
Hamming metric; see [6l Definition 3.1].

Several papers have provided partial results towards the classification of MRD codes of type Cs5 s C Ly, 4.

A sufficient condition was given in the same paper [4] when n = 8 and ¢ is odd: if s+t = —1, then
Cs,s € Lgq is MRD. For smaller values of n, a characterization of MRD codes Cs s is known; the case n = 6
has been dealt with in [2] and [20]. For higher values of n, a characterization of MRD codes Cs s has been
obtained in [I§] when n is large enough, namely when

< 8s+4 ifg=3ands>1, org=2and s> 2;
n
~ |8s+2 otherwise.

For instance, this rules out any n > 10 when s = 1.

In this paper, we focus on the open case n = 8. Our main result is the characterization of the MRD codes
of type Cs,s C Lg, under the assumption that ¢ is odd and large enough. We also show that such MRD
codes are not equivalent to any other known ones. Our results are summarized as follows (the notions of
equivalence and idealisers will be given in Section [2]).

Theorem 1.1. Let ¢ > 1039891 be odd, 6 € Fs, s € {1,3,5,7}, and fs. =29 + 029" € Lg 4. Then
Cs,s = (@, f5,5(2))r s € Lsg

is MRD if and only if 61+ = —1.
The [8 x 8,16, 7], MRD codes Cs, s have left idealiser isomorphic to Fys, right idealiser isomorphic to g,
and are not equivalent to the other MRD codes known so far in the literature.

Notice that Theorem [[I] is a partial answer to Conjecture 4.6 in [I8]. The techniques that we use to
prove the first part of Theorem [[[1] are from algebraic geometry over finite fields. In particular, our starting
point is an [ ./2-rational plane curve X5 introduced in [I8]; see Equation () below. For n > 10, the
degree of Xj s is low with respect to the size of Fyns2, and hence the Hasse-Weil lower bound on the number
of [ n/2-rational points of X5, was enough in [I8] to deduce results on the MRD property for Cs .. For
n = 8 this is not sufficient. We then translate the MRD property for Cs s into the estimate of the number of
[F,-rational points of another I ,-rational algebraic variety WV of low degree. We investigate the absolutely
irreducible components of W and apply the Lang-Weil lower bound. In the study of MRD codes Cy, similar
algebraic geometric arguments have been already used in the literature, but only to deal with algebraic
curves or hypersurfaces; see for instance [I5]. On the contrary, W turns out to be a 3-dimensional variety in
a 7-dimensional projective space.

The paper is organized as follows. Section 2] contains some preliminary results: after some generalities
on algebraic varieties (Section 2I]) and codes (Section 2:2)), we present what is known about codes Cs s
(Section [Z3)) and the curves X s (Section 2.4). Section Bl proves the first part of Theorem [LI] about the
characterization of MRD codes Cs s; the proof of some technical lemmas is postponed to Section[Bl Section
[ completes the proof of Theorem [Tl with the investigation of parameters and equivalences. Finally, we list
in [6] some open problems on codes Cs,s.

2. PRELIMINARIES
For the rest of the paper, ¢ is an odd prime power.

2.1. Algebraic varieties. We recall some basic facts on algebraic varieties, and refer the reader to [22]
and [20] for a detailed introduction to varieties and function fields. A good reference for the applications of
algebraic geometric techniques to polynomials over finite field is [1].
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We denote by K = F, the algebraic closure of F,, and by PV = P¥ (K) the N-dimensional projective space
over K. We will be interested in determining dimension and degree of varieties V, i.e. of projective, possibly
reducible, algebraic varieties V C PV. A variety V which is irreducible over K, is said to be absolutely
irreducible, and can be studied through its function field K(V) over K. If the ideal of V is generated by
polynomials over F,, we say that V is defined over Fy, or simply F,-rational. When V is both F,-rational
and absolutely irreducible, Fy (V) is its function field over F,,.

The following proposition recalls some elementary facts on the dimension of a variety.

Proposition 2.1. Let V, V1, Vs be algebraic varieties in PN,
(i) [22] Sec. 6.2, Cor. 5] If V is defined by r equations, then the dimension of V is at least N — r.
(i) [22, Sec. 6.2, Cor. 4] If s is the maximum dimension of a linear space of P disjoint from V, then
the dimension of V is N —s — 1.
(iii) [22, Sec. 6.2, Th. 6] If V1 and Vo are absolutely irreducible and have dimension my and mso respec-
tively, then any non-empty component of V1 N Vo has dimension at least mi + mg — N.

An estimate for the number of F,-rational points of an F4-rational absolutely irreducible variety is provided
by the Lang-Weil bound, which is a generalization to higher dimension of the Hasse-Weil bound for curves.
We will use the Lang-Weil bound in the following improved version, due to Cafure and Matera.

Proposition 2.2. [3| Theorem 7.1] Let V C PN be an absolutely irreducible variety defined over F,, of
dimension m and degree d. Let A, be the number of F,-rational affine points of V. If ¢ > 2(m + 1)d?, then

|4y —q™| < (d—1)(d—2)¢™ % +5d5 ¢ "

2.2. g-polynomials and rank metric codes. We now recall some preliminary results on g-polynomials
and rank metric codes; for a detailed introduction to this topic we refer the reader to [24] and [19].

Let L4 = {Z;:ol a;z? :a; € Fqn} be the set of g-polynomials over Fy» of g-degree smaller than n.
Then L, 4 is an n-dimensional [F -vector space with the usual sum and scalar multiplication, and also an
[F,-algebra with the composition modulo z9" — . We identify polynomials in L, with the associated F,-
linear polynomial maps over F,, so that we can consider the rank and the kernel of polynomials in L, ,.
This identification is an isomorphism of [F -algebras between L, , and the space of F,-endomorphisms of
Fgn. Therefore, via the choice of an Fy-basis of Fyn, £y, 4 is isomorphic as an Fg-algebra to the space Fj*"
of n x n matrices over IF,. In this correspondence, the rank of a matrix equals the rank of the associated
g-polynomial. Therefore, £,, , is a metric space with the rank metric d(f, g) := rank(f — ¢), and F,-linear
[n x n, k,d], rank metric codes C are k-dimensional Fy-linear subspaces of £,, ; with minimum rank distance
d between two distinct elements of C. Since C is [Fy-linear, d equals the minimum rank of a non-zero element
of C. The Singleton-like bound k < n(n —d+ 1) holds; see [7]. The code C is mazimum rank distance (MRD
for short) when it attains equality in the Singleton-like bound.

The following equivalence between rank metric codes preserves the parameters of a code; see [23].

Definition 2.3. Two F,-linear [nxn, k, d]4-codes C,C’ are equivalent if there exist two invertible polynomials
fi1(x), fa(x) € Ly, and a field automorphism ¢ € Aut(Fyn) such that

C'=fioC?0fo={fiof?0fa: f€C},
where f?(x) is obtained from f(x) by applying ¢ to its coefficients.
Related to the equivalence issue for rank metric codes is the tool of idealisers, as defined in [13].

Definition 2.4. The left idealiser L(C) and right idealiser R(C) of an F,-linear rank metric code C C L,, 4
are the following F,-algebras:

LC)={h(zx) € Ly4: hofeC forall feC}, R(C)={h(x)€ Lyy: foheC forall f €C}.

