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JACOBI POLYNOMIALS AND HARMONIC WEIGHT
ENUMERATORS OF THE FIRST-ORDER REED-MULLER
CODES AND THE EXTENDED HAMMING CODES

TSUYOSHI MIEZAKI* AND AKIHIRO MUNEMASA

ABSTRACT. In the present paper, we give harmonic weight enumerators
and Jacobi polynomials for the first-order Reed—Muller codes and the
extended Hamming codes. As a corollary, we show the nonexistence of
combinatorial 4-designs in these codes.

1. INTRODUCTION

Let m be a positive integer, and set V' = F5'. The first-order Reed—Muller
code RM (1,m) is defined as the subspace of F} consisting of affine linear
functions:

RM(1,m) = {(A(z) +b)zev | A € V¥, b € Fa},

where V* = Hom(V, Fy). We remark that the weight enumerator of RM (1, m)
is

2" 4 (2m+1 _ Q)xszlwal + y2m‘
It is well known that the dual code of RM (1, m) is isomorphic to an extended
Hamming code Hom [7].

Let C = RM(1,m) or Hom, and Cy := {c € C | wt(c) = ¢}. In this
paper, we call Cy a shell of the code C' whenever it is non-empty. Shells of
RM(1,m) and Ham are known to support combinatorial 3-designs by the
Assmus—Mattson theorem (see Theorem [2.I]) or the transitivity argument
(see [7, Ch. 13. §9]). More precisely, the set B(Cy) := {supp(z) | x € Cp}
forms the set of blocks of a combinatorial 3-design.

In [9], H. Nakasora and the first named author gave the first nontrivial
examples of a code that supports combinatorial ¢-designs for all weights
obtained from the Assmus—Mattson theorem and that supports t’-designs
for some weights with some t' > t (see also [3|,[6] 8, [10]). Hence, it is natural
to ask whether certain shells of RM (1, m) and Hom support combinatorial 4-
designs. The aim of the present paper is to settle this problem by computing
the Jacobi polynomials and harmonic weight enumerators for the first-order
Reed—Muller codes and the extended Hamming codes. The definitions of
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the Jacobi polynomials and harmonic weight enumerators will be given in
Section 21

Theorem 1.1. Let C = RM(1,m) and T = {0,uy,us,ug} € (Z)
(1) (a) If ug + ug # us, then
JC’T('IU, Z,[]}‘,y) :w4 2m—4 + (2m—3 . 1)w4x2m*1_4y2m71

_ m—1__ m—1__ _ m—1__ m—1__
+2m 1w32x2 3y2 1+3'2m 2w222x2 2y2 2

_ n—1__ n—1_ _ m—1 n—1__
4 om 1U)Z3$27 1y27 3 + (2m 3 1)243;‘2 y27 4

+ z4y2m_4.

(b) If uy + ug = us, then
JC,T(wv 2, T, y) :w4$2m_4 + (2m_2 - 1)w4$27”71—4y27”*1

+3. 2m—1w222x2m*1—2y2’n*1—2

+ (Qm—2 _ 1)Z4x2m*1yzm*1—4 + z4y2m_4.

(2) (a) If ug + ug # us, then

Jerr(w,z,2,y) :2m—1+1 ((w + )z +y)?
+ " = D+ ) @y @ —y)
+ 2" w2 (w = 2) (@ 4y Py
30224 2w — 22 )T 2 )T
9Ly 4 ) (w — 2+ )2 Ty
+(2m3 ) (w — 2z + )2
+(w—2)* (2 — y)2m—4)'

2m71

(Qj _ y)2m71_4

(b) If uy + ug = us, then

1 m_
Jer p(w,z,2,) =g (0 + 2) @ +9)*"

+ (2" =D (w+ 2) e+ y)?" e y)
+3-2" Yw+ 2)(w — )X @ +y)?" "z —y)?
+ (2"~ (w -2+ y)?" (@ -y

+ (w = 2w —y)?" ).

