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Abstract
Uncertainty theory is an area in axiomatic mathematics recently proposed by Pro-
fessor Baoding Liu and aiming to deal with belief degrees. Retrieving 1004 journal 
articles from the Web of Science database between 2008 and 2019, and utilizing Cit-
eSpace and Pajek software, we analyze the publications per year and by geographi-
cal distribution, productive scholars and their cooperation, key journals, highly 
cited articles and main paths of the field. In this way, seven key sub-fields of uncer-
tainty theory and their research potential are derived. The results show the follow-
ing: (1) The literature on uncertainty theory follows a linear growth trend, involves 
an extensive network of 1000 scholars worldwide and is published in 300 journals, 
indicating thus that uncertainty theory has become increasingly attractive, and its 
academic influence is gradually expanding. (2) Seven key sub-fields of uncertainty 
theory have clearly been identified, including the axiomatic system, uncertain pro-
gramming, uncertain sets, uncertain logic, uncertain differential equations, uncertain 
risk analysis, and uncertain processes. Among them, uncertain differential equations 
and programming are the two main sub-fields with the largest numbers of published 
papers. Furthermore, for evaluating the research potential of sub-fields, maturity and 
recent attention indicators are calculated using the citations, total number of pub-
lications, quantity of most cited literature and half-life. Based on these indicators, 
uncertain processes shows the greatest development potential, and has remained a 
hot topic in recent years, being mainly concentrated on the uncertain renewal reward 
process, optimal control of discrete-time uncertain systems, and uncertain linear 
quadratic optimal control. Additionally, uncertain risk analysis is ranked second, 
and focuses on the analysis of expected losses, investment risk, and structural reli-
ability of uncertain systems.
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1  Introduction

Uncertainty theory, proposed by Professor Baoding Liu (Tsinghua University, 
China) in 2007, is relatively new but has become an increasingly popular branch 
of axiomatic mathematics used to deal with the “belief degree” Liu (2007). 
Although probability has been considered one of the most widely used theories 
among academics and practitioners with which to model uncertainty, and thus 
to explore the inherent law of random events, it may not be sufficient to solve 
all types of uncertainties, especially those related to human beings’ personal 
beliefs (Liu, 2010a). For fulfilling this demand, uncertainty theory has been sub-
stantially developed lately to provide an advanced and versatile mathematical tool 
for modelling uncertainties and overcoming counter-intuitive results caused by 
probability and/or fuzzy set theories when they are preferred instead (see, (Liu, 
2012c)).

Since its foundation year of 2007, uncertainty theory has increasingly attracted 
extensive attention among scholars. As a consequence, a large volume of research 
outputs has been published, and thus some remarkable achievements in both 
theory and practice have been reported. Representatively, among the numerous 
theoretical outputs, Liu’s two books can be regarded as seminal in this field. The 
first version of his book entitled Uncertainty Theory, published in 2007, provides 
the axiomatic foundations needed for the most recent development of uncertainty 
theory. Since then, Liu has regularly extended and updated the 2007 version, with 
three more editions published in 2010, 2012 and 2015 (see, (Liu, 2010a, 2012a, 
2015)). His second book, entitled Theory and Practice of Uncertain Program-
ming, published in 2009 (Liu, 2009a), expounds some important mathematical 
concepts, discusses the design of algorithms, and provides some interesting and 
realistic applications of uncertain programming.

Although many academics have enthusiastically followed Professor Baod-
ing Liu’s research directions, no scholars have yet reviewed and presented com-
prehensively the developments and research trends of uncertainty theory. The 
majority of existing publications have just reviewed certain branches of uncer-
tainty theory or fuzzy theory, such as uncertain linear regression models  (Guo 
et  al., 2011), uncertain sets  (Yang & Gao, 2014), the uncertain portfolio selec-
tion (Huang, 2017) and other fuzzy subjects (Diaz-Curbelo et al., 2020; Ji et al., 
2021; Verma et  al., 2022). Therefore, this paper aims to systematically review 
and categorically present the developments of uncertainty theory in order to sum-
marize the current achievements and promote the future developments, which can 
then be further used and explored in any subsequent deployments.

For an adequate analysis of existing literature, bibliometrics provides sig-
nificant advantages when compared with alternative, more traditional literature 
review methods  (e.g. (Broadus, 1987)). Mapping published records, it is now 
broadly acknowledged as a reliable method for evaluating detailed academic top-
ics in information science, and thus has become one of the most important way 
of summarizing and predicting hot trends in research  (Fahimnia et  al., 2015). 
However, as a method it also has some critical limitations. In particular, the 
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information extracted only reflects general, macro-level characteristics and/or 
trends in the area of interest, so that it might not be sufficient for investigating 
micro-level and more detailed characteristics. In order to overcome these impor-
tant limitations, Pedrini and Ferri (2019) systematically reviewed articles on 
stakeholder management by adding qualitative content analysis to bibliometrics, 
and Luo et al. (2018) did something similar when reviewing the agri-food supply 
chain management literature and proposing some potential future directions for 
it. Following them, our paper uses CiteSpace software (Chen, 2017) to combine 
bibliometrics and content analysis effectively in order to provide a comprehensive 
overview of uncertainty theory from many different angles.

We chose the Web of Science (WoS) database as our source of literature, and 
selected “uncertainty theory” as the subject of retrieval, carried out on January 1, 
2020. Further, the publications categories were limited to “article” and “review”, 
and the time span was from January 1, 2008 to December 31, 2019. Moreover, we 
manually retrieved relevant data to establish a reference bank of 1,004 publica-
tions, of which 952 articles were derived from the Science Citation Index (SCI) and 
Social Science Citation Index (SSCI) databases, and 52 are documents from other 
databases.

Figure  1 provides the framework diagram of this paper. As a first comprehen-
sive study, this article not only analyses the development status of uncertainty the-
ory from six features of publication outputs, but also explores research contents, 
hot issues and future potential of seven sub-fields by means of bibliometrics and 

Fig. 1   Framework diagram of the paper: In particular, the three blue boxes at the bottom of the figure 
represent the three research directions of this paper. Analytically, this study searches carefully and sys-
tematically the development history and seven key sub-fields of uncertainty theory, and then evaluates 
future research potential of sub-fields. The three solid-line boxes connected by thick blue arrows in the 
upper part indicate the main research content at different stages, and the top dashed boxes show the cor-
responding research methods. Specifically, this paper first uses bibliometrics and CiteSpace software to 
reveal the development status of this field from six perspectives, and combines bibliometrics and content 
analysis methods based on the results of co-citation analysis to summarize the research characteristics 
and hot topics, and then uses the research potential evaluation model that is based on the maturity and 
recent attention indicators, and is divided into four potential quadrants to evaluate the future potential of 
key sub-fields
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content analysis methods. The remainder of the paper is structured as follows. Sec-
tion 2 analyses the features of publication outputs, including the distribution of pub-
lications per year, the publications’ category, country, author(s), and journal, and 
the most cited publications, and then elaborates the past and current developments 
of uncertainty theory facilitated by bibliometrics and the CS software. Section  3 
employs the clustering results of co-citation analysis to identify seven key sub-fields 
of uncertainty theory, and then utilizes a specific content analysis method to sort out 
and summarize the research directions and development of each sub-field. The RPE 
model, which is developed based on two indicators, i.e., maturity and recent atten-
tion, is applied to uncertainty theory in Sect. 4 to assess and predict future trends 
for each sub-field. Finally, Sect. 5 concludes the whole discussion and reiterates the 
importance of our findings.

2 � Features of publication outputs

In this section, we present the current status of uncertainty theory. In particular, 
we report the number of publications, categories, geographical distribution, lead-
ing scholars and their cooperation, productive journals and highly cited papers in 
the corresponding field. Using bibliometric methods and the CiteSpace software, we 
clearly depict the growth trajectory of uncertainty theory over the past twelve years, 
and illustrate the general outline of its development from various perspectives.

2.1 � Annual distribution of publications

The distribution of publications and citations over time clearly reflects the overall 
development and can be used to gain an appreciation of the status of a research 
area in academia. In this direction, our paper employs a three-axis diagram (see 

Fig. 2   Annual numbers of publications and citations on uncertainty theory from 2008 to 2019
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Fig. 2) to respectively describe the number of publications per year (stacked fig-
ure), citations (purple pillars), and average citation quantities (broken line). The 
coloured columns of different lengths indicate the numbers of publications for the 
top 10 categories per year, and the numbers of citations are provided by another 
single-coloured column per year. The average citation quantity is the annual num-
ber of citations divided by the publications.

As shown in Fig.  2, the number of publications has increased considerably 
year by year, especially during the past three years, i.e., 2017-2019, rising from 
less than 10 articles in the first year, more than 70 in 2013, to 170 by 2017, and 
exceeding 200 for the first time in 2019. This significant achievement reflects 
that, although the number of papers published per year on uncertainty theory is 
relatively small, which also justifies possible fluctuations, the overall trend is con-
sistently increasing. In addition, we observe that more than half of the articles 
in this field were published between 2017 and 2019, revealing that this area of 
research has entered a period of important growth.

The number of citations shows a significant exponential growth trend, rising 
from a single digit in 2008 to 182 in 2012, 755 in 2015, well over 1,000 in 2017, 
and surpassing 2,000 in 2018. This reflects that an increasing number of scholars 
are actively involved in the developments of uncertainty theory, and 2011 and 
2017 are the two key years with relatively higher numbers.