Idealisers are invariant under equivalence.
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Proposition 2.5. [I4, Proposition 4.1] If C,C' C L, 4 are equivalent codes, then L(C) = L(C") and R(C) =
R(C') as Fy-algebras.

More structural information is known for idealisers of MRD codes.

Proposition 2.6. [I4] Section 5] If C C L,, 4, is an MRD code, then L(C) and R(C) are both finite fields.
Also, |L(C)| = ¢* and |R(C)| = ¢™ for some divisors £ and m of n.

2.3. Codes C; and Cs,5. For any f(z) € L,, 4 of degree greater than 1, define the F,-linear code C; and the
F,-linear space Uy by

Cy = (x, f(x))p,. ={ax+bf(x): a,b€Fyn} C Ly, U :={(z, f(x)): 2 €Fgn} CFyn X Fyn.
Since Cy has dimension 2 over Fy», the MRD property for Cy reads as follows.
Remark 2.7. Cy is MRD if and only if dimp, ker(g(z)) < 1 for any non-zero g(x) € Cy.

Clearly, {ax: o € Fyn} C L(Cy), and by Proposition [Z6] equality holds if C; is MRD. Indeed, Proposition
shows that the parameters and the maximum size of the left idealiser are enough to characterize up to
equivalence the family of codes Cy with scattered polynomials f(x).

Proposition 2.8. [4 Proposition 6.1] If C C L,, 4 is an [n xn,2n,n — 1]; MRD code with L(C) = Fyn, then
C is equivalent to Cy for some scattered polynomial f(x) € Ly, 4.

Let n be an even positive integer, s € {1,...,n — 1} be coprime with n/2, and § € ;... Define
s L4s
fs,s(z) =% +629° €L, Uss == Uy, Cs,s == Cys ..

. n/2
g :Fgn — Fq% the norm function z +— z'*7""" of Fyn over Fq%.

Denote by Nqn /q
o If Nqn/q% (0) = Nqn/q% (0"), then Cs s is MRD if and only if Cs/ s is MRD; see [, Section 5].

o If Nqn/lﬂ (6) =1 and n > 2, then dimp, ker(fs s(x)) > 1 and Cs,5 is not MRD.

o If Nqn/q% (0) # 1, then the rank of any non-zero element of Cs 5 is at least n — 2, and hence Cs 5 is
either Almost MRD or MRD; see [4, Proposition 4.1].
o If n =2, then Cs s = L3 4 is trivially MRD.
o If n = 4, then Cs 5 is equivalent to a so-called twisted Gabidulin code, and is MRD if and only if
Sirata*+a® £ 1; see [23).
e If n = 6, then there are exactly [(¢*> + ¢+ 1)(¢ — 2)] values of Ny 43 (0) for which Cs s is MRD, and
a characterization of such values of Ngs /43 (6) is known; see [20, Theorem 7.3] and [2].
o If n =28, ¢is odd and Ngs /44(d) = —1, then Cs s is MRD; see [4, Theorem 7.2].
e If n =38, ¢is odd and ¢ < 11, then Cs s is MRD if and only if Nys /44(0) = —1; see [4, Remark 7.4].
e If n > 10 and
< 8s+4 ifg=3ands>1, orgq=2and s > 2,
~ | 8s+2 otherwise,

then Cs,s is not MRD; see [18, Theorem 4.5].

Remark 2.9. We have defined the codes Cs s only when § # 0, which is the case under investigation in this
paper. For completeness we mention here what happens when § = 0: the code <x,xqs>]pqn C Lyq s MRD if
and only if s is coprime with n. In this case, <x,xqs>]pqn is a so-called generalized Gabidulin code; see [12].

Recall that two subsets S1,S2 of Fyn x Fyn are I'L(2, ¢")-equivalent if Sy = X(S7) for some invertible
semilinear map X € I'L(2,¢"), that is, ¥ = L o ¢ where L € GL(2,¢") and ¢ acts elementwise as a field
automorphism of Fyn.

For MRD codes, equivalence of codes Cy corresponds to I'L-equivalence of subspaces Uy.
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Theorem 2.10. [23] Theorem 8] Let f(x), g(z) € Ly,q be such that Cy,Cq C L, q are MRD codes. Then the
F,-vector subspaces Uy and Uy of Fgn x Fyn are TL(2, ¢")-equivalent if and only if Cy and C4 are equivalent.

The I'L-equivalence between subspaces Us s has been determined in [4].

Proposition 2.11. [4, Proposition 5.1] Let n > 4 be even, 1 < s,s" < § be such that ged(s, 5) = ged(s', §) =
1, and 6,6" € Fy. satisfy Nqn/q%@) # 1, Nqn/q% (0') # 1. Then Uss and Us g are I‘L( ,q")- equwalent if

and only if one of the following cases occurs for some automorphism o € Aut(F n/2):

e s’ =35 and N /o3 (0) = (qu/ . (0"))7;

o s’ +s=n/2 anqun/q%(é)-( - /q2(5’))

2.4. An algebraic curve attached to Cs ;. We report here a characterization of MRD codes Cs s provided
in [I8], which is our starting point for Section Bl The discussion in [I8] is in terms of kernels of the ¢-
polynomials in Cs s; we report it in terms of the MRD property for Cs 5, by means of Remark 27

Theorem [Z12 is a sufficient condition for Cs s not being MRD.

Theorem 2.12. [I8 Theorem 3.6] Let 6 € F!n be such that a :=N  »(d) € F*, ,, satisfies o # 1, and
a e q/
se{l,...,n—1} be coprime with n/2. If there exist T, S, A, B € Fn/> such that
(i) (1—a)(T+T7)—aST+ + (1+a)(AS —2BT) =0,

(it) X? —SX —T € F u/2[X] is irreducible over F )z,

(iii) ST =2A + BS,

(iv) —T? = A% 4 B(AS — BT),
then Css C L4 s not MRD.

We will now translate the existence of TS, A, B satisfying the assumptions of Theorem into the
existence of a suitable point of an F . .-rational algebraic curve. The equation of this curve is obtained
through arithmetic manipulations which depend on ¢ being even or odd. We will give the resulting equation
only in the case when ¢ is odd, because this is the case that will be developed in the next sections. Therefore,
assume in the rest of the section that ¢ is odd.

Let T, S, A, B be as in the assumptions of Theorem 212l From Conditions (iii) and (iv) it follows that

a®—1
=)
)

where A = S§2 44T and € is either 1 or —1. Write 3 := e%, and choose any non-square element 7 of F n/».

The irreducibility condition (ii) in Theorem 2T2]is equivalent to the existence of an element Z € an /2 such

qflj A:l(s’qs

that A = nZ2. Now, using T = # together with Condition (iv), we obtain the following equation from
Condition (i):
m (87— 8)2 =02 4o 2% — 26"
Viceversa, suppose that § = e% with € € {1, -1}, and that Equation () is satisfied for some S, Z € F /2
with Z # 0 and some non-square n of F .,2. Then clearly there exist T', S, A, B satisfying the assumptions
of Theorem [2.T2]

In terms of the algebraic plane curve X s with affine equation
(2) Koo —(8T =82 +nz% +0" 2" — 2"

the discussion above proves the following proposition.

