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Abstract

Linear codes of length n over Z,s, p prime, called Z,s-additive codes, can be seen as
subgroups of Z’;;. A Zps-linear generalized Hadamard (GH) code is a GH code over Z),
which is the image of a Zs-additive code under a generalized Gray map. It is known that
the dimension of the kernel allows to classify these codes partially and to establish some
lower and upper bounds on the number of such codes. Indeed, in this paper, for p > 3 prime,
we establish that some Z ,s-linear GH codes of length p’ having the same dimension of the
kernel are equivalent to each other, once ¢ is fixed. This allows us to improve the known
upper bounds. Moreover, uptot = 10if p = 3 ort = 8 if p = 5, this new upper bound
coincides with a known lower bound based on the rank and dimension of the kernel.
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1 Introduction

Let Z,s be the ring of integers modulo p* with p prime and s > 1. Let Z’;)S be the set
of n-tuples over Zps. In this paper, the elements of Zr;r" will also be called vectors. The
order of a vector u over Z,s, denoted by o(u), is the smallest positive integer m such that
mu = (0,...,0). A code over Z, of length n is a nonempty subset of Z7, and it is called
linear if it is a subspace of Z’[’). Similarly, a nonempty subset of Z;‘,J is a Zps-additive code if
it is a subgroup of Z’I’,S. When p =2 and s = 1, a Zps-additive code is a binary linear code
and, when p = 2 and s = 2, it is a quaternary linear code or a linear code over Zs.

The usual Gray map ¢ from Z4 to Z%, that is, the map such that ¢ (0) = (0,0), ¢(1) =
0,1),¢(2) =(1,1)and ¢(3) = (1, 0) [14], has been generalized to different maps, which

s—1
go from Z s to Zg [4, 8,9, 13, 17, 19, 25]. In this paper, we consider the following
generalization of Carlet’s Gray map [13]:

Os(u) = (us—1, ..., us—1) + (uo, ..., us2)¥s1, (D

where u € Zps, [ug, uy, ..., us_1], is the p-ary expansion of u, that is, u = Zi;é piu,-
(u; € Zp),and Y5_pisa (s —1) x ps‘l matrix whose columns are all the different elements
of Z‘;’l. We assume, without loss of generality, that the columns of Y;_; are ordered in
ascending order, by considering them as the p-ary expansions of the elements of the ring

s—1
Zps-1. Then, we define & : Z;’,s — Z';,p as the component-wise Gray map ¢s.
Let C be a Zs-additive code of length n. The Gray map image of C, C = &,(C), is
called a Zps-linear code. Note that the length of C is p*~!n. As a subgroup of Z’;,x, Cis

isomorphic to an abelian structure ng X Z;ZH X+ X Z;i, and we say that C, or equivalently

C = @,(C), is of type (n; 11, ..., ;). Note that |C| = p*'1 p©=D2... pls A 7, s-additive
code C can also be seen as a Z ps-submodule of Zizlr"' As a Zps-module, C is free only if it is
of type (n; 1,0, ..., 0). For linear codes over rings which are not free, there does not exist
a basis. However, for any linear code over Zs, there does exist a generator matrix having
minimum number of rows, that is, with #; + - - - 4, rows. Note that the rows of this generator
matrix contain #; codewords of order pS_"‘H, fori € {1,...,s}.

Let S, be the symmetric group of permutations on the set {1, ..., n}. Two Zs-additive
codes of length n, C; and Cy, are permutation equivalent if there is a permutation of coordi-
nates w € S, such that C; = {r(c) : ¢ € C1}. Two codes of length n over Z,, C; and C»,
are equivalent if there is a vector a € Z';, and a permutation of coordinates 7 € S, such that
Cry={a+mn(c):ce Ci}.

Let C be a code over Z,. The rank of C is the dimension of its linear span, (C), and it
is denoted by rank(C). The kernel of C is K(C) = {x € ZZ :x+ C = C} [2, 20], and its
dimension is denoted by ker(C). If the all-zero vector belongs to C, then K(C) is a linear
subcode of C. Note also that if C is linear, then K(C) = C = (C). The values of rank(C)
and ker(C) can be used to distinguish between nonequivalent codes over Z,, since equivalent
ones have the same rank and dimension of the kernel.

A generalized Hadamard (G H) matrix H(p, A) = (h;;) of order n = pX over Z,, is a
pA X p) matrix with entries from Z,, with the property that forevery i, j, 1 <i < j < pA,
each of the multisets {h;; —h s : | <s < pA} contains every element of Z, exactly A times
[15]. An ordinary Hadamard matrix of order 4,4 corresponds to a G H matrix H (2, ) over
Zy, where & = 2u [1]. Two G H matrices H; and H; of order n are said to be equivalent if
one can be obtained from the other by a permutation of the rows and columns and adding the
same element of Z,, to all the coordinates in a row or in a column. We can always change
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the first row and column of a G H matrix into zeros and we obtain an equivalent G H matrix
which is called normalized. Let H be a normalized GH matrix. We also denote by H the set
of rows of H. The code Cy = UanP(H +al), where H + ol ={h+aol:he H}and 1
denotes the all-one vector, is called generalized Hadamard (G H) code [10]. Note that Cy
is generally a nonlinear code over Z,. If C is a Zs-additive code such that @4(C) is a GH
code, then we say that C is a Z s -additive GH code and ®(C) is a Z ps-linear GH code. Note
that a GH code over Z, of length N has pN codewords and minimum distance N (p — 1)/ p.

GH matrices over Z, are also known as Butson Hadamard matrices, introduced in [5],
since p is prime. They can also be seen as square difference matrices. Difference matrices,
introduced in [6], are matrices whose elements belong to a finite group, such that in the
difference of two distinct row vectors each element of the group occurs equally often. In
[23], three different constructions of difference matrices (the direct method, the iterative
procedure and the Kronecker product construction) were considered. They also studied the
codes induced by these matrices, and showed that these codes are optimal. In [27], binary
Hadamard codes obtained by using a general concatenation construction given in [28] are
studied. Unlike the Z,s-linear GH codes, the codes from [27] come from codes over Z,
which are not necessarily linear, after applying not necessarily the same generalized Gray
map in each coordinate.

Let A, 5, and A; , be the number of nonequivalent Z s -linear GH codes of length p’,
when both ¢ and s are fixed, and when just ¢ is fixed, respectively. The Z4-linear Hadamard
codes of length 2’ can be classified by using either the rank or the dimension of the kernel [16,
21]. There are exactly A; 22 = L%J nonequivalent such codes for all # > 2. In [11], it is
proved that the dimension of the kernel for Zos-linear Hadamard codes provides a complete
classification giving A; s 2 for all values of t and s, except for r > 8 and3 < s <t —5.
This partial classification is improved in [3], by giving A; 52 also for any 3 < ¢ < 11 and
s > 2.In[12], for s > 2, it is established that some Zys-linear Hadamard codes of length 2
are equivalent, once only 7 is fixed, and this fact improved the known upper bounds for A4; ».
Moreover, the authors showed that, up to t = 11, this new upper bound coincides with the
known lower bound (based on the rank and dimension of the kernel).

For s > 2 and p > 3 prime, an iterative construction and the dimension of the kernel for
Zps-linear GH codes of length p’ are established in [3], and it is also proved that this invariant
only provides a complete classification for certain values of # and s. Lower and upper bounds
are also established for A; s , and A; ,. From [3], we can observe that there are nonlinear
codes having the same rank and dimension of the kernel for different values of s, once the
length p' is fixed, at least forall4 < < 10if p =3 and 4 <t < 8if p = 5. In this paper,
we show that, for all 7 > 4 and p > 3 prime, some Z s -linear GH codes of length p’ having
different values of s are permutation equivalent to each other, once t is fixed. Moreover, for
allr < 10if p =3 andt < 8if p = 5, the codes that are permutation equivalent are, in fact,
those having the same pair of invariants, rank and dimension of the kernel. For example, in
Table 3, the codes in bold type have the same rank and dimension of the kernel and are, in
fact, permutation equivalent. These results allow us to obtain a more accurate classification
of the Zps-linear GH codes, than the one given in [3]. Zs-additive codes have also been
studied in [24, 26] as two-weight codes over Z s by considering the homogeneous weight.
Recently, rank and pairs of rank and dimension of the kernel for Z,Z ,>-linear codes have
been studied in [18].