Over the course of time, concepts of uncertainty theory have gradually been 
applied in several areas of research, including but not limited to mathematics, 
computer science, engineering, operations research, management science, busi-
ness and economics, environmental sciences, ecology, and telecommunications, 
which provides support to our endeavour to approach this as a multidiscipli-
nary field of research. In Fig. 2, the top ten categories by published volume are 
marked with columns of different colours. The wider is the length of the column, 
the more literature the discipline has. As shown in Fig. 2, computer science has 
become the most prolific category, followed by engineering and mathematics. 
Computer science publishes 37.89% of the total number of papers in this field, 
utilizing numerical algorithms, numerical simulation, multi-objective genetic 
algorithms, and hybrid intelligent algorithms to solve the uncertain programming, 
optimal control, and graph problems. The category of engineering accounts for 
20.66% of all publications, dealing with supply chain network design, vehicle 
routing problems, parallel machine scheduling, system reliability, risk analysis, 
and others. With 11.60% of all publications, the category of mathematics deals 
with complex uncertain variables, uncertain equations of optimality, uncertain 
random sequences, uncertain calculus, uncertainty distributions, and uncertain 
sets. Overall, uncertainty theory has successfully been proposed and developed in 
these three categories, where synergies appear in a straightforward manner, and 
thus significant achievements have been reported so far.

To sum up, we observe that uncertainty theory, although it might be consid-
ered as a relatively new and currently under development area of multidiscipli-
nary (and axiomatic) mathematics, possess strong influence in academia. In this 
direction, not only the numbers of papers and citations have significantly been 
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increased lately, but also the research areas and concepts that uncertainty theory 
has influenced is consistently being increased.

2.2 � Cooperation analysis

Nowadays, collaborative research plays a progressively more important role in aca-
demia. This paper analyses the cooperative research in this field from the perspec-
tives of countries, institutions and authors. In terms of research methodology, the 
degree of collaboration among them is calculated by mathematical formula, and the 
collaborative analysis results were obtained by using the author analysis function of 
the CiteSpace software.

Now collecting and counting the numbers of publications from various countries, 
we plot the geographical distribution in Fig. 3, where the colour and size of the pie 
chart are related to the amount of publications from each country in the field. The 
larger the pie chart and the greener the country’s colour, the more publications there 
are in that country. In the pie chart, the number of articles published from 2008 to 
2019 is highlighted by shading that changes from blue to red. As expected, China, 
the birthplace of uncertainty theory, produces the largest number of publications, 
accounting for about 70% of the total number of publications in the field. After this, 
the United States, Iran, and India have the highest numbers of documents, account-
ing for 7.47%, 7.37%, and 7.17%, respectively, followed by Germany, Canada, the 
U.K., Australia, Italy, and Japan.

Fig. 3   The geographical distribution of uncertainty theory from 2008 to 2019
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The data collected are from 738 institutions and 1,370 scholars, and around 50% of 
the institutions and 65% of the scholars are from China. Tsinghua University, with 85 
papers, accounts for 8.47% of the total number of publications, followed by Nanjing 
University of Science Technology (66 papers), Beihang University (49 papers), Ren-
min University of China (46 papers), the University of the Chinese Academy of Sci-
ences (40 papers), Tianjin University (40 papers), and Tongji University (40 papers).

To calculate the cooperative relations that exist among countries, institutions and 
scholars, this paper refers to Yu et al. (2016). The calculation formulas for the three 
are as follows: Dy

A
=
∑Ty

i=1
Ai,y∕Ty , D

y

I
=
∑Ty

i=1
Ii,y∕Ty , D

y

N
=
∑Ty

i=1
Ni,y∕Ty , where 

D
y

A
 , Dy

I
 , and Dy

N
 represent the degrees of cooperation among authors, institutions, 

and countries in year y, respectively; Ai,y , Ii,y and Ni,y are defined as the number of 
authors, institutions and countries of the i-th publication in year y; Ty is the total 
quantity of literature in year y; y ranges from 2008 to 2019.

The derived results are presented in a line chart, as shown in Fig. 4. EDA
 , EDI

 and 
EDN

 are the averages of the three cooperation degrees, calculated as 
EDA∕I∕N

=
∑2019

y=2008
D

y

A∕I∕N
∕12 . It can be seen from the figure that authors have the 

highest degree of cooperation, with an average of 2.57, followed by institutions with 
an average of 1.66. Although the degrees of cooperation between authors and insti-
tutions are not too high, the overall trend is growing. Moreover, the level of national 
cooperation has been hovering at a low level for many years, with an average value 
of only 1.17. Overall, even though academic cooperation in this field is gradually 
expanding in scale and scope, it is believed that it is still rather limited, and thus, 
there is important ground for further expansion and growth.

Fig. 4   The three scales of collaboration degree for uncertainty theory from 2008 to 2019
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After applying a general approach to look at the cooperation between countries, 
institutions and authors with respect to uncertainty theory, this paper now focuses 
on a more detailed explanation of the cooperation among authors. Since CiteS-
pace software can clearly show more detail about the length and intensity of col-
laborations between authors, this paper applies its author analysis function to further 
investigate author cooperation, and the results are presented in Fig. 5. Each colour 
zone of the gradient line above the knowledge graph represents a year from 2008 to 
2019, corresponding to the multicoloured annual rings of the circular nodes, whose 
width reflects the amount of publications. Each node stands for a researcher, and 
the names of the 16 most productive authors are shown in the figure. The colour 
and thickness of the lines between the nodes of cooperative relationships in different 
regions indicate the time and closeness of the initial cooperation, respectively. As 
illustrated in Fig.  5, the joints between nodes are numerous, with different thick-
nesses, and colours which are mainly warm, that is, close to yellow. The lack of blue 
illustrates that, recently, most of the scholars have preferred to work in teams, and 
have worked closely with each other. Moreover, most of the high-yielding authors 
are from China, and all of the foreign productive scholars are in close relationships 
with them.

The above analysis verifies that Chinese scholars engaged in the developments 
of uncertainty theory have already established research teams domestically, while 
no similar teams are observed internationally. However, the degree of cooperation 
among authors, institutions and countries is gradually being increased, and conse-
quently, international groups might also be established in the foreseen future.

2.3 � Journal analysis

Each journal specializes in one or more areas of research and has its own research 
preferences. Through the analysis of the journals, we can identify which of them 

Fig. 5   The network of the productive authors on uncertainty theory from 2008 to 2019
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are keen on publishing papers in uncertainty theory, and provide support to pro-
mote the great contributions of uncertainty theory to the scientific community 
and practice.

The top 20 of the 305 journals that have published papers related to uncertainty 
theory, and closely related fields, are reported in Table 1, including the name of the 
journal, the founded year (FY), the impact factor (IF), the CiteScore (CS), the disci-
pline, the total number of publications (TP), the publications on uncertainty theory 
(PUT), the number of publications on uncertainty theory as a percentage of the total 
publications (PUT/TP), the initial year (IY) and the last year (LY). Among these, 
the values of the impact factor, CiteScore, and discipline refer to the latest 2019 
data, and the initial and last year represent the years in which articles on uncertainty 
theory were first and last published during the time frame of 2008 to 2019. The jour-
nals in the table are ranked in descending order of the PUT/TP measure. In order to 
understand the attention paid to, degree of emphasis on, and continuity of uncer-
tainty theory in various journals, four indicators, TP, PUT, IY and LY, are used in 
quantitative analysis.

In Table  1, the PUT/TP of Fuzzy Optimization and Decision Making (FODM) 
is the highest, at close to 22%, and far ahead of all the other journals, showing that 
FODM is the leading journal in uncertainty theory. Specializing in modelling and 
computing under uncertainty, FODM is dedicated to the theoretical formulation 
and application of fuzzy optimization and decision making under uncertainty. As 
a relatively new journal founded only in 2002, FODM’s impact factor grew rapidly 
to 4.319 in 2019, and the JCR partition results of the WoS database in 2019 dem-
onstrate that both the Artificial Intelligence category of Computer Science and the 
Operations Research & Management Science category of FODM are located in the 
Q1 region. As a journal of high quality with a continuously increasing impact factor, 
FODM continues to invest considerable resources in providing substantial impetus 
to uncertainty theory (Yao & Liu, 2020; Ye & Liu, 2022).

Although articles on uncertainty theory account for only about 2% of its total 
publications, the Journal of Intelligent & Fuzzy Systems (JIFS), as the most profi-
cient in fuzzy logic, intelligent systems and web-based applications, is still the jour-
nal with the largest amount of literature on uncertainty theory, with 91 articles. This 
journal focuses on theoretical exploration of uncertainty theory, such as the solution 
and stability of uncertain differential equations, multi-class entropy, and the theory 
of uncertain random variables, among others. Soft Computing, which has 82 pub-
lications on uncertainty theory, and is ranked third in terms of percentage, focuses 
primarily on the application of uncertainty theory. In particular, in recent years, this 
journal has published applications of uncertain programming, such as vehicle path 
and facility location, uncertain portfolio selection, and laws of uncertain variables. 
Its publications on uncertainty theory as a percentage of its total publications is only 
2.17%, proving that uncertainty theory is just one of its research directions.