:O,

Proposition 2.13. [I8 Section 3.1] Let n be a non-square in Fons2, Let § € Fyn, s be coprime with n/2,
o= Nqn/q% (6) with a #1, e € {1,—1} and 8 := L. If for some non-square n of Fyns2 the curve Xs s has
an [ n/2-rational affine point (5,%) with z # 0, then the code Cs s C Ly 4 is not MRD.
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With the same notation as above, notice that § # 1 and f # —1, because § # 0; see Remark
Moreover, if 5 = 0 then Nqn/q% (0) = —1; when n = 8, this condition on ¢ yields MRD codes Cs_s, see Section

23 Therefore, for n = 8 we can assume in our investigation that 8 ¢ {0,1,—1}, and the following theorem
follows from Proposition 2.13]

Theorem 2.14. Let q be an odd prime power and s € {1,3,5,7}. Suppose that for any B € Fya \ {0,1, -1}
there exists a non-square 1 of Fga such that the curve X, with equation @) has an Fga-rational affine point
(5,2) with 2 # 0. Then Cs,s is MRD if and only if § € Fs satisfies Ngs /g4 (0) =—1.

Theorem [2.14] will be the key tool for the proof of the first part of Theorem [[.1]in the next section. For
the sake of completeness, we now describe how Proposition [Z13] was used in [I§] to study the MRD property
for Cs,s for larger values of n.

If B ¢ {1,—1}, then the curve X; 5 is absolutely irreducible, and has genus g(X;s.s) = ¢** — ¢° — 1; see [18],
Theorem 3.7]. Thus, the Hasse-Weil lower bound

(3) Nywsz > ¢ +1-2(¢ — ¢" — 1)V/q"/?

holds for the number N .,2 of rational places of the F . .-rational curve Xj . If

@ n>{&+4im_3mﬁs>L

8s+ 2 otherwise,

then the condition (B]) implies that Ngn/2 s positive and large enough, so that X s has an Fgn/2-rational
affine point (5, ) with z # 0; see [18, Proposition 3.8]. By Proposition 2.13] this shows for any ¢ € F}. that
under the condition ) the code Cs s is not MRD; this is the statement of [I8, Theorem 1.1] for ¢ odd.

In this way the question on the MRD property for Cs s is completely answered when n is large enough
with respect to s; for instance, when s = 1 and n > 10. On the contrary, the right-hand side of () is
negative when n = 8, and a different approach to the curve X, is required. This is the object of Section Bl

3. CHARACTERIZATION OF MRD CODES Cs,s C Lg 4

In this section we prove the first part of Theorem [T namely Proposition[3.10. Through the whole section
the prime power ¢ is always assumed to be odd, so that we can consider the curve X in () and try to
apply Theorem 2,141

We start by showing that we can restrict to the case s = 1.

Proposition 3.1. Let 6 € Fs with Nys /44 (3) # 1. For any s € {1,3,5,7}, the code Cs s is equivalent to Cj
for some & € F?s such that Nys /g (8) = —1 if and only if Ngs /g4 (0) = —1.
Proof. For s = 1 or s = 3, the claim follows from Theorem 210 and Proposition 211} as o(—1) = —1 for
any o € Aut(Fg4).

For s = 5 we have f55(x) = 6 f15,1(x) and hence Cs 5 = Cy 5,1, while for s = 7 we have fs57(x) = 0 f1/53()

and hence Cs,7 = Cy/5,3. Since Nys /44 (0) = —1 if and only if Ngs /44(1/6) = —1, and the claim holds for s = 1
and s = 3, it follows that the claim holds also for s =5 and s = 7. O

We can then assume from now on that s = 1, so that the curve to be considered has equation

(5) Xsq: —(Sq _ 5)2 + 7722 + nqz2q _ Qﬁn% Za+l — 0,

)

where € Fya \ {0,1,—1} and 7 is a non-square in F 1.
Let £ be a normal element of Fp« over Iy, and write

(6) S = So& + S167 + SobT + 836V, Z = Zob + Zr&7 + ZotT + ZsET,
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Since B = {{,5‘1,5‘12,5‘13} is an [Fg-basis of F 4, Equation [0 gives a one-to-one correspondence (S,Z7) —
(S(), Sl, SQ, Sg, Zo, Zl, ZQ, Zg) between F§4 and Fg
Now plug S,Z € Fy from Equation (@) into (Bl and write it as a zero Fy-linear combination

fof + [+ f267 + f367 =0

in the basis B. Since the left-hand side of () is a quadratic form over F,, the coefficients f; are homogeneous
quadratic polynomials over IF, in the 8 indeterminates S;, Z;. Thus, the equations

fo(So, S1, 82,83, Zo, Z1, Z2, Z3) =
J1(S0, 81,82, 83, Zo, Z1, Z2, Z3) =
f2(S0, 51,82, 83, Zo, Z1, Z2, Z3) =
f3(So, 51, 52,53, Zo, Z1, 22, Z3) =

3

)

0
Z 0
W:
Z 0,
0
define an F,-rational projective variety W in P7. We have shown that the F,-rational points of W give
information on the Fga-rational points of X 1, as follows.

Lemma 3.2. If W has an Fy-rational point (So : S1:S2:S5: Zy: Z1 : Zo : Z3) with Zs # 0, then X531 has
an Fga-rational affine point (S, Z) with Z # 0, given by Equation (@).

By Theorem 2.14] and Lemma B2 it is enough to show that W has an F,-rational point for any 8 ¢
{0,1, -1} and for some non-square 7 of F 4. To do this, we will prove that WV has an [F,-rational absolutely
irreducible component. To this aim, we will study the absolutely irreducible components of another variety
V which is projectively equivalent to W.

Consider the Moore matrix

A
Mo | & e e ¢
SR IS
¢ g g
over Fg4. Since B is an F,-basis of F,4, we have det(M) # 0; see [16]. Thus the map ¢ defined by
M 0
(So:81:82:83:20:21: 22 Z3) > (Xo: X1:X2: X3:Yp:Y1:Y2:Y3) = (50731,52753,Z0721,Z2,Z3)<0 M>

is an [F«-rational projectivity of P7.

Whenever the coordinates S;, Z; of a point P € P7 are in F, and S, Z are defined as in (@), the coordinates
X, Y; of o(P) satisfy X; = 57 and Y; = Z7 . Therefore, the equations defining the image (W) are obtained
by applying the ¢/-power to Equation (&) with j = 0,...,3, and replacing S’qi, 79 with X;,Y;. One gets

(X1 — Xo)? =Yg +07¥7 — 260"% YoYy,
py . (X2 = X2 = ntVE 4 VE 250 Vs,
PV (X - )2 = 'y q3Y2—2q2”"YY
(X5 — Xo) nt Yy +nt Ys B 2Y3,
(Xo — X3)? =7 Y7 +nYZ — 287 n =2 Yo.

Clearly p(W) is defined over Fa, since ¢ is Fja-rational and W is defined over F,.
Let 1) : P7T — P7 be the F,-rational projectivity defined by

(Xo: X1 : Xo: X3 Yp: Y1 :Yo: Vo) (Wo=X1—Xo: W) =Xo—X1 : Wy = X3—-Xo: X3:Yp: Y :Y5:Y3).
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Then the variety V := ¢(¢(W)) is defined over F,4 and has equations
Wi = ¥ + 7Y - 260" F VoY1,

2
W2 =902 + 97 Y3 — 289" 2" Y1 Ya,
3 2
W2 =T Y2+ YE - 2870 5" YoV,
3
(Wo + Wi+ Wa)? = @ Y3 + Y3 — 281 7 V3Y,.

Note that V is a cone with vertex the point (0:0:0:1:0:0:0:0).
We will use the following lemma to get information on W from the components of V.