The paper is organized as follows. In Sect.2, we recall the recursive construction of
Zps-linear GH codes, the known partial classification, and some bounds on the number of
nonequivalent such codes, presented in [3]. In Sect. 3, we prove some equivalence relations
among the Zps-linear GH codes of the same length p’. Later, in Sect.4, we improve the
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classification given in [3] by refining the known bounds. Finally, in Sect.5, we give some
conclusions and further research on this topic.

2 Preliminaries and known partial classification

In this section, we provide some known results for Z ,s-linear GH codes of length p’ with
t > 3 and p prime. These results were presented mainly in [3, 11, 12] and are related to the
recursive construction, partial classification, and bounds on the number of such nonequivalent
codes.

Let Ty = {j-p'~' : je{0,1,...,p57 " —1}} forall i € {I,...,s)}. Note that
T =10, ..., p*—1}.Letty, 1p,...,t; be nonnegative integers with #; > 1. Consider the matrix
AZ} """ s whose columns are exactly all the vectors of the form z”, z € {1} x Tltl_1 X T2t2 X
S X Tst‘v. Let0,1,2, ..., p°% — 1be the vectors having the same element 0, 1,2, ..., p* —1
from Zps in all its coordinates, respectively.

Any matrix Ag’”"t"' can also be obtained by applying the following recursive construction.
We start with A},’O""’O = (1). Then, if we have a matrix A = Atg """ s for anyi € {1,...,s},
we may construct the matrix

A A ... A
Ai = <pi—1 0pi-l.1... pi—l,(ps—i+1_1))' 2

. . . . ] eend] . .
Finally, permuting the rows of A;, we obtain a matrix A", where t} =t;for j # i and

.....

. . . 1
t/ = t; + 1. Note that any permutation of columns of A; gives also a matrix A
this paper, we consider that the matrices Ai}"“’ts are constructed recursively starting from

A},’O """ Oin the following way. First, we add #; — 1 rows of order p*, up to obtain Ai}’o""’o;

then #, rows of order p*~! up to generate Alli‘tz""‘o; and so on, until we add #; rows of order
p to achieve Ag """ I See [3] for examples.

Let Ht,l """ " be the Z ps-additive code of type (n;t,...,t;) generated by the matrix
A;‘ """ ts, where 11, .. ., t; are nonnegative integers with #; > 1 and p prime. Letn = p’ s+l
where t = (Z‘;:] (s—i+1)- t,') — 1. The code H; """ ’* has length 1, and the corresponding
Zps-linear code H;,"""t“' = & (Hi}""’t"') is a GH code of length p’ [3].

In order to classify the Z,s-linear GH codes of length p’, we can focus on ¢ > 5 and
2<s<t—2whenp =2[l1],andont >4 and2 < s <t — 1 when p > 3 prime
[3]. Moreover, as shown in the following three theorems, forany t > Sand2 < s <t — 2,
there are two Zps-linear Hadamard codes of length 2” which are linear; and for any ¢ > 4,
2 <s <t—1and p > 3 prime, there is a unique Zps-linear GH code of length p’ which is
linear.

Theorem 1 [16] The codes Hzl’t2 and sz’tz, with ty > 0, are the only Zy-linear Hadamard
codes which are linear over 7.

Theorem 2 [11] The codes H21,0,...,0,zs and H21,0,...,O,l,t5’ with s > 2 and ty > 0, are the only
Zos-linear Hadamard codes which are linear over Z,.
0,1

Theorem 3 [3] The Zs-linear GH codes H;’O’” , with p > 3 prime, s > 2 and t; > 0,
are the only Z,s-linear GH codes which are linear over Z,.
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Table 1 All linear Zys -linear GH codes of length 2/ and dimension ¢ + 1

t=4 t=5 t=6 t="17
(15 e ey ts) (15 ey ts) (1, ooy 1s) (15 ey ts)
Zy (1,3) (1,4) (1,5) (1,6)
2,1 2,2) 2,3) 2,4)
Zy3 (1,0,2) (1,0,3) (1,0,4) (1,0,5)
(1,1,0) (1,1, 1) (1,1,2) (1,1,3)
Zya (1,0,0, 1) (1,0,0,2) (1,0,0,3) (1,0,0,4)
(1,0,1,0) (1,0, 1, 1) (1,0,1,2)
Zys (1,0,0,0,0) (1,0,0,0, 1) (1,0,0,0,2) (1,0,0,0,3)
(1,0,0,1,0) (1,0,0, 1, 1)
Zye (1,0,0,0,0,0) (1,0,0,0,0,1) (1,0,0,0,0,2)
(1,0,0,0,1,0)
Zy7 (1,0,0,0,0,0,0) (1,0,0,0,0,0,1)
Zys (1,0,0,0,0,0,0,0)

Table2 Alllinear Z s -linear GH codes of length p! with p > 3 prime and dimension ¢ + 1

t=4 t=>5 t=6 t=17
(t1, ..., ts) (t1, ..., t5) (t1, ... t5) (ty, ..., ts)
sz (1,3) (1,4) (1,5) (1,6)
Zp3 (1,0,2) (1,0,3) (1,0,4) (1,0,5)
Zp4 (1,0,0,1) (1,0,0,2) (1,0,0,3) (1,0,0,4)
Zp5 (1,0,0,0,0) (1,0,0,0,1) (1,0,0,0,2) (1,0,0,0,3)
Zps (1,0,0,0,0,0) (1,0,0,0,0,1) (1,0,0,0,0,2)
Zp7 (1,0,0,0,0,0,0) (1,0,0,0,0,0, 1)
Zpg (1,0,0,0,0,0,0,0)
Tables 1 and 2 show the values of 71, ..., #; for all linear Z ,s-linear GH codes H, ,t,‘""’t"

of length p’ with 4 <t < 7 and p prime, given by Theorems 1, 2, and 3. Note that the case
p = 2 is different from the case p > 3 prime.

Tables 3 and 4, for4 <t < 10and 2 < s <t — 1, show all possible values of (71, . .., #)
for which there exists a nonlinear Zs-linear GH code H, ;,"""tf of length p' with p > 3
prime. For each one of them, taking p = 3, the values (r, k) are shown, where r is the rank
(computed by using the computer algebra system Magma [7, 22]) and k is the dimension of
the kernel (determined in [3]). Note that the values of k are the same for any p > 3 prime,
but the values of r are only given for p = 3. Also note that if two codes have different values
(r, k), then they are not equivalent. On the one hand, taking only the values of the dimension
of the kernel given in these tables, it is easy to see that this invariant does not always give
a classification. For example, in Table 4, for r = 8, there are two Zj3-linear GH codes with
the same dimension of the kernel, k = 5, that are nonequivalent since they have different
rank, r = 22 and r = 16. On the other hand, considering only the values of the rank given
in these tables, it is easy to note that the rank does give a classification, since all the codes
have different values of the rank, once r and s are fixed, at least when4 <t < 10 and p = 3.
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1004 D.K.Bhunia et al.

Table 3 Rank and kernel for all nonlinear Z3s -linear GH codes of length 3

t=4 t=>5 t=6 t=17

(TR ts) (k) (..., ts) (k) (..., Is) (r. k) (t1, ..., t5) (r, k)
Zy 2,1 63 (2,2 (7.4 @3, 1) (124) (3,2 (13,5)
(3,0) (1,3)  (2,3) (8,5) 4,0) (21,4)

2,4) 9,6)
Z33 (1,1,0) (6,3) (2,0,0) (13,2) (1,2,0) (12,4) (1,2,1) (13,5)
(1,1, 1) (7,4) 2,0, 1) (14,3)  (2,0,2) (15,4)
(1,1,2) (8,5) (2,1,0) (25,3)

1,1,3) 9,6)
Z34 (1,0,1,0) (7,4) (1,1,0,0) (14,3)  (1,0,2,0) (13,5)
(1,0,1,1) (8,5) (1,1,0, 1) (15,4)
2,0,0,0) (34,2)

1,0,1,2) 9,6)
Zys (1,0,0,1,0) (8,5 (1,0, 1,0,0) (15,4)
(1,0,0,1,1) 9,6)

Zse (1,0,0,0,1,0)0 (9,6)

Similarly, Table 5 shows that this also happens for p = 5 when 4 < ¢ < 8; and Tables 1 and
3 given in [11] show that it is also true for p =2 when4 <t < 11.