In addition, some other high impact journals, such as IEEE Transactions on Fuzzy 
Systems (TFS), Information Sciences, and Applied Soft Computing, also pay atten-
tion to uncertainty theory. As the top journal in the area of fuzzy theory and logic, 
TFS, whose impact factor, CiteScore, and PUT are 9.518, 16.20, and 24 respectively, 
also has a definite interest in uncertainty theory, most recently preferring to explore 
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the reliability of uncertain systems, the random renewal reward process of uncer-
tainty, and its application.

Since it might not be enough to consider a pool of just 1,004 papers, it is also nec-
essary to analyse the references therein, which include classical concepts, theorems, 
methodologies, and high-academic-value research results, and constitute the aca-
demic foundation of this field. By checking them, we can further understand which 
journals publish more high-quality literature and have greater academic influence 
on uncertainty theory. Based on statistics on the information of reference journals, 
FODM have the most literature on uncertainty theory, followed by the Journal of 
Uncertain Systems (JUS), the European Journal of Operational Research (EJOR)1 
and Soft Computing. It is worth noting that JUS has not yet been included in the 
WoS database, and for that reason, it has not been included in Table 1. In fact, JUS 
was founded in 2007, and has already published 52 articles on uncertainty theory, 
accounting for 13.94% of the journal’s total publication volume, which is only lower 
than FODM’s figure. Hence, its contribution to this field is not inferior to those of 
other journals.

2.4 � Productive author analysis

Table  2 reports the 20 most productive authors in the field of uncertainty theory 
in descending order of publication volume, and related information including their 
name, institution, country, TP, total citations (TC), total citations per publication 
(TC/TP), h-index and citation thresholds. The country is based on the location of 
the author’s institution, and not the author’s actual nationality, and specifically, the 
institution at which the author has most recently been located. The top three authors 
are Yuanguo Zhu, Kai Yao and Jin Peng. Although Yuanguo Zhu has published the 
most papers on uncertainty theory, his average citation frequency and h-index are 
only of a medium level among the 20 most high-yielding authors. As a scholar at 
Nanjing University of Science and Technology, more than half of his research results 
are devoted to the exploration of optimal control in uncertain systems, including the 
most cited paper (Zhu, 2010). Among other topics, he pays special attention to the 
linear quadratic optimal control, parameter optimal control, and bang-bang optimal 
control of uncertain systems. Kai Yao, who is currently located at the university 
of the Chinese Academy of Sciences, is a leading scholar on uncertain stochastic 
renewal reward processes, and uncertain differential equations. Specifically, the for-
mer research direction is mainly applied research, while the latter focuses on uncer-
tain partial differential equations, uncertain differential equations with jumps, and 
the stability and solution methods of original uncertain differential equations. Yao 
not only has the highest total number of citations and the highest h-index, but also 
possesses more than 20 published citations, which is also the highest among these 
authors. Jin Peng is a scholar in the Institute of Uncertain Systems at Huanggang 

1  For EJOR, its publications on uncertainty theory (8 papers) as a percentage of its total publications is 
only 0.10%. This percentage is too low to appear in Table 1. But when counting the references therein, 
the proportion of EJOR ranked third, so it is mentioned here.
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Normal University, a professional institution specializing in uncertainty theory. 
Peng’s research interests are in uncertain programming, uncertain network optimiza-
tion, uncertain risk analysis, intelligent algorithms and uncertain graphs.

From Table 2, it can be seen that Xiaowei Chen, who is located at Nankai Univer-
sity, is the only one of the 20 most productive authors to have published two papers 
with more than 100 citations, one of which is in collaboration with Yao, and the 
other with Liu on the existence and uniqueness theorems of uncertain differential 
equations (Chen & Liu, 2010). Chen concentrates on the uncertainty in finance. His 
average citation rate is the highest in this field, and his number of published cita-
tions, above 50, is equal first with that of Yuan Gao, who has the second-highest 
average number of citations and h-index. Gao is currently a scholar at Beijing Jiao-
tong University, spending a lot of effort studying the problem of vehicle paths and 
facility location using uncertain programming. In his paper whose citations exceed 
100, Gao (2011a) gave the uncertainty distribution of the shortest path length and 
the solution and effective algorithms of the alpha-shortest path and the shortest path 
in the uncertain network, with the help of the operating law of uncertainty theory.2 
In Table 2, Professor Liu appears not to be very high in the list with respect to the 
number of published papers, but the citations of each of his articles are relatively 
high, so that his TC/TP is in the leading position, verifying his leadership and great 
contribution to this area.

Among the 20 most productive scholars, we report that only two are not Chinese. 
Dan A. Ralescu from the University of Cincinnati in the United States, who has 
done extensive research on fuzzy and random phenomena, published his first paper 
on uncertainty theory in 2010, extending the relevant definitions, theorems, calcula-
tion formulas and solution methods for uncertain differential equations, uncertain 
sets, uncertain risk analysis, uncertain finance, and uncertain vertex colouring prob-
lems. Samarjit Kar, from the National Institute of Technology Durgapur in India, 
focuses mainly on the solid transport and postman problems in uncertain program-
ming, and has also studied portfolio selection in finance. Finally, it is worth noting 
that three of the 20 most productive authors are from the same institution - Beihang 
University - reflecting the high level of attention and support that institution pro-
vides to uncertainty theory.

2.5 � Most‑cited publications

Table 3 lists the 15 most-cited journal publications on uncertainty theory from 2008 
to 2019, including detailed information such as the title, author, publication year, 
journal, category, TC, total citations per year (TC/Year), number of authors (NA), 
number of institutions (NI) and number of references (NR). There are three papers 
with more than 120 citations. Zhu (2010) is ranked first and is cited by the most 
productive scholars of Table 2. It obtained the optimal principle of uncertain opti-
mal control through Behrman’s optimal principle and dynamic programming, which 

2  As a senior academic at Tsinghua University, and the founder of uncertainty theory, Liu is more 
inclined to write books. His books on uncertainty theory are numerous and of considerable quality.
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provided a theoretical foundation for subsequent research on uncertain optimal con-
trol and its applications. The second most highly cited paper (Chen & Liu, 2010) 
breathtakingly expounded some solutions to linear uncertain differential equations, 
and proved their existence and uniqueness theorem. The third most highly cited 
paper, Yao and Chen (2013), innovatively proposed a numerical scheme for han-
dling uncertain differential equations with high efficiency, which essentially solved 
each alpha-path and generated an inverse uncertainty distribution of the solution. It 
supplemented the method proposed in the second paper mentioned above, and pro-
vided insights for follow-up research.

Highly cited articles initiate innovative theoretical research and thus offer new 
concepts, properties, theorems and methodologies, providing solid ground for sub-
sequent theoretical research and practical applications. About one third of the litera-
ture in Table 3 is related to uncertain differential equations, which verifies the high 
interest of scholars in exploring theorems, stability, numerical methods and applica-
tions of uncertain differential equations. Furthermore, the other highly cited papers 
in Table 3 are related to some other classical concepts of this field, such as uncertain 
random variables and programming, and uncertain alternating renewal processes.

It is also worth mentioning that, in addition to the highly cited references from 
the WoS database that are listed above, there are some others, available in Scopus, 
that have not been included in Table 3. The first article, written by Liu (2012c), dealt 
with the meanings and situations of uncertainty, the difference between uncertain 
variables and uncertain sets, and between uncertainty, fuzziness and probability. It 
is highly appreciated by scholars in this domain and has 282 citations. Prior to this 
paper, the author wrote two papers with significant theoretical innovations, in 2009 
and 2011, respectively. Liu (2009b) proposed concepts such as the product measure 
axiom and a new uncertain calculus, while Liu (2011) expanded the work around 
the uncertain logic of human language, and has obtained 90 citations so far. All 
three articles are published in the JUS , which verifies the strong academic influence 
of, and support offered by, this journal in the field of uncertainty theory.

2.6 � Main path analysis

Through the main path analysis (Hummon & Dereian, 1989), publications indicat-
ing the main knowledge evolution directions in a field are effectively identified, as 
well as the knowledge flow with special evolutionary significance and distinctive 
characteristics. After the citation network is drawn by CiteSpace, the relevant data 
is imported into Pajek software to execute the algorithm of search path count to 
extract the main paths of uncertainty theory. As shown in Fig. 6, the development 
skeleton of uncertainty theory is represented by seven main paths composed of 53 
key literature according to the research direction and chronological order, which are 
marked with seven rainbow colors respectively. Each colored node signifies a main 
path document, and the connected gray arrow line reflects the citation relationship 
between the documents. The name of the first author, the year of publication and the 
serial number sorted by local citation score (LCS) of these publications are marked 
in Fig. 6, whose more detailed information is summarized in Table 4 to better grasp 
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the evolution of research directions in this field. Table 4 lists the serial number, title, 
author, journal and year of the main path literature in descending order of LCS, 
where LCS shows the citations of a document in the data set input to the CiteSpace 
software.

Analysis of the research contents and development trends of the main path litera-
ture indicates that the book on uncertainty theory written by Professor Liu opens a 
new era in this field, and has been continuously updated over the years to keep the 
content up to date, gaining high citations and wide recognition. Based on the enrich-
ment of basic theories, scholars in this domain gradually explore in-depth towards 
diversified research directions, and form seven main paths as shown in Fig. 6. The 
red one reveals that the field of uncertainty theory attaches great importance to 
the development of basic theories and the construction of axiomatic systems since 
the initial stage, such as the concepts and theorems about uncertain sequences and 
uncertain variables. As two research directions developed earlier, the orange path 
receives higher citations and attention than the yellow path, and accumulates more 
publications about employing uncertain programming to solve the shortest route, 
facility location, supply chain decision-making and other practical problems. Uncer-
tain optimal control and uncertain renewal process are the research hotspots of the 
yellow path, whose research achievements are greatly promoted by Yuanguo Zhu 
and Kai Yao respectively. With the largest number of main path literature, the green 
path clearly displays the great attention and continuous exploration of uncertain dif-
ferential equations by researchers, and shifts from expanding fundamental theorems, 
formulas and numerical solutions to the application in realistic problems. For exam-
ple, the variants such as uncertain differential games and uncertain partial differen-
tial equations are utilized to address practical solutions for the resource extraction 
and heat conduction, and uncertain structure and currency models, option pric-
ing formulas and portfolio selection models are established to optimize uncertain 

Fig. 6   The main path of uncertainty theory from 2008 to 2019
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financial means. Besides, the cyan path explores the risk index, risk metrics and 
reliability analysis of uncertain systems, and obtains increasing attention in recent 
years. The two paths about uncertain sets and uncertain logic have the least theoreti-
cal output and are relatively slow in development. The detailed introduction of these 
seven research directions will be explained separately in the next section.

On the whole, according to the knowledge evolution path of uncertainty the-
ory, it can be seen that its research has gradually expanded from basic theory to 
more diversified, targeted and specialized application-oriented achievements, espe-
cially the development of useful tools and effective solutions to practical problems. 
Consistent with the previous conclusions, several productive authors play a cru-
cial role in leading and promoting different main paths, as well as the FODM and 
JUS . Uncertainty theory is increasingly widely recognized by scholars, and will be 
applied to more practical scenarios while accumulating abundant theoretical out-
comes of various paths.

3 � Discussion of development history

In this section, seven key sub-fields of uncertainty theory, derived using co-citation 
analysis and main path analysis, are presented, namely the axiomatic system, uncer-
tain differential equations, uncertain processes, uncertain programming, uncertain 
logic, uncertain sets and uncertain risk analysis. At the same time, by referring to 
half-life, quantity of publications and other indexes, and combining these with the 
specific content analysis method, we analyse the hot topics and research characteris-
tics of each sub-field in detail.

3.1 � Co‑citation analysis

Co-citation means that two publications are cited by the same article, while frequent 
co-citations indicate that the two have common, related research topics (Small, 
1973). Co-citation analysis3 can identify the core theme of a research field by allow-
ing the investigation of the literature in each cluster, after the relevant literature has 
been grouped based on similarity of content. Therefore, co-citation analysis here can 
highlight the status of uncertainty theory, and the clustering results could help schol-
ars to explore research characteristics, current directions, and hot topics in the key 
sub-fields.

We apply the CiteSpace software to conduct a co-citation analysis of the literature 
on uncertainty theory, and preliminarily obtain 11 clustering topics. The highly cor-
related clusters are then combined to give seven key sub-fields of uncertainty theory 
with reference to the outcomes of main path analysis, namely, the axiomatic system, 
uncertain differential equations, uncertain processes, uncertain programming, uncer-
tain logic, uncertain sets and uncertain risk analysis. Next, the relative proportion 

3  This is also known as reference co-citation analysis.
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and half-life of the number of publications per year in each sub-field from 2008 to 
2019 are calculated, and the results are plotted as an accumulation diagram, shown 
in Fig. 7. In this figure, each sub-field corresponds to an irregular ribbon of a differ-
ent colour, and the area of the ribbon shown in each year represents the volume of 
literature in the sub-field in that year as a proportion of the total volume of literature 
on uncertainty theory in the same year. For example, in 2009, there is no band of 
uncertain risk analysis and uncertain processes, indicating that the amount of publi-
cations of those two sub-fields in that year was zero. It is worth noting that the area 
of the colour band in a given year is not in direct proportion to the number of papers. 
In fact, with the increasing number of papers on uncertainty theory year by year, the 
amount of literature in each sub-field has increased more or less. For instance, the 
proportion of the literature on the axiomatic system in 2009 was much higher than 
that in 2017, but in fact, 15 articles were published in 2017, three times more than 
in 2009.

The half-life was originally used to describe the index of a journal (Bernal, 1959). 
In this paper, it is extended to indicate the time period over which the latest 50% of 
publications in the sub-field have been published, which is the time interval to the 
right of the solid black line in Fig. 7. If the position of the solid black line is further 
to the right, the half-life of the sub-field is shorter, meaning that most of the litera-
ture in this sub-domain has been published recently, and the rate of growth in papers 
has increased significantly. For example, the solid black line of the uncertain sets 
sub-field is located in 2016, indicating that half of the existing articles in this sub-
field have appeared since 2016 and this topic has a half-life of four years.

Figure 7 clearly shows the starting year and duration of each sub-field. According 
to the change in the relative proportion over time and the half-life of the literature 
in each sub-field, we can figure out the evolution of scholars’ research emphasis in 

Fig. 7   The proportion of the literature in each sub-field of uncertainty theory from 2008 to 2019
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uncertainty theory. Therefore, combining the visualization results presented in the 
figure with the large amount of literature, in the following sections we will introduce 
the chronological order in which the sub-fields began to evolve.

3.2 � Sub‑fields of uncertainty theory

3.2.1 � Axiomatic system

At the beginning of the establishment of uncertainty theory, Liu advocated setting 
up a complete axiomatic system, equivalent to a theoretical framework, or collection 
of theories, which systematically proposes various basic mathematical concepts, 
theorems, formulas, methods, etc. The uncertain measure, variables and uncertainty 
distribution are the three cornerstones of the axiomatic system (Liu, 2012c).

Mathematically speaking, uncertainty theory is essentially a substitute theory 
of measurement, so the uncertain measure is one of the most fundamental and key 
components of the axiomatic system. The uncertain measure is interpreted as the 
individual’s confidence in the possibility of an uncertain event, which depends on 
their personal cognition degree about this event. In order to rationally deal with con-
fidence levels and give an axiomatic definition of the uncertain measure, Liu (2007) 
proposed four axioms: the normality, monotonicity, self-duality, and countable sub-
additivity axioms. Among them, the self-duality axiom is actually the application of 
the law of conservation of truth in uncertainty theory, which ensures that uncertainty 
theory is consistent with the law of intermediate exclusion and the law of contradic-
tion. In 2009, Liu (2009b) defined the measurement of product uncertainty, resulting 
in the fifth axiom of uncertainty theory. Moreover, Gao (2009), Liu (2010a), Zhang 
(2011), Peng and Iwamura (2012), and Liu (2013c) also actively supplemented and 
extended the relevant properties, theorems and structural features of the uncertain 
measure.

As a basic concept of uncertainty theory, an uncertain variable is, roughly speak-
ing, the measurable function on the uncertain space, which was proposed by Liu 
(2007) to represent the quantity of uncertainty. Later, Liu (2009b) put forward the 
concept of the independence of uncertain variables, and a new concept of uncer-
tain random variables  (Liu, 2013). In addition, with regards the variance  (Yao, 
2015a), covariance  (Gao et  al., 2019a), correlation coefficient  (Zhao et  al., 2018), 
moment (Sheng & Kar, 2015), basic inequality (Liu & Xu, 2010; Tian, 2011), and 
variational inequality (Chen & Zhu, 2015) of uncertain variables, many scholars are 
actively exploring their definitions and calculation methods. Meanwhile, the defi-
nitions, properties and principles of cross-entropy  (Chen et  al., 2012; Gao et  al., 
2018), triangular entropy  (Ning et  al., 2015), partial entropy  (Ahmadzade et  al., 
2017a), sine entropy (Yao et al., 2013a), quadratic entropy (Dai, 2018), maximum 
entropy (Chen & Dai, 2011), and relative entropy (Zhou et al., 2015, 2016; Sheng 
et al., 2017b) have been proposed in several papers. Furthermore, the convergence 
concept of uncertain sequences and their interrelation (You, 2009; Wu & Xia, 2012; 
Chen et  al., 2014, 2016; Ahmadzade et  al., 2017b), and the limit theorem  (Wang 
et al., 2018, 2018), have also been discussed in many publications.
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As carriers of the incomplete information of uncertain variables, uncertainty 
distributions were proposed by Liu (2007) in order to describe uncertain variables. 
Peng and Iwamura (2010) proved sufficient and necessary conditions of uncer-
tainty distributions. At the beginning, uncertainty distributions were divided into 
five types, namely the linear, zigzag, normal, lognormal, and discrete uncertainty 
distributions. Later, Liu (2010a) introduced the inverse uncertainty distributions of 
four of the uncertainty distributions, with the exception of the discrete uncertainty 
distribution, which increased the number of types of uncertainty distributions to 
nine, and then in another work he verified the sufficient and necessary conditions of 
these inverse uncertainty distributions (Liu, 2013d). More importantly, Liu (2010a) 
also proposed a measure inversion theorem, which can derive the uncertain measure 
from the uncertainty distribution of the corresponding uncertain variables.

However, as the theoretical content has gradually been enriched, the research 
space has become narrower and attention paid to this area has eventually declined. 
From Fig. 7, it can clearly be seen that the proportion of documents on the axiomatic 
system, being obviously large at first, shows a gradual downward trend, reflecting a 
relative decline of scholars’ interest in this sub-field. Besides, the topic has a half-
life of 5 years, which is long compared to other sub-fields, also supporting this view. 
The reason for this situation is that the axiomatic system of uncertainty theory has 
been established, leaving scholars only needing to check for gaps and improve the 
completeness, which gives authors little room for innovation and fewer development 
opportunities. With the further enrichment of the related content, the accumulation 
of literature on axiomatic system has slowed down.

3.2.2 � Uncertain differential equations

Uncertain differential equations belong to the family of ordinary differential equa-
tions driven by the normative process and are a key component of uncertainty 
theory. As shown in Fig.  7, the proportion of papers falling into the sub-field of 
uncertain differential equations has remained at a high level since 2008 and the rate 
of paper publication is accelerating. As the focus of numerous scholars, the topic 
of uncertain differential equations has a half-life of only three years. Although this 
half-life ranks second, its value is almost the same as that of uncertain program-
ming, and research on the topic has been relatively well deepened and refined. Over-
all, this sub-field is the only one to have attained a high level of attention and strong 
performance throughout the entire time interval, and thus it might be sensible to 
expect more breakthroughs in this area in due course.

After Liu (2008) proposed this new class of differential equations, he defined 
the concept of stability in the following year, in  (Liu, 2009b). Yao et  al. (2013b) 
proved some stability theorems on the basis of Liu’s study, and later other schol-
ars expanded the work by looking at the stability of different types. Chen and Liu 
(2010) first proved the existence and uniqueness theorems of solutions to uncertain 
differential equations under the conditions of linear growth and Lipschitz continu-
ity, and Gao (2012a) then verified this theorem under local conditions. In terms of 
solutions to uncertain differential equations, Chen and Liu (2010) obtained analytic 
solutions of linear uncertain differential equations, and Liu (2012) and Yao (2013) 
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developed a series of analytic methods for solving some special classes of nonlinear 
uncertain differential equations. Then, as more and more researchers have joined this 
sub-field, the types of uncertain differential equations have been expanded greatly. 
In this paper, we summarize the existing uncertain differential equations in Table 5, 
including name, proposed year, introduction, theoretical research, application and 
related references. Of these indicators, “introduction” provides a simple generaliza-
tion of the question “what is it”, and “theoretical research” and “application” divide 
the paper’s research content into two parts: theory and application. Table 5 reports 
not only papers related to the expected value (Wang et al., 2015; Jia et al., 2018; Ji & 
Zhou, 2018), but also to the existence and unique- ness theorem (Chen & Liu, 2010; 
Jia et al., 2019) and sufficient and necessary conditions  (Yao, 2015d) of the solu-
tions to these types of uncertain differential equation, and to the continuous depend-
ence theorem (Gao & Yao, 2014; Zhang et al., 2019a), differential mean value theo-
rems (Chen & Li, 2018), alpha path (Yang, 2018; Jia et al., 2018; Lu & Zhu, 2019), 
chain rules  (Chirima et  al., 2019), and numerical algorithms  (Yao & Chen, 2013; 
Yang & Ralescu, 2015; Gao, 2016; Zhang et al., 2017; Gao & Fu, 2017). Besides, a 
lot of researchers have discussed diverse concepts, sufficient conditions and correla-
tions for different types of uncertain differential equations, such as almost certain 
stability (Liu et al., 2014; Wang & Ning, 2019b), p-th moment stability (Sheng & 
Wang, 2014; Ma et al., 2017b), mean stability (Zhang et al., 2016; Feng et al., 2018; 
Gao, 2019; Sheng & Shi, 2019), measure stability (Sheng, 2017; Shu & Zhu, 2018; 
Sheng & Shi, 2018), exponential stability (Wang & Ning, 2017a; Liu, 2019), distri-
bution stability (Ma et al., 2017a; Jia & Sheng, 2019) and inverse distribution stabil-
ity (Yang et al., 2017).

Among the applications of uncertain differential equations, the most widespread 
and successful are in finance. Since Liu (2009b) first introduced uncertain dif-
ferential equations into the field of finance, many scholars have followed on from 
that research. Up to now, portfolio selection and optimization problems have been 
the main research directions of uncertainty theory in finance. In this work, the 
improved or original expected variance model (Zhang et al., 2015), neural network 
model  (Nazemi et  al., 2015; Omidi et  al., 2017), mean risk model  (Huang, 2011; 
Zhai & Bai, 2017), mean-risk-skewness model  (Zhai et  al., 2018), mean-chance 
model (Huang & Zhao, 2014a), mean variance model (Qin, 2015; Li et al., 2017a; 
Zhai & Bai, 2018), mean-variance-skewness model  (Chen et  al., 2018, 2019), 
and mean semi-variance model  (Chen et al., 2017b) are the tools used to conduct 
research on portfolio selection or optimization against the background of the securi-
ties industry, and great importance is attached to the practical availability of results.

In addition, three families of uncertain financial models are considered in the cor-
responding literature, namely the uncertain stock, interest rate, and currency models. 
Liu (2009b) first proposed an uncertain stock model and a European option price 
formula. Later, Yao (2015b) proved the no-arbitrage theorem of this uncertain stock 
model, Chen (2011) derived the American option price formula, and Sun and Chen 
(2015) developed the Asian option price formula. Besides these, other scholars 
have pioneered or improved those families of uncertain models with mean regres-
sion  (Yao, 2012; Sun & Su, 2017; Shi et  al., 2017; Sun et  al., 2018a; Tian et  al., 
2019; Yao & Qin, 2021), periodic dividends or jumps (Yu, 2012; Chen et al., 2013; 
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Ji & Zhou, 2014), and uncertain currency models with floating interest rates  (Liu 
et al., 2015a; Wang & Ning, 2017b; Ji & Wu, 2017; Wang & Chen, 2019) to derive 
European, American and Asian option pricing formulas. The uncertain interest rate 
model is generally used for the valuation of zero-coupon bonds (Jiao & Yao, 2015; 
Sun et al., 2018b) and the calculation of some upper and lower limits (Zhang et al., 
2016; Mehrdoust & Najafi, 2019). About 59% of papers on uncertain differential 
equations were published between 2017 and 2019, which indicated that the research 
in this sub-field has received high attention recently.

3.2.3 � Uncertain processes

An uncertain process is essentially a series of variables indexed by time. It is often 
used to model uncertainty over time, and this is why uncertain processes were 
established by Liu (2008). Liu not only initialized the independent increment pro-
cess  (Liu, 2008), but also introduced an extreme value theorem (Liu, 2013b), and 
put forward the concepts of uncertainty distributions, inverse uncertainty distri-
butions and independence to describe the uncertain process  (Liu, 2014). Over the 
years, more and more uncertain processes have been discovered, that is, the half a 
standard process (Gao, 2011b), stable independent increment process (Chen, 2012), 
enlightenment process (Di Caprio et al., 2014), outline of the process (Yao, 2015c), 
strongly monotonic uncertain process  (You & Xiang, 2018), insurance risk pro-
cess  (Yao & Qin, 2015; Yao & Zhou, 2018b), complex Liu process  (Qin & Wen, 
2015), finite variation process (Chen, 2015), renewal incentive process (Yao & Qin, 
2015), uncertain stochastic process (Gao & Yao, 2015), uncertain renewal process, 
and so on. Moreover, authors have delved into the concepts, properties, variances, 
analytical functions, changes, sample paths, uncertain integrals, independence, and 
continuity of these uncertain processes.

Among these uncertain processes, the most representative one is the uncertain 
renewal process, in which events occur continuously and independently at uncertain 
times. In addition to defining the uncertain renewal process (Liu, 2008), Liu (2010a) 
also put forward the concept of the uncertain renewal reward process and the theo-
rem used to determine the long-term reward rate. Yao and Li (2012) defined the 
concept of the uncertain alternative renewal process and proved the uncertain alter-
native renewal theorem for determining availability. Zhang et al. (2013) proposed an 
uncertain delayed renewal process and a basic delayed renewal theorem. These three 
types of uncertain renewal processes have been extended in different directions (Yao 
& Gao, 2015; Yao & Zhou, 2016, 2018a; Yao, 2019), and the theoretical outcomes 
are exploited to determine systems’ block replacement strategies  (Zhang & Guo, 
2014; Ke & Yao, 2016), the optimal age replacement strategy for parts  (Zhang & 
Guo, 2013) and the optimal replacement time for equipment (Yao & Ralescu, 2013).

In addition, uncertain optimal control has attracted scholars’ attention in recent 
years, and is also a hot topic in this sub-field. The research objects of optimal con-
trol are uncertain explosion control (Xu & Zhu, 2012), multi-dimensional case con-
trol  (Deng & Zhu, 2012; Chen & Li, 2015; Deng et  al., 2018), control problems 
with jumps (Deng & Zhu, 2013; Deng & Chen, 2016; Deng & Shen, 2019), linear 
quadratic equation optimal control problems (Chen & Zhu, 2016; Li & Zhu, 2017; 
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Sheng et al., 2018; Li & Zhu, 2018; Chen et al., 2019), discrete-time control prob-
lems (Chen & Zhu, 2018a, b; Chen et al., 2019), nonlinear uncertain control (Ding 
et al., 2017), switched systems (Yan & Zhu, 2015; Yan et al., 2017), singular sys-
tems (Shu & Zhu, 2017a, b) and uncertain dynamic systems (Deng & Chen, 2017). 
Scholars have derived optimal equations, recursive equations, optimal principles, 
analytical expressions, sufficient and necessary conditions and well-posedness for 
these research objects, and have founded a continuous-time model, bang-bang opti-
mal control model, optimistic value model, and optimal value model, so as to make 
use of uncertainty theory to settle practical problems.

Although the study of uncertain processes began in 2008, the volume of publica-
tions in the first three years was extremely low, and scholars did not focus on this 
sub-field until 2011. So far, the total amount and proportion of papers published 
in 2019 mean that it ranks third after uncertain differential equations and uncertain 
programming. In addition, the half-life of this sub-field is 3 years, which is only 
inferior to uncertain risk analysis, indicates that scholars are also paying great atten-
tion to it.

3.2.4 � Uncertain programming

Uncertain programming has attracted extensive attention from many researchers 
since its inception in Liu (2009a). There are now more than 230 articles on uncer-
tain programming, covering a wide range of disciplines. As shown in Fig.  7, the 
proportion of uncertain programming with a half-life of 3 years has gradually been 
expanded, having the second top ranking in 2019, which proves that scholars are 
very interested in researching this sub-field, and that there are likely to be more 
research outcomes on uncertain programming in the near future.

The main content of uncertain programming can be summarized in Fig. 8, where 
it is decomposed into three perspectives: the state of knowledge about information, 
modelling structure and uncertainty-handling philosophy  (Liu, 2009a). Each per-
spective belongs to a column, and each column lists different types of perspective. 

Fig. 8   Summary of Research Content of Uncertain Programming
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Moreover, choosing one type from each column to carry out three-three combination 
forms a certain type of uncertain programming. For example, choosing the uncer-
tain random variable topic on the leftmost column, goal programming on the middle 
column, and chance-constrained programming on the rightmost column, we can get 
uncertain random chance-constrained goal programming. The general framework 
of single-objective programming and dynamic programming was established (Liu, 
2009a). As an extension, multi-objective programming and goal programming were 
developed by Liu and Chen (2015), and multilevel programming was proposed by 
Liu and Yao (2015) in the same year for modelling a decentralized decision-making 
system with uncertain factors.

Furthermore, in the application of uncertain programming, hot research areas 
include the vehicle routing, facility location, project scheduling, machine schedul-
ing, and supply chain management problems. These are shown in Fig. 8 and are rep-
resented by five different colours. The more broken lines there are of a given colour 
in the figure, the more kinds of uncertain programming are utilized in the applica-
tion direction represented by the colour. Obviously, supply chain management is the 
most frequent context in which the field of uncertain programming is applied. At 
the same time, by observing the number of occurrences of each type of uncertain 
programming after connecting the lines, it can be found that the most used types of 
uncertain programming are uncertain expected value multi-objective programming 
and uncertain chance-constrained multi-objective programming.

However, the theoretical approaches to uncertain programming used in the 
application to each category of practical problem are different. Specifically, for 
the vehicle routing problem, scholars focus on effective path choice  (Zhang & 
Peng, 2012; Huang et  al., 2015, 2016; Wang et  al., 2018) and transportation net-
work design  (Chen & Xu, 2012; Zhang et  al., 2016; Chen et  al., 2017a; Dalman, 
2018). In terms of the facility location problem, authors discuss centre location 
of P-hub  (Gao & Qin, 2016), location of single facility  (Gao, 2012c), and facility 
location-allocation  (Wen et  al., 2014; Zhang et  al., 2017, 2018). Literature on the 
project-scheduling problem is differentiated due to the different classifications and 
conditions of the projects. For example, the project classifications include R & D 
projects (Huang & Zhao, 2014b) and robust logistics projects (Ke et al., 2015); its 
conditions consist of uncertain activity duration times (Zhang & Chen, 2012; Ding 
& Zhu, 2015), expert estimates as project parameters  (Huang & Zhao, 2016), and 
resource-constrained projects  (Ma et  al., 2016; Ke & Zhao, 2017). Scholars have 
looked at machine-scheduling problems with uncertain processing times and 
costs  (Shen & Zhu, 2016), batch delivery  (Shen & Zhu, 2019b), work deteriora-
tion and learning effect  (Shen, 2019), parallel machines  (Ning et  al., 2017; Shen 
& Zhu, 2019a) and single machines  (Shen & Zhu, 2018). The research on supply 
chain management focuses on aggregate production planning  (Ning et  al., 2013, 
2019), the multi-product newsboy problem (Ding, 2013; Ding & Gao, 2014), single-
period or multi-cycle inventory problems (Qin & Kar, 2013; Gao et al., 2013), and 
the pricing decision problem (Zhong et al., 2017; Chen et al., 2017; Cheng et al., 
2018) of general, closed-loop, and dual-channel supply chains, involving network 
revenue management  (Mou & Wang, 2014), manufacturing  (Chien et  al., 2018), 
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remanufacturing (Wen et al., 2015), furniture (Yang et al., 2017), fresh (Ning et al., 
2019), e-commerce (Ke et al., 2018) and other industries.

In addition, the majority of uncertain programming problems obtain solutions 
by exploiting hybrid intelligent algorithms and genetic algorithms. However, differ-
ent types of application problems improve the genetic algorithms based on different 
methods according to the actual situations (Sadjadi et al., 2012; Huang et al., 2016). 
Hybrid intelligent algorithms often combine genetic algorithms with Monte Carlo 
simulations (Xu et al., 2011), simplex algorithms (Wen et al., 2015), uncertain simu-
lations (Zhang et al., 2018), 99 methods (Zhang et al., 2011; Zhang & Chen, 2012), 
and cell automation (Huang et al., 2016), among others.

3.2.5 � Uncertain logic

Uncertain logic is a generalization of mathematical logic that takes advantage of 
uncertainty theory to process uncertain information and knowledge, and is an 
effective method for extracting language summaries from a collection of original 
data (Liu, 2015). Uncertain logic comprises uncertain propositional logic and uncer-
tain predicate logic, the key to which is the calculation of the true value of uncer-
tain propositions. The uncertain entailment was proposed by Liu (2009c) to use the 
maximum uncertain principle to calculate the true value of an uncertain proposi-
tion when other uncertain propositions are given. In practical examination, uncer-
tain logic and uncertain entailment are closely linked in the research of uncertainty 
theory.

Li and Liu (2009) put forward uncertain logic within the framework of uncer-
tainty theory, and investigated basic characteristics such as the laws of intermediate 
exclusion, contradiction and truth conservation. Two years later, as an application, 
Liu (2011) used uncertain quantifiers, uncertain subjects and uncertain predicates 
to deal with the uncertain logic of human language. In the same year, Chen and 
Ralescu (2011) designed a numerical method for calculating truth values of uncer-
tain propositions, which was named the Chen-Ralescu theorem. On this basis, Liu 
and Yao (2017) proposed an uncertain stochastic logic in 2017 and derived a for-
mula for calculating truth values of uncertain stochastic propositions. Furthermore, 
for uncertain predicate logic, Zhang and Li (2014) explored the semantic study of 
uncertain first-order predicate logic, and introduced the concepts of the uncertain 
predicate proposition, uncertain predicate formula, and degree of uncertain truth. 
Articles about uncertain entailment inquire into the validity and improvement of the 
uncertain entailment model  (Zhang et al., 2014), the uncertain random entailment 
model  (Liu & Yao, 2017) and the computation of the true value of its resolution 
principles (Yang et al., 2018).

There are 65 articles published in this sub-field, which is only higher than the 
number on uncertain sets. As shown in Fig. 7, the proportion of papers on uncertain 
logic shows a declining trend. The half-life is 6 years, which is relatively long, indi-
cates that scholars’ enthusiasm for this sub-field has decreased in recent years. As a 
result, uncertain logic, as a sub-field with a declining publication volume, is facing 
the threat of being eliminated in due course.
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3.2.6 � Uncertain sets

An uncertain set is a set-valued function on uncertain space, associated with which 
there are two basic tools: the membership function and the uncertainty distribution. 
In general, scholars first determine the membership function of the uncertain set, 
convert the membership function into an uncertainty distribution, and then perform 
arithmetic operations on the uncertain set (Liu, 2010a). The uncertain set was first 
proposed by Liu (2010c) to model “unclear concepts” that are essentially sets but 
do not clearly describe boundaries. Liu (2012b) also defined the concept and nature 
of the independence of the membership function and the uncertain set, and pro-
vided the operation laws of an uncertain set. Then, targeting the weakness of the 
definition of the independence of uncertain sets, Liu (2013a) proposed a stronger 
definition and discussed related mathematical properties. Yang and Gao (2015) 
presented the moment and central moment of an uncertain set, gave some formu-
las for calculating them through membership functions, and systematically reviewed 
uncertain sets (Yang & Gao, 2014). Later, since log entropy could not measure the 
uncertainty associated with all uncertain sets, researchers expansively supplemented 
the definition, properties and calculating criteria of the sine entropy  (Yao, 2014), 
relative entropy (Yao & Ke, 2014), quadratic entropy (Wang & Ha, 2013), elliptic 
entropy (Gao & Ralescu, 2018), radical entropy (Peng & Li, 2013) and triangular 
entropy (Lu & Wang, 2013) of uncertain sets. The total order uncertain set, condi-
tional uncertain set, distance measurement between different types of uncertain sets, 
and related inequalities have also been the subject of publications.

In addition, uncertain inference is the process of using uncertain set theory to 
derive results from human knowledge or evidence, an idea originally raised by Liu 
(2010c). For uncertain inference, Gao et al. (2010) investigated Liu’s inference rules 
and their expressions, with multiple precedents and if-then rules. Other scholars 
have focused on the inference modelling (Yao, 2018b), programming and practical-
ity of uncertain inference controllers (Gao, 2012b).

The hot content of this sub-field is mainly divided into uncertain sets and uncer-
tain inference. These two areas’ share of the literature has remained at the lowest 
level for many years, and the total number of related articles is 46. Therefore, it can 
be seen that this sub-field has not been fully explored. According to the first arti-
cle published in 2010, and the half-life of 4 years, it is derived that uncertain sets 
belongs to a new sub-field, which will gradually receive more scholars’ attention in 
the future.

3.2.7 � Uncertain risk analysis

In uncertainty theory, the risk is defined as the unexpected loss plus the uncertain 
loss measure, the risk index is defined as the uncertain measure of the specific loss, 
and the reliability index is defined as the uncertain measure of the operating system. 
Thus, risk and reliability have the same root, and the analysis of both is strongly 
correlated. Uncertain risk analysis is a tool used to quantify the risk in uncertainty 
theory. Similarly, uncertain reliability analysis is also a means to deal with system 
reliability through uncertainty theory.
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When uncertain risk analysis and uncertain reliability analysis were proposed, 
Liu (2010b) defined the risk and reliability indices, and proved the risk and reli-
ability index theorem. Three years later, Peng (2013) proposed the concept of 
value-at-risk as an alternative to the risk index. Other scholars have expanded the 
risk and reliability indicators further and then applied them. Figure 9 lists com-
mon indicators and applied systems in uncertain risk analysis and uncertain reli-
ability analysis, and counts the ratios of documents with different combinations 
of indicators and systems to the total publications in this sub-field. The backslash 
indicates that the content of the document does not refer to a system. In Fig. 9, 
the proportion of the combination of structural reliability and structural systems 
has the highest share of the total publications, at 8.51%, followed by combina-
tions of value-at-risk and backslash, value-at-risk and ecosystems, the reliability 
index and uncertain random systems,and the reliability index and the unrepair-
able system. For uncertain risk analysis, scholars have not only investigated the 
concepts and corresponding theorems of indicators such as value-at-risk  (Peng, 
2013; Liu & Ralescu, 2017) and the risk index (Liu & Ralescu, 2014), but have 
also studied uncertain risk assessment  (Zhou et  al., 2017; Zhang et  al., 2018a), 
loss function risk measurement of uncertain systems (Peng, 2013), and the uncer-
tain risk measure and comparison rules (Li & Peng, 2012), among others. Various 
systems, and the alpha most reliable paths, products and equipment in systems are 
all research objects in uncertain reliability analysis, and authors have discussed 
the mathematical models  (Liu et  al., 2015b; Zu et  al., 2018; Hu et  al., 2019), 
reliability indicators and their calculation formulas (Zeng et al., 2017; Liu et al., 

Fig. 9   The percentages of publications on various topics within uncertain risk analysis
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2018; Gao et al., 2018), and numerical algorithms or quantitative means (Wang 
et al., 2017; Zeng et al., 2018; Zhang et al., 2018b, 2019b) of these objects.

These analyses all together constitute the hot content of this sub-field and have 
received increasing attention from 2010 onwards. Although the share of this sub-field 
as a proportion of the total field put it in only fourth place in 2019, that is in the mid-
dle of the ranking, its number of publications has shown a steady rising trend, and its 
two-year half-life is the shortest, indicating that the attention paid to it might increase 
prominently in the future.

4 � Measurement of research potential

The above analysis and elaboration have revealed the research contents and develop-
ment status of the seven key sub-fields corresponding to the clusters of uncertainty 
theory obtained from the co-citation analysis, which also roughly analyzes the future 
development of several sub-fields based on the number of publications and half-life. 
However, the research potential of these sub-fields has not yet been accurately meas-
ured, which may make it difficult for researchers to correctly judge the value of the 
sub-fields and predict the hot trends of the future. Therefore, it is necessary to use rel-
evant data on the number of publications, citations and half-life and a mature research 
potential evaluation model  (Zhou et  al., 2022) to reliably measure the sub-fields of 
uncertainty theory, so as to provide an effective reference and inspiration for scholars 
engaged in this field.

4.1 � Exposition: research potential evaluation model

As a convenient approach for assessing the relative level of research potential, the pro-
posed research potential evaluation model is inspired by the importance-performance 
analysis (IPA), which is a widely accepted tool in quality control (Martilla & James, 
1977). Thus, the IPA model selects importance and performance as two dimensions to 
form a two-dimensional matrix, which divides quality attributes into four categories: 
“keep up the good work”, “possible overkill”, “low priority”, and “concentrate here”. 
Although multiple factors are involved in the research potential evaluation, the two 
indicators, maturity and recent attention (RA), cover several fundamental dimensions 
of research potential, such as citations, number of publication, duration, and publication 
density.

Maturity indicates the number of highly cited publications as a proportion of the 
total volume of publications in a particular sub-field, and reflects how much work in the 
sub-field is widely recognized. The calculation formula is as follows:

The statistics on the quantity of highly cited publications refer to Lotka’s law (Alli-
son et al., 1976), which means that the threshold for a highly cited paper is given by 
N = 0.749 ×

√

Nmax , where Nmax is the number of citations of the most frequently 

Maturity =
number of highly cited papers

total number of papers
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cited paper in this topic. All documents with a score higher than N are regarded as 
highly cited papers, and are thus included in the statistics. The maturity ranges from 
zero to one. Without considering other factors, this paper assumes that the lower is a 
topic’s maturity, the higher is its research potential.

RA is used to detect cutting-edge research and predict possible future research 
directions, and its formula is:

where TC is total citations, TP is total publications, D is the time span of publica-
tions and R is recency. The smaller is the half-life, the higher is the recency. If there 
is rapid growth in the volume of literature in a topic in the short term, this research 
field may soon become a research hotspot. Recency can be used to judge the degree 
of attention and future trends of a research field. The higher the RA is, the more 
attention is paid to that research subject, and the more likely it is to see explosive 
development.

Observing the horizontal and vertical axes, it is obvious that both of them 
are related to the citations, but with different emphases. RA reflects the over-
all condition of the sub-field in recent time, while maturity values highly 
cited papers more, which represents the top and most widely accepted por-
tion of the research. Similar to IPA, the research potential evaluation model 
is also a four-quadrant matrix by which different research sub-fields are cat-
egorized according to the overall average of RA and maturity. As shown in 
Fig.  9, the four quadrants are “Diamond in the Rough”, “Hard Core”, “Pos-
sibility”, and “Chicken Ribs”. According to the different characteristics of the 
four quadrants, their research potential can be ranked. Figure  9 assigns dif-
ferent rainbow gradients to each quadrant according to whether their poten-
tial is high or low. Red indicates the highest research potential, while pur-
ple indicates the lowest, so the research potential ranking of the quadrants is 
“Diamond in the Rough” > “Hard Core” > “Possibility” > “Chicken Ribs”   . 
In addition, the dotted arrows in the figure represent possible future transitions 
between quadrants. This research potential evaluation model offers an effective 

RA =
TC

TP × D
×

1

R
,

Table 6   Some indicators of the seven sub-fields

TC: total citations; TP: total publications; D: duration; R: recency; NH: number of highly cited paper; 
RA: recent attention; M: maturity

Rank Sub-fields TC/TP D R NH RA M

1 Axiomatic System 16.328 12 5 63 0.272 0.460
2 Uncertain Programming 12.874 11 3 114 0.390 0.496
3 Uncertain Sets 6.804 10 4 13 0.170 0.283
4 Uncertain Logic 8.138 11 6 35 0.123 0.538
5 Uncertain Differential Equations 17.869 12 3 96 0.496 0.432
6 Uncertain Risk Analysis 6.517 10 2 26 0.326 0.224
7 Uncertain Processes 15.139 12 3 65 0.421 0.348
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method for identifying future trends in sub-fields, and scientific and reasonable 
guidance for the selection of research topics.

4.2 � Prediction: the model applied to uncertainty theory

The relevant data from the co-citation analysis of uncertainty theory are calculated, 
and the numerical results of some indicators are shown in Table  6. The distribu-
tion of the seven sub-fields in the research potential assessment model is shown in 
Fig. 10. While there is only one sub-field in the “Possibility” quadrant, each of the 
other three quadrants has two sub-fields. Combined with the results presented in 
Fig. 10 and the reading of the literature, we make the following inferences about the 
research potential of these key sub-fields, with the discussion divided into the four 
quadrants:

(1) As the quadrant with the highest research potential, “Diamond in the Rough” 
has a high amount of recent attention and a low maturity, which indicates that, 
although the research topic has not been fully explored, it has aroused widespread 
attention and may be an emerging frontier in the future. Uncertain risk analysis and 
uncertain processes are located in this quadrant, revealing that they have the highest 
research potential among the sub-fields. Comparing the two, we find that, although 
they are both in “Diamond in the Rough”, the recent attention paid to uncertain pro-
cesses is much higher, manifesting in it having built up more outstanding achieve-
ments, better participation and stronger research potential for scholars. As this 

Fig. 10   Prediction
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“Diamond in the Rough” topic is developing and has a continuously increasing num-
ber of highly cited works of literature, it will likely transfer to “Hard Core”. Owing 
to the fact that the literature growth rate for the uncertain processes topic is faster 
than that for the uncertain risk analysis topic, we predict that the former will become 
a mainstream sub-field of uncertainty theory more quickly and be promoted to the 
“Hard Core” quadrant. In the last two years, more attention has been paid to the 
uncertain renewal reward process (Yao & Zhou, 2018a; Yao, 2019), the optimal con-
trol of the discrete-time uncertain system (Chen & Zhu, 2018a, b; Chen et al., 2019) 
and uncertain linear quadratic optimal control with jump (Deng & Shen, 2019; Chen 
et al., 2019, 2019). As one of the latest sub-fields to emerge, with the shortest half-
life, uncertain risk analysis is a relatively new research direction of uncertainty the-
ory, and the amount of published literature on the topic is increasing year by year. 
In recent years, papers in this sub-field have mainly focused on expected loss (Liu & 
Ralescu, 2018), investment risk analysis  (Li et al., 2019), and structural reliability 
analysis of uncertain systems  (Zhai & Zhang, 2019; Zhang et  al., 2019b), among 
others. Since uncertain risks are highly valued, scholars are bound to carry out more 
in-depth exploration and analysis of uncertain risks. Therefore, the number of refer-
ences with high citation frequencies in this field will increase significantly and it has 
great development prospects.

(2) The “Hard Core” quadrant, second only to “Diamond in the Rough”, repre-
sents the mainstream of the research in this field and is regarded as a positive and 
powerful pillar of uncertainty theory, with a high amount of recent attention and 
a high maturity. The sub-fields in this quadrant are uncertain programming and 
uncertain differential equations, which are highly thought of, have good develop-
ment trends, and are seeing steadily rising amounts of literature. In recent years, 
the research content of uncertain programming has tended towards the applications 
related to the sustainable facility location problem (Wang et al., 2019), multiobjec-
tive integrated multiproject scheduling problem  (Hematian et  al., 2019), parallel-
machine scheduling problem (Shen & Zhu, 2019a) and optimal pricing decision for 
supply chains (Ma et al., 2019). As the only sub-field with consistently strong per-
formance, both theoretical and applied research of uncertain differential equations 
have been highly valued by researchers and have made remarkable achievements. 
In particular, research on the uncertain heat equation  (Yang, 2018, 2019; Yang & 
Ni, 2019), stability analysis of uncertain spring vibration equation (Jia et al., 2018; 
Jia & Yang, 2018; Jia & Ni, 2019; Jia et al., 2019), uncertain wave equation (Gao 
& Ralescu, 2019; Gao et  al., 2019c), uncertain delay differential equation  (Jia & 
Sheng, 2019; Wang & Ning, 2019, 2019b), multi-period polynomial portfolio selec-
tion problem (Chen et al., 2018; Zhang, 2019; Chen et al., 2019; Xue et al., 2019) 
and option pricing formula (Zhang et al., 2019; Yang et al., 2019; Lu et al., 2019) 
has not yet abated the scholars’ enthusiasm.

It can be said that uncertain differential equations are the best-developed sub-
field and the one that has attracted the most attention in this field, even exceeding 
uncertain programming. Therefore, the research potential of uncertain differential 
equations is stronger. High maturity corresponds to low development potential, 
and topics in the “Hard Core” quadrant may move to the “Chicken Ribs” quadrant 
later. However, uncertain programming and uncertain differential equations pose no 
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worries in this regard. Since they have continued to attract a high level of attention 
and maintained strong growth in recent years, and involve diverse research topics 
with room for improvement, it is reasonable to speculate that both will continue to 
offer good research potential and even see some breakthroughs.

(3) The themes in the “Possibility” quadrant, with low RA and low maturity, rep-
resent new but unpopular sub-fields or sub-fields with a long history. Uncertain sets, 
the only topic in this quadrant, belong to the former category. Since its emergence 
in 2010, this sub-field has produced a low amount of literature and has had a low 
RA, and has never seen major progress. Nevertheless, just as the name “Possibil-
ity” suggests, there is the chance of diversity and uncertainty in its future, and the 
possibility of it shifting to one of the other three quadrants. The research content of 
this sub-field has changed significantly in the past two years, no longer being limited 
purely to theoretical exploration, with uncertain sets used to solve practical prob-
lems, such as in Yao (2014), who utilized sine relative entropy of uncertain set to 
portfolio selection, Gao and Ralescu (2018), who handled portfolio clustering with 
elliptic entropy of uncertain set, and Sun et al. (2019), who applied uncertain sets 
to analyse user emotion in a restaurant recommendation system. Given the increas-
ing annual amount of literature and its half-life of four, there is cause for optimism 
that numerous scholars will join in the study of uncertain sets and strengthen the 
accumulation of results in the future. This sub-field is most likely to transform into a 
“Diamond in the Rough”.

(4) “Chicken Ribs” topics, which rank bottom for research potential, have low 
recent attention and high maturity. For sub-fields in this quadrant, it will be rela-
tively difficult to make great progress in the future, and there is no opportunity for 
them to move into other quadrants. The axiomatic system and uncertain logic belong 
to this quadrant, but they are not similar. The axiomatic system, as an early research 
direction in this field, is gradually declining in terms of the attention it receives. 
The research content mainly concerns the theoretical extension of complex uncer-
tain variables (Nath & Tripathy, 2019; Gao et al., 2019a), uncertain graph (Rosyida 
et al., 2018; Chen et al., 2019; Gao et al., 2019), and the like. In view of the fact that 
the axiomatic system of uncertainty theory has been successfully established and 
the content is roughly complete, future researchers will only need to supplement and 
strengthen the axiomatic system, so they will not put too much energy into this sub-
field. However, uncertain logic is an unpopular sub-field with a relatively narrow 
research scope, and its high maturity is mainly due to the low total number of pub-
lications. Unlike axiomatic systems, uncertain logic may be phased out because of 
the unpopularity of the subject matter. At the same time, uncertain logic has a higher 
maturity and lower recent attention, so it can be concluded that its research potential 
is weaker.

In summary, the research potential of the seven key sub-fields can be ranked as 
follows:uncertain processes > uncertain risk analysis > uncertain differential equations >

uncertain programming > uncertain sets > axiomatic system > uncertain logic  . 
Not only is the research potential evaluation of sub-fields, the RPE model can also 
measure the potential of more detailed topics, and then more specifically analyze the 
future trends of the domain.
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5 � Conclusion

Uncertainty theory has unique advantages in dealing with human uncertainty and 
belief degrees, and has gained widespread attention and development since its 
birth. As the review of uncertainty theory, this paper applies bibliometrics and 
content analysis methods to analysis the development status of this field and the 
main research directions of seven sub-fields in detail, and utilizes the research 
potential evaluation (RPE) model to assess the future potential space and devel-
opment trends of each sub-field. The research significance and innovations of this 
paper are listed as follows: As a first comprehensive study, this paper not only 
provides a systematic overview of uncertainty theory from multiple angles, but 
also clusters its research directions and hot topics. Second, implementing an inno-
vative research methodology that combines co-citation analysis based on biblio-
metrics with content analysis methods, seven key sub-fields are derived, and then 
their characteristics and main contents are elaborated. Third, this study employs 
the RPE model to measure the potential of each sub-field from the point of view 
of maturity and recent attention, and reveals hot issues and future development of 
sub-fields. This research provides practical and useful guidance to scholars aim-
ing to choose suitable research topics that are worth investigating, and thereby 
further promote the development of uncertainty theory. The main important and 
inspiring conclusions of this paper are summarized in Table 7.

Looking into the future, uncertain risk and reliability analysis, uncertain 
optimal control and uncertain finance may be the main research hotspots of 
uncertainty theory according to the outcomes of the above analysis. Consider-
ing the uncertain fluctuations in the financial market and human uncertainty in 
the decision making process and experts’ estimations, uncertainty theory can be 
employed to deal with the background risk of portfolio selection and propose 
practically useful option pricing formulas. Besides, in the era of intelligence 
based on big data, uncertain regression analysis, uncertain time series analysis, 
uncertain differential equation and uncertain hypothesis test of uncertainty theory 
can be integrated with big data to improve or innovate the big data technology, 
as well as overcoming the defects of historical data. For example, scholars utilize 
uncertain statistics to track and analyze the big data related to pandemics (e.g., 
COVID-19), and establish the uncertain growth model to assist in solving prac-
tical problems. Such big data technology based on uncertainty theory could be 
applied to uncertain rumour spread, uncertain chemical reaction, uncertain soft-
ware reliability, among many others.

All in all, uncertainty theory, as a new tool for dealing with uncertainty, is a 
tree full of power and value bursting out of the land of mathematics. The axi-
omatic system topic has a certain scale, has seen considerable academic achieve-
ments and gained wide attention, which provides a fertile soil and solid founda-
tion for the field. Uncertainty theory has been recognised broadly and propagated 
by many distinguished Chinese scholars to many universities and research com-
munities around the Globe. Even though the different branches of the tree are 
growing differently, the whole is gradually being strengthened and advanced. It 
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is believed that, in the future, uncertainty theory will eventually grow into a lush 
towering tree and bear rich fruits of thought.
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