(7) V:

Lemma 3.3. Suppose that V has an absolutely irreducible component V' of dimension m and degree d, such
that no other absolutely irreducible component of V has dimension m and degree d. Then W has an absolutely
irreducible component W' which is defined over F, and has dimension m and degree d.

Proof. Recall that projectivities between varieties preserve absolute irreducibility, dimension and degree of
the components. Since W is projectively equivalent to V through the projectivity m := (10 )~!, the variety
W' := (V') is the only absolutely irreducible component of W with dimension m and degree d.

Let ®;, : P — P47 be the g-Frobenius map, which raises the coordinates of a point to power ¢. Since
W is defined over Iy, ®, preserves VV. Being a collineation, ®, maps absolutely irreducible components of
W to absolutely irreducible components of W with the same dimension and degree. Since W' is the only
absolutely irreducible component of W with dimension d and degree m, ®, preserves W’. Therefore, W' is
defined over IFy. g

The dimension and degree of V are given in Lemma [3.4] whose proof is postponed to Section [B.1]
Lemma 3.4. The variety V C P has dimension 3 and degree 16.

We first consider the case 327 # 3%, starting by the intersection of V with a suitable hyperplane. The
proof of Lemma [3.5] is postponed to Section [5.21

Lemma 3.5. Let 3 € Fa be such that %4 £ B2, For some non-square n of Fgs and infinitely many elements
k € K, the intersection between V and the hyperplane 11 with affine equation Yo = Y7 + k is a non-repeated
absolutely irreducible surface S.

Lemma allows us to find in Proposition 3.0 a suitable component of V.

Proposition 3.6. Let 3 € Fy4 be such that 321 #£ B2. For some non-square 1 of Fge, V contains a unique
absolutely irreducible component V' of dimension 3 and degree 16.

Proof. Let 1, k and II be as in the claim of Lemma B3 so that S := V N1II is a non-repeated absolutely
irreducible surface. Suppose by contradiction that } has more than one absolutely irreducible component
of dimension 3, and let V; and Vs be two of them. By Proposition 2I[(iii), both IIT NV, and II N Vs, have
dimension at least 2, and hence S = IINY D (IINV;) U (IT N Vs) contains two distinct components of
dimension 2, or a repeated component of dimension 2. This is a contradiction to S being non-repeated and
absolutely irreducible. Therefore V has a unique absolutely irreducible component V' of dimension 3. Being
the unique component of maximal dimension, V' has the same degree 16 as V. ]

The remaining cases for 8 are considered in Lemma [3.7, whose proof is postponed to Section 5.3

Lemma 3.7. Let 8 € Fa \ {0,1,—1} be such that 3% = 2. Then, for some non-square  of Fys, V has
exactly 3 irreducible components of dimension 3, and only one of them, say V', has degree 8.

We can now show that W has [F,-rational points when ¢ is big enough.

Theorem 3.8. Let g > 1039891 be an odd prime power, and 8 € F,a\{0,1,—1}. Then, for some non-square
1 of Fga, W has an Fy-rational point.
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Proof. 1f 3?7 # (3% then W has an F,-rational absolutely irreducible 3-dimensional component W’ of degree
16, by Proposition and Lemma B3] If 327 = 2 then W has an F,-rational absolutely irreducible 3-
dimensional component W’ of degree 8, by Lemma 3.7 and Lemma[33l In both cases we can apply Theorem
to W, with m = 3 and d < 16. Here, we choose the affine points of W’ by dehomogenizing with respect
to a Z;-coordinate, say Z3. Whenever ¢ > 2 - (3 + 1) - 162 = 2048, this yields

Ay >q®—15-14-¢°2 =516/ . ¢%.

For ¢ > 1039891, this implies A, > 0. Therefore W’ has an F,-rational point with Z3 # 0, and the claim is
proved. 0

By Theorem 3.8 and Lemma [B.2] the hypothesis of Theorem [2.14] holds when ¢ is big enough. Therefore,
by Theorem 2141 the following is proved.

Proposition 3.9. If ¢ > 1039891 is an odd prime power and § € IF;S, then Cs1 C Lg 4 is MRD if and only
if Ngs /g (0) = —1.
By Proposition Bl the claim of Proposition B9 holds also for any s € {1,3,5,7}.

Proposition 3.10. If ¢ > 1039891 is an odd prime power, § € Frs and s € {1,3,5,7}, then Css C Lg,q is
MRD if and only if Nys /¢4 (0) = —1.

4. PARAMETERS AND EQUIVALENCES FOR MRD CODES Cs,s C Lg 4

In this section, we prove the second part of Theorem [[LJ] Thus, we assume through the whole section
that the prime power ¢ is odd. We start from the parameters of Cs .

Lemma 4.1. For any 6 € Fgs with Ngs 44(0) = —1, Cs s has parameters [8 x 8,16,7], and left idealiser
A NeFp} =Fgs.

Proof. The size 8 x 8 is clear from Cs5 s C Lg 4. The F,-dimension of Cs ¢ is 16 because Cs s is generated over
[F,s by the independent elements x and f5 ,(«). The minimum distance of Cs s is 7 since Cs s is MRD with size
8 x 8 and F,-dimension 16. The left idealiser L(Cs,s) contains the finite field {7x(z) = Az : A € Fjs} = Fys
and cannot be larger by Proposition 2.6 O

The remaining parameter to be determined is the right idealiser.
Proposition 4.2. For any 0 € Fgs with Nys /44(6) = —1, Cs,5 has right idealiser { \x: A € Fga} = Fpa.
Proof. For any u € Fya, the polynomial 7,(z) = px satisfies xo7,(z) = 7,0z and f5 07, (x) = 7,40 0 f5.s(2).
As 7,(2), Tyee (v) € L(Css), this implies {7,(z): p € Fpua} € R(Css). Then, by Proposition 28 either
R(Cs,s) = {mu(z) : p€Fpa} =Fu and the claim is proved, or R(Cs,5) = Fys.

Suppose that the latter case holds, so that both L(Cs ) and R(Css) are isomorphic to Fys. Then, by [5,
Theorem 2.2], Cs, s is equivalent to (x, Iqt>]}‘q8 for some t. As Cs s is MRD, t is coprime with n. Therefore, by
Theorem 10, Us s is TL(2, ¢®)-equivalent to U_,. This is a contradiction to [4, Theorem 6.3]. O

We now turn to the equivalence issue. Up to our knowledge, every F-linear MRD code C in Lg, with
left idealiser isomorphic to [F s known so far in the literature is equivalent to one of the following.
(i) Cs= (w29 + 0627 ")p , with s € {1,3,5,7} and Nys g4 (8) = —1.
(ii) Ca(ry = (=, J:‘IT>]Fq8 with r € {1,3,5, 7}, so-called generalized Gabidulin codes; see [12].
(iii) Cr(e,r) := (@, exd —|—a:‘18#>]yq8 with 7 € {1,3,5,7} and Ngs 4 (€) ¢ {0, 1}, so-called generalized twisted
Gabidulin codes; see [23, Remark 8§].
(iv) Con,ry = (T ¥nr(2))F s, Where ¥y (x) is the quadrinomial PICHNNEP LRy W P Sy S LT i
with r € {1,3,5,7} and Ngs 44 (h) = —1; see [17].
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To complete the proof of Theorem [T} we show that Cs, s is not equivalent to any code in (ii), (iii) or (iv).