Let X; ;,, be the number of nonnegative integer solutions (z1, ..., t;) € N* of the equa-
tion t = (Zle(s —i+1) -ti) — 1 with 1y > 1. This gives the number of sequences
(t1, ..., t5) such that H,t,1 """ “isa Zps-linear GH codes of length p’. Let A, ; , be the num-

ber of nonequivalent Z ,s-linear GH codes of length p’ and a fixed s > 2. Then, forany ¢t > 5
and2 <s <t —1,wehavethat 4; s » < X; 2 — 1, since there are exactly two codes which
are linear [11]. For p > 3 prime, t > 4and 2 < s <t — I, we have that A; 5 , < X; s p,
since there is exactly one code which is linear. Moreover, these bounds are tight for t < 11 if
p=2[11],t <10if p =3 [3],and r < 8if p = 5 from Table 5. It is still an open problem
to know whether this bound is always tight or not.

A partial classification for the Z ,s-linear GH codes of length p’ is given for p = 2 in
[11], and for p > 3 prime in [3]. Specifically, lower and upper bounds on the number of
nonequivalent such codes, once only ¢ is fixed, are established. Let .4, , be the number of
nonequivalent Z s -linear GH codes of length p’. We first consider the case p = 2.

Theorem4 [11] Fort > 3,
t—2
A <14 (Xis2—2) 3
s=2
and
t—2
A <14 (Ao —1). @
s=2

The upper bounds (3) and (4) on A, > are improved in [12], where it is proved that, for
a fixed ¢, there are Zjs-linear Hadamard codes of length 2’ that are equivalent. It is also
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Table 4 Rank and kernel for all nonlinear Z3s -linear GH codes of length 3
t=8 t=9 t=10
(..., ts) (r.k) (..., ts) (r. k) (..., ) (r.k)
Zy 3.,3) (14,6) 3.4) (15,7) 3.5) (16,8)
“4, 1) (22,5) 4,2) (23,6) (4,3) (24,7)
2,5 (10,7) (5,0) (36,5) (€Y (37,6)
(2,6) (11,8) 2,7 (12,9)
Zy3 (1,2,2) (14,6) (1,2,3) (15,7) (1,2,4) (16,8)
(1,3,0) (22,5) (1,3, 1) (23,6) (1,3,2) (24,7)
(2,0,3) (16,5) (2,0,4) (17,6) (1,4,0) (37,6)
2,1, 1) (26,4) (2,1,2) (27.5) 2,0,5) (18,7)
(3,0,0) (48,3) (2,2,0) (43,4) 2,1,3) (28,6)
(1,1,4) (10,7) (3,0, 1) (49.4) 2,2,1) (44.5)
(1,1,5) (11,8) (3,0,2) (50,5)
(3,1,0) (82,4)
(1,1,6) (12,9)
Zsa (1,0,2,1) (14,6) (1,0,2,2) (15,7) (1,0,2,3) (16,8)
(1,1,0,2) (16,5) (1,0,3,0) (23,6) (1,0,3,1) (24,7)
(1,1,1,0) (26,4) (1,2,0,0) (49.4) (1,1,0,4) (18,7)
(2,0,0,1) (35,3) (1,1,0,3) (17,6) (1,1,1,2) (28,6)
(1,0,1,3) (10,7) (1, 1,1, 1) (27.5) (1,1,2,0) (44.5)
(2,0,0,2) (36,4) (1,2,0,1) (50,5)
(2,0,1,0) (64,3) (2,0,0,3) (37.,5)
(1,0,1,4) (11,8) (2,0,1, 1) (65,4)
(2,1,0,0) (121,3)
(1,0, 1,5) (12,9)
Zss (1,0,0,2,0) (14,6) (1,0,0,2,1) (15,7) (1,0,0,2,2) (16,8)
(1,0,1,0, 1) (16,5) (1,0,1,0,2) (17,6) (1,0,0,3,0) (24,7)
(1,1,0,0,0) (35.,3) (1,0,1,1,0) (27.5) (1,0,1,0,3) (18,7)
(1,0,0,1,2) (10,7) (1,1,0,0, 1) (36,4) (1,0,1,1,1) (28,6)
(2,0,0,0,0) (96,2) (1,0,2,0,0) (50,5)
(1,0,0,1,3) (11,8) (1,1,0,0,2) (37.,5)
(1,1,0,1,0) (65,4)
(2,0,0,0,1) (97,3)
(1,0,0,1,4) (12,9)
Zys (1,0,0,1,0,0) (16,5) (1,0,0,0,2,0) (15,7) (1,0,0,0,2,1) (16,8)
(1,0,0,0,1, 1) (10,7) (1,0,0,1,0, 1) (17,6) (1,0,0,1,0,2) (18,7)
(1,0, 1,0,0,0) (36,4) (1,0,0,1,1,0) (28,6)
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Table 4 continued

t=28 t=9 t =10
(H,y .oy ts) (r, k) (t1,y ..oy ts) (r k) (H, .oy ts) (r k)
(1,0,0,0,1,2) (1,8)  (1,0,1,0,0,1) (37,5)
(1,1,0,0,0,0) (97,3)
(1,0,0,0,1,3) (12,9)
Z37 (1,0,0,0,0,1,0) (10,7) (1,0,0,0,1,0,0) (17,6) (1,0,0,0,0,2,0) (16,8)
(1,0,0,0,0,1, 1) (11,8)  (1,0,0,0,1,0,1) (18,7)
(1,0,0,1,0,0,0) (37,5)
(1,0,0,0,0,1,2) (12,9)
Zss (1,0,0,0,0,0,1,0) (11,8)  (1,0,0,0,0,1,0,0) (18,7)
(1,0,0,0,0,0,1,1) (12,9)
Zy (1,0,0,0,0,0,0,1,0) (12,9)

proved that, for 5 < 7 < 11, the improved upper bounds are equal and give the exact value
of A;p. Let Xy 52 = [{(t1,....8) e N* 1t 41 = Zle(s — i+ )¢, 1 = 2} for
sef3,..., e+ 1)/2] and X, 00 = {(11,02) € N? 11+ 1 =201 + 12, 1y = 3}

Theorem 5 [12] Fort > 3,

L5
A <14+ ) Xiso ®)
s=2
and
L5
A <14 Y (Ao —1). (6)
s=2

Moreover, for 3 <t < 11, the upper bounds (5) and (6) coincide and are tight.

Now, we consider the case p > 3 prime. In this case, we only have the following upper
bounds.

Theorem 6 [3] Fort > 3 and p > 3 prime,

t—1

Arp <14+ Y Kpsp— 1) @)
s=2
and
t—1
Ap T4+ (Argp— 1) ®)
s=2

In this paper, in order to improve the upper bounds (7) and (8), we analyze the equivalence
relations among the Z s -linear GH codes with the same length p” and different values of s.
We prove that some of them are indeed permutation equivalent. For5 < ¢ < 11 if p = 2, for
4 <t <10if p =3,and for4 < < 8if p = 5, the ones that are permutation equivalent
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coincide with the ones having the same invariants, rank and dimension of the kernel, that
is, the same pair (r, k). Finally, by using these equivalence relations, we improve the upper
bounds on the number A, , of nonequivalent Z s -linear GH codes of length p’ with p > 3
prime given by Theorem 6. This allows us to determine the exact value of A, , for all ¢,
S5<t=<1l,if p=2;forallt,4 <t <10,if p=3;andforallt,4 <t <8,if p =5;
since one of the new upper bounds coincides with the lower bound given by the number of
different pairs (r, k) in these cases.

3 Equivalent Zps-linear GH codes

In this section, we give some properties of the generalized Gray map ¢,. We also prove that,
for p > 3 prime, some of the Zs-linear GH codes of the same length p’, having different
values of s are permutation equivalent. Moreover, we see that they coincide with the ones
having the same rank and dimension of the kernel for all 7,4 <t < 10, when p = 3; and for
all1,4 <t <8, when p =5.

