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Abstract

Proof schemata are infinite sequences of proofs which are defined inductively. In this paper
we present a general framework for schemata of terms, formulas and unifiers and define a
resolution calculus for schemata of quantifier-free formulas. The new calculus generalizes
and improves former approaches to schematic deduction. As an application of the method
we present a schematic refutation formalizing a proof of a weak form of the pigeon hole
principle.

Keywords Schematic proofs - Resolution - Induction - Schematic formulas

1 Introduction

Recursive definitions of functions play a central role in computer science, particularly in
functional programming. While recursive definitions of proofs are less common they are of
increasing importance in automated proof analysis. Proof schemata, i.e. recursively defined
infinite sequences of proofs, serve as an alternative formulation of induction. Prior to the
formalization of the concept, an analysis of Fiirstenberg’s proof of the infinitude of primes
[5] suggested the need for a formalism quite close to the type of proof schemata we will discuss
in this paper. The underlying method for this analysis was CERES [6] (cut-elimination by
resolution) which, unlike reductive cut-elimination, can be applied to recursively defined
proofs by extracting a schematic unsatisfiable formula and constructing a recursively defined
refutation. Moreover, Herbrand’s theorem can be extended to an expressive fragment of proof
schemata, that is those formalizing k-induction [11,14]. Unfortunately, the construction of
recursively defined refutations is a highly complex task. In previous work [14] a superposition
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calculus for certain types of formulas was used for the construction of refutation schemata,
but only works for a weak fragment of arithmetic and is hard to use interactively.

The key to proof analysis using CERES in a first-order setting is not the particularities
of the method itself, but the fact that it provides a bridge between automated deduction and
proof theory. In the schematic setting, where the proofs are recursively defined, a bridge
over the chasm has been provided [11,14], but there has not been much development on
the other side to reap the benefits of. The few existing results about automated deduction
for recursively defined formulas barely provide the necessary expressive power to anal-
yse significant mathematical argumentation. Applying the earlier constructions to a weak
mathematical statement such as the eventually constant schema required much more work
than the value of the provided insights [10]. The resolution calculus we introduce in this
work generalizes resolution and the first-order language in such a way that it provides an
excellent environment for carrying out investigations into decidable fragments of schematic
propositional formulas beyond those that are known. Furthermore, concerning the general
unsatisfiability problem for schematic formulas, our formalism provides a perfect setting for
interactive proof construction.

Proof schema is not the first alternative formalization of induction with respect to Peano
arithmetic [17]. However, all other existing examples [8,9,15] that provide calculi for induc-
tion together with a cut-elimination procedure do not allow the extraction of Herbrand
sequents1 [12,17] and thus Herbrand’s theorem cannot be realized. In contrast, in [14] finite
representations of infinite sequences of Herbrand sequents are constructed, so-called Her-
brand systems. Of course, such objects do not describe finite sets of ground instances, though
instantiating the free parameters (i.e. variables that can be instantiated with numerals) of
Herbrand systems does result in sequents derivable from a finite set of ground instances.

The formalism developed in this paper extends and improves the formal framework for
refuting formula schemata in [11,14] in several ways: 1. The new calculus can deal with
arbitrary quantifier-free formula schemata (not only with clause schemata), 2. we extend the
schematic formalism to multiple parameters (in [11] and in [ 14] only schemata defined via one
parameter were admitted); 3. we strongly extend the recursive proof specifications by allowing
mutual recursion (formalizable by so-called called point transition systems). Note that in
[11] a complicated schematic clause definition was used, while the schematic refutations in
[14] were based on negation normal forms and on a complicated translation to the n-clause
calculus. Moreover, the new method presented in this paper provides a simple, powerful and
elegant formalism for interactive use. The expressivity of the method is illustrated by an
application to a (weak) version of the pigeon hole principle.

2 A Motivational Example

In [10], proof analysis of a mathematically simple statement, the Eventually Constant Schema,
was performed using an early formalism developed for schematic proof analysis [11]. The
Eventually Constant Schema states that any monotonically decreasing function with a finite
range is eventually constant. The property of being eventually constant may be formally
written as follows:

Vyx =y = f(0) = f(), ey

! Herbrand sequents allow the representation of the propositional content of first-order proofs.
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where f is an uninterpreted function symbol with the following property

Vax (\n/ ) = i)

i=0

for some n € N. The method defined in [11] requires a strong quantifier-free end sequent,
thus implying the proof must be skolemized. The skolemized formulation of the eventually
constant property is Ix(x < g(x) — f(x) = f(g(x))) where g is the introduced Skolem
function. The proof presented in [10] used a sequence of X»-cuts

IVy((x =y)=>n+1=fO)V () <n+]1).

Also, the Skolem function was left uninterpreted for the proof analysis. The resulting cut-
structure, when extracted as an unsatisfiable clause set, has a fairly simple refutation. Thus,
with the aid of automated theorem provers, a schema of refutations was constructed.

The use of an uninterpreted Skolem function greatly simplified the construction presented
in [10]. In this paper we will interpret the function g as the successor function. Note that
using the axioms presented in [10] the following statement

Vx (\/ fx) = i) Fax(f(x) = f(suc(x)))
i=0

is not provable. Note that we drop the implication of Equation 1 and the antecedent of the
implication given that x < suc(x) is a trivial property of the successor function. However,
using an alternative set of axioms and a weaker cut we can prove this statement. The additional
axioms are as follows:

f)=ik f(x) <stk), for0<i<k<n
fsuc(x)) =ik f(x) <sk), forO0<i<k<n
fx) =k, f(suc(x)) =k F f(x) = f(suc(x)), forO <k <n
fO) <0k
f(suc(x)) < sk) = fsuc(x)) =k, f(x) <k, forO<k<n
fx)<stk)F f(x) =k, f(x) <k, forO<k <n
For the most part these axioms are harmless, however the axiom f(suc(x)) < s(k) +
f(suc(x)) =k, f(x) < k implies that f has some monotonicity properties similar to the

eventually constant schema.
Note that the mentioned axiom f(x) < s(k) - f(x) =k, f(x) < k is equivalent to

fk) =kt f(suc(x)) >k

in the standard model. Thus this axiom describes an increase of values, not a decrease! For
example consider the following interpretation of f forn = 2:

f0)=0, fF(h=1, f2) =2, f(z) =2forallz > 1.

Here we have f(1) < 2,but f(2) =2 and f(z) =2 forall z > 1.
Being that our proof enforces this property using the following Az-cut formula we are guar-
anteed to reach a value in the domain above which f is constant. The cut formula is:

Ax(f(x) =k ANk = f(suc(x)) VVx(f(x) <k), forO <k <n.
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PROOF

% Proof 1 at 0.017 (+ 0.000) seconds.
% Given clauses 73.
% number of calls to fixpoint : 3
S_init :
(51: [ EQ(v0,f(h(v1))) | LE(f(v1),v0) if =n = s(v0) 1].
50: [ EQ(v0,f(v1)) | LE(f(v1),v0) if n = s(v0) ].
33: [ PHI(vO,vl) if n = s(v0) 1].
)
S_loop
(82: [ EQ(v0,f(h(v1))) | LE(f(v1),v0) if =n = s(s(v0)) 1].
80: [ EQ(v0,f(v1)) | LE(f(v1),v0) if n = s(s(v0)) 1.
53: [ PHI(vO,vl) if n = s(s(v0)) 1].
)
The empty clauses
(45: [ n=01.
81: [ n=s(0) ].
112: [ n = s(s(0)) 1.
) max_rank 2

end of proof

Fig. 1 Output of Peltier et al.’s Prover9 extension [13]

One additional point which the reader might notice is that we use what seems to be the less
than relation and equality relation of the natural numbers, but do not concern ourselves with
substitutivity of equality nor transitivity of <. While including these properties will change
the formal proof we present below, the argument will still require a free numeric parameter
denoting the size of the range of f and the number of positions we require to map to the
same value.

We will refer to this version of the eventually constant schema as the successor eventually
constant schema. While this results in a new formulation of the eventually constant schema
under an interpretation of the Skolem function as the successor function, we have not taken
complete advantage of this new interpretation taking into account that this re-formulation is
actually of lower complexity than the eventually constant schema. For example in Fig. 1 we
provide the output of Peltier’s superposition induction prover [3] when ran on the clausified
form of the cut structure of the successor eventually constant schema. The existence of this
derivation implies that the proof analysis method of [14] may be applied to the successor
eventually constant schema. Unfortunately, the prover does not find the invariant discovered
in [10], but this may have more to do with the choice of axioms rather than the statement
being beyond the capabilities of the prover.

We can strengthen the successor eventually constant schema beyond the capabilities of
[13] easily by adding a second parameter as follows:

Vx (\/ fx) = i) F3x (/\ fx) = f(suci(x))> .

i=0 i=0

We refer to this problem as the m-successor eventually constant schema. Applying this
transformation to the eventually constant schema of [10] is not so trivial being that the axioms
used to construct the proof do not easy generalize. However, for the successor eventually
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constant schema the generalization is trivial and is provided below:
fGuc"(x) =itk f(x) <sk), forO0<i <k <nand0 <r <m,
fx) =k, f(suc"(x)) =k F f(x) = f(suc"(x)), forO <k <n, and0 < r < m,
fO) <0k,
fsuc™(x)) < sk) & f(suc"(x)) =k, f(x) <k, for0 <k <nand0 <r <m,
where suc®(x) = x.

Similar to the previous case, the last axiom may be interpreted as
f&x) = kb f(suc"(x)) >kforO<k<n,0<r=<m

over the standard model, where suc” (x) = x + r. Again, it describes an increase of values.
Furthermore, the cut formula can be trivially extended as follows:

m
dx (/\ f(suci(x)) = k) VVx(f(x) <k), forO <k <n.
i=0
Given that the m-successor eventually constant schema contains two parameters it is beyond
the capabilities of [13]. Interesting enough, the prover can find invariants for each value of m
in terms of n, though, these invariants get impressively large quite quickly. The cut structure
of the m-successor eventually constant schema may be extracted as an inductive definition
of an unsatisfiable negation normal form formula. We provide this definition below:
O@n,m) = D(n,m) A P(n,m),
C(y,n,0) = f(S0,y) ~n,
C(y,n,s(m)) = f(S(s(m),y)) »n v C(y,n,m),
T(n,0) =Vx(f(S0,x) £sm) v f($0,x))~n Vv f(x)<n),
T(n,s(m)) =Vx(f(S(s(m),x)) £s(n) v f(S(s(m),x)) ~nV f(x) <n)
AT (n,m),
PO, m) =Vx(C(x,0,m)) A fla) £0,
P(s(n),m) =V¥xC(x,s(n),m) AT(n,m) N P(n,m),
D(n,0) =Vx(f(SO,x)) ~n Vv f(x) <n),
D(n, s(m)) = Vx(f(S(s(m),x)) ~n Vv f(x) <n) A D(n,m),
50,y =y,
S(s(n), y) = suc(S(n, y)).
where a is some arbitrary constant. We will show how our new formalism can provide a

finite representation of the refutations of the inductive definition even though our refutation
requires the use of mutual recursion as well as multiple parameters (six in total).

3 Schematic Language

Large parts of mathematics can be formalized in a natural way in second-order logic [16].
However, most methods for proof analysis and transformation are particularly suited for first-
order logic and thus, second-order formalizations have to be projected to first-order ones.
The most appropriate way to deal with this projection is the introduction of a many-sorted
language. As in [11,14] we choose to work in a two-sorted version of classical first-order
logic with one sort for a standard first-order term language and one for numerals.

@ Springer



604 D.Cernaetal.

The first sort we consider is w, in which every ground term normalizes to a numeral, i.e. a
term inductively constructable over the signature ¥, = {0, s(-)} as follows N = s(N) | 0,
s.t. sS(N) # 0 and s(N) = s(N') — N = N’. Natural numbers (N) will be denoted by
lower-case Greek letters («, 8, y, etc); The numeral s“0, « € N, will be written as &. The set
of numerals is denoted by Num. When describing sequences of objects such as t1, - - - , t, if
it is possible to avoid confusion, we will abbreviate the sequence by _t)o,.

Furthermore, the w sort includes a countable set of variables N called parameters. Param-
eters are denoted by k,l,n,m, ki, ko, ..., 11,12, ..., n1,n2,...,my,my, .... The set of
parameters occurring in an expression E is denoted by N'(E). The set of free w-terms,
denoted by 7;” contains all terms inductively constructable over X, and " as follows:

- Ift e Nort € Num,thent € 7"
— Ift € 72, then s(1) € T

In addition to the signature X, the w sort allows defined function symbols, the set of which
will be denoted by X,. These symbols will be denoted using * and have a fixed finite arity.
The set of w-terms, denoted by T® contains all terms inductively constructable over X, X,
and V, i.e.

- Ift € TP, thent € T?
- Ify, ---t, €T? andfe ﬁ‘w,s.t.fhasmitya zl,thenf(_t)a)eT“’

The second sort, the ¢-sort (individuals), also has two associated signatures, the set of free
function symbols, X, and the set of defined function symbols, >, Similarly, defined symbols
will be denoted by * and have a fixed finite arity. Variables of the (-sort are what we refer
to as global variables, that is variables which take numeric arguments, i.e. X (_t)a) where
_t)a € T? for o > 0. Note that « is fixed and finite. The set of all global variables will be
denoted by VG, and terms of the form X (_z>a) will be referred to as V-terms over X. The set
of V-terms whose arguments are numerals (from Num) will be denoted by V*. Such terms
are referred to as individual variables. We will often denote the set of individual variables
contained in some object T by V*(T), e.g. a substitution, an ¢ term, a set of ¢ terms, etc. A
similar construction will be used for other types of objects defined in this section.

Thus, the set of free (-terms, denoted by 7y is inductively constructed from X, and VO as
follows:

~If&, - .dp € Numand X € VO, then X(@p) € T
— 1y, 1q € T and f € X, s.t. f has arity « > 0, then f(7 o) € T
The set of (-terms, denoted by 7* is inductively constructed from X, ZA’L, and VO as

follows:
—Ifre7T!, thent € T*

Ifty, - tg € T?and X € VO, then X(73) € T
A A = G N ~ .
- Ifty,-- ty €T, f € X, Xg € V¥, and ngq1 € N s.t. f has arity « + g + 1 for

o, B >0, then f(X_;;,nO,H) eT!

Remark 1 In this work we will define schematic refutations and schematic unifiers. In previ-
ous work (see [14]) in principle only an implicit representation of unification schemata could
be obtained, an explicit representation was impossible due to the restrictions of the formal-
ism. If we however allow for the use of indexed variables, we obtain a stronger formalism
in the sense that schematic variables, and thus unifiers, can be defined. The use of global
variables will be vital for the definition of schematic substitutions and unifiers later in the

paper.
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Schematic Refutations of Formula Schemata 605

The third and final sort we consider is that of formulas which will be denoted by o.
Formulas are constructed using the signature ¥, = {—, A, V}, a countably infinite set of
predicate symbols P with fixed and finite arity, and a countably infinite set of formula
variables V¥, The set of formula terms, denoted by 7 v is constructed inductively as follows:

—ift € VF thent € TY

— ifty,...,t, € T and P € P s.t. P has arity o > 0, then P(t_;) eTy.
ift € Ty, then —t € 7y
ift;, 1 € Ty and x € {V, A}, then t1xtr € T

We refer to Boolean expressions as the subset of 7,7 constructed without symbols of vE
Fort € 77, by VF(t) c VF we denote the set of formula variables occurring in 7. The set
of Boolean expressions will be denoted by 7,/ and is constructed as follows:

—ifty,...,to € T and P € P s.t. P has arity « > 0, then P(t_a)) €1y .
— ift € 77, then =t € 7y
— ift1, 7 € 7 and » € {V, A}, then 1121 € T

Formula schemata are constructed using formula terms by allowing defined predicate
symbols to occur. Similarly as in the previous cases, defined symbols will be denoted by *
and have a fixed finite arity. The set of defined predicate symbols is denoted by P. The set of
formula schemata is denoted by 7,(X,, P, VE VG N, 75) and is constructed inductively
as follows:

- ift €7y, thent € T°

—Ifty, -ty eTU,ﬁ 673,X_>,3 € VG,andnaH e./\fs.t.ﬁhasarityoz—l—ﬂ—i—lfor
@, B >0, then P(Xp, ig31) € T°

— ift € 79, then =t € T°

— ift;,tp € T? and x € {V, A}, then t;xt, € T°

Furthermore, for x € {w, t, 0}, f]x has an associated irreflexive, transitive, and Noetherian
order <.

For every defined symbol f IS ﬁ‘w U f]t U ffo there exists a set of defining equations D ( f )
which expresses a primitive recursive definition of f.

Definition 1 (Defining equations) Let x € {w, 1,0}, 0, B > 0 and e is a member of A/,V*, or
VT depending on x. For every f € Xy, we define a set D( f ) consisting of two equations:

FR a5 0 =th, FX o7 sm) =1l (e — F(X o7 5. m)}, where
(D) Iffis minimal:

(a) if x € {, 1}, then t}; tg €Ty

(b) ifx = o, then 1] € TY.t{ € T2 and [VF(])) < 1.

2) If f isnon-minimal: tg s tg € T* where t}; , t{ may contain only defined function symbols

smaller than £ in <. If x = o, then |[VF (¢])| < 1 and |[VF (t])| = 0.

Additionally, N'(t}) € {ni, ..., ng}, N(t]) € {n1,...,ng} U {m, e} (if « € N), and
the only global variables occurring in 75 and g are 7()0, U {e} (if « € V). We define

D* =UD() | f e %)
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606 D.Cernaetal.

Remark 2 We frequently write 7p instead of t{; and zg instead of t_{ when the defined symbol

is clear from the context.

Definition 2 (Closed symbol set) Let S be a finite set of sympols in ZAJOAJ U ZA,‘L U f],,. We call
S closed if for any f € S all defined symbols occurring in tg and in tg belong to S.

DeﬁAnition 3 (Theory) Let S be a closed set of symbols. Then the tuple (S, f , D) is a theory
of fif
- f € Sand fAis mAaximal in S,
-D=UID() I f €S}
Example 1 For p € X, D(p) = {p(0) =0, p(s(m)) =m}, 15 =0, 1, = m.
Let f, 8 € X, s.t. f is minimal and f <, §. We define D(f) as
fn,0) =15, f(n,s(m)=tsle < f(n,m)
for tp = n and tg = s(e). Then, obviously, f defines +. Now we define D(g) as
8§, 0) =13, g(n,s(m)) =rs{e < g(n,m)}

where 1, = 0 and g = f(n, ). Then g defines . In both cases e is any fresh parameter in
N The corresponding theory is ({ﬁ, £.81, {8}, D(p)uD(fHU D(gv)) .

Example 2 As a second example consider g € X, and f € X,. We define D( f ) as
FX,00=X(0), fX,m+1)=gXm+1), f(X,m).
Here, tp = X(0),ts = g(X(m + 1), o).

It is easy to see that, given any parameter assignment, all terms in 7 evaluate to numerals.
The defined symbols in our language introduce an equational theory and without restrictions
on the use of these equalities the word problem is undecidable. Furthermore, the evaluation
of equations can be nonterminating. However, in this work the equations can be oriented to
terminating and confluent rewrite systems and thus termination of the evaluation procedure
is easily verified.

Definition 4 (Rewrite systems) Let x € {aﬂ, t, 0}, and f € X,. Then R(f) is the set of the
following rewrite rules obtained from D(f):

FXaTp.0) = 15, f(X a7 p.s(m)) — ts{e < F(X o7 p.m)}.

R* = U{R(f) | f € ]:"x}. When aterm s € T rewrites to ¢ under R* we write s — t. for
aterm s € T*, such that N'(s) = @, we denote exhaustive application of R* to s by s, i.e.
normalization of s.

Definition 4 implies that parameters ought to be replaced by numerals prior to normalization.
Definition 5 (Parameter assignment) A functiono : N' — Num s called a parameter assign-

ment. o is extended to 7“ homomorphically:

- o(B) = B for numerals .
- a(sA(IQ): S(O’Sl))_) . R
- 0(f(ty)) = f(o(tg))efor f € X, and 1, € T?.

@ Springer



Schematic Refutations of Formula Schemata 607

The set of all parameter assignments is denoted by S.

Note that parameter assignments (Definition 5) can be extended to ¢ and o terms in an
obvious way. While numeric terms evaluate to numerals under parameter assignments, terms
in T* evaluate to terms in 7j, i.e. to ordinary first-order terms, and terms in 7'’ evaluate to
terms in T0” , i.e. Boolean expressions. Like for the terms in 7% the evaluation is defined via
a rewrite system. To evaluate a term t € T* under 0 € S we have to combine —, and —,.

Definition 6 (Evaluation of T') Leto € Sandt € T*'. We define o (1){,:

— G — —
— t=X(s5) for X € VO then 0 (X(5¢))di= X (0 (50)dw)-
- t=fGg)for f € Sytheno (f(Tabi= [ (Tl
—t=f(Xq, ¢ ;3+1) for f € ¥, theno(f(Xq, ¢ ﬂ+1))~l«t: f(Xq,0(f ﬁ+l)¢w)l/z .

Remark 3 Concerning global variables and normalization, we should consider the following:
Letty, - -ty,51, 8¢ €Ew, X, Y € VG,thenwesay X(ty, - ty) =Y(s1, - sa)iff X =Y
and for any parameter assignment ¢ we have o (t;)},= 0 (si){ for 1 <i <.

Example 3 Let us consider the evaluation of the term g(X(n), f (X, m + 1)) with respect to
the parameter assignment o (m) = 2, o (n) = 2, using the defining equations provided in
Example 2.

o (g(X(m), F(X,m+ 1)) = ga (X)), o (f(X,m+ 1))
= g(X(@Mo), f(X,om+ 1Dlw)l)
= g(X(2), f(X,3)L)
= g(X(2),g(X(3), f(X,2)1))
= g(X(2),8(X(3), g(X(2), (X, D))
= g(X(2), g(X(3), g(X(2), g(X (1), f(X,00{)))
= g(X(2),8(X(3), g(X(2), g(X(1), X(0)))))

To evaluate a term ¢t € T? under o € S we have to combine —,, —,, and — .

Definition 7 (Evaluation of T°) Let o € S; we define o (¢)|, fort € T°.

—teVF theno(t),=1.
s — —
—t=P(ty)for P € Xy, then 6 (P(ty))o= P(o(ty)l.)-

A —> — ~ A~ A —> —
—t=P(Xq, ﬂ+l) for P € X,, then P(Xq,0(t /3+l)\l«w)»l/()
— t ==/, then o (=t') | o= =0 (') 0.
—t=toty,theno(t)o= 0 (t1)lo 0o (t2)l, for o € {A, V}.

Proposition 1

— R* is a canonical rewrite system for x € {w, t, 0}.
— Lett € T* and o € S. Then the (unique) normal form of o (t) under R*, o (t) |y, is a
member of T

Proof Concerning R®, termination and confluence are well known, see e.g. [4]. In particular,

0,s and R(X,,) define a language for computing the set of primitive recursive functions; in
particular the recursions are well founded. A formal proof of termination requires double
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608 D.Cernaetal.

induction on <, and the value of the recursion parameter. The proofs for R* and R’ are
slightly more complex. Given the similarity of the two rule sets we will only provide formal
proof for R*. In particular, we show that given t € T* and o € S then o (1) |,€ T;. We
proceed according to Definition 6.

—ift = X(5) then 0(50) b= Yo for Vi € Num and o (X (52) bi= X (Vo) € V*.
—
—ifr = f(s_;) for f € X, then a(f(s_a)))J,t: f(o(sq)!.). By induction we may assume
— N
that s, = o (sq)d.€ T3, thus f(s],...,s}) € Tj.

A —> A A A
—if f(Xq, Eg), tg41) for f € X, and f is minimal in <,, then we distinguish two cases

= AT > e S -
1. o(tg+1) o= 0. Then, O(Ji(ﬁou t_ﬂ), tf9+1))¢1)) = f(X«, vp,0) for y; € Num.
According to Definition 4 f( X o, yg, 0) rewrites to tp € Té.
2. o(tgr1)o=1p + 1 for p > 0. Then f(?()a, %, p + 1) rewrites to the term rg{e <«
f(?a, % p)} where tg € Tj5. By induction on p we infer that f(?()a, % e Ty
and so f(})a, 74 + 1) rewrites to a term in T;.

R N S 2 A .. . . .
—if f(X 4, tg,tg41) for f € X, and f is not minimal in <,, then we have to add induction
on <, with the base cases shown above.

[}

Example 4 We consider the theory ({f}. f, D) where D = {D(f)} for D(f) defined below.
Let X,Y € VO, g € X, and n, m parameters. Assume f is defined as follows: Let D(f)
consist of the two equations
fX.¥,n0) =7,

f(X,Y,n,s(m)) = g(X(n,m), f(X,Y,n,m)).
We evaluate f(X, Y,n,m) under o, where o(n) = 1,0(m) = 2 and o(k) = 0 for k ¢
{n, m}.
o(f(X. Y. nm)l, = f(X, ¥, 1,2)),=g(X(1 1), f(X, ¥, 1,1))

=g(X(1, D), g(X(1,0), f(X,Y,1,0)],) = g(X(, 1), g(X(1,0), Y)).
When we write x; for X (1, 1) and x, for X (1, 0) and y for Y we get the term in the common
form g(x1, g(x2, ¥)).

The last point we would like to make concerning terms 7 is that we designed the language
to finitely express infinite sequences of quantifier free first-order formula. In particular, we
are interested in infinite sequences of unsatisfiable formula whose refutations are finitely
describable using the resolution calculus introduced later in this paper. We end this section
with examples of such formulas.

Definition 8 (Unsatisfiable schemata) Let F € T°. Then F is called unsatisfiable if for all
o € S the formula o (F)|, is unsatisfiable.

Example5 leta € ZJAL, If € EOA, f as in Exarpple 2,}3, Q € ﬁ‘o such that P <o Q; We
cpnsider the theory ({ P, Q, f}, O, {D(P), D(Q), D(f)}). The defining equations for P and
Q are:

P(X,0) = ~P(X(0), f(a,0)), P(X,s(n) = P(X,n) v =P(X(s(n)), f(a,sn))),
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O(X,Y,n, 0) = P(f(¥(0),0),Y(1) A P(X,n) and
O(X,Y,n,s(m)) = P(f(Y(0),s(m)), Y(1)) A P(X,n).
It 1s easy to see that the schema Q(X Y,n,m) is unsatisfiable. Let us consider
U(Q(X Y,n,m))l, foro with o (m) =2, o (n) = 3:
o (Q(X, Y, n,m) o = P(f(Y(0),2), Y(1) A P(X,3)L,)
= P(f(Y(0),2),Y(1)) A (P(X.2)}o V=P(X(3), f(a.3)])
P(f(Y(0),2),Y(1) A (P(X, Do V=P(X(2), f(a.2)}) vV
—=P(X(3), f(a,3)})
.. P(g(g(Y(0)), Y(1)) A
(=P(X(0),a) v =P(X(1), g(a)) V =P (X(2), g(g(@))) v
—P(X(3), g(g(g(@)))).

Note that for o (n) = a the number of different variables in G(Q(X, Y,n,m))lois a + 2;
so the number of variables increases with the parameter assignments.

Example 6 Let us now consider the schematic formula representation of the inductive def-
inition extracted from the m-successor eventually constant schema presented in Sect. 2.
Th1s requlres us to deﬁne ﬁve defined predicate symbols a 1, Fz, Fg, F4, and F5 such that
F5 <o F4 <o Fg <o F2 <o F1 Furthermore, the defining equations associated with these
defined predicate symbols contain the symbols ~, <€ X, a, f,suc € X, andn,m € N.
We also require a defined function symbol Se 2. Note that in this case the sort ¢ is identical
to w. Using thege symbols we can rewnte the 1n£luct1ve definition provided in Sect. 2 into
the theory (S, Fi, D) where S = {Fy,..., F5, S} and D consists of the equations below
X = (X1, X2, X3)):
Fi(X,n,m) = Fy(X,n,m) A F5(X,n,m)
(X, n,0) = f(S(X1(n,0),0) ~n vV f(X1(n,0)) <n
(X, n,s(m)) = (f(S(X1(n, s(m)), s(m))) ~n VvV f(Xi(n,s(m))) <n) A
Ex(X,n,m)
F5(X,0,m) = F5(X,0,m) A f(a) £0
E(X, s(n),m) = (F5(X, s(n),m) A (Fy(X,n,m)) A F3(X, n, m)
Fi(X.n,0) = f(8(X2(n,0).0) £ 5(m) Vv f(8(X2(n,0),0) ~n v
f(X2(n,0)) <n
Fy(X,n, s(m)) = f(S(X2(n, s(m)), s(m))) £ s(n) v
F(8Xa(n, s(m)), s(m))) ~nV f(Xz(n,s(m)) <n A
Fa(X, n, m)
Fs(X,n,0) = f(8(X3(n), 0)) = n
F5(X,n,s(m)) = f(S(X3(n), s(m))) »n v F5(X,n, m)
$(2,0) =
$(2, s(n) = suc(S(Z, n))
In dealing with term schemata we have to consider schematic substitutions, particularly

when we are interested in unification. Below we develop some formal tools to describe
such schemata. Note that for two term schemata to be unifiable, they have to be unifiable
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for all parameter assignments. Here the use of global variables plays a vital role. Although
there are unifiable term schemata that are defined without global variables, allowing this
kind of indexed variables in the construction of term schemata simplifies the formalism. As
shown below in Example 7, there are term schemata (which are defined without using global
variables) that are unifiable for some, but not all parameter assignments.

Example 7 Let us consider f,f], and  with the defining equations

f@0)  =h@a), fOxs@) =h fan)
NGy 0) = hia.a), filx,y.sm) = h(x, f(y.n)
§(x.y.0) =h(a. a), §(x,y.s(n) =h@x,y.n),y)

Note that fl > f . Consider the parameter assignment o = {n — 2} and the evaluation of

fitx, y,n):

fl(xv ys n)‘l/U = fl(xv y’ 2)‘1‘
= h(x, f(y, D) = h(x, h(y, f(x,00])) = h(x, h(y, h(a, a)).

We can define unification problems such as

~ 92 .
flx,n) =gy, y.n)
Consider op = {n — 0} and 01 = {n — 1}. Then, the unification problem evaluates to
fx, n)ioo 80, v, Moy = hia,a) = h(a, a)
FEmlo = 80 v, moy = hix, hia, a) = h(h(a, a), y),

both of which are unifiable. However, for oo = {n — 2} the unification problem evaluates
to

h(x. h(x, h(a, @) = h(h(h(a, a). y). y).

After two steps unification fails due to occurs check.
On the other hand,

e,y sm) = gz, 2, s()
is a unifiable unification problem. The evaluation for o, = {n — 2} is
h(x, h(y, h(y, h(a,a)))) = h(h(h(h(a,a),2),2), 2).
A unifier for this problem is 6 =
{x < h(h(h(a,a), h(y, h(y, h(a,a)))), h(y, h(y, h(a, a)))).z < h(y, h(y, h(a, a)))}.
The substitution schema is
Fn) = v < &(f . from).n). 2 < fy.m).

As term schemata that are defined without the use of global variables repeat a finite set of
variables arbitrarily often, in many cases the unification problem of term schemata will result
in occurrence check failure. We can tackle this problem by using global variables. Usually,
we do not desire all variables occurrences to be the same nor do we desire them to all be
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different. These extreme cases can be described through quantification. Let P be a one-place
predicate symbol, then P(f(x, n)) can be interpreted as

VxP(h(x, h(x,...,h(x, h(a,a))...))), oras
Vxi,...x, P(h(xy, h(xo, ..., h(x,, h(a, a))...))).

The use of global variables allows for the syntactic description of properties of the quantifier
prefix. Moreover, it reduces unwanted occurrence check failure. The domain of a unifier
of term schemata, that are constructed using global variables, is by construction dependent
on the numeric parameter. These kind of unifiers are called s-unifiers. Before introducing
s-unification formally, we need some preliminaries.

The class T;” which represents the free algebra based on s and 0 is not very expressive while
T“ is too strong (many properties are undecidable). For our proof analysis in Sect. 6 we need
a slight extension of T;’; besides the successor, we add the predecessor in order to define
recursive calls. For this reason we extend our class 7;;” by adding the defined function symbol
p as defined in Example 1.

Definition9 (T{")Letp € ¥, and D(p) as in Example 1. The class T{ is defined inductively
as follows.

- 0erp,

- NCT?,

— ift € T{ then s(t) € T,
- ifz € T{” then p(t) € T".

Definition 10 (Essentially distinct) Let T = (s1,...,8¢) forsy, ..., sy € T{ and T, =
(575 s s}’s) forsj, ..., S,/s e Ty S and 5, are called essentially distinct if either o # B
or for all o € S there exists ani € {1, ..., o} such that o (s;)|»7# a(s{)%,.

Proposition2 Lera > 0, 5| = (s1,..., ) forsi,...,Sq € T{ and T = (87, 5)
forsy,...,s, € TP and I' = {s 2 SPs e Sa 2 Sy ). Then I is unifiable over T{ (i.e. in
the theory ({p}, {p}, (D(p)}) over T}") iff 51 and 5 o are not essentially distinct.
Proposition 3 17 is decidable whether v, T are essentially distinct for term tuples 5, e

. w
inTP.

Proof If the arity of 5 and 7 is different the problem is trivial. Therefore we consider terms
of the form

— —
S =(51,..0,8q), L =(1,...,1a).

.. — . .
By Proposition 2 ?, ¢ are not essentially distinct iff
2 ?

I:{{si=t,-, 54 =g}

is solvable over 7|”. We present an algorithm for deciding solvability of such a system I".
Let t be a term in T|”. Then ¢ is either of the form fi--- fgn forn € N or fi--- ff}(_)
where fi,..., fg € {s, p}. To each such term and o € S we assign an arithmetic expression
(o, t):

~Ift=fi-- fg0thenw(o, 1) = a for fi--- f30l0w=a.

- Ift = fi--- fgn we define

— v, () = number of occurrences of s in ¢,
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— v;(t) = number of occurrences of p in ¢.
w(o,1) = n+vs(t) —v;(t) foro(n) > vj(1),
=ajford; = fi- - fpile ando(n) =i,i <v;(0).

Now let 7 (n) be all terms of the form fj - -- fgn in I'. Select the # in 7 (n) where v;(#) is
maximal and define r(n) = vs(y. If ny, ..., n) are all the variables in I" we obtain numbers
r(ny),...,r(ny). For all terms ¢ of the form f - - - fgn we define now

(0, 1) = n+ (1) = vy(0) for o (n) = r(n),

a; fora; = f -'-f,ng ando(n) =1i,i <r(n).

Now consider the valid formula

r(np)—1 r(ny)—1
\/ np=ivn=rn) | A---A \/ ny =ivn, >r(ny,)
i=0 i=0

and transform it into an equivalent DNF F. Then every conjunct C in F defines a condition
on o such that the (o, s;), 7 (0o, t;) are uniquely defined and every C defines a system

E(C,0) = {n(0,51) = 7(0,11), ..., (0, 5¢) = 7(0, 1))

The solvability of £(C, o) is easy to check as all equations are of the form m o i = nxj,
moi = jori = jforo, x € {+, —}, m, ninteger variables and i, j € IN. But I" is solvable iff
all the £(C, o) are solvable. Hence the decision algorithm consists in checking all equational
systems £(C, o) for solvability. O

Example8 Let 5 = (psn,m,n), { = (ppn,n,sk). For m,k we get w(o,m) =
m, (o, sk) = k + 1. We have two terms “ending” with n, namely psn and ppn. Here
we get
(o, psn) = nforo(n) > 1, n(o, psin) = 0 for o (n) =0,
(o, ppn) = 0foro(n) <2, n(o, ppn) =n — 2 foro(n) > 2.
We obtain r(n) = 2 and obtain the formulan = 0V n = 1V n > 2 which is already in DNF.
The corresponding equation systems are
E1={0=0,m=0, 0=k + 1},
SH={1=0,m=1, 1 =k+1},
S=nh=n-2, m=nn=k+1}.
All equation systems are unsolvable and thus s, T are essentially distinct. It is easy to see
—
that the first equation system is solvable if we change the term Ttof = (ppn, n, k). So
—

?, ¢ are not essentially distinct.

Definition 11 (s-substitution) Let ® be a finite set of pairs (X(5 o), 1) where X(5 o) € T,
5 o atuple of terms in T{ andt € T*. Note that the global variables occurring in ® need not

—
be of the same type. © is called an s-substitution if for all (X (5 o), 1), (Y (5 &), 1) € ©

%
either X # Y or the tuples s o and s’ are essentially distinct. For o € S we define
Olo] = {X(0 (¥ o)w) < tol] (X(Fa), 1) € O).
We define dom(©®) = {X(T o) | (X(T o), 1) € Oyand rg(@) = {t | (X(F o). 1) € O},
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Proposition 4 Forall o € S and every s-substitution ©, ®[o] is a (first-order) substitution.

—
Proof 1t is enough to show that for all (X (5 ), 1), (Y(s ¢).7) € © X(0(5 o) bo) #
—
Y(o(s' o) o) and o (1) |, 0(t') }.€ T (follows from Proposition 1), for all o € S. If
—
X # Y this is obvious; if X = Y then, by definition of ©, _s)a and s’ are essentially

—
distinct and so for each 0 € S we have X(U(?Q) bo) # X(0(5" o) le). Thus Ofo] is
indeed a substitution as for X(?a) € T“, X(o(?a)) eV O

Example 9 The following expression is an s-substitution
O = {(X(n,m), (¥ (m), n)), (X(s(n), m), S(¥ (m), s(n))), (X(0,0), Y(0))}.

for § as in Example 6.

The application of an s-substitution ® to terms in 7" is defined inductively on the complexity
of term definitions as usual.

Definition 12 Let ® be an s-substitution and o a parameter assignment. We define t®[o]
forterms t € T*":

— if ¢ is a constants of type ¢, then t®[o] = ¢,
—

—ift = X(T4) and (X(s5'4),t') € © such that X(a(?)a)) = X(0(54)), then
X(5 o)@lo] = o(t')]., otherwise X(5 ¢)O[o] = X (0 (5 &));

-iffeF, f:* = t(,51,....,5% € T'then f(s1,...,5,)O[0] = f(51O[o],...,
5O[0]),

—iffeX, frryQ,...,y@)) x Pt =, then

A= A=
S( X015, 1841)B[0] = f( X oy, 0w -+ 0 (111 e)l Olo].

Example 10 Let us consider the following defined function symbol:

8(X,n,0) = Xn,0),
gX,n,s(m)) = g(X(n,m), g(X, s(n), m)).

and the parameter assignment 0 = {n <— 0, m < s(0)}. Then the evaluation of the term
8(X, n, m) by the s-substitution ® from Example 9 proceeds as follows:

§(X,n,m)Olo] = g(X, 0w, 0(Mlu)lw Olo]
=8(X,0,50)l0 Olo]
= g(X(0,5(0)), §(X, 5(0),0){x)O[c]
= g(X(0,5(0)), X(s(0),0)O[o] = g(Y(s(0)), X(5(0), 0)).

where
Olo] = {(X(0, 5(0)), Y (s(0))), (X(s(0), s(0)), suc(¥ (s(0)))), (X(0, 0), Y (0))}.

for § as in Example 6.

The composition of s-substitutions is not trivial as, in general, there is no uniform represen-
tation of composition under varying parameter assignments.

@ Springer



614 D.Cernaetal.

Example 11 Let O = {(X1(n), f(X1(n))} and ®; = {(X1(0), g(a))}. Then, foro € S s.t.
o(n) =0 we get

O1lo] o Oz[0] = {X1(0) < f(X1(0)} o {X1(0) < g(@)} = {X1(0) < f(g(a))}.
On the other hand, for ¢’ € S with ¢’(n) = 1 we obtain
O1[0'T0 Ox[0"] = {X1(1) < f(X1(1)} 0 {X1(0) < g(a)} = {X1(]) < f(X1(1)),
X1(0) « g(a)}.

Or take ©] = {(X(n), X2(n))} and @) = {(X2(m), X1(m))}.
Leto(n) =o(m) =0ando’(n) =0, 0'(m) = 1. Then

O1lolo O[] = {X2(0) < X1(0)},
O1lo'To O3]0"] = {X1(0) < X2(0), X2(1) < X1(D)}.

The examples above suggest the following restrictions on s-substitutions with respect to
composition. The first definition ensures that domain and range are variable-disjoint.

Definition 13 Let ® be an s-substitution. ® is called normal if for all o € S dom(®[c]) N
Vi(rg(@lo]) = 0.

Example 12 The s-substitution in Example 9 is normal. The substitutions @] and ©)} in
Example 11 are normal. & in Example 11 is not normal.

Proposition 5 [t is decidable whether a given s-substitution is normal.

Proof Let ® be an s-substitution. We search for equal global variables in dom(®) and in
rg(®); if there are none then @ is trivially normal. So let X € V¢ (dom(®)) NV C (rg(®)).
For every X (70() € dom(®) and for every X (_t)a) occurring in rg(®) we test unifiability
of the arguments in the sense of Proposition 2. ® is normal iff for no pair X (701 and X( 1 o)
are the arguments unifiable in the sense of Proposition 2. O

Example 11 shows also that normal s-substitutions cannot always be composed to an s-
substitution; thus we need an additional condition.

Definition 14 Let @}, ®; be normal s-substitutions. (@1, @) is called composable if for all
cesS

1. dom(®[o]) Ndom(O,(0)) = 0,
2. dom(O1[c]) N Vi(rg(®[o])) = 0.

Proposition 6 It is decidable whether (©1, ©,) is composable for two normal s-substitutions
1, O).

Proof Like iI)l Proposition 5 we use Proposition 2 to test unifiability of arguments for variables
X (?), X ( t) occurring in the sets under consideration. ]

Definition 15 Let ®@;, @, be normal s-substitutions and (1, ®,) composable. Assume that
O ={(X1 (51,11, -, (Xa(5a) t)}, - O = {(Yi (@), r1), ... (Yp(Wp), rp)}.
Then the composition ®1x®, is defined as

(X1(51),102), ..., (Xa(52), ta@2), (Y1(1), 1), ..., (Yg(Wp), rp)}.
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The following proposition shows that @1x®; really represents composition.

Proposition 7 Let @1, @ be normal s-substitutions and (01, &) be composable then for
allo € S (O1xOy)[0] = O1[c] 0 O,[0].

Proof Let
O ={(X1(5D). 1), - (Xa(3a). t)}, - O = {(Y1(@1). r1). ... (Yp(Wp), rp)).
Then ®1%x®; is defined as
{(X1(5D), 102), ... (Xa(52), 1a@2), (Y1 (1), 1), ..., (Yp(Wp), rp)}.

We write x; for X; (o (Fi)))) and y; for ¥; (a(u_)})), 61 for ®1[o] and 6, for @;[o ]. Moreover
lett! = o (). r} =0 (rj).. Then

O ={x1 < 1]y, xq <1}, O={1 < rfs s Vo <—r}’3}.
As (©1, ©,) is composable we have

Lo {x, ..., xe} 0 {y1, ..., ¥} =0, and

2. {x1,...,xe} N V‘({ri,...,r/’g}) =0.
S0 616) = {x; < t],...,xa < t})}02 = {x1 <« 1{62,..., x4 < 1,02} U 6. The last
substitution is just (@1x®;)[o]. ]

Proposition 8 Let ®1, ®; be normal s-substitutions and (01, ©2) composable. Then O1xO,
is normal.

Proof Like in the proof of Proposition 7 let @[o] = 01, ®2[0] = 6,. We have to show that
dom(0162) N V'(rg(6162) = @. We have

01607 = {x1 < t{@z, A o té@z} U 6.
As 0 is normal we have V‘(ti/) N{xg,...,xq} = W fori = 1,...,a. By definition of
composability rg(62) N {xy, ..., x¢} = @, and therefore

Vit 0a, .. 100D N {x1, .. Xa ) = 0.

So {x1 < t{62,...,xy < 1,6} is normal. As also @, is normal we have dom(6;) N
Vi(rg(62) = @. Hence we obtain dom(016,) N V' (rg(6162)) = 0. m]

Definition 16 (s-unifier) Let t;, t € T'. An s-substitution @ is called an s-unifier of 7, #, if
forallo € S (t1jol,)O[o] = (tro | ,)O[o]. We refer to 11, 1 as s-unifiable if there exists
an s-unifier of #1, f,. s-unifiability can be extended to more than two terms and to formula
schemata (to be defined below) in an obvious way.

Example 13 Consider the following theory ({f, 1L {f). D(HU D(g)) where

D(f) ={ f(X,0) = h(a, X)), f(X,s(n) = h(X(s(n)), f(X,n))}

and

D(@) ={g(X,0) = h(X(0),a), g(X,s(n)) = h(@(X,n), X(s(n))}

Using these schemata we can define the unification problem

(f(X,5(n)), §(X, s(n)))
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which has as a unification schema © : {X (n) < fz(n)} where fz(n) is as follows:

D(h) = {h(0) = X(0), h(s(n)) = h(h(n), h(n))}.

@(n) is an s-unifier within the extended theory
(/.8 0 (7). DGHYUD@ U D).
Definition 17 An s-unifier © of 11, 1, is called restricted to {t1, 12} if T|,(®) C Ty, ({t1, 2}).

Remark 4 Tt is easy to see that for any s-unifier @ of {r, 1o} there exists an s-unifier ®' of
{t1, rn} which is restricted to {t1, t2}.

Most general unification is defined modulo the set of parameter substitutions S.

Definition 18 A restricted s-unifier ® of {1, 1} is a most general unifier if for all parameter
substitutions o € S, ® [o] is a most general unifier of {o(#1)],, o (2){.}.

Remark 5 For example, the s-unifier from Example 13 is a most general unifier. Note that it
is not clear if a most general unifier always exists. We do not have a decision procedure for
the unification problem, not even for restricted classes.

4 The Resolution Calculus

The basis of our calculus for refuting formula schemata is a calculus RPL for quantifier-free
formulas, which combines dynamic normalization rules (a la Andrews, see [1]) with the
resolution rule. In contrast to [ 1] we do not restrict the resolution rule to atomic formulas. We
denote as PLg the set of quantifier-free formulas in predicate logic; for simplicity we omit
— and represent it by — and V in the usual way. Sequents are objects of the form I" -+ A
where I" and A are multisets of formulas in PLg.

Definition 19 (RPL() The axioms of RPL are sequents - F for F' € PLy. The rules are the
elimination rules for the connectives
A, AAB I'HA,AAB AANB, '+ A

r Ary Al
'-AA I'+A,B A, B, T+ A

I'~AAVB AVB,TFA ZA\/B,I"I—AVZ
'AAB " ATFA ' B, I'FA 2

I'=A -A —AT'EA
A THFA 7 TT'FAA

1

the introduction rules for the connectives
r-AAT-AB . AT'A . BITFA |
A A A
A AAB " AANB,TFA "W ANB,THA "R

I'-AA + I'HAB + Al'tA B, I'A |
\ \% \Y
r-A,AvB " I'tA,AvB AVB,T'FA !
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ATHA _ THAA
FTFA-A 7 =ATFA !

the resolution rule

I'A A, ...,Ar Bi,...,By,[1+- A
'y, I1Y = A9, AD

res

¥ is an m.g.u. Of{Al, ...,Ak,Bl,..., Bl}, V({Al,...,Ak}) N V({Bl,...,Bl}) = 0.

We will extend RPL by rules handling schematic formula definitions. But we have to con-
sider another aspect as well: in inductive proofs the use of lemmas is vital, i.e. an ordinary
refutational calculus (which has just a weak capacity of lemma generation) may fail to derive
the desired invariant. To this aim we added introduction rules for the connectives, which gives
us the potential to derive more complex formulas. Note that our aim is to use the calculi in
an interactive way and not fully automatic, which justifies this process of “anti-refinement”.

Proposition 9 RPL is sound and refutationally complete, i.e.

(1) all rules in RPLg are sound and
(2) for any unsatisfiable formulaVF and F € PLy there exists a RPLo-derivation of - from
axioms of the form = F9 where ¥ is a renaming of V (F).

Proof (1) is trivial: if M is a model of the premise(s) of a rule then M is also a model of the
conclusion.

For proving (2) we first derive the standard clause set C of F. Therefore, we apply the rules
of RPLj to - F, decomposing F into its subformulas, until we cannot apply any rule other
than the resolution rule res. The last subformula obtained in this way is atomic and hence a
clause. The standard clause set C of F is comprised of the clauses obtained in this way. As
VF is unsatisfiable, its standard clause set is refutable by resolution. Thus, we apply res to
the clauses and obtain . The whole derivation lies in RPL. ]

In extending RPL to a schematic calculus we have to replace unification by s-unification.
Formally we have to define how s-substitutions are extended to formula schemata and sequent
schemata.

Definition 20 Let ® be an s-substitution. We define F©® for all F € 7° which do not contain
formula variables.

Let P(f1, ..., 1) € T and P € P. Then P(f1, ..., 1,)0 = P(110, ..., 1,0).
Let P e Pand P(Xy,..., Xg, 11, ..., 1841) € T, then

ﬁ(X],...,Xa,tl,...,tﬂ_;,_])@:13(X1,...,Xo(,t]@,...,tﬁ_;,_]@).

— (=F)® = —F6.
If Fi, F> € T° then

(FINF)O =FOANFRO, (F1VFH)O =FOVFHO.
LetS: Ay, ..., Ag = By, ..., Bg be a sequent schema. Then

§O =A10,...,A,0 - B1O, ..., BgO.
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In the resolution rule we have to ensure that the sets of variables in {Aj, ..., A} and
{B1, ..., B} are pairwise disjoint. We need a corresponding concept of disjointness for
the schematic case.

Definition 21 (Essentially disjoint) Let A, BB be finite sets of schematic variables in Ty,. A
and B are called essentially disjoint if forall o € S Alo] N Blo] = 0.

Definition 22 ( RPLO‘I’ ) Let ¥ : (S, Q, D) be a theory of the schematic predicate symbol Q
then, for all schematic predicate symbols P e S for

D(P) ={P(Y,n,0) =15, P(Y,n s(m)=ts{e < P(Y,n,m)),
elimination of defined symbols

reABY.n0 . TEAPYDsm) .
TFA, 15 BPTY ' Atgle < P(Y.n,m))

AY.n0).I—A . _ PY.nsm)I'tA B
tg, ' A BPI ts{.(—ﬁ(Y,n,m)},FFA

introduction of defined symbols

T'F A, tg . TFAitgle <~ P(Y,n,m)} .
- BPr - Prt
' A, P(Y,n,0) '~ A, P(Y,n,s(m))
tg. T A A+t5{o<—}3(Y,n,m)},Fl—A .

~ BPI ~
P(Y,n0), "+ A P(Y,n,s(m)), '+ A

We also adapt the resolution rule to the schematic case:
Let Ty, ({A1, ..., Ae}), Ty, ({B1, . .., Bg}) be essentially disjoint sets of schematic variables
and ® be an s-unifier of {Ay, ..., Ay, B, ..., Bg}. Then the resolution rule is defined as
I'=AAy,...,Aq By,...,Bg,ITF A
re,rior A0, A®

res

The refutational completeness of RPLg’ is not an issue as already RPLy is refutationally
complete for PL formulas [3,14]. Note that this is not the case any more if parameters occur
in formulas. Indeed, due to the usual theoretical limitations, the logic is not semi-decidable
for schematic formulas [2]. RPLg’ is sound if the defining equations are considered.

Proposition 10 Let the sequent S be derivable in RPLg’ forw = (5, P, D). Then D = S.

Proof The introduction and elimination rules for defined predicate symbols are sound with
respect to D; also the resolution rule (involving s-unification ) is sound with respect to D. O

Definition 23 An RPLg’ derivation g is called a cut-derivation if the s-unifiers of all resolution
rules are empty.

Remark 6 A cut-derivation is an RPLg’ derivation with only propositional rules. Such a
derivation can be obtained by combining all unifiers to a global unifier.
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In computing global unifiers we have to apply s-substitutions to proofs. However, not every s-
substitution applied to a RPLg’ derivation resultsin a RPLg’ derivation again. Just assume that
an s-unifier in a resolution is of the form (X1 (s), X2(s")); if ® = {(X1(s), a), (X2(s), b)}
for different constant symbols a, b then X (s)® and X,(s')® are no longer unifiable and
the resolution is blocked.

Definition 24 Let p be a derivation in RPLOW which does not contain the resolution rule; then
for any s-substitution ® p® is the derivation in which every sequent occurrence S is replaced
by S®. We say that ® is admissible for p. Now let p =

(p1) (02)
I'EA A, ..., Ay Bl,...,Bﬁ,Hl—A

re,rne'rAe, Ao’

res

where ©®' is an s-unifier of {A{, ..., Ay, B1, ..., Bg}. Let us assume that @ is admissible
for p; and p>. We define that ® is admissible for p if the set

U:{A10,...,A,0,B,0,..., B0}
is s-unifiable. If ®* is an s-unifier of U then we can define p® as

(p10) (020)
rorAe,A0,...,A,0 BO,...,BgO, 10 - AO

ree*, nee*+ Ae0*, AOO*

res

Definition 25 Let o be an RPLg’ derivation and ® be an s-substitution which is admissible
for 0. © is called a global unifier for o if 0® is a cut-derivation.

In order to compute global unifiers we need RPLg’ derivations in some kind of “normal
form”. Below we define two necessary restrictions on derivations.

Definition 26 An RPLg’ derivation g is called normal if all s-unifiers of resolution rules in
o are normal and restricted.

Remark 7 Note that, in case of s-unifiability, we can always find normal and restricted s-
unifiers; thus the definition above does not really restrict the derivations, it only requires
some renamings.

Definition 27 An RPLg’ derivation g is called regular if for all subderivations o’ of o of the
form

)  (©)
reA meaA,
', mn-a, A

we have VG (o)) N VS (0}) = 0.

Note that the condition VG(QQ) N VG(Qé) = (} in Definition 27 guarantees that, for all
parameter assignments o, ¢} [o'] and g5[o’] are variable-disjoint.
We write o' <,y o if there exists an s-substitution ® s.t. o'® = o.

Proposition 11 Let o be a normal RPL(";’ derivation. Then there exists a RPLOU’ derivation o’
s.t. o' <g5 0 and @’ is normal and regular.

Proof By renaming of variables in subproofs and in s-unifiers. O
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Proposition 12 Let ¢ be a normal and regular RPLO‘I' derivation. Then there exists a global
s-unifier © for o which is normal and V°(©) € VS ().

Proof By induction on the number of inferences in o.
Induction base: ¢ is an axiom. @ is a global s-unifier which trivially fulfils the properties.
For the induction step we distinguish two cases.

— The last rule in o is unary. Then g is of the form
@"

r'=a

r+A

§

By induction hypothesis there exists a global substitution ®’ which is a global unifier
for ¢’ s.t. ®' is normal and V¢ (0’) € VY (o'). We define ©® = @’. Then, trivially, ®
is normal and a global unifier of 0. Moreover, by definition of the unary rules in RPLY',
we have VG (o') = V9 () and so VE(®) C VY (o).

— o is of the form

(o1) (02)
A A, ...,Aq Bi,...,Bg,ITF A

I'e, I10 F A, AO

res(®)

As o is a normal RPLO‘I/ derivation the unifier ® is normal. By regularity of o we have
V(o) NVS(g)=9.

By induction hypothesis there exist global normal unifiers ®1, &, for ¢ and g; s.t.
VG (@) € V9(o1) and VE(©2) € V9(02). By VE(e1) NV (02) = # we also have
ve(©)NVE(O,) =0.

We show now that (®1, @) and (®,, ®) are composable. As @; is normal we have for
allo € S

V'({A1, ..., Agllo]) Ndom(O1[c]) = 0.
Similarly we obtain
V'(Bi, ..., Bg}lo]) Ndom(©,[c]) = 0.
As © is normal and restricted we have forallo € S
Vi(@[o]) € Vi (o{Al, ..., Ax, Bi, ..., BgHlo).

Therefore (®1, ®) and (©;, @) are both composable. As ®1, ®,, ® are normal so are
O1x%® and OrxO. As @1, O, are essentially disjoint we can define

O(0) = O1*O U Or#0.

© (o) is a normal s-substitution and V(@ (0)) € V(o).
O (p) is also a global unifier of p. Indeed, 01 ®(0) =

(010(0))
Ir'o+-A0,A10,...,A6
and 020 (o) =

(020(0))
A1©,...,A10,110 - A®
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So we obtain the derivation

010(0) 020(0)
I'e, [0 AO, AO

cut

which is an instance of ¢ and a cut derivation (note that every instance of a cut derivation
is a cut derivation as well).
— o is of the form

(e1) (02)
I'E A IT= A
rmea A

where x is a binary rule different from resolution.

As o is a normal RPL(“;' derivation all occurring s-unifiers in g1 and g, are normal. By
regularity of ¢ we have that V9 (01) N V%(0,) = @.

By induction hypothesis there exist global normal unifiers ®1, &, for ¢ and g; s.t.
V(1) € V(o) and VG (@) € VE(02). By VE(01) N VY (02) = # we also have
VG(©))NVE(@y) = ¥. Moreover, there is no overlap between the domain variables of
the unifiers @ and ©;, i.e. dom(®1[o]) N dom(O,(c)) = @ for all o € S. Therefore,
we can define ® = ©®; U ®;, which is obviously a global s-unifier of o. Furthermore,
VG (©) = Ve (@) UV (O,), therefore VE(O) € VG (p1) U VS (02) and by definition
of binary introduction rules in RPLY , we have V(©) € VY (o). O

Example 14 We provide a simple RPLg’ refutation using the schematic formula constructed
in Example 6. We will only cover the RPLg’ derivation of the base case and wait for the
introduction of proof schemata to provide a full refutation. We abbreviate X, X», X3 by X.

(83, (0,0))
FF(X,0,0 .
~ 1( A ) SF]V
F £ (X,0,0) A F5(X,0,0)
- F(X,0,0)

F f(X1(0,0)) <0V f(X1(0,0) ~0
F f(X1(0,0)) <0, f(X1(0,0)) ~0

Bﬁzr
. r

2
(82.(0,0))
F (X, 0,0) .
= ~ SFr
F (X, 0,0 A F5(X, 0,0) Ay
+ F3(X, 0,0) N
~ Fsr
FF5(X,0,0) A f(a) £0
F F5(X,0,0 .
5( ) BFsr

F f(8(X3(0,0),0) =0
F f(X3(0,0) =0 BST

2 X3(0,0)) ~0F —-lr
. - f(X{((o 30()) <)2) res ({ X3(0,0) < X,(0,0) })
(1)
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(8, (0,0))

F F1(X,0,0) For

F B (X.0,0) A B5(X,0,0)

F F5(X, 0,0) Sh

~ 3
- FX.0.00 A f@ £0

M Fr@z0
F £(X1(0,0)) <0 . J@ <0F 0.0 < al
(60,0, 0)

Thelabels (8}, (0, 0)), ..., (83, (0, 0) canbe ignored for the moment. They become important
when the derivation above becomes part of a proof schema to be defined in Sect. 6.

RPLg’ -derivations can be evaluated under parameter assignments. Let ¢ be an RPLg’ -
derivation and o a parameter assignment, then ¢ |, denotes the RPLg-derivation defined
by ¢ under o. Note that, if the parameters are all replaced by numerals then occurrences and
introductions of defined symbols can be treated as instances of definition rules (see Section
7.3 [7]). Removal of defined symbols can be treated as definition rule elimination (a cosmetic
change) and thus ¢, is indeed an RPL¢-derivation.

5 Point Transition Systems

For our specification of schematic proofs we will use complex call structures beyond primitive
recursion. To characterize such complex recursion types we develop an abstract framework.
Consider, e.g., the primitive recursive definitions of + and * (we write p for +, ¢ for * and s
for successor):

t(n,0) =0,
tn,m+1) = p(t(n,m),n),
p(n,0) =n,

pn,m+1) = s(p(n,m)).

In defining ¢ we assume that p has been defined “before”, while p is defined via recursion
and the successor s (which is a base symbol). In fact we can order the function symbols
t and p by defining p < ¢, where < is irreflexive and transitive. The relation < prevents
that both p < ¢t and ¢t < p holds, as then we would get p < p contradicting irreflexivity.
So primitive recursion, being based on orderings of function symbols, excludes the use of
mutual recursion. However, mutual recursion is a very powerful specification principle which,
even when equivalent primitive recursive specifications exist, may provide simpler and more
elegant representations.

Example 15 We assume that + is already defined (e.g. as p above). We define three functions
f, g, h,where f is defined via f and g and g via f and 4 making an ordering of the symbols
f, g impossible.
f+lm+1)=fm,m+1)+gn+1,m),
g+ 1,m) = f(n,m)+h(n+1,n,m),
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fO,m+1)=1, f(rn+1,00=0,
f(0,0) =0,
g0, m) =m,
hO,n,m)=m+1, hk+1,m,n)=nhk,m,n)+ 1.
f and g are not defined via primitive recursion and therefore it is not so simple to prove
that f and g are indeed total and thus recursive. That the above type of mutual recursion is
terminating is basedon (n +1,m+1) > (n+1,m),(n+1,m+1) > (n + 1, m) and
(n+ 1, m) > (n, m) where > is the lexicographic tuple ordering. That the definition is also
well defined (we obtain a value for all (n, m) € N2) follows from the following partitions of
NZ:
{(n,m) |n>0,m>0}, {(n,m) | n=0,m >0}, {(n,m) |n>0,m=0},
{(n,m) | n=0,m =0} for f, and
{(n,m) | n >0}, {(n,m) | n=0}forg,
{(k,m,n) | k >0}, {(k,m,n) | k =0} for h.

In this section we abstract from the computation of functions and even of values of any kind.
Instead our aim is to focus on the underlying recursion itself. For Example 15 above we
choose a symbol §; for f, 8, for g, §3 for h and 44, . . ., 83 as termination symbols. Then the
recursion of the example can be represented by the following conditional reduction rules:
(61, (n,m)) — {81, (n — 1,m)), (62, (n,m — 1))} form >0 An >0,
61, (n,m)) = {(84, (n,m))} form > 0An =0,
(61, (n,m)) — {(@3s, (n,m))} form =0An >0,
(61, (n,m)) — {(36, (n,m))} form =0An =0,
(82, (n, m)) = {(81, (n — 1,m)), (83, (n,n — 1,m))} forn > 0,
(82, (n,m)) — {(87, (n, m))} forn =0,
(83, (k,n,m)) — {(83, (k — 1,n, m))} fork > 0,
(83, (k, n,m)) — {(8g, (k,n, m)} for k = 0.

We call such a system a point transition system; the formal definitions are given below.

Definition 28 (Point) A point is an element of P¥ for P C T and some o > 1.

Definition 29 (Labeled point) Let A be an infinite set of symbols called labels. A labeled
point is a pair (§, p) where p is a pointand § € A.

Definition 30 (Condition) An atomic condition is either T, L or of the form s < 7,5 > ¢,
s=t,s #tfors,t e TO“’. Let ATC be the set of all atomic conditions. We define the set
COND of all conditions inductively:

— ATC C COND,
— if C € COND then =C € COND,
— if C1, C2 € COND then C; A C2 € COND and C; v C2 € COND.

Example 16 k = 0 and m < n are atomic conditions. k = 0Am <nand (k =0Am <
n) V. m = n are conditions.

Definition 31 (Semantics of conditions) For every C € COND and o € S we define o [C] €
{T. L}k
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- o[T]=T, o[l] = L.

—ols=t]=Tifs|,=1t]s,and L otherwise.

—ols <t]=Tifs|ls<t]s,and L otherwise.
—ols>t]=Tifsls> tles,and L otherwise.
—ols#£t]=Tiffols =¢t] = L.

- o[CiACy]=Tifo[Ci]=Tand o[Cy] = T, and L otherwise.
—o[Civ(C]=Tifo[Ci]=Toro[Cy] =T, and L otherwise.

A condition C is called valid if forallo € S: o[C] = T. C is called unsatisfiable if for all
ceS:olC]=1.

Definition 32 (Point transition) A point transition is an expression of the form (8, p) —
‘P: C where (8, p) is a labeled point and P is a nonempty finite set of labeled points and C is
acondition. We define functions/, r, ¢ on point transitions ¢ as follows: if = (8, p) — P: C
thenl(t) = (8, p), r(t) =P, c(t) =C.

Definition 33 (Point transition cluster) A finite set of point transitions P is called a point
transition cluster if for all § € A and points p, g such that (8, p) and (8, g) occur in P (as
[(t) orin r(t) for at € P) there exists an & > 1 such that p, ¢ € P“. That means for all §
occurring in P (for this set we write A(P)) the corresponding points are all of the same arity;
this arity is denoted by A(5).

Example 17 Let

Py = {(8, (m,n)) — {(8, (m, s(n))), (&', (m,m, m))}: 0 < m,
@, (k, 1)) = (8, (k,1,1)): 0 <k AL =0).

Then P is a point transition cluster. Here we have A(8) = 2, A(8’) = 3. The following set
P, of point transitions for

P, = (6, (m,n)) — {6, (m,m,n))}: 0 < m,
@, (k, ) — {8, *k,1,1)}: 0 <k Al =0}

is not a point transition cluster as A(§) cannot be defined consistently.

Point transition systems are restricted forms of point transition clusters where the labeled
points and the conditions are subject to further restrictions.

Definition 34 (Partition) LetC = {C1, ..., Cy} be a set of conditions. C is called a partition
if Cyv---V Cyisvalidand foralli, j € {1,...,a}and i # j C; A C; is unsatisfiable.

Definition 35 (Regular point transition) Let p: (§, p) — P: C be a point transition in a
point transition cluster and p € P*. p is called regular if

— p = (ny,...,ny) for distinct parameters ny, ..., nqy,
— forall (8',q) e PV(g) C{ni,...,nq},
- V() S {ny,...,nq}.

Definition 36 (Point transition system) Let P be a point transition cluster §g € A(P). Then
the tuple P*: (8, A*, A., P) is called a point transition system if the following conditions
are fulfilled:

1. 89 € A%,
2. A* = A(P)
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3. All point transitions in P are regular.

4. Let 1,10 € P with [(#;) = (8, p) and I(t2) = (8, q); then p = g. That means every
left-hand side of a point transition with § is related to a unique point p; we call p the
source of §.

5. Let P(8) be the set {(8, p) — P1: Cy,...,(8, p) = Py: Cy} consisting of all t € P
with [(t) = (8, p) (for the source p of §). Then, in case P(§) # @, {Cy,...,Cq}is a
partition.

6. P(5p) # 0.

7. P(8) =0foré e A,.
The label & is called the start label of P*, the § in A, are called end labels.

Every point transition system defines a kind of computation for a given o € S.

Definition 37 (o-trees) Let P*: (8p, A*, A., P) be a point transition system, o € S and
(8, p) be a labeled point in P. We define the o-tree on a labeled point (8, p) inductively:

- T(P, (8, p), o, 0) is the tree consisting only of a root node labeled with
©,0(p)).

— Let us assume that 7'(P, (8, p), 0, «) is already defined. For every leaf v of T, labeled
with (8, ¢) we check whether P(8") = @; if this is the case then v remains a leaf node.
If P(8") # ¥ then

P@) ={@" p) = P1: C1,.... (&, p) > Pp: Cp)

Let us assume that g € P% and ¢ is a tuple of numerals . Then, as P(8') is a set of regular
point transitions, p’ = (n1, ..., ny) for distinct parameters ny, . . ., ny. As q is a tuple of
numerals (g1, ..., qy) ¢ = o’ (p’)| for a parameter assignment o’ where o’(n;) = ¢; for
i =1,...,a.Asall point transitions in P(8") are regular we have V(C;) C {ny, ..., ny}
fori =1,..., 8. Now, {Cy, ..., Cg} is a partition, thus there exists exactly one i €
{1,..., B} such that o/[C;] = T.Let P; = {(8},¢)). ..., (ai(i), q;‘(l.))}. Then we create
new nodes ft1, ..., i) labeled with the labeled points

1.0 (gD ... 81y 07 (gl)))) and add the edges
W, 1)y ooy (0, i) to T(a)
By the regularity of P* the points o’(qj.) J are all tuples of numerals. We call the tree

obtained from T (P, (8, p), o, o) via the procedure above
TP, 6, p),o,a+1).

LetT (P, (8, p),o,a) = (Vy, E,) forall @ € IN. Note that for all « we have V,, C V41 and
Eq C Eq41. So, when we define Voo = Jyen Vo and Eqo = Ugen Ea» then (Voo, Eo) is
a tree; we call this tree the o-tree on (8, p) and denote it by T'(P, (8, p), o). Note that the
tree T (P, (8, p), o) may be infinite. It is finite if there exists an o such that T (o) = T (« + 1)
The result of a computation of P* with respect to o is defined by Tp«[o] = T (P, (80, po), o).

We have seen that for every point transition system P* and o € S Tp«[o] is a tree with nodes
labeled by labeled points describing the computation of P* on input 0. However, Tp+[o'] may
be infinite what means that the computation is nonterminating.

Example 18 Let P* = (8, {8, &'}, {8'}, P) for
P=1{6,n) — {6 ,sm)):n>0,6n — {(8,n)}:n=0}
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P* is a point transformation system. The source of § is n and {0 < n, n = 0} is a partition.
For o with o (n) = 0 we obtain Tp+[o] =

(&', 0)
(8,0)
But for every o witho(n) = a > 0 we obtain the infinite tree
G, a+1)
@, @)

Indeed, for every i € IN, T(i + 1) # T (i) for T(i) as defined in Definition 37. So the
computation of P* on ¢ is nonterminating.

Definition 38 Let P* be a point transition system. P* is called terminating if Tp+[o] is finite
forallo € S.

To ensure termination of a point transition system we have to define a well-founded order on
the set of labeled points. The ordering < p defined below will be used in Sect. 6 for recursive
definitions of proofs.

Definition 39 (<p) We define an order on the set of all labeled points (8, p) where § € Ay
for a finite subset Ag of A. We partition A in two disjoint subsets A1, A; where A, will be
reserved for mutual recursion and A stands for primitive recursive order types. We define
an irreflexive, transitive relation <4, on Ag such that § <, 8’ forall§ € A; and 8’ € A,.
Let a > 0 and P§ be the subspace of the point space P consisting of a-tuples of numerals
only. For Py we have a well-founded total order <. We extend <, to P by defining

for p,g € P*: p <q g ifforallo € S: o(p)l<q o(q)| .

We are now extending the orderings to an order <p of labeled points over Ag. Let
(8, p), (8, q) two such points. We define (8, p) <p (8, q) if

(P1) 8,8 € Ay, A(S) = A(8) and p <4 g for o = A(S) or

(P2) 8,8 € Ay and A(8') < A(S) or

(P3) § € A1,8' € Ayor

(P4) 8,8’ € Ayand § <4, &' or

(P5) 8,8’ € A1,8=8"and p <4 q fora = A(S).
It is easy to see that the conditions (P1)—(P5) exclude each other. Note that (P3) implies
1) <Ag 5/.

The relation < p is stable under parameter assignments and is well founded.
Proposition 13 Ler (8, p) <p (8',q) and o € S. Then (8,0 (p){) <p (8',0(q)!).

Proof For (P1), (P5) this follows directly from the definition of <, on P%. (P2)-(P4) are
invariant under parameter assignments. O

Proposition 14 < p is well-founded.

Proof We show first that <p is irreflexive and transitive. That <p is irreflexive can be
immediately read of from the conditions (P1)—(P5). It remains to show transitivity. To this
aim we have to check all combinations of (P1)—(P5). Let us assume (8, p) <p (8, q) and
(&', q) <p (8", 1).
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(P1)~(P1): Here we have A(§) = A(8') = A(8”) and p <4 q, ¢ <q r. By transitivity of <,
we obtain p <4 r and (8, p) <p (8", r) by (P1).

(P1)—~(P2): wehave A(8) = A(8')and A(8”) < A(8');s0A(8") < A(8)and (8, p) <p (8",r)
by (P2).
(P1)—(P3), (P1)~(P4) and (P1)~(P5) are impossible as A; N A = @ and thus
8 € Ay and 8’ € A; is impossible.

(P2)—(P1): A(8") < A(8) and A(8") = A(§') gives A(8”) < A(8) and so (8, p) <p (8",r)
by (P2).

(P3)—(P1): Here we have § € Ay, 8',8” € A,. Therefore (8, p) <p (8, r) by (P3).
(P4)—(P1), (P5)—(P1) and (P2)—(P4), (P2)—(P5) are impossible.

(P3)—~(P2): § € A1,8',8" € Ay andso (8, p) <p (8”,r) by (P3).
The combinations (P4)-(P2), (P5)—(P2), (P3)—(P3), (P3)-(P4) and (P3)-(P5) are
all impossible.

(P4)—(P3): we have 8,8’ € A and §” € A; and therefore (8, p) <p (8”7, r) by (P3).

(P5)—(P3): the same as for (P4)—(P3).

(P4)—(P4): <4, is transitive.

(P4)—(P5): We have § <4, 8’ and 8" = §";s0 (8, p) <p (8”,r) by (P4).

(P5)—(P4): 6 =8 and 8’ <,, 8”; therefore (8, p) <p (8”,r) by (P4).

(P5)—~(P5): Here § = 8 = 68", p <u q, q < r. By transitivity of <, we get p <4 r and
(8, p) <p (8”,r) by (P5).

Now assume that <p is not well-founded. Then there exists an infinite sequence
n: (8i, pi)ien such that (§;+1, pi+1) <p (i, pi) foralli € IN. As Ay is finite there exists
ad € Ag appearing infinitely often in 1. That means there exists an infinite subsequence n*
of n which is of the form

(87 CIO)7 (87 ‘11)7 ce (8v Qi), (8v qurl)s ‘e

and (8, gi+1) <} (8, g;) fori € IN and the transitive closure <7, of <p. We have shown that
<p is transitive and therefore <p=<7, hence (8, gi1+1) <p (8, ¢;) fori € IN.
It remains to distinguish two cases:

— § € Aq:then, foralli € IN, (6, gi+1) <p (8, ¢i) by (P5) and (for A(8) = &) i1 <a gi
for all i € IN. But this is impossible because <, is well-founded.

— & € Aj: analogous to § € A with (P1) instead of (P5). Again we obtain a contradiction
to the well-foundedness of <.

We have shown that 1 does not exist and < p is well-founded. O

Definition 40 (Canonic point transition system) LetP*: (8o, A*, A, P) be a point transition
system. P* is called canonic

if for all (8, p) — P: C € P we have (8', p’) <p (8, p) forall (§', p') € P.

Theorem 1 (Termination) Canonic point transition systems are terminating, i.e. if P* is a
canonic point transition system and o € S then Tp+[o] is finite.

Proof By contradiction. Assume that P* is a canonic point transition system and Tp«[o] is
infinite for some o € S. Then Tp+[o] is an infinite tree with finite node degree. By Konig’s
lemma Tp+[o] has an infinite path n for

n = (80, p0)s - -+, ns Pn)s Gnt1, Put1)s - -
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By definition of Tp«[o], for each (§;, p;), (§i+1, pi+1) in n, there exists a point transition
(6i, p) = P: C in P “matching” (8;, p;). More precisely, there exists a parameter assign-
ment o’ such that o’ (p)|= p;, d’[C] = T and (8; 11, pi+1) is obtained via a (§;x1,q) € P
and p;y1 = o'(q)|. As P* is canonic we have (8;+1,¢9) <p (8;, p). By Proposition 13
we obtain (8;11,0'(¢))) <p (8i,0'(p)|) what yields just (81, pi+1) <p (&, p;) for all
i € IN. But by Proposition 14 < p is a well-ordering contradicting the existence of the infinite
chain 7. Therefore there exists no infinite o-chain in P* and Tp+[o] is finite. ]

Example 19 Let P*: (81, A*, A., P) be the point transition system corresponding to Exam-
ple 15 for A* = {81, ...,83} and A, = {84, ..., 8g}. Here P consists of the following point
transition rules:

1: (61, (n,m)) = {61, (n —1,m)), (52, (n,m —1))}:m >0ARn >0,
2.: (81, (n,m)) = {(84, (n,m))}: m >0An=0,
3: (81, (n,m)) = {(8s, (n,m))}: m=0An >0,
4: (61, (n,m)) - {(8¢, (n,m))}:m=0AnR=0,
5: (82, (n,m)) — {(61, (n — 1, m)), (63, (n,n —1,m))}: n > 0,
6: (82, (n,m)) — {(87, (n,m))}: n =0,
7: (83, (k,n,m)) — {(83, (k — 1,n,m))}: k > 0,
8: (83, (k,n,m)) — {(38g, (k,n,m)}: k =0.
It is easy to see that P* is canonic when we define A = {44, ..., 83} and Ay = {41, &2, 83}.

Then, by definition of <p, we have §; <p §; fori € {4,...,8}, j € {1, 2, 3}. Therefore the
transitions 2,3,4,6 and 8 are decreasing via (P3). Transition 1 is decreasing via (P1), transition
5 via (P1) and (P2); finally transition 7 is decreasing via (P1). Therefore Tp+[o] is finite for
all o € S and, in particular, the function f in Example 15 is total and thus recursive. Also
TP, (62, (n,m)), o) is finite for all o € S, so the function g is recursive as well.

6 Schematic RPL;’ Derivations

Schematic RPL‘OI’ derivations are extension of RPLg’ derivations where, besides the formulas
to be refuted, new kinds of axioms (in the form of labeled sequents) are included. These
labeled sequents serve the purpose to establish recursive call structures in the proof. For
constructing schematic RPLg’ derivations we introduce a countably infinite set A of proof
symbols which are used to label the individual proofs of a proof schema. A particular proof
schema uses a finite set of proof symbols A* C A. Like for point transition systems we assign
an arity A(8) to every § € A*; A(8) is just the arity of the input parameters for the proof
labeled by §. Also, we need a concept of proof labels which serve the purpose to relate some
leafs of the proof tree to recursive calls.

Definition 41 (Prooflabel) Let§ € A and ¥ be a parameter substitution. Then the pair (§, ©)
is called a proof label.

We will need to locate specific occurrences of sequents in a proof m; to this aim we define
Ay as the set of all sequent occurrences in 7. By |7 ], we denote the sequent occurring at
position A for A € A,. Furthermore, let p be a proof with the end-sequent | |;; then by
1 [p], we denote the proof which results from replacing in 7 the derivation at A by p.
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Definition 42 (Labeled sequents and derivations) Let S be a sequent and (8, 1) a proof label,
them (8, ©): S is a labeled sequent. A labeled RPLg’ derivation is an RPLg’ derivation 7
where all leaves are labeled. We distinguish axiom labels and nonaxiom labels. By Axiom (i)
we denote the set of occurrences of leaves labeled by axiom labels, the set of the occurrences
of leaves with nonaxiom labels is denoted by Naxiom (7). The set of all occurrences of leaves
in 7 is denoted by leaves(rr); so leaves(r) = Axiom(x) U Naxiom () and Axiom () N
Naxiom(m) = .

We will define proof schemata in the spirit of point transition systems. Before giving a formal
definition the following example should serve the purpose to reveal the intuition behind the
concept.

Example 20 We define a refutation schema for the theory

¥ = (P, 0. f}, 0. {D(P), D(Q), D()})
provided in Example 5. The defining equations for P and Q are:

P(X,0) =—P(X(0), f(a.0))
P(X,s5(n)) =P(X.n) v =P(X(s(n)), f(a,sn)))
O(X,Y,n,0)=P(f(Y(0),0), Y1) AP(X,n)
O(X.Y.n,s(m)) =P(f(¥(0),s(m)), Y1) A P(X,n)

For f we have f(X,0) = X(0), f(X,m+ 1) = g(X(m + 1), f(X, m)).

We create a proof symbol §p which stands for the refutation of Q(X ,Y,n,m). For this
refutation we consider the partition n = 0 (base case) and n > 0 (step case). In order
to refute Q(X ,Y,n,m) for n > 0 we will need an auxiliary deduction which deduces
Q(X , Y, 0, m) from the axioms Q(X , Y, n, m). In defining this derivation, which we give
the label §1, we will need additional parameters &, / which do not occur in the definition of Q
but are needed to control the recursions. For every proof symbol we have a parameter tuple,
itis (n, m) for &g and (n, m, k, 1) for §;. For §¢9 we define the proof schema via the reduction
system I1(8p, X, Y, n, m) and the specification of the end-sequent S(5o, X, Y, n,m) = F.
We define

(o, X,Y,n,m) = {60, X,Y,n,m) — po(d, X,Y,n,m): n =0,
(80, X,Y,n,m) — p1(80, X,n,m): n > 0}.

which means that for n = 0 we select the proof po(8o, X, Y, n,m) for n > 0 the proof
0180, X, n,m). By po(d0, X, Y, n, m) we denote the following derivation:

F (8], (0.m)): O(X.Y,0,m)

. = BQr
FPYXO.m. YA) AP0
F @ 0.m): QX Y. 0m) FP(X,0) .
i _ BOr ———————— — BPr
- P(f(Y(O),m), Y(]))/\P(X,O) N '_—|P(X(0)7 f(da 0)) !
A " PO Fa e
F P(F(Y(0), m), Y (1)) PXO. f@F o
. :

where o1 = {X(0) < f(Y(0),m),Y(1) < f(a,0)}.Obviously, p(8o, X,Y,0,m) is a
RPLg’ refutation of Q(X, Y, 0, m). The label (8}, #) means that 81 is an axiom label for the

@ Springer



630 D.Cernaetal.

case (0, m). By p1 (80, X, Y, n, m) we denote the following derivation:

81, (n,m, n, 0))
FO(X,Y,0,m) .
— = BQOr
(1, (0, m, n, 0)) F PG, m), YD) APX0)
FO(X,Y,0,m) . F P(X,0) R :
A - BQr . BPr
= P(f(Y(0),m), Y(1)) A P(X,0) A = —=P(X(0), f(a,0)) ;
~ Tl -~ —:
= P(f(Y(0),m), Y(1)) P(X(0), f(a,0)) -

resoy

}_

In contrast to po(8p, X, Y, n, m) Q(X, Y, 0, m) is not an axiom in the proof but rather the
end-sequent. The label (&1, (n, m, n, 0)) represents a call of the proof p (61, X, Y, m,n, k, 1)
where k is replaced by n and [ by 0. For the proof symbol §; we select the partition {n =
0, n>0AIl <n, n>0AIl > n}, define a reduction system I7(81, X, Y, m,n, k,l) and a
sequent S(81, X, Y,n,m,k, 1) = Q(X, Y,l,m). We define IT(61, X,Y,n,m,k,[) =

{61, X, Y, n,m, k, 1) — po(é1, X, Y,n,m,k,l): n=0,
S, X, Y, nm,k, 1) — 0161, X,Y,n,m,k,l):n>0A1l <n,
1, X, Y, n,mk, 1) > pp(61, X, Y, n,m,k,):n>0A1l>n}.

where

o1, X, Y, n,m, k1) = (8, (n,m, k,1)): Q(X,Y,n,m),
p2(81, X, Y, n,m, k1) = (85, (n,m, k,1)): Q(X,Y,n,m).

(8&, (n,m, k,1)) and (8%, (n,m,k,1)) are axiom labels where the computation of the
proof stops. The most involved proof is p1(81, X, Y, m, n, k,l) which performs the real
induction. It derives the end sequent Q(X , Y, 1, m) from the sequent (&1, (m, n, p(k),
s())): Q(X, Y,s(l),m). If | < n then (m,n, p(k),s(l)) represents a further call of
p1(81, X, Y, m,n, k,l). By this call the leaf Q(X, Y, s(l), m) is replaced by a derivation
of Q(X, Y, s(l), m) with leaves Q(X, Y, ss(l), m) and so on. If the counter reaches [ = n
the computation stops and we have reached the axioms Q(X , Y, n,m). Note that, in the
whole proof system, we start with / = 0 and k = n via the call from J§p. That is, via the
initiation given by the call from §(y, we obtain a derivation of Q(X , Y, 0, m) from axioms
[ Q(X, Y,n,m). Putting 8o and §; together where §p is the main symbol we eventually

obtain a refutation of - Q(X, Y, n, m).
By p1(61, X, Y, m, n, k, 1) we denote the following derivation:

1, (1, m, p(k), s(1)))
FOWX,Y,s(),m) .
- A SOr
E PG ©O.m). Y(I) A PK. D)
F P(f(X(0), m), Y (1))
@)

ry
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01, (n,m, p(k), s(1)))
FOWX,Y,s(l),m) Sor
F P(Ff(Y(0),m), Y(1)) A P(X, s()) N
F (X, s() R
~ ~ SPr
FoPXD). flah) v EX.D
2) FoPXD). fla.). PX.D
F P(f(Y(0),m), Y(1)) P(X(), fa, D)+ P(X.])

FA(X, D)
(D

2

res(o2)

where 0o = {X(I) < f(Y(0), m), Y(1) < f(a,D)}.

e [0
FP(f(Y(O0),m), Y1) +P(X,I)

F P(f(Y(0),m), Y(1) A P(X,]) SAA:
FOX,Y,l,m) 0

rT

Definition 43 (RPLg’ schema) Let D be the tuple (¥, §g, A*, Ay, X, IT). D is called an
RPL‘é’ schema if the following conditions are fulfilled:

W: (S, P, T) is atheory as in Definition 3.

— A* be a finite subset of A.

— 8 € A*, §p is called the main symbol.

- Ay € A*, the axiom symbols.

— Xis a tuple of global variables.

— To every § € A* we assign a parameter tuple ng of pairwise different parameters and a
partition Cs = {C ‘f, ce C,f(s)} of S where the C f contain only parameters in n;.

— [T is a set of pairs {(IT(§, X, ng), S(8, X, ns)) | § € A*} where S(§, X, ng) is a sequent

over the global variables X and the parameters in ng, and I7(§, X, ns) is defined as

follows:

(3. X.n5) = p1(8. X.m5): CF. ..., (8. X.m5) = pres)(8. X my): Chy)}

Note the following, foreach i € {1, ..., k(5)} p; (8, X, ns) is a labeled RPLO‘I’ derivation
of §(8, X, ng) and for each leaf A € leaves(p; (8, X, ng)) we have

— 1pi(8, X, mg)|;. = (8',m5): + P(Z,r) for A € Axiom(p; (8, X, ns)) where P(Z, r)
is a variant of the main atom of ¥, 8§’ € A,, A(8') = A(8) and Z is a tuple of global
variables which is a subtuple of X.

— 1pi(8, X, ns)| = (§,s): S8, X,s) for . € Naxiom(p; (8, X, ns)) where §' <
A*\ Ay, and s is an A(8") tuple of terms in 7} containing only parameters in ns.

Furthermore,

— ng = (r, my), the first part being the parameter tuple r for the main symbol of the theory
Y. The arity of ms depends on 8.

— (S0, X, ) # 0,

— forall § € A, IT(5, X, ng) =0,

D is called a refutation schema of ¥ if S(6o, X, ns)) =F.
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Remark 8 1In defining n = (r, ms) we distinguish the static parameters in r (which are used
in the recursive formula definition) and the dynamic parameters in ms which are used for
carrying out the inductive steps. In Example 20 §y has no dynamic parameters, but §; has the
dynamic parameters k and /. In a recursive call only dynamic parameters are substituted. The
tuple Z of global variables is chosen in a way to guarantee essential disjointness of global
variables in the resolution steps.

Given a parameter assignment o, every proof schema defines a sequence of proofs in the
following way: either we arrive at an axiom and stop or we find a leaf in the proof of the
form (6, p): S(8, X, p); in the latter case we identify the right condition C l‘s and the proof
pi (8, X, p) and replace the leaf by the derivation p; (8, X, p). If this sequence converges we
obtain an RPLg’ proof corresponding to o. The formal definition is given below.

Definition 44 (Semantics of proof schemata) Let D be a proof schema
(W, 80, A", Ay, X, IT).

Let 0 € S; we define define a sequence D(o, «)yeN and call it the proof sequence corre-
sponding to o. Let

(80, X, ny) = {(80, X, ns,) = p1(80, X, nzy): C20,
s (8%, M) = i (B0, X, ) Cpty ).

As {Cfo, e C,f?(go)} is a partition there is exactly one i € {1, ..., k(80)} such that a[leS"] =
T.Leto(nsy) = Kk where k = (ro, s) for o (r)|»= ro. Then we define

D(o,0) = p; (80, X, k).

Note that p; (8p, X, k) is an RPLg’ derivation of S(8g, X, k) and the leaves of p; (59, X, k)

are either axioms of the form (8, k): ﬁ(X, ro) for 8(’) € A,, or they are of the form
6,1): S8, X,1) where § € A*\ A, and 1 is a ground term tuple obtained in replacing the
original one by substituting parameters by numerals.

Assume that D(o, «) is already defined. We distinguish two cases:

(a) All leaves in D(o, «) are of the form (8, p): ﬁ(Z, s) for § € A, where P is the main
symbol of ¥. Then we define D(o, « + 1) = D(o, ).
(b) There are leaves of the form (8, k): S(8, X, k) for an A(§) ground term tuple k and
8 € A*\ A,. For each leaf of this form we consider
(s, X, n5) = {(8, X, n5) > p1(8, X, my): CY,
s (8Xoms) = ok (8, X ms) s Gl )

Let o’ € S such that 6/ (ng) = k. As {C?, ..., C,f(a)} is a partition there is exactly one
i €{l,...,k(8)} such that o’[leS] = T. Now we have to select the production

(6, X,m5) = pi(8, X, m5): C}

from I71(3, X, ng). Finally we replace the leaf (8, k): S(8, X, k) by the RPLg’ derivation
0i (8, X, k). We perform this transformation for all leaves with § € A*\ A, and obtain a
new RPLg’ derivation which we call D(o, @ + 1).

If the sequence converges, i.e. D(o, &) = D(o, @ + 1) for some o we obtain an RPLO‘P
proof as a result. Of course it is desirable to obtain such a proof for all parameter assignments
o.
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Definition 45 Let ¢ = D(o, ) where D(o, @) = D(o, o+ 1). Then we say that D(o, &)geN
converges and converges to ¢. D is called convergent if, forallo € S, D(0, @)ycN converges.

If D(o, a)qeN converges then it converges to a proof ¢ € RPLg’ which is parameter free.
But ¢ can be further reduced to an RPLq derivation ¢, via the method defined in Sect. 4. We
can now extend the semantics to RPLg-proofs:

Definition 46 Let D be a proof schema which, forao € S, converges to an RPLO‘I’ derivation
¢(0). Then ¢(o0)| is called the RPLg proof defined by D under o. If D converges for all o
then {¢(0){| o € S} is called the RPL proof set defined by D.

Example 21 Let D be the proof schema from Example 20. We compute D(o, ) for two
different 0 € S. Let og(n) = 0, og(m) = 2 and o (k) = 1 for all parameters k ¢ {n, m}.
We start with D(og, 0). As og(n) = 0 we have to replace (89, X, Y, (n, m)) by the proof
00(80, X, Y, (0,2)). So we define D(0q, 0) =

F (8], (0,2): O(X,Y.,0,2)
——— —— B
FP(f(Y(0),2), Y1) A P(X,0) ArQr
(8], ©0,2): O(X,¥,0,2) y - P(X,0) :
F P(f(Y(0),2), Y(1)) A P(X,0) /\Qr

FP(f(r©),2), (D)

- A~ = Bﬁr
FoPX O, f@0)
P(X©0), fa,0)F

1

res(c!)
- 1

for o] = {X(0) < f(Y(0),2),Y(1) < f(a,0)}. In pp(30, X, Y, (0,2)) all leaves are
labeled by the axiom labels 8’1 and there is no leaf to expand; thus D(oy, 1) = D(0p, 0) and

D(09, o)qen converges to po(8o. X, ¥, (0, 2)).
Now let o1 (p) = oo(p) for p # n and o1 (n) = 1. In this case the condition n > 0 holds and
we have to choose the proof p1 (8o, X, Y, 1, 2). We obtain D(o1, 0) =

(61.(1,2,1,0))

FO(X,Y,0,2) 80
~ ~ r
(41, (1,2,1,0)) FP(f(Y(0).2),Y()) A P(X,0) A
FO(X,7,0,2) R F P(X,0) .
: 5 BOr ———— — — BPr
E P ©.m). Y1) APX.0) FoPX©). f@0)
A Tl - A
F P(£(Y(0),2),Y(1) PXO. f@ Ok o
= Sl

Now both leaves in p1(do, X, Y, 1,2) represent a call to the proof labeled by §;. In
@y, X,Y,n,m, k, 1) we have to choose the proof p;(81, X,Y,1,2,1,0) via o'(n) =
1, o/(m) = 2, o/(k) = 1, o/(I) = 0 (the second condition applies). So we obtain
D(oy, 1) =

p1(81, X, Y,(1,2,1,0))

FO(X,Y,0,2) B0r
p1(51, X, Y, (1,2,1,0) FP(f(¥(0),2), Y(1)) A P(X,0) o
FO(X.Y.0.2) ) F P(X.0) .

- - BOr ——————— Bpr

FP(f(Y(0),m), Y(1)) A P(X,0) N F=P(X(0), f(a,0)) ;
~ " - . T
= P(f(Y(0),2), Y(1)) P(X(0), f(a,0)) - resoy
'_
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Now p1(61, X, Y, (1,2,1,0)) =

61, (1,2,0, 1))
FOX,Y,1,2) A

= = SQr
FP(f(Y(0),2),Y(1)APKX,1) N

FP(f(Y(0),2), Y (1))
(@)

1

61, (1,2,0, 1))
FOX,Y,1,2) .

= < S
FP(f(Y(0),2),Y(1)APKX,1 N
FA(X, 1) .
~ ~ SPr
F=P(X(0), f(a,0)) v P(X,0) v
) F-P(X(©). fa.0). PX.0) _
FP(f(Y(0).2),Y(1))  P(X(0). f(a.0) - P(X,0)

F P(X,0)
(D

2

res(op)

where o = {X(0) < f(Y(0),2), Y(1) < f(a,0)}.
@ M
- P(ffY(O),Z),Y(l)) F f’(X, 0 .
F P(f(Y(O)A, 2), Y(1)) A P(X,0) $6
FQ(X,Y,0,2)

Ir
rJr

In D(o, 1) we have the leaves - (51, (1,2,0, 1)): Q(X, Y, 1,2). Again we have to call §y,
this time via o” forc”(n) = 1,0"(m) =2,6"(k) =0,0"() = 1. Asnow ¢”(l) = " (n)
we have to call p(81, X, Y, (1,2,0, 1)). But

P21, X,Y,1,2,0,1) = (85, (1,2,0,1): O(X,Y,1,2)

where 8§ € A,4. So we obtain D(op,2) from D(o1, 1) by replacing the leaves H
(81,(1,2,0,1)): Q(X, Y, 1,2) by the axiom leaves (8%, (1,2,0,1)): O(X,Y,1,2). In
D(o1, 2) all leaves are axiom leaves and so D(o1, 3) = D(o1, 2). Therefore also D(o7, @)geN
converges. It is easy to see that D itself is convergent. The means to prove this formally will
be developed below.

The concept of proof schema D is defined in a way that the skeleton of D is, in fact, a point
transition system: we just strip the schema of its logical part and obtain the remaining “call
part” of the schema.

Definition 47 LetD: (¥, 8o, A*, A4, X, IT) be a proof schema. Assume that for § € A™ we
have

(5, X, ng) = {(8,X,ns) — p1(8, X, np): C?,
o (8.X,ms) = s (8. X ms): Chigy -

Letz: (6,X,ns) — p;(8,X,ng): Cf be a production in I7(5, X, ns). Let A(§, i) the set
of all leaves in the proof p; (8, X, ng) . For every A € A(8, i) of the form A: (8, p): F we
define pts(A) = (8, p).
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Then we replace the production ¢ in I7(§, X, ns) by
pts(t) = (8, m5) — {pts(L) | L € A(S,0)}
and I1(8, X, ng) by
pts(I1(8, X, ng)) = {pts(t) | t € [1(5, X, ng)}.
Finally we define P(8) = pts(I1(8, X, ng)) for all § € A* and set
pts(D) = (8y, A, Ay, P).

Proposition 15 Let D: (¥, 8o, A*, Ay, X, IT) be a proof schema. Then pts(D) is a point
transition system.

Proof Tmmediate by the Definitions 36, 43 and 47. O

Example 22 Let D be the proof schema in Example 20. Then pzs(D) is the point transition
system (8o, A*, Aq, P), where A* = {59, 81,81, 85, 85}, Aq = {8, 85, 85} and P defined
below:
P(80) = {(80, (n,m)) — {(8], (0,m))}: n =0,
(b0, (n, m)) — {(é1, (n,m,n,0))}: n > 0}
P(51) = {61, (n,m, k, 1)) — {(8, (n,m, k,1))}: n =0,
(61, (n,m, k, 1)) = {1, (n,m, p(k),s(DO)}:n>0Al <n,
(81, (n,m, k, 1)) = {(85, (n,m, k,1))}:n > 0AL>n},

P(5}) = P(85) = P(8}) = .

Note that the righthandsides of the productions in pts(D) are sets—not multisets. Therefore
we count different leaves with the same labels just once. It is easy to see that pts(D) is a
canonic point transition system and thus terminating. We will prove below that this implies
that D is convergent.

Lemma 1 Let D(o, ) be as in Definition 44 and T (P*, (8, p), o, a) as in Definition 37.
Then, for any a € IN:

(a) if (8,K): Sisaleaf node in D(o, «) then (8, K) is a leaf node in
T (pts(D), (60, ms,), 0, a0 + 1);

(b) if (8, k) is a leaf node in T (pts(D), (8o, Ms,), 0, & + 1) then there exists a sequent S such
that (8,K): S is a leaf node in D(o, o).

Proof We prove (a) by induction on «. Let o = 0. Let us consider
(80, X, ngy) = {80, X, m3)) = p1(30. X, ) €Y,
C (8, X, m5) = ki) (80, X, mse): Ol )

and a[Cf“] = T. Then D(o, 0) is defined as p; (89, X, o (ns,)). Now let (§;,p;): F; be
the leaves in in p; (8o, X, ngy) for j =1, ..., B; then (8;,0(p;)): o (F;)) are the leaves in
pi (80, X, o (ng,)). By Definition 47 pts(I1 (8o, X, ns,)) contains the production

(80, n5y) — {(81,P1), -, (3. Pp)}-
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Hence, by Definition 37 T (pts(D), (8o, ns,), o, 1) has exactly the leaves (3;, o(p;)). This
concludes the case « = 0.

Now assume that, for any leaf (§,k): F in D(o,«) there exists a leaf (4,Kk) in
T (pts(D), (8, ns,), o, a+1).1f § € A, then, by definition, (8, k): Fisaleafin D(o, a+1)
and (8, k) is aleaf in T (pts(D), (80, ng,), o, o 4-2). Otherwise assume that I7(5, X, ns) # ¢
and

(5, X, ng) = {(8,X,ns) — p1(8, X, n5): C?,
cs (8,X,m5) = pi) (8, X, mg) 1 Cs) )

Let o’ € S such that 6'(ng) = k and o’ [Cl.a ] = T. Now we have to select the production
(8, X,m5) > pi(8, X, m5): C}

from I1(8, X, ns). Again, assume that (§;, p;): F; are the leaves in p; (5, X, ns) for j =
I,...,y,andso (8;,0'(pj)): o'(F;) are the leaves in in p; (§, X, o’ (ns)). By Definition 47
pts(I1(8, X, ng)) contains the production

(87 n5) g {(815 p1)7 R (8/37 py)}

By Definition 37 , T (pts(D), (8o, ns,), o, @ + 2) contains (new) leaves of the form
. 0'(P))).
The proof of (b) is analogous to that of (a). ]

Theorem 2 Let D be a proof schema. D is convergent iff pts(D) is terminating.

Proof D is convergent =:

For all o € S there exists an « such that D(o, o) = D(o, o« + 1). By definition of D this
happens only if for all leaves (8, K): S in D(o, @) we have § € A,. By Lemma 1 all leaves
in T (pts(D), (80, ns,), o, o + 1) are of the form (8, k) for § € A,. As A, is the set of all end
labels in pts(D) we get

T (pts(D), (80, ns,), o, + 1) = T (pts(D), (8o, ns,), o, & + 2)

and, for all o, pts(D) terminates on o; thus pts(D) is terminating.
pts(D) is terminating =:
For all o € S there exists an « such that

T (pts(D), (80, ns,), 0, ) = T (pts(D), (80, ng,), 0, ¢ + 1).

Foralla > 0 this implies that, for all leaves (8, k) in T (pts(D), (80, ns,), 0, ), 8 € Aq. Now
let (8’, p): SbealeafinD(o, @ —1); by Lemma 1 (§', p) isaleafin T (pts(D), (8o, ns,), 0, &)
and, by assumption, §' € A,. Therefore, by definition of D(o, o + 1), we get D(o, a + 1) =
D(o, @) and D converges on o. O

We can now characterize the convergence of proof schemata via point transition systems:

Theorem 3 Let D be a proof schema. Then D is convergent if pts(D) is canonic.
Proof Tmmediate by the Theorems 1 and 2. O

Now it is easily verified that the proof schema D from Example 20 is convergent. The point
transition system pts(D) shown in Example 22 is canonic: for the ordering <p we use the
lexicographic tuple ordering and we partition A* into Ay, Ay by A = A,, Ar = {80, 81}
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Example 23 Below is the complete refutation schema for the schematic formula provided in
Example 6. In addition to the construction provided in Example 6 we require an additional
global variable Y with a two arguments. Let D = (¥, 8y, A*, A,, XU {Y}, IT) be an RPLg’
schema where ¥ is the theory presented in Example 6, A*={8y, - - - , &6, 8(1), 88, 88, 53, 84, 85},
Aq = 180,83, 83,83, 8}, 65}, and

(ITy(80, X, Y, n,m), =)
(61, X, Y, n,m,w, k,r,q),- f(Y(w, k) <k)

(M2, X, ¥ onmow. ko ro g, (Y (. 0) <k, F5(Xo k. 9))
- (M55, X. ¥ onm,w. ko, @),k FaXk, q))
(174(64, X, Y nm,w, ko q) e Fa(X k)

(7155, X, ¥ onmw. ko, @),k (X k, q))
ITs(86, X, Y, n,m,w, k,r,q), - f(Y(w, k) <k))

where,
- HO(SOa Xv Y? n, m) =

60, X, Y, n,m) — p1(69, X, Y,n,m):n>0Am >0
(80, X, Y,n,m) — p2(60, X, Y,n,m):n=0Am >0
(60, X, Y,n,m) — p3(60, X, Y,n,m):n>0Am=0
(80, X, Y, n,m) = p4(80,X,Y,n,m):n=0Am =0

p4(80, X, Y, n, m) is defined in Example 14.
The other proofs are as follows:

® 0180, X,Y,n,m)

(05, (n,m, n,n, 0, m))

F F3(X, 0, m) B
F Fs(X,0,m) A f(a) £0 N 3r
1. (n.m,n,n, s(m), 0)) F f(a) £0 2
————— —:r
F £(Y(n,0) <0 0F
f(Y(n,0) < . fla) < Res(w)
where u = {Y (n, 0) < a}.
® (80, X, Y, n,m)
(ag, ©. m))
F Fi1(X,0,m) oF
F Fr(X,0,m) A F3(X,0,m) !
F F5(X,0,m) éﬁ
~ r
FES(X.Y(0).0.m) A f@ £0 3r
(81, (0,m, 0,0, s(m), 0)) Ff@#£0 "
F f(Y(0,0) <0 fla) <0k ;e§: )
- St

where u = {Y (0, 0) < a}.
® 03(80, X, Y, n, m)
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(05, (n,0,n,n,0,0))

F F5(X,0,0) .
- BF3r
FESX0.00A f@ A0
(86 (1,0, n, n, 5(0), 0)) Ff@£0 .
Ff(Y(n,0) <0 f@<or 7
Res(u)

where u = {Y(n, 0) < a}.
- (6, X, Y, n,m,w, k,r,q) =

61, X, Y, n,mw,k,r,q) = p1(61,X,Y,n,m,w, k,r,q): w=>0
01, X, Y, n,mw,k,r,q) - 02061, X, Y, n,m,w,k,r,q): w=0|"

e 0161, X, Y, n,m,w,k,r,q)

(83, (n,m, w, k, p(r), 0))
F F4(X, k, 0)

F 7 (X2 k. 0) £ 500V [(Xa(k, 0) < kv f(Xa(k, 0) ~k T4
F 7k, 0) £ (), F(Xa(k,0) < kv F(Xa(k,0) ~ k
F Xk, 0) £ sk, Xk, 0) < k, F(Xa(k, 0) ~ k
FOO®,0) < s®) F f(Xak,0) <k, f(Xak, 0) ~k
%)
61, (0, m, p(w), sk), 7, 0))
FAOGL sy <st) @
es(iq)

Ff¥ (p(w), sk)) <k, f(¥(p(w),sk)) ~k
(€]

(62, (n,m, w, k, p(p(r)), 0))
F (Y (w, k) <k, Fs(X, k, 0) .
- BFsr
FfY(w, k) <k, f(S(X3(k),0)) ~k
FFOw k) <k f(Xak) <k BST
(1) f(X3() ~ k= f(Y(w, k) <k T
Res(u2)
Ff(Y(w, k) <k

where ) = {Xz(k, 0) < Y(p(w), s(k)) } and

2 ={Y(pw),sk) < Y(w, k), X3k) < Y(w,k)}

;pz(Sl,X, Y,nm,wk,r,q)

(84, (n,m, w, k, p(r), 0))
F Fy(X, k, 0)
F X1k 0) <kvV f(X1(k,0)~k
F X1k, 0) <k, f(X1(k,0)) ~k
F X1k, 0) <k, f(X1(k,0) ~k
()

BFAzr

r
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(62, (n,m,0,k, p(p(r)),0))
F F(Y(0,k) <k, Fs(X, k, 0)
F A O,0) <k fSX3(),0) ~k
FFOO.R) <k FXsh) <k B
(1) f(X3k)) ~ k= f(Y(0,k) <k }; -
es(u)
Ff(Y(0,k) <k

Fsr

where 1 = { X (k,0) < Y(0,k), X3(k) < Y(0,k) }.
- I, X, Y, n,m,w, k,r,q) =

62, X, Y, n,m,w,k,r,q) = p1(62, X, Y, n,m,w, k,r,q): r >0
G2, X, Y, n,m,w, k,r,q) > p262, X, Y, n,m,w, k,r,q): r =0|"

0 p1(8, X, Y, n,m,w, k,r,q)

(53, (n,m,w, k, p(r), .v(q)))

F Fy(X. k. 5(q))

—~ — —~ Sﬁ4r
E(f(S(Xo(k,5(9)),s(q)) £ sk) v f(Xp(k,s(9)) < kV f(SXp(k,5(q)). (@) ~ k) A Fg(X, k, q)

F Xk, s(@), 5(@)) £ 5(K)V f(Xpk, s(@)) < kv F(