Proposition 4.3. Let s € {1,3,5,7} and 6 € Fgs be such that Nys /q4(6) = —1. For any r € {1,3,5,7} and
€ € Fys such that Ngs 4(e) ¢ {0,1}, Css is not equivalent to Cg(ry nor to Cr(e ).
Proof. By Theorem .10, the claim is equivalent to Us s being non-T'L(2, ¢®)-equivalent to U, or Uepar fgas—r-
This was already proved in [4, Theorem 6.3].

We now consider the codes Cqp,ry in (iv). Let t = n/2. Theorem 4.6 in [I7] provides an equivalence
between Cq(n,») and Cgj, 1) for some h € Fy2e with Nga: /e (h) = —1, under the assuption ¢ > 5. Yet, the

arguments used in the proof of [I7), Theorem 4.6] still hold when ¢ = 4 (see also [10, Theorem 3.2 (ii)]), hence
proving Lemma (4]

Lemma 4.4. (see the proof of [I7, Theorem 4.6]) Let r € {1,3,5,7} and h € Fgs with Ngs /g4 (h) = —1.
Then there exists h € Fys with Nys /g4 (h) = —1 such that Con,r is equivalent to Com,n-
Therefore we only have to consider the equivalence issue between Cs s and Cqp,1)- We start from s = 1.

Proposition 4.5. For any s € {1,3,5,7} and §,h € Fys with Ngs /44(6) = Nys g4 (h) = —1, the codes Cs
and Cq(n,1) are not equivalent.

Proof. By Theorem .10 it is enough to prove that Us s and Uy, , are not I'L(2, q®)-equivalent. Assume by
contradiction that there exist ¢ € Aut(Fys) and a, b, c,d € Fys such that ad —be # 0 and the following holds:
for every y € [Fys, there exists z € Fs satisfying

(8) (3 Z) ' (wh,lffw’) N (fa,:(Z)) '

Write the action of ¢ on Fs as A — ()\pi)qj, with 1 < p’ < g and 0 < j < 8. The map (u, p) — (,qu , qu) is
[F4-linear on Fys x Fys and hence is in GL(2, q®). Thus, up to changing a, b, ¢, d, we can assume that j = 0.
The condition (8) is equivalent to require that, for every y € Fys,

cy? + dpn 1 (y)? — fs,s(ay? + bn 1 (y)?) = 0.

Suppose s = 1. Then every element of Fs is a root of the following polynomial:
P(x) = (c _ pipla—Dp’ _ 5b‘15> 2 4 (d—a%) 2P (bq + 5bq5h(q6+q5)pi> 2P 4 gy tP
_ (bq + 5bq5h(q5—q4)pi> 27 4 (dh(q-i-l)pi _ 5@‘15) 2P (bqh(q2+¢Z)pi + 5bq5) 0P L gp(—aNpt pa"pt

Since the degree of P(x) is smaller than ¢%, this implies that P(x) is the zero polynomial. The vanishing of
its coefficients yields

a=d=0,
¢ = bapla—1p' 4 5(,:157
(9) bR @ HDP" 4 5pa° = 0,

be + 5pa° pla®+ap' =
be + b pla®—a" " — .

Since § # 0 and b # 0 (as ad — be # 0), the last two equations in System (@) yield he°+1 = 1. Since 4 does
not divide ¢? + 1, this yields a contradiction to Nys /q*(h) = —1. This proves the claim for s = 1, and hence
for any s € {1,3,5,7} by Proposition B} O

Therefore, for any § € Frs with Ngs g+ = —1 and any s € {1,3,5,7}, the MRD code Cs5,5s C Lg,4 is not

equivalent to a code Cg(y) or Cp(c,r) (Proposition .3)), neither to a code Cqn,ry (Lemma 4 and Proposition
[43). The proof of Theorem [[T]is now complete.
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5. Proor or LEMMAS 3.4], 3.5, 311

In this section we prove three technical lemmas which were stated and applied in Section [3I The proofs
of Lemmas and 3.7 use arguments from the theory of algebraic function fields and their finite extensions,
for which we refer the reader to the monograph [26]. In particular, we will show that certain quadratic
equations X? = u define Kummer extensions (see [26, Proposition 3.7.3]) of an algebraic function field L, by
showing that u is not a square in L. To this aim, we will make use of Laurent series expansions with respect
to local parameters at certain places (see [26, Theorem 4.2.6]).

5.1. Proof of Lemma [3.4l By Proposition 2I(i), the dimension of V is at least 3. To prove the equality,
it is enough to provide a linear subspace £ of P7 of dimension 3 such that VN £ = 0; see Proposition ZJ(ii).
Let £ be the 3-dimensional linear space defined by the equations

X3=0, ¥=0, Y1 =0, Yo+Y¥3=0.
If VN L # 0, then any point P = (Wg : @1 : W : T3 : Jo : J1 : Y2 : §3) in VN L satisfies

a3 +q?

2 2 3 2 3
Wy =T3=Yo=10 =0, wi=nTy, w3=m" +n" +28%n = )3, (0 +w)’=n" 5.

This implies

a®+4q®

2 2
20T + BT )ys = —2w10e,

whence
442

2 2 3442 _ o _ 2 2 3 2 _
AT + BTy = )Py =4wiws =407 g5 - (0T +n? +28T 072 )i

and thus
an” (B2 = 1)gs = 0.
The case y2 = 0 cannot occur by the equations of V and L, therefore BQQQ —1 =0, a contradiction to § # +1.

Finally, since ¥ C P7 has dimension 3 and its ideal is generated by 4 polynomials, V is a complete
intersection. Thus, V has degree 2-2-2-2 = 16.

5.2. Proof of Lemma [B.5l Note that the homogeneous equations of V can be dehomogenized with respect
to the hyperplane at infinity Ho: Yo = 0, since it is easily seen that ¥V N Ho has dimension strictly smaller
than 3. Thus, given & € K = F4 and the hyperplane 11 : Y5 = Y; + &, V N II has affine equations

W =n+n7Y2 - 260" Y1,
W2 =02 4+ (Vi + k)2 - 287" 2" Vi (Y1 + k),
W2 =% (Vi + k)% + 70 Y2 — 2840+ (Vi + k)Ya,
(Wo + W + Wa)? = n? Y 41 — 2670 5 Y,

Therefore, given a transcendental y; over K, if we prove that the equations

q2

VNIIL:

a+1
wE =n+niy — 260" Ty,
2 24
w}=nly? +n? (y1 +k)> =282y (y1 + k),

a3 +4?

2 3 2 +

wi =0T (y1 + k)2 +0Ty5 =287 2 (1 + k)ys,
3 3 1443

(wo +wi +wa)? =nT Y3 +n—28T 17 2 ys
define an algebraic function field K(y1, y3, wo, w1, we, x3) /K of transcendence degree 2, then K(y1, ys3, wo, w1, wa, x3)
is the function field of a non-repeated absolutely irreducible surface S = VNII and Lemmal[3.5lis proved. Note
that 23 does not appear in Equations (I0), and hence is transcendental over K(yi,ys, wo, w1, w2) (indeed,
YV NIIis a cone with vertex (0:0:0:1:0:0:0:0)). Thus, in order to prove Lemma BH it is enough to
show that Equations ([0 define an algebraic function field K(y1, ys3, wo, w1, w2)/K of transcendence degree
1.