Lemmal Lets >2and A; € Zp,i € {0, ..., s — 1}. Then,
s—1 ) s—1 )
D higs () = ¢ nip).
i=0 i=0

Proof Straightforward from the definition of ¢. O

Letys € Sps-1 be the permutation defined as follows: for a coordinate k = j Pl 4itl e
{1,2,..., ps’l},wherej e{0,...,p—1}andi € {0, ..., ps’2 — 1}, ys moves coordinate
k to coordinate j + ip + 1. Therefore, we can write y; as

1 2 ... pi2 PRIyl pi42... pi4pi?
Ilp+1...(pP2=Dp+1 2 p+2 .. 2=Dp+2...

e (p=Dp 21 (p=DpTE42... p“>
p p+p LLopth )
Example 1 For p =3 and s = 3,

(123 456 789
V3=

117 258 369)=(2,4><3,7)(6,8>e$9.
and for p =3 and s =4,

(123456 7 8 9 1011121314151617 18 19 20 21 22 23 24 25 26 27
4= 147101316192225 2 5 8 111417202326 3 6 9 1215182124 27

= (2,4,10)(3,7,19)(5, 13, 11)(6, 16, 20)(8, 22, 12)(9, 25, 21)(15, 17, 23)
(18,26, 24) € Sy7.

s—1
Lemma2 Lets >2,u=(0,1,....,p—1) €Z) ,andv=(0,1,...,p—1) € Z}. Then,
s—2
ys(u) = (v, 2., v).

Proof Straightforward from the definition of y;. O
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On the equivalence of Zps-linear generalized Hadamard codes 1009
Then, we can define the map 7, : Zps — ZZH as
-1 —
Tw) = & (v, (g (w))), ©)

where u € Zs.

Example2 For p = 3 and s = 3, we have

#3(0) = (0,0,0,0,0,0,0,0
$3(1) = (0,1,2,0,1,2,0, 1
#3(2) = (0,2,1,0,2,1,0,2
#3(3) = (0,0,0,1,1,1,2,2
#3(4) = (0,1,2,1,2,0,2,0
$3(5) = (0,2,1,1,0,2,2, 1
#3(6) = (0,0,0,2,2,2, 1,1
#3(7) = (0,1,2,2,0,1,1,2
#3(8) = (0,2,1,2,1,0,1,0
309 = (1,1,1,1,1,1, 1,1
$3(10) = (1,2,0,1,2,0, 1,2
$3(11) = (1,0,2,1,0,2, 1,0
#3(12) = (1,1,1,2,2,2,0,0
$3(13) = (1,2,0,2,0,1,0, 1
$3(14) = (1,0,2,2,1,0,0,2
#3(15) = (1,1,1,0,0,0,2,2
$3(16) = (1,2,0,0,1,2,2,0
#3(17) = (1,0,2,0,2,1,2, 1
$3(18) = (2,2,2,2,2,2,2,2
#3(19) = (2,0,1,2,0,1,2,0
$3(20) = (2,1,0,2,1,0,2, 1
$3(21) = (2,2,2,0,0,0, 1, 1
$3(22) = (2,0,1,0,1,2,1,2
$3(23) = (2,1,0,0,2,1,1,0
$3(24) = (2,2,2,1,1,1,0,0
#3(25) = (2,0,1,1,2,0,0, 1
$3(26) = (2,1,0,1,0,2,0,2

These equalities define the map 3 : Zy7 — Zg as

73(0) = (0,0, 0),
3(1) = (0,3,6),
73(2) = (0,6, 3),
33) = (1, 1, 1),
34 = (1,4,7),
73(5) = (1,7, 4),
73(6) = (2,2,2),
(1) = (2,5,8),
3(8) = (2,8,5),

Lemma3 [3] Let s = 2 and 1 € Zy. Then, ¢;(hp*~") = (0, 2.

Lemma4d Lets > 2. Then,

739 =@3,3,3), n3(18) =

73(11) = (3,0,6), 3(20)
1;3(12) = (4,4,4), wr3(21)
3(13) =(4,7,1), 13(22)
3(14) = (4,1,7), 13(23)
73(15) = (5,5,5), 13(24)
73(16) = (5, 8,2), 13(25)
73(17) = (5,2,8), 13(26)

() () =,p 2 ... (p—Dp* ),
(i) 7y (p'u) = p'~Nu, P u)forief{l,....s —1}andu € {0,1,..., p*~1 — 1} C Zps.

Proof First,letv=(0,1,...,p—1) € Zﬁ. Then,
(1) = @, (v, (@)
— _ s—2
=& (W, 2 )
= <PS:11 0,1,...,p—1), by Lemma 2.

= y3(22(0,0,0)),
= 73(22(0, 3, 6)),
= 73(92(0, 6, 3)),
r3(D2(1, 1, 1)),
y3(P2(1,4,7))
= y3(P2(1,7,4)),
= 73(92(2,2,2)),
=73(92(2,5,8)),
73(22(2,8,5)),
y3(92(3, 3, 3)),
= y3(92(3,6,0)),
= 73(92(3,0,6)),
=y3(P2(4,4,4)),
73(22(4,7, 1)),
v3(@2(4,1,7)),
=y3(92(5,5,9)),
= 73(92(5, 8, 2)),
= 73(92(5,2,8)),
73(22(6, 6, 6)),
73(92(6,0, 3)),
= y3(92(6,3,0)),
= y3(22(7,7,7)),
= 73(P2(7,1,4)),
73(D2(7,4, 1)),
73(92(8, 8, 8)),
=73(92(8,2,5)),
= 73(2(8,5,2)).
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1010 D.K.Bhunia et al.

Finally, by Lemma 3, 7, (1) = (0, p*~2, ..., (p — 1) p*~2), and (i) holds.
In order to prove (ii), letu € Zps and [ug, ..., us—1], beits p-ary expansion. The p-ary

s—1

expansion of piu is[0,.%.,0, ug, ..., us—i—1]p and we have that qﬁs(piu) = (ug_i_1,7..
sus_i—1)+(0,.1.,0,up, ..., us_;i_2)Yy_1. Recall that the matrix Y;_; given in (1), related
to the definition of ¢y, is a matrix of size (s — 1) x pS’l whose columns are the elements
of Z;‘l. Moreover, we consider that the columns of Ys_; are ordered in ascending order, by

considering the elements of Z;‘l as the p-ary expansions of the elements of Z ;1. Therefore,
Y is also the matrix obtained recursively from Y1 = (01 --- p — 1) and

Y. = Y1 Ysoq -+ Y5
fFTLVo0 1 -..p—1)°
By Lemma 2, we can write

1 0 1 ---p-—-1
Yo_1) = .
Ys (¥s-1) <Y372 Yoo - Y572)
Then, we have that

v s (p'u))

e ,- , 0 1 -..p—1
(s—i—1, 7. us—i—1) +(0,.4.,0,uq, ..., us—i—2) Yoo Yop -+ Y0

= (Us—i—1, Rx.i.l, ug_i—1)+ 0,71, 0,u, ..., us_i_2) (Ys_z Yop - Ys_z)
= (o1 (P "w), D psi (P ) = Dy (P w2 w)).
Therefore, 75 (p'u) = &', (v (¢s(p'u))) = p'~'(u, .?., u), and (ii) holds. O
Proposition1 Lets >2and »; € {0,1,...,p—1},i €{0,...,s — 1}. Then,
s—1 s—1
os (Z Aip‘) = («PH (Z 7 (mf’))) : (10)
i=0 i=0

Proof By Lemma 4, we know that foralli € {1,...,s — 1}, ts(pi) = (pi_l, P, pi_l) and
7, (1) = (0, ps_z, o (p= l)ps_z). Then, by Lemma 1, we have that

s—1 s—1
Vs (‘ps—l (Z rs(kipi))> =¥ (Z P (n(hﬂ))) :
i=0 i=0

Moreover, y; commutes with the addition. Therefore, by applying the definition of the map
7, given in (9), we obtain that