2m71

Theorem 1.2. Let C = RM(1,m) and U C V be a three-dimensional
subspace of V.. We assume that f is a harmonic function of degree k € N
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_ Vv U
such that f =0 on (k) \ (k) Then we have

_ m—1 m—1 ~
wop(z,y) =232y Y fla),
a€Hg,wt(a)=4

m—1__
wer g(z,y) =(—1)F(zy)*2? 2

N
\/5 \/5 a€Hg,wt(a)=4

We show, as a corollary, the nonexistence of combinatorial 4-designs in
these codes.

Corollary 1.3. Let C = RM(1,m) or Ham. Then for any ¢ € N, Cy is not
a combinatorial 4-design.

This paper is organized as follows. In Section 2, we define and give some
basic properties of codes, combinatorial ¢t-designs, Jacobi polynomials, and
harmonic weight enumerators used in this paper. In Sections Bl [ and [,
we prove Theorems [[.1] and and Corollary [L3], respectively.

All computer calculations reported in this paper were done using MAGMA [4]
and MATHEMATICA [12].

2. PRELIMINARIES

2.1. Codes and combinatorial ¢-designs. A binary linear code C' of
length n is a linear subspace of Fy. An inner product (z,y) on F% is given

by
n
(.Z', y) - Z TiYi,
=1

where x,y € F} with 2 = (21, 22,...,2,) and y = (y1,y2, ..., Yn). The dual
of a linear code C'is defined as

Ct={yeFy|(z,y)=0forall z cC}.

For z € FY, the weight wt(x) is the number of its nonzero components.

A combinatorial ¢t-design is a pair D = (2, 5), where  is a set of points
of cardinality v, and B is a collection of k-element subsets of €2 called blocks,
with the property that any ¢ points are contained in precisely A blocks.

The support of a vector x := (z1,...,x,), z; € Fy is the set of indices of
its nonzero coordinates: supp(z) = {i | z; # 0}. Let Q := {1,...,n} and
B(Cy) := {supp(z) | z € C¢}. Then for a code C of length n, we say that the
shell Cy is a combinatorial ¢-design if (§2, B(Cy)) is a combinatorial ¢-design.

The following theorem is from Assmus and Mattson [I]. It is one of the
most important theorems in coding theory and design theory:

Theorem 2.1 ([I]). Let C be a linear code of length n over F, with minimum
weight d. Let C denote the dual code of C, with minimum weight d+.
Suppose that an integer t (1 <t < n) is such that there are at most d —t
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weights of C+ in {1,2,...,n — t}, or such that there are at most d*+ — t
weights of C in {1,2,...,n—t}. Then the supports of the words of any fized
weight in C' form a t-design (with possibly repeated blocks).

2.2. Jacobi polynomials. Let C' be a binary code of length n and T C
[n] == {1,...,n}. Then the Jacobi polynomial of C' with 7" is defined as
follows [11]:

Jor(w, z,x,y) Zwmo Zm(e)gno@)ymile)
ceC
where for ¢ = (c1,...,¢,),

mi(c) = [{j €T | ¢; = i},
ni(c) = {j € [n]\T [ ¢; = i}|.
The following is a generalization of the classical MacWilliams identity:

Theorem 2.2 ([I1]). Let C be a binary code of length n and T C [n]. Then
we have

1
JCJ-,T(wa)x)y) = @JC,T(U) +z,w—2,2+Yy,x— y)

It is easy to see that Cy is a combinatorial ¢-design if and only if the

coefficient of z!a™“y*~t in Jo r is independent of the choice of T with |T'| =

t.