(10)
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After eliminating ys using the third and fourth equation of Equations (I0), we obtain the following
equivalent system:

w? = n+nty3 — 260"y,
q2+q
w? =ty + 0% (g1 + k)? — 280" yi (g1 + k),
(11) aw% + bws + ¢ =0,

2 atl 2+q
n%yi+n? (yi+k)>—Bn"Z y1—BIn 2 yi(y1+k)Fwow +wiws +wows

Ys = 3
P T ’

where

_ qu2 77q2k + Bq3+q2nq7“

2 2 2
— B2yt +2nq+nq )yf+2( Bn"s
+nq2’€)y1 62" T2 4 247y

a =2wowy + (

btk
b =pin* ( 6w — 2w1)y; — 2324 1 (wo +w1)yi + 4n?(wo + w1)yi + e (dwo + 2w1)ys

2
+ B (—2w0 — 6w )y + BT F k(=6 — 2un)y1 — 487 5% k(wo + w1 )y + 2879 F (wo + w1y

2
+ 77 k(Swo + 4w1)y1 — 2320 1% k2 (wo + wy) + 2ﬂq3+q2 = k(wo +wy) + 07 k2 (dwo + 2wr) + 20w,

k= 26277 k4 BT o )y

3¢% 44 a®+3q
7 4[3‘177 2

292 +q+1 3q+1 2¢%+q+1
2 2

=207 =20
— 920t taf _ 9524" 2

—52"77 R
— ﬂ q k2 4+ g4 +q @ kQ] (521177:1 +a 25211 +q77

_[3211 247 _|_2772q_|_377q +q_|_772q )y4—|—2( 3891y

2q +q+1 a + q

— 28
+ 3¢ +qk+2n2q k)yi’ + (52 q+1 _|_6[3q+1
_ 25q3+q2+1nq2+§+2 _ 85772‘1 fatl ke + B *+q.2 _|_6[32q +ay)
_ 68% 3q +q
+ 6% k) y? +2(B20
_ Bq‘ +q +qn% k* — Bin e 4q+2 k— B 87t k3
_ 62q2n2q2 K+ 62q3,’7q2+1k2 + 1 +1k2 + 772q2 k4

c =2wowy [( —

— 2[31177311 +a _ 25211 n? +q

a®+2q+1
2

ﬂ2q2+1

+ By +qk+352q +ay k Be +q? T T

a®+2q+1
2

k — 381"

a®+2q+1 2¢%4q+1
2 2

_|_[3q‘+q n k

2¢2 +q+1 a®+q+2
2 2

k=28

k4 B2 T gatt @ g gy

1 q2+2q+2 2q +q+
n

k—28n
9820 0" |3 4 g2 @’ F1f 4 @1 4 2772q2/€3)y1

k + 4ﬂ2q2+177

3¢°+q
2

3 2
k? — 489 ta +ay

a?+2q+1
2

2ﬁ2q2 Prag2 ﬁ2q n2q k2 4+ 231 S4q? n

q+q

1 242 +q+1 —ﬁq3+q2+ k2+62q +q k3

Since the fourth equation of () is linear in ys, it is enough to prove that the first, second and third
equation of (1) define an algebraic function field K(y,wq,ws,ws)/K of transcendence degree 1 to have
that ys € K(y1,wo, w1, ws) and Lemma [B.3 is proved.

5.2.1. The function field K(y1,wq). Define the polynomial
Fo(Y) :=n?Y2 = 280" 5 Y + 0= n%(Y — A\)(Y — \o) € K[Y],

having distinct roots

M=n(B-VB 1), d=n7@B+/F-1).

Then the first equation w3 = Fy(y1) of () defines a Kummer extension K(y1,wo)/K(y1) of degree 2 with
exactly two ramified places, namely the zeros of y; — A\; and y; — As.
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5.2.2. The function field K(y1,wp,w1). Define the polynomial
q q q q
FY) = (nq — 28y ¢ n) Y2 — 2% (ﬁn% - nQ) Y + k27 € K[Y).

Up to this point, the only require on 7 is that it is a non-square in 4, and hence we have (¢* —1)/2 choices
for n. The coefficient of Y2 in F;(Y) vanishes for at most ¢ values of 7. Since ¢ < (¢* —1)/2, we can choose
n as a non-square Fa such that the coefficient of Y2 in F(Y) does not vanish. Now, choose k # 0. Then
F1(Y) has distinct roots

m_k.<—nq+77q — V- ) uz—k-< nt+n'% ﬂ+\/ﬂ2 >
ne— 260" 1 ne— 260" 1

Up to excluding four values of k € K, we have {\1, A2} N{p1, 2} = 0. Thus, Fy (yl) has four simple zeros in
K(y1,wo), namely the zeros of y; — y1 and y; — 2. Then the second equation wf = Fy(y1) of () defines a
Kummer extension K(yi, wo, w1)/K(y1,wo) of degree 2, in which the ramified places are the zeros of y; — 1
and y1 — fia.

Note that the ramified places in K(yi,wo,w1)/K(y1) are the 8 zeros of y1 — A1, y1 — A2, y1 — u1 and
y1 — p2, all of them with ramification index 2.

5.2.3. The function field K(y1,wo, w1, ws). Define ug = we + %. Then the third equation of (] reads

(b/2)? — ac
o=

3 2 2 2
’ — 4 k a2 +1 241
(Bq Vi Bq(:/ﬁ (1 + )> (wow1+A—7727(y1+/€)> (’LUO’LUl + A+ (y1+/€)>

where

A= =BTy + gy

Write u2 = x? - € - (, where

2_+ 3 2
(g4 k) oty — B T i+ k), 4% = (82 —1)(8% —1).

§=wowr +A—1n o Y(y1 + k) =: wowy + ayi + byr + ¢,

41 241 _ o 7 Fata _ 41
C=&+2n 2 vy +k) =wowr + A+n 2 y(y1 + k) = wowr +ay; + (b+2n 2 y)y1 +¢+2n 2 7k,

with
4 +q277t17+1 _77q22+1'y, E:k(ﬁq3+q2’l]q22
In order to prove that the third equation of (1)) defines a Kummer extension K(y1, wg, w1, we)/K(y1, wo, w1)
of degree 2, we show that £ - ¢ is not a square in K(y1, wo, wy).

Define 6 := wowy — (ay? + by1 + ).

B:

a =

(i) We prove that the functions &, ¢, 6 have exactly four poles with valuation —2 at each of them, and
therefore have exactly eight zeros, counted with multiplicity. In fact, the poles of £, (, 8 are among
the four simple poles P2 of y; in K(y1,wo, w1 ). Clearly 1/y; is a local parameter at P2 . By Sections
BE2Tand 522] the ﬁrst term of the Laurent series expansion of wow; at P with respect to 1/y; is

). If p=a or p= —a, then p? = @ which implies 3%¢ =1, a

py:, where p* = n(n? —2
contradiction.

(ii) We prove that, up to excluding a finite number of k& € K, the zeros of £ - 8 in K(y1,wo,w1) are

unramified over K(y;). Suppose by contradiction that a zero P of £ - 6 is also a zero of y; — A1 or

— 2. Then wy(P) = 0, and the resultant R(k) between Fy(Y) and aY? + bY + ¢ with respect
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(iii)

Cy =
C3 =

Cy =

c1 =

Co =

(iv)
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to Y vanishes. R(k) is a polynomial in the variable k& whose coefficients must vanish, otherwise it is
enough to exclude deg, R(k) values of k € K to get a contradiction. This gives

2
276q+277q

After eliminating =y, these two equations yield

g2 — g’

+1
2 —qp?

—B+1=0, B -4

77 2 —27ﬁq 3442 -1-177 2

_527711711 —234 P +a®+q+1

2787+

_ qu +177

— 2/ *+q+a+1 + 3% + 25211 +2¢° _ qu

+ 777 _ 2ﬁq S4+q% -i-q+277

q q

ﬁ2q +1

B2 — g2 _ g% 1 =0,
Equation ([IZ), together with its conjugates

_62q+1:05 62

under the ¢-Frobenius map, provides a contradiction to 5 # +1.
The case of a zero P of -6 being also a zero of y1 — p1 or y1 — p2 is ruled out analogously through
the coefficients of the resultant between F;(Y) and aY? + bY + € seen as a polynomial in k, whose

vanishing provides a contradiction to § # +1.
Let F2 (Y) S

K[Y] be defined by

£ 0= wywi —

+252q +20° _320° 324" 4 a—a” 11 —
- ﬂ2q +1= 05

a + q+1

+ﬁq S4+q% -1-277

+1

L )

— B2 - 4 1=0

(ay? + by1 +©)° = cayi + csyi + c2yi + cayr + co =: Fa(y1).

By direct computations we have

—77q2+q(52q _
_2nq2+q[(ﬁ2q _
_nq2+q([32q _

2
— [%ﬁn%q

—n? “(7

Note that F5(Y') has degree 4, since ¢y

1)7

1)k? —

20"+ [y (mq +26 -
_ *+q® > 2 +q°
2vB n? + 80T —28

N k" (Y87 + B — BT ) 4" w
_Bq +q _

Dy = B4+ 1R,

= T +e(B20 — 1) £ 0.

1—gq 3142 142 3, 2
1)k+77 5 (5q7+ﬁ_ﬁq +q +q)_|_77 5 (ﬁq +q _5q+1 _7)]7
_ 2
ﬁqsﬂ”q) + 771 AR 6“1 k-
Ly 25211 +2q B2q qu
oK S+¢®+1 +ﬁq) _ 27ﬁq S +q? 4 2ﬁ2q‘ +2¢° _ ﬁ2q

We prove that, if F5(Y") is not a square in K[Y], then & - is not a square in K(y1, wg, w1 ). In fact,
if F5(Y) is not a square in K[Y], then F(Y) has two distinct roots p1, p2 € K with odd multiplicity.
Then, for any ¢ = 1, 2, £ has two unramified zeros over p;, with valuation equal to the odd multiplicity
of p; as a zero of F5(Y'). Suppose by contradiction that - is a square, and hence has even valuation

2
at every place. Then ¢ has zeros over p1 and po, and ¢ — & = 2" 2
p2, a contradiction to p1 # pa.
We prove that F»(Y) is not a square in K[Y]. Suppose by contradiction that

Foy(Y) = (doY? +dyY + dp)?

for some d; € K, that is,
2dydy = cq, d% + 2dody = ¢, 2dydy = c3,

This implies

2
do = Co,

deo(ca — 1) = cf,

deg(co —cp) = cg.

~(y1 + k) has zeros over p; and

2
d2 = C4.

- nq]a

_ B2q3]7
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Equation (I3 provides two polynomials in k that must be identically zero, namely p;(k) :=
—4cp(ca —e1) and pa(k) := & — 4ca(ca — c1), otherwise a contradiction is obtained by excluding a
finite number of k € K. By direct computation, the coefficient of k% in pa(k) is B4y + 3 — Bq3+q2+q,

and hence
(14) Bl + - pTHH =,
On the other hand, the vanishing of the coefficient of k2 in p; (k) yields
(15) AT HIR (2 4 oy Bt 9y paHe” | g2 9Tt harl | g2 4 g20°420° 1) =,

The elimination of 4 through the resultant between the left-hand sides in Equations (I4) and (IH)
yields 329 — 32 = 0. This is a contradiction to the hypothesis of Lemma 3.5

5.3. Proof of Lemma B.7l Note that 39=' € {1,—1}, and that V can be equivalently defined by the
following linear combinations of the equations in ():

WZ = nYE + Y2 — 260 % Yo,

27 —
16) (Wh = Wo)(Wi +Wo) = (Yo — 59105 Ya) (Yo — 2607 Y + 57 )
- :—‘IY—‘IquY—2 Hy, ql =Y.
(Wa — W1)(Wa + W) (Y1 - B 5) (Y1 — 287" 2+ﬁ 3),
(Wo + Wh) (Wi + Wa) = B (Vi — 11 52 ¥3) (Yo — B 1 7 1a).
e First we show that the equations
wZ =1+ 1%3 — 280" i,
?+q
an w% = n9y? + 0T y% — 289" yiys,
_ _B//A/
37 _
1 1
5 e
where
— 2
A == 2897 T wowy + BB — 1) +2ﬁq77 >y, — 28" e Yo
o 2ﬂq71nq +§q—1y% T 2[377(1‘ q2+qf V1Yo +[3q71(ﬂ2 _ 1) q- +22q - yg,

a1 0, L1 2 2 gy, Lt
=208 — 0" y1 + B T yo)wows — (B2 + Ty (1+ 07 '3) + 2897y
a+aq 3g—1 +2¢—1
4By — 687 " g + 2803 — 2™ g+ 48 gy,

define an algebraic function field Fy(y1,wo,y2, w1)/Fq+ of transcendence degree 2 over Fga, with
constant field F,4; this will imply that F g4 (y1, wo, y2, w1, x3) is a function field of three Varlables over
F,+ with constant field F 4, where x3 is transcendent over Fa(y1,wo, y2,w1).

As shown in Sectionm the first equation of (I7) defines a Kummer extension Fga (y1,wo)/Fq(y1)
of degree 2 and transcendence degree 1 over IF 4 with constant field Fga. Let yo be transcendent over

F,a(y1,wo). Then, for some non-square n of Fya, the function n9yf + nTy2 — 25‘177(12% y1y2 is not a
square in K(y1, wo, y2), because for some k € K its specialization with yo = y1 + k is not a square in
K(y1,wo) as shown in Section Thus, the second equation of (I7) defines a Kummer extension
Fya (y1, wo, y2, w1) /Fga (Y1, wo, y2) of degree 2 and transcendence degree 2 over g+ with constant field
Fg4. The element A’ is non-zero (since it has degree 1 as a polynomial in w; over K(y1, wo,42)),
and hence the element y3 € Fy(y1, wo, y2, w1 ) is well-defined by the third equation of ([I7). From
wo + w1 # 0 follows that the element wy € Fya(y1, wo, y2,w:) is well-defined by the fourth equation
of (7). The claim on the extension g (y1,wo)/Fga(y1) is proved.
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e We show that the intersection between V and the hyperplane Wy + W1 = 0 contains exactly one
absolutely irreducible component V' of dimension 3, which is also the unique absolutely irreducible

2
component of dimension 3 in the intersection between ) and the hyperplane Yy — ﬂqflanlYg = 0.

Moreover, V has degree 4.

a®—q a?-1

Indeed, suppose Wy + Wy = 0. Then either Y7 — 39 'n" =7 Y3 =0o0r Yy — 89 'n = Yy = 0.

q37q

— Suppose Y7 — 3971 =2 Y3 = 0. Then the solutions of (I8]) are given by the following systems:

+1
WE =nYE +n?Y2 — 280" Yon,

Wl - _W07
.3
Y3 =",
— pa-1 1*2412
)/2 /B n Y07
Wa = Wo;

W = nY +n?Y2 — 28n"% YoVs,
Wi = W,

Wg =Yg +n7Y2 — 280" YoYi,
Wi = —-Wo,
-1 Q*q3
Y3 :6(1 n 2 )/17
.

1 q°
Yo =p4"n"2" Yo,
W2 = —Wo;

W = nY2 +n?Y2 — 280" YoVs,
Wi = W,

qqu qqu

Ys=3"1n"2 1, Ys=p"n"z2 Yy,

q 1-a? a—a® oy 14 a=d®
Yo=-p""n"2"Yo+28% 2"V, Yo=-p""n"2"Yo+28% 2" Y1,
Wao = Wo; Wo = —Wh.

For each of these four systems, the following holds. The first equation defines an absolutely
irreducible curve in Wy, Yy, Y1, as shown in Section [(.2.11 Each of the remaining four equations
is linear and defines an absolutely irreducible curve with an additional indeterminate; in terms
of function fields, K(wp,y1) remains the same. Since the indeterminate X3 does not appear,
the system defines an absolutely irreducible surface contained in V C P7, namely a cone with

vertex (0:0:0:1:0:0:0:0); its function field is K(wo, y1,x3), where x5 is transcendental
over K(wg, y1).

2
— Suppose Yy — 897" =" Y, = 0. By direct computation, (Z) reads
WE =0V + 02 - 267" Yoy,
3
S JWE = YR 40T YR - 280" YoYs,
_ 2

Yy = B9 Yy,
Wy = —Wp.
An argument analogous to the one used in Section shows that V is absolutely irreducible.
In fact, we have

at1

nYg + 0?7 — 2802 Yo¥1 =n(Y1 — M Yo)(Y1 — A2Yo)

with A1 # Ao. After the specialization Y3 = hY; with h € K, write

@41
(nYg + 77(135/32 — 289 T Yo Ys) |y,=hyi= 77q3 (Ys — hui Yo)(Ys — husYp).

For a suitable i € K, the values hpu; and hpg are different from each other and different
from Ay and Ay. Therefore, recalling that the indeterminate X3 does not appear explicitly, the
intersection between V and the hyperplane Y3 = hY; is an absolutely irreducible surface, namely
a cone with vertex (0:0:0:1:0:0:0:0), and hence V is an absolutely irreducible variety
with dim(V) = 3 = dim(V). Hence, V is an absolutely irreducible component of V, and it is
readily seen that V is the unique 3-dimensional component of V' contained in the hyperplane

2 _ ~ ~
Yo — Bq_lanlYg = 0. Clearly V is a complete intersection, whence deg(V) = 4.
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e With the same arguments as in the previous point, it is easily seen that the intersection between
V and the hyperplane W7 + Wy = 0 contains exactly one absolutely irreducible component V of
dimension 3, given by

W§ =Yg +n1YE - 28n"% Yovs,
o JWE =012 T Y

Ys,

Wy = —Wy,

which is also the unique absolutely irreducible component of dimension 3 in the intersection between

V and the hyperplane Y; — 89 1p “="Y; = 0. Moreover, V has degree 4.
e We show that V has exactly another 3-dimensional absolutely irreducible component V' other than
Y and 1}, having degree 8.
Indeed, by what has been shown for V, we can assume that Wy + W, does not vanish identically,
so that the fourth equation of (6] yields

q— 1 _ Aq— 1
wy = pne W1 =0 ) (yo — 80T ) .
wo + w1y

After replacing wo and deleting the denominator wy + w1, the third equation of (8] gives

(y1 — B9 = y3) - (A-y3 + B) =0,

where

_ 3
A=-28"1p" wow1+ﬁ" L2 — 1)y g2 + 280 youn — 267 oy,

a +2q a®+a%+q—1 ® 42421 2

SR+ 280 T T e + BB - T 4,

—2p971p

a=1 -1 gt 2 PLEsY
=2(Byo —1n 2 y1+ﬁ"n T yo)wows — (B2 4+ 1)n" = (ydyr +n* 1y1y§)+2ﬁqn T Y5y

2q—1

—1
4B oyt — 687 ) yoyrys + 280 yoyE — 207 T i + 4890 ylys.

By what has been shown for 1}, we can assume that y; — 891"z "y3 does not vanish identically,
so that the third equation of (IG]) can be replaced by the equatlon A -ys+ B = 0. Therefore, every
3-dimensional absolutely irreducible component of V other than V and V is contained in the variety
V" whose function field is defined by

ﬁ
wg = nyd + nqyl — 280" Yout.

w? = nly? + 0T y3 — 289 2" y1ys,
= —B/A,

_ gyt s LT ) (o= BT T )

wo+wi

— Wi1.

Note that the system (7)) defines exactly the coordinate functions of V' after dehomogenizing the
equations with respect to Yy. Therefore, by what has been shown above for Fya (y1, wo, y2, w1, 3), V'
is absolutely irreducible and has dimension 3. Finally, we use the fact that the degree of V is the sum

of the degrees if its absolutely irreducible components of maximal dimension (see [II, Proposition
7.6 (b)]) to conclude that

deg(V') = deg(V) — deg(V) — deg(V) = 8.
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6. CONCLUSIONS AND OPEN PROBLEMS

In this paper we have considered for n = 8 the rank metric codes Cs5s C L,, 4, where 0 € Fon and s is
coprime with n/2. We have given a partial answer to Conjecture 4.6 in [I8], proving its validity under the
assumption that ¢ is odd and ¢ > 1039891.

The following questions naturally arise, and we list them as open problems. A solution to them would
complete the classification of MRD codes Cs s in £,, 4 for any even positive integer n and prime power g.

(1) Let n > 10, and suppose that n < 4s+ 1, so that the assumptions of [I8 Theorem 4.5] do not hold.
Is it still possible to classify the codes Cs,s C L, 4 which are MRD?

(2) Let n = 8 and ¢ be an odd prime power with ¢ < 1039891. Classify the codes C5s C Lg 4 which
are MRD: is it true that Cs s is MRD if and only if Nys /44(6) = —17 For ¢ < 11 this is true; see [4
Remark 7.4].

(3) Let n = 8 and ¢ be an even prime power. Classify the codes Cs s C Lg 4 which are MRD: is it true
that Cs,s is never MRD? For ¢ < 8 this is true; see [4, Remark 7.4].

In order to deal with the point (3), we have tried to apply algebraic geometric techniques, similar to
the ones used in this paper. More precisely, a result analogous to Proposition 2Z.13] holds for ¢ even after
replacing the curve X s in (2) with a suitable plane curve X’ 55 ", asshownin [18, Section 3.2]. In analogy with
Equation (@) and the variety V in this paper, we have then considered the g-powers of the indeterminates of
X ige" as the indeterminates of a higher-dimensional variety Ve,e,,. However, we have not been able to decide
whether Veyen contains an absolutely irreducible rational component, although computational experiments
for small values of g suggest that Ve, may be absolutely irreducible.
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