2 <<1>s_1 (Zl rs(xl-p‘d)) S (21 (nriph)) = )
i=0

i=0 i=0
which is equal to ¢ (Zf;(l) Aip') by Lemma 1. |

Corollary1 Lets >2and »; € {0,1,...,p—1},i €{0,...,s — 1}. Then,
s—1 ] s—1 )
7 (Zm’) => e ip). (11)
i=0 i=0
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Proof By Proposition 1, we have that
s—1 s—1
¢s (Z ka‘) =¥ («PH (Z rs(xipw)) :
i=0 i=0

s—1 s—1
¢;41(%‘1<¢A2E:Aﬂy)>) ZZE:TkOJP”,
i=0 i

i=

and, therefore,

that is, 74 (Zf;& riph) = Zf;é 7o (A pP). O

Now, we extend the permutation ys € S,s-1 to a permutation y5 € S)5-1,, such that, if we
restrict this extended permutation to each set of p*~! coordinates {p* Vi +1, p*~li+2, ...,
ps_l(i + 1}, i €{0,...,n—1},itacts as y; € SPH. That is, the extended permutation

¥s € Sps-1, can be seen as n consecutive copies of y5 € Sps-1. Then, we component-wise

extend function 7y defined in (9) to 7, : Z; — ZP" | and define 7, = p~! o 7,, where
p € Spy is defined as follows: for a coordinate k = jn +i + 1 € {1,2,..., pn}, where
i€{0,...,n—1}and j € {0,..., p — 1}, p moves coordinate k to coordinate ip + j + 1.
Therefore, we can write p as
1 2 ... n n+ln+2... 2n
lp+1l...n—Dp+1 2 p+2...n—Dp+2...
pn—n+1pn—n+2...pn)
14 p+p ...pn)’
Example3 For p =3 andn = 2,
(123456 cs
P=\14 2536 -
and for p =3 andn =4,
_ (1234 5678 9101112 cs
“\14710 2581136 912 12-
Remark1 If uw = (uy,un,...,u,) € Z’;S and 73(u;) = (Wi, u;2,...,u;p) foralli €
{1,...,n}, then
To(W) = (1,1, U1,2s ooy UL s UD T, U2 Dy e o s UD pyv e U 15 U 2,y -y Uy p),
and Tg(w) = (1,1, U 15wy Un 1, U125 UD D, ooy Un 2y o vy UL py UD s vy p p).

Lemma5 Lets > 2. Then, 3(u) = y(Ps—1(p(T5(0)))) forallu € ZZ“"

Proof From the definition of 7, given in (9) and the definition of 7, = p~ ' o1y, we have that
() = p~ L (ry(u) = ,o_l(@;_ll(ys_l(t?S (u)))). Then, the result follows. ]

A p-linear combination of the elements of a set B = {by,...,b,} C erl?“’ is Zle Aib;
for A; € Z,. We say that B is a p-basis of C if the elements in 5 are p-linearly independent

and any ¢ € C is a p-linear combination of the elements of 5. Let wf‘v) be the i-th row of
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Is

Example 4 et H§‘1 and H;’I’O be the Zg-additive and Zj7-additive GH codes, which are
generated by

(2

W) 111
A%’lz w§2) =|lvvv ],
wgz) 036

where v =(0,1,2,3,4,5,6,7,8), and
A110 _ w1111
37 w§3) “\03691215182124 )"
respectively. The corresponding 3-bases are
B = @, 3w, w? 3w@, w?)
={1,3, (v,v,v),(0,3,6,.7.,0,3,6),(0,.2.,0,3,.2.,3,6,.7.,6)}, and

B0 = (wi? 3w ow wi), 3w
={1,3,9,(0,3,6,9, 12,15, 18,21,24), (0,9, 18,0,9, 18, 0,9, 18)}.

Lemma6 Let s > 2 and ty > 1. Let wfs) and w}H_l) be the i-th row of Alli """
Al,rl—l,tz,...,zr,l,zs—l (s+1) (

i i

(S)) —

, respectively. Then, (w .’.’.,WHI)) = pwl.(‘v) and o(w;

O(WE5+1)) — p(Ti.

Proof Consider A;} """ s with ty > 1, and wfs) itsi-throw fori € {1, ..., ¢ +---+1#}. Then,
the matrix over Z s+1
It

wis)
(s)
pPwW,
(s)
PWiitoi
is, by definition, A};”*l’n’""”. Moreover, by the construction given in (2), we have that
A},’t'_l’tz""”“' is the matrix

Litt=1t0, et 1.t5—1  1t1—1,t2, . ts_1,t5—1 Ln—=1t,. . t_1.t5—1
<Ap A, Ay )

p*-0 p*-1 P D
Therefore, if w'* ™ is the i-throw of A, 2515 fori e (2, 14104+ 41,— 1},
we have that (wf””, R w}SH)) = pwl@ and o(wl.(s)) = o(wi(sH)) = pi. m]

Proposition2 Let s > 2, 1, > 1, and Hyy" and Hy" ™ """ be the 7,5-additive

) . . SR 2 1L,ny—1,tp,....t5—1,t5—1
and Z s+ -additive GH codes with generator matrices A p N and AT TR T

. . ‘ L= 1,12, ts—1,t5—1
respectively. Let wi(s) and WEHI) be the i-th row of AZ """  and A p’tl R respec-
tively. Then, we have that
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() Zo1 (piwS Ty = piw® foralli € {2,..., 0+ +t,—1}andg; € {0, ..., 01 —1},

where o(wl@) = p%;
(i) Zo1 (pITIWET) = piw forall j € (0,..., s —1);

(i) Zop W) = wi)

1t
Proof By Lemma 6, we have that (WE‘YH), P, WESH)) = pwf‘v) and o(wl@) = o(wl.(SH)) =
pYi. Let VESH) be the vector over Z +1 such that wl.(SH) = pvl.(Hl) and wl@ = (Vf”l), P

, VE‘YH)). Let (V§S+l)) ;j be the jth coordinate of fol). By the definition of 7,4+ and Lemma

4,forq; € {0, ..., 0; — 1}, we have that
= i o, (511 — . (s+1 _ ) 1
et (W) = 07 e aa ) = 5 (e )

_ ) +1 L s
=p ](pq’((vf(s ))1»-’3 V) ()2 (FD),)
= pi (V§S+1), P VI(S+1)) — pqiwl@)’

and (i) holds.

Since w?‘) = (WESH), R wi”l)) =1and wt(fl_,,ﬂv =0 plan, L prt
(p — 1)), then the equalities in items (ii) and (iii) hold by the definition of 7, and Lemma
4. O

Note that, by Proposition 2, we have that 7, is a bijection between the p-bases, B+

and Blvtl_lvmyt.\'—l st.\'_l.

Example 5 Let H%’l and H;’l’o be the same codes considered in Example 4. The length of
Hy' "% is n = 9. Then, the extension of y3 = (2, 4)(3, 7)(6, 8) € Sy defined in Example 1 is

3 =(2,4)(3,7)(6,8)(11, 13)(12, 16)(15, 17)(20, 22)(21, 25)(24, 26) (29, 31)(30, 34)
(33, 35)(38, 40)(39, 43)(42, 44)(47, 49) (48, 52) (51, 53)(56, 58)(57, 61)(60, 62)
(65, 67)(66, 70)(69, 71)(74,76)(75,79)(78, 80) € Sg1,

and

(123456 7 8 910111213141516
“\147101316192225 2 5 8 11141720

171811920 21222324 252627 _
23263 6 9 121518212427 27

In this case, by using the equalites given in Example 2, we have that

@31, 1L, L LLLLLT = v3(Pa(u, .2, u)) = y3(92(0(0, 3, 6))),
$3(3,3,3,3,3,3,3,3,3) = y3(@2(1, 27, 1)) = y3(P2(0(1, 2., 1)),
®3(9,9,9,9,9,9,9,9,9) = r3(@2(3, 27.,3)) = y3(D2(0(3, 7., 3))),
@3(0,3,6,9,12, 15,18, 21,24) = y3($2(0,0,0,1,1,1,...,8,8,8)) = y3(P2(p(v, v, v)),
$3(0,9,18,0,9,18,0,9,18) = Y3(P2(w, w, w)) = y3(D2(o(u, .., u))),

where u = (0,3,6),v=(0,1,2,3,4,5,6,7,8) and w = (0,0, 0,3,3,3,6,6, 6).
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Since @3(u) = y3(P2(p(73(w)))) for allu € Z27, the map 73 sends the elements of the
3-basis B'1:0 into the elements of the 3-basis 3%'!. That is, as it is shown in Proposition 2,

H(w ) = HLLLLLLLLD = (0,36 =w,
zGew?) = £3,3,3,3,3,3,3,3,3) =(1,27,1) =w?,
u(9w13>)= %(9,9,9,9,9,9,9,9,9) = (3, 2.,3) = 3w\?,

W) =7(0,3,6,9,12,15,18,21,24) = (v, v, v) —w<2)
HGwY) = (0,9,18,0,9,18,0,9,18) = (u,. u)—3w(2)

so 73 is a bijection between both 3-bases.

Lemma7 Let Hy = Hg """  be a ZLps-additive GH code with s > 2 and t; > 1.
Then, HY = & (Hy) is permutation equivalent to Hyy1 = P51 (Hgy1), where Hyp =

Lii=1,t0, ety 1,ts—1 C .
H,' TR ST which is a Z ys+1-linear GH code.

Proof Note that Hy and H, both have the same length p’. Let B, {v“) . t(i)]} and
Bsi = {vﬁ”l), o t(j_tl)} be the p-basis of H; and H, |, respectively. By Propos1t1on 2,

Tg4+1 is a bijection between B and By 1. By the definition of 7,4+ and Corollary 1, we have
that 7,1 commutes with the addition, so Ty41(Hsy1) = Hs.

Let px € Sy be a permutation such that @;(p(w)) = px(Ps(w) for all u € Hj.
Since Hy = Top1(Hog1) = p~ (D7 (1,1 (Pss1(Hy41)))), we have that &g (H,) =
,0*_1()/;:1 (D54+1(Hs+1))). Therefore, we obtain Hy = (ys+lop*)_1(Hs+1),where Vs+100% €

Spt. O

Theorem 7 determines which Z r-linear GH codes are equivalent to a given Z s-linear

GH code H It} """ s We denote by Of the all-zero vector of length ;.

Theorem 7 Let H;,' """ s be a Zps-linear GH code with s > 2 and t; > 1. Then, Hl,t,1 """ Is is
permutation equivalent to the Z ,s+¢-linear GH code

L0 — Lty st

P s

forallt € {1,..., 1}

—1 _ —

Proof Consider Ho = M\ and Hy = Hy" 7205 for g e (1, 1,). By
Lemma 7, we have that H; = @ (H;) is permutation equivalent to H; | = @ (H,4) for all
ie{0,...,0—1}and £ € {1, ..., 1}. Therefore, we have that Hy and H, are permutation
equivalent forall ¢ € {1, ..., t}. O
Let t1,1,...,1; be nonnegative integers with 11 > 2, or t; = 1 and s = 2. Let

Cpty,.... 1) = [H] H), R t‘, Hy, ..., H,] be the sequence of all Zps/-linear GH codes

of length p’, where t = (Zi'/zl(s/ — i+ 1) -t) — 1, that are permutation equivalent to
H,t,1 """ fs by Theorem 7. We denote by C,(t1, ..., t;)[i] the i-th code H; in the sequence, for

1 <i <t; + 1. We consider that the codes in C,(t1, ..., t;) are ordered as follows:
C, i =1 (12)
p(f1, ..., L)L = i—2 _
! H;’O Amhieto Ll G wise.
We refer to C(#1, .. ., ty) as the chain of equivalences of H,t,l""‘t“'
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Remark 2 First, note that if t; = 0, then C,(#1, ..., #;) = [H ;,1 """ ’s]. Moreover, there are no
two different codes in the chain C), (¢4, . . ., f;) that have the same value of s. Finally, also by
construction, if there is only one 7Z P2 -linear GH code in the chain C(#y, ..., t;), then it is
placed in the first position and s = 2.

Corollary2 Let C, (11, ..., t5) be the chain of equivalences of H,t,l """ Is

t1 =1ands = 2. Then,

, where t| > 2, or

|ICp(tr, ..., t)| =15+ 1.

Since all the codes in a given chain C(fq, ..., t) are equivalent, we have that if one of
the codes in a chain is linear, then all the codes in that chain are also linear. The following
result gives the conditions on the values #1, ..., f; so that the chain C, (¢, ..., #;) contains
linear codes. In fact, we have that this chain contains linear Z,s-linear codes of a certain
length for any s € {2, ...,1 4+ 1}.

Theorem 8 Let Cj(t1, ..., 1ts) be the chain of equivalences of H;‘ """ s Then, forall H €
Cp(t1, ..., ty), Hislinear ifand only if s = 2 and one of the following conditions is satisfied:

1) p=2andt €{1,2},

(i) p =3 prime andt; = 1.

Proof First,assume that H islinearforall H € C,(1q, ..., t;).Let H,t,] s e Cpty, ... 1).
If s = 2, then (t1, ) = (11, 15) by Remark 2, and we have that p = 2 and 7] € {1, 2} by
Theorem 1, or p > 3 prime and #{ = 1 by Theorem 3. Now, assume that s” > 2. By Theorems

,,,,,

- 10727, . T 10V 3 1),
2 and 3, we have/ that H, % = H) * for p prime, or H, ° /: H, *. By
Lo =24, . Lt/ +s'=2 . I W .
Theorem7, H, * isequivalentto H), * for p prime, and H, " is equivalent
2, +s'=2 .. .
to H, s . Therefore, by Remark 2, we have that s = 2 and one of the conditions in the
statement is satisfied.
The converse result follows from the definition of the chain of equivalences C (t1, .. ., t;)

and Theorems 1 and 3.

Corollary 3 Lett > 2. If p = 2, then there are two different linear chains of equivalences,
Cy(1,t — 1) and C2(2,t — 3). If p > 3 prime, then there is a unique linear chain of
equivalences, Cp(1,t —1).

Proof From Theorem 8, if C,(t1,...,t) is a linear chain of equivalences, then s = 2.
Moreover, we have that the codes in C,(#1, t2) are of length p',wheret = 2t; +t, — 1. The
possible values of ¢; are also given in Theorem 8 depending on the value of p as follows.
First, if p = 2, we have that 11 € {1, 2}. Therefore, if r; = 1, then the chain is C>(1,t — 1);
and if #; = 2, then the chain is C»(2, ¢t — 3). Second, if p > 3 prime, then #{ = 1 and the
chainis C, (1,1 — 1). O

Example 6 The chain of equivalences of H31 3 s

C5(1,5) = [H;’S, H31’0'4, H31’0’0’3, H31,0,0,0,27 H;’O'O’O'O’l, H31,0,0,0,0,0]

and it contains exactly r, + 1 = 6 codes. Note that (t1,7) = (1, 5) satisfies the second
condition of Theorem 8. Thus, this chain contains linear GH codes. They are all the linear
GH codes over Z3 of length 3/ = 3% and dimension # + 1 = 7 as seen in Table 2.
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Example 7 From one hand, the chain of equivalences of H21‘4 is
C2(1,4) _ [H21’4, H21,0,3’ H21,0,0,2’ 2],0,0,0,1’ H21,0,O,0,O,0]
and it contains #; + 1 = 5 codes. From the other hand, the chain of equivalence of H22 2 s
Cr(2.2) = [H22’2, 21,1,1, 21,0,1,0]

and it contains exactly t» + 1 = 3 codes. Note that the values of (¢, ;) in both cases, (1, 4)
and (2, 2), satisfy the first condition of Theorem 8, so these chains contain linear Hadamard
codes. In fact, the sequences C>(1, 4) and C»(2, 2) contain all the linear Hadamard codes of
length of 2" = 25 and dimension 7 + 1 = 6 as can be seen in Table 1. Therefore, all the codes
in these chains are permutation equivalent to each other.

Recall that wé‘y) is the second row of Atli""’t“'. Let o be the integer such that o(wés)) =

p”]’“. For H};O """ 0, we define 0 = 5. Note that c = 1 if and only if ; > 2, and 0 =
min{i : ; > 0,i € {2,...,s}}ift; = 1. Then, o € {1,..., s}. We say that o(H}}"") = o
or equivalently, o(H,t,1 """ sy = &. Note that if o = s, then H,t,1 """ s — H;,‘O""’O‘t“' with s > 2
and #; > 0, so it is linear by Theorems 1, 2, and 3. Moreover, since o> is the integer such that
o(wg)) = p°, wehave thato =5 + 1 — 0.

If we focus on the chains of equivalences C,(t1, .. ., f;) having nonlinear codes, then we
can assume that 1; > 2 by Theorem 8.

Proposition 3 Let C (11, ..., ty) be the chain of equivalences of H]t}’“"t‘, where t; > 2. If
H,t,' """ ' is nonlinear, then for all H € Cpltr, ... 1),
ker(H) = Yt if p > 3 prime,

L+>35 6 ifp=2.

Proof Since t; > 2, then 0 = 1. By [3, Theorem 4], for p > 3 prime, we have that
ker(Hl’,l """ 5y = Qo) +o —1 =7t Note that for p = 2 and s > 2, Hzt1 """ fs
is nonlinear by Theorem 2. Thus, by [11, Theorem 3], we have that ker(Hztl """ t“') =0 +
2l ti) = 1+ Y i_, t;. Therefore, the result follows from the definition of the chain of

equivalences C)p(t1, ..., ;). ]
Example 8 The chain of equivalences of H32’5 is the sequence C3(2,5) = [H32‘5,
H31’1’4, 31’0’1’3, 31’0’0’1’2, 31,0,0,0,1,17Hl,O,O,O,O,l,O] and contains exactly 1+1 = 6 codes.

Note that this sequence contains all the codes of length 3% having the pair (r, k) = (10, 7)
in Table 4. In the same table, note that there is only one code of length 3° having the pair
(r, k) = (43,4), named H32’2’0. Therefore, C3(2,2,0) = [H32’2’0], which contains just this
code, sincet3 + 1 = 1.

Example 9 Consider the chains of equivalences C3(4, 1) = [H34’1, H31’3’0] and C3(2,0,3) =
[H32’0’3, H31’1'0’2, HS]’O’]’O’], H;'O’O’I’O’O]. Note that, from Proposition 3, the codes in both
chains have dimension of the kernel equals to 5. However, from Table 4, we have that the
pair (r, k) is (22, 5) for codes in C3(4, 1), and (16, 5) for codes in C3(2, 0, 3). Therefore,

codes in C3(4, 1) are not equivalent to codes in C3(2, 0, 3).

’

S =Cpltr, .. t9)lil, 1 < i <t + 1, satisfies

,,,,,
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i) s =s+i—1,

(i) o' =i,

(iii) 1, =1, —i + 1,

(iv) (1] ﬂ)—{(“’“"“) vi=1
) =

(L0221 — 1,10, ... ts_1,ts —i + 1) otherwise.

Proof Straightforward from Theorem 7 and the definition of the chain of equivalences
Cpty,....t5). O

’

t
s belonging to the same chain

.....

Note that the value of s’ is different for every code H:,'

of equivalences C)(t1, ..., t;) as pointed out in Remark 2.
Corollary 4 Let C(ty, ..., ty) be the chain of equivalences of H;‘ o Then,
() if o = 2, the Z g -linear GH code H,t,1 """ Y= Cp(t, ..., t,)[1] is the only one in
Cp(ty, ... t5) witht] > 2;
e, !,
(i) the pr/-linear GH code le' Yoo Cp(tr, ..., t)lty + 1] is the only one in
Cp(ty, ..., t5) with t;, =0; and

’

J .
e Cp(tr, ..., ts) satisfies t{ =1.

el . o
(iii) ifty =l ands = 2, every H),
Now, given any Zs-linear GH code H ,t,‘ """ ' we determine the chain of equivalences
containing this code, as well as its position in the sequence. Therefore, note that indeed
we prove that any code H 1’,‘ """ s (with r; > 1) belongs to a unique chain of equivalences

Cp(t{,...,t;,) withf{ > 2or7f =1lands = 2.

Theorem9 Let H = H;,‘ """ ks p prime, and 0 = o(H). Let £ € {1,...,s — 1} such that

H = H, fxtenls ohere toyy # 0if € < s — 1. Then, H belongs to an unique chain of
equivalences, and it satisfies one of the following conditions:

(i) ift1 =2, theno = land H = Cp(ty, ..., ty)[1].
(i) fty =landl =s—1,theno =sand H = Cp(1,t; + £ — D[o — 1].
(il) ifty =landtl < s—1,theno =L+1and H = Cp(t{, ..., t,)[o], where (t{, ..., 1)) =
(ts +1,t521,...,t5_1,ts+0 —1)ands' =s —o + 1.

Proof Ttem (i) follows from Corollary 4 (i). For Item (ii), we have that H It} """ “=H »
s—2
and hence o0 = 5. We have that H ;’0 s is alinear Z ps-linear GH code by Theorems 1, 2 and
5—2 s —2
3. Since H;’o s is linear, then by Theorem 8, H;’o I e Cp(ty, 1)), where 1 € {1, 2} if

p =2and t{ = 1if p > 3 prime. By Theorem 7, we have that H;’Os_z’t‘ =Cp(1, t,+£—1)[0]
for p prime. Moreover, since no code in the chain C(2, tﬁ) has (#1, ..., 1) = (1,052, ),

l,OS*Z,S
H, B¢ Ca(2,1h).

For Item (iii), since t{ = 1 and £ < s — 1, we have that 7,4 # 0 and hence 0 = £+ 1. By
Theorem 7, we have that H,t,' s — Cp(t],....t,)[L+1].Since £ = o — 1, by Proposition 4

we have that (1, ..., 1) = (1,072, =115, ..., t;,_,, t,,—o+1). Therefore, t, = t{ —1,
oyl =1ty .. ts—1 =1,_;, 1y =1/, — o + 1, and the result follows. O
Note that, in Theorem 9, the values of (#1, .. ., ;) satisfying Item (i7) for p prime corre-

spond to linear Z ps-linear GH codes.
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Table6 Type of all Z s -linear

GH codes of length p’ with 1=3 (30), 2,00

11 > 2 (equivalently, o = 1)and =7 4,0), (2,1,0), (2,0,0,0)

ty =0fort < 10and p € {2, 3} t=38 (3,0,0)
r=9 (5,0, (2,2,0), (2,0,1,0), (2,0,0,0,0)
t=10 (3,1,0), (2,1,0,0)

—1
Corollary5 Let H = H},"O Aeleols o here p prime, £ € {1,...,5 — 1}, ty11 # 0 if
{ < s—1,and o = o(H). Let Cp(t]’, AU t;,) be the chain of equivalences such that
H e Cyty,....t,). Then, ifty = land t = s — 1, H = C,(1,t; + € — D[o — 1] and
ICp(1, ts+€—1)| =ty +0 — 1; otherwise, H = C (1], ..., t;)[o]and |Cp(t{, ..., 1})| =
ty +o.

Proof By Theorem 9, we have three cases. If #{ = 1 and £ = s — 1, we have that 0 = s and
(—1

H=H)"""" = Cy(t1,1; + £ — D)[o — 1]. Then, by Corollary 2, [C, (11, t; + £ — 1)| =

ts+lL—14+1=t;+s—1=t;+0 — 1.

Iftyy > 2,theno = land H = H,)"""" = Cp(t1,...,1,)[1], so by Corollary 2,
|Cp(tl, o) =+ 1=t +o0.
Iffy = land ¢ < s—1,wehavethat H = H,"""" = Cpto + 1, tog1, .., ty—1, ts+0 —

D[o]. By Corollary 2, |Cp(ts + 1, t541, ..., ts_1,ts+o— )| =t;+o0o—-1+1=t+0.0

Example 10 The Zjs-linear GH code H;’O’O‘l'z hast) = 1, =3,0 =4,and s = 5. By
Theorem 9, since3=¢ <s—1=4,0 =4,ands’ = s — o + 1 = 2, this code is placed in
the fourth position of the chain of equivalences C3(1{, 1;), where 1] = t4+1=1+1=2
and té =ts+0—1=2+4—1 = 5. Therefore, H31’0'0’1’2 = C3(2, 5)[4]. By Corollary
5, C3(2,5) contains exactly t5 + 0 = 2 + 4 = 6 codes, which are the ones described in
Example 8.

If H;,‘ """ isa Zps-linear GH code of length p’ with ; > 2 and ¢, = 0, then H;‘ """ =
Cp(tr, ..., t)[1] and |Cp(ty, ..., t;)| = 1 since o = 1, by Corollary 5. From Tables 1 and
3 given in [11], and Tables 3, 4 and 5, we can see that HII,1 """ ’s is not equivalent to any other

code H;,1 5" of the same length p’, fort < 11if p =2,fort < 10if p = 3,andfort < 8
if p = 5. We conjecture that this is true in general, for any ¢+ > 3 and p prime. The values of
(t1, ..., ty) for which the code H ,t,‘ """ s is not equivalent to any other such code of the same
length p’, fort < 10 and p € {2, 3}, can be found in Table 6. These values are also the same
at least for ¢ < 8 if p = 5 by Table 5.

From Tables 3 and 4, we can also see that the Zss-linear GH codes of length 3" with
t < 10 having the same values (r, k) are the ones which are equivalent by Theorem 7. The
same happens for Zss-linear GH codes of length 5° with z < 8 by Table 5, and the same was
known for Zjs-linear GH codes of length 2! with ¢ < 11 [12]. We conjecture that this is true
in general, for any r > 3 and p prime.

.....

4 Improvement of the partial classification

In this section, we improve some results on the classification of the Z ,s-linear GH codes of
length p’ with p > 3 prime, once ¢ is fixed. More precisely, we improve the upper bounds
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of A; , given by Theorem 6 and determine the exact value of A; 3 for t < 10 and A, 5 for
t < 8, by using the equivalence results established in Sect. 3. This represents a generalization
of the results given by Theorem 5 for p = 2.

Next, we prove two corollaries of Theorem 7, which allow us to improve the known upper
bounds on A; , with t > 3 and p > 3 prime.

Corollary 6 Let Ht1 """ “ be a nonlinear ZLps-linear GH code with p prime, and o =
o(H, "oolsy  Then, Hy Mols g permutation equivalent to t; + o Zps/ -linear GH codes, for
.t

s ef{s+1—o,...,5 + t;}. Among them, there is exactly one le * with t{ > 2, and

’

S witht!, = 0.
S

,,,,,

t
there is exactly one H pl

Proof The code H ,t,‘ """ fs belongs to a chain of equivalences C, which can be determined
by Theorem 9. We have that H), 1055 s equivalent to any code in C by Theorem 7, and
the number of codes in C is f + o by Corollary 5. By Theorem 9, the first code in C has

.....

s =s—0+1. ByPropos1t10n4 the i thcodeHl ¥ = Clilhas s’ = s — o + i for
i€{l,...,ts+0o} Therefore,s’ € {s —o +1,...,s + t;}. Finally, by Corollary 4, C[1] is
the only code in C with#{ > 2 and C[t; + o] 1is the only code in C with ¢/, = 0. O

From Corollary 6, in order to determine the number of nonequivalent nonlinear Z s -linear
GH codes of length p’ with p > 3 prime, named A4, ,, we just have to consider one code out
of the #; + o codes that are permutation equivalent. For example, we can consider the one
with 11 > 2.

Corollary 7 Let H be a nonlinear Zys-linear GH code of length p' with p prime. If s €
{Lt+1)/2] 4+ 1,...,t+ 1}, then there is a permutation equivalent prr—linear GH code of

length p' withs’ € {2,..., |t +1)/2]}.

Proof Let Hy " be a Z,s-linear GH code with s € {|(t + 1)/2] + 1,..., + 1}. Since
i s+1—idt =t+1landt; > 1, then r; = 1 and we have that o > 1. There-
fore, by Theorem 9, H;,l """ s is permutation equivalent to the Zps—o+1-linear GH code
H = Hlt)a+1wto'+17-~wlsfl»ts+0*1.

Now, we just need to see that s — o + 1 < | (r + 1)/2]. Since the length of H is p’, we
havethatr +1 = (s —o + D(te + 1) + > i_ ”+1(s —0 +2—1i)ty_14; +0 — 1. Therefore,
(s—o+ D, +1)<t+lands —o + 1< (t+1)/(t; + 1). By the definition of 7,, we
know thatt, > 1,s0s —o +1 < [(t + 1)/2]. O

Note that we can focus on the Z s-linear GH codes of length p’ with p prime and s €
{2,..., L(t+1)/2]} by Corollary 7, and we can restrict ourselves to the codes having | > 2
by Corollary 6. With this on mind, in order to classify all such codes for a given t > 3,
we define X, 5, = [{(t1,...,6,) € Nt +1 =33 (s —i+ g, 1 > 2} fors
{2,..., [t +1)/2]} if p > 3 prime. Recall that for p = 2, f(m,z = |{~(t1, o tg) e NS
t+1=37_(s—i+Dti, n>2})forse(3,...,1(t+1)/2]}and X; 22 = [{(t1, 1) €
N2:t+1=21+0, t; >3}

Theorem 10 For allt > 3 and p prime,
L5

Ap <14+ > Xig)p (13)
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Table 7 Bounds for the number A; 3 of nonequivalent Zj3s -linear GH codes of length 3 for3<t <10

t 3 4 5 6 7 8 9 10
Previous lower bound (r, k) 2 2 4 4 7 8 12 14
New upper bound (13) 2 2 4 4 7 8 12 14
New upper bound (14) 2 2 5 6 11 15 26 33
Previous upper bounds (7) and (8) 2 2 6 9 15 22 33 46
Table 8 Bound§ for the number / 3 4 5 6 7 3
A; 5 of nonequivalent Zss -linear
GH codes of length 5" for Previous lower bound (r, k) 2 2 4 4 7 8
3=r=8 New upper bound (13) 2 2 4 4 7 8
New upper bound (14) 2 2 5 6 11 15
Previous upper bounds (7) and (8) 2 2 6 9 15 22
and
L4
Ap <14+ D (Agp— 1) (14)
s=2

Moreover, forany3 <t < 11ifp =2, any3 <t < 10ifp =3, andany3 <t <8 if
p =5, the upper bound (13) is tight.

Proof If p = 2, the result is given by Theorem 5.

For p > 3 prime, it is proven that the codes H;,O,...,O,l‘s with s > 2 and t; > 0, are the
only Zps-linear GH codes which are linear. Note that they are not included in the definition
of f(,,s,p fors € {2, ..., [(t+1)/2]}. Therefore, the new upper bounds (13) and (14) follow
by Corollaries 6 and 7, after adding 1 to take into account the linear code.

In Table 7, for p = 3 and 3 < ¢ < 10, these new upper bounds together with previous
bounds are shown. Note that the lower bound based on the rank and dimension of the kernel
coincides with the upper bound (13) for + < 10, so this upper bound is tight for # < 10.
Similarly, for p = 5 and 3 <t < 8, the upper bound (13) is tight considering Table 8. O

This last result improves the partial classification given in [3] or Theorem 6. Actually,
by definition, we have that f(,,syp < X;4,p — L, so the upper bound (13) is clearly better
than (7). It is also clear that the upper bound (14) is better than (8) since there are fewer
addends. Therefore, both new upper bounds improve the previous known upper bounds
given by Theorem 6. Recall that A; s 3 = X; g3 forany3 <fr <10and2 <s <t —1, and
Aiss = Xrssforany 3 <t <8and2 < s <t — 1. If this equation is also true for any
t > 3 and p > 3 prime, then upper bounds (7) and (8) coincide. Moreover, upper bound (13)
would always be better than (14) since f(,,w, <Xisp—1=A,,— L

5 Conclusions and further research

The aim of this paper is to improve the classification of Z s-linear GH codes of length p’
with p prime, fixing the value of ¢. This approach complements the classification given in [3,
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11] in which the authors fix the values of ¢ and s. Specifically, we prove that there are some
families of Z ps-linear GH codes of length p', with codes having different values of s, such
that all the codes belonging to the same family are equivalent to each other. This result is a
generalization of a similar result given in [12] for p = 2. It allows us to improve the known
upper bounds for A; ,. Moreover, it can be used to see that we only need to focus on finding
the rank of Zs-linear GH codes Hll,l"“’ts with#; > 2ands € {2,..., [(t + 1)/2]} in order
to establish a full classification, that is, to prove that the upper bound (13) is tight.

Taking into account the results about equivalences presented along this paper, we conjec-
ture that Z s -linear GH codes H,t,1 ! with #; > 2 and t, = 0 are not equivalent to any other
Zps/ -linear GH code of the same length. We know that this statement is true at least for the

codes of length p’ with ¢ up to 11, 10, 8 when p is equal to 2, 3, 5, respectively.
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