2.3. Harmonic weight enumerators. In this subsection, we review the
concept of harmonic weight enumerators.

Let Q = {1,2,...,n} be a finite set (which will be the set of coordinates of
the code) and let X be the set of its subsets, while, for each £ =0,1,...,n,
let X}, be the set of its k-subsets. We denote by RX and RX}, the real vector
spaces spanned by the elements of X and X}, respectively. An element of

R X}, is denoted by
f=> fz)2

ze Xy,
and is identified with the real-valued function on X} given by z — f(z).
An element f € RX} can be extended to an element f € RX by setting,

for all u € X, N
fw= % 5

2€X,2Cu
The differentiation v is the operator on RX defined by linearity from

Y= >y
yeXk-1,yCz

for all z € X and for all k = 0,1,...,n. An element f € RX} satisfying
~v(f) = 0 is called a harmonic function of degree k, and we denote by Harmy,
the set of all harmonic functions of degree k:

Harmy, = ker(vy|rx, ).
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Theorem 2.3 ([5, Theorem 7]). A set B C X,,, (where m < n) of blocks is

a t-design if and only if Y ~y.5 f(b) =0 for all f € Harmy, 1 <k < t.

In [2], the harmonic weight enumerator associated with a binary linear
code C' was defined as follows.

Definition 2.4. Let C' be a binary code of length n and let f € Harmy.
The harmonic weight enumerator associated with C' and f is

wep(z,y) =Y fle)am Oy
ceC

where we write f(supp(c)) as f(c) for short.
Bachoc proved the following MacWilliams-type equality.

Theorem 2.5 ([2]). Let C' be a binary code of length n and f € Harmy.
Let we ¢(x,y) be the harmonic weight enumerator associated with C and f.
Then

we,p(2,y) = (2y)* Zc p(2,y),

where Zc ¢ is a homogeneous polynomial of degree n — 2k and satisfies

2n/2 T+Y T—Y
o o) = -0 g 2es (5 )

It follows from Theorem that Cy is a combinatorial t-design if and
n—~0, L

only if the coefficient of "~ *y" in we ¢(z,y) vanishes.
3. PROOF oF THEOREM [I[1]

In this section, we give a proof of Theorem [Tl Let V = Fy* and C =
RM(1,m). For ¢ = (A(z) + b)zev and T C V', we define

clr == (AM(x) + b)zer.

Lemma 3.1. Let T = {0, uq,us,us} € (Z)
(1) If uy + ug # us, then
2m=3 _ 1 ifi=0,4,
m=—1 ifi=1,3,
3.2m72  fi=2.

{e € C\{0,1} [ wt(clr) = i} =

\)

(2) If up + ug = us, then

2m=2 _ 1 ifi=0,4,
ifi=1,3,
3.2m=b fi=2.

{e € C\{0,1} [ wh(clr) = i} =

@)
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Proof. By identifying (A(x))zey with A € V*| we have C = V*U (V* +1).
For ¢ =0,1,...,4, define
a; = {c € C\{0,1} [ wt(c|p) = i},
b = |{c € V* | wt(c|p) = i}|.
Then
bo = [{ce V" | clp = 0}
= |ut Nug Nus|
2m=3 if uy 4 ug # us,
- {2m_2 otherwise,
by = [{c e V* | wt(c|p) = 1}
=3{ce V" |c(uy) =1, c(uz) = c(uz) = 0}
= 3Juy Nuz \ uy|
B {?)(]uzl N u?ﬂ — ]uzl N u?f N ull]) if uy + us # usg,
0 otherwise,

3.2m=3 if uy + ug # us,
0 otherwise,
by = [{c € V* | wi(clr) = 2}
=3{ce V" |c(uy) = c(uz) =1, c(uz) = 0}
= 3Juz \ (u Uuy)
= 3(luz | = luz Nuy| = Jug Ny |+ ug Nui Nugl)
o 3.om—3 if uy + us # us,
~13-2m2  otherwise,
by =0,
by = |V*| —byg— by — by — by
=2" —byg— by — by
. om _ 7. om=3 if uy; + u9 #u;),,
o )2m —4.2m"2  otherwise,

CJ2mTd iy +ug # ug,
o otherwise.

Since
a; = [{c € (V*\A{0H) U (V" + 1)\ {1}) | wi(c|r) = i}

= {e e VIN{0} [ wi(clr) = i} + He € (VI + 1)\ {1} | wt(c|r) = i}
=bi —dio+[{c € VI \{0} | wi(c|r) = 4 —i}|
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= b; — 0,0 + ba—i — i,
we obtain the desired results. O
Proof of Theorem [ Part () follows from Lemma [BI], by noticing that

wt(c) = 2™~ for all ¢ € C\ {0,1}. Part @) follows from part () and
Theorem 221 O

4. PROOF OF THEOREM
In this section, we prove Theorem Let V = F2.

Lemma 4.1. Let C = RM(1,m) and U C V be a three-dimensional sub-
space of V.. Then {c|y | c € C} = Hg, and for each a € Hg, we have

{c € Com— | c|y = a}| = 2m73.

Proof. The first statement is immediate since RM(1,3) = Hg. As for the
second statement, we may assume a has entry 0 at the coordinate 0 € V.
Then the number of ¢ € Cym-1 with ¢|y = a is the same as the number of
A € V* satisfying Ker A D U, which is 2773, O

Proof of Theorem[I.2. Since f is a harmonic function of degree k > 1, we

have f()) = 0. Since v(f) = 0 and
> () = kW),

ye(kljl)

we have f(U) = 0. Note that {c|[y | c € C'} = Hg has codewords of weight

0,4,8 only. This implies that, for ¢ € C, f(¢) = f(c|y) is nonzero only if
wt(c|y) = 4, or equivalently, wt(c) = 2", Then

wc7f($7 y) _ Z f(C|U)x2m—wt(c)ywt(c)

ceC, wt(c)=2m—1

m—1 m—1 ~
="y’ Y. He€Coma ey =a}|fla)
a€Hg,wt(a)=4
D Y "
a€Hg,wt(a)=4
by Lemma[Il Then we obtain (1). Using Theorem [Z5] we obtain (2). O

5. PROOF OF COROLLARY [[3]
In this section, we give a proof of Corollary

Proof of Corollary .3 Let C' = RM(1,m). We give two proofs.

The first proof relies on properties of Jacobi polynomials. Let T} =
{0,u1,ug,us} € (Z) and To = {0,v1,v9,v3} € (Z) We assume that
u1 + ug # ug and vq + vy = vg. By Theorem [L1],

=3, 2m-1_q om-1_4 4
Jor —Jor, = —2"""x Yy (wy — x2)".
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The coefficient of z*z?" ~fy*~* in Jor, — Jor, is non-zero whenever Cp is
non-empty. Hence, (' is not a 4-design.
By using Theorem 2.2] we have

m—1__
Jorm —Jorm = —(z* —y?)? Hwy — z2)*.

42" =yt =1in J,1 1, —Jot 1, is non-zero whenever (C),

The coefficient of z
is non-empty. Hence, (C+), is not a 4-design.

The second proof relies on properties of harmonic weight enumerators.
Let U C V be a three-dimensional subspace of V. Then {c|y | c € C'} = Hg
by Lemma Il Let B = {supp(z) | z € Hg, wt(z) = 4}, and let 7 be a
transposition of two coordinates of Hg. Then B is the set of 14 blocks of a

3-(8,4,1) design, and |B N B"| = 6. Define

f:Zz—Zz.

z€B 2€BT
Then f € Harmy, and

> fla)= 18]~ BB =
a€Hg
wt(a)=4
By Theorem [[.2] we have

_ m—1 m—1

wC’,f($7y)
m—1__
wee f(@,y) = 8(xy)* (a® — y?)? 4,

and the coefficients of 22" ~y* in wc, f (resp. we ¢) do not vanish whenever
Cy (resp. (C1),) is non-empty. By Theorem 23] the proof is complete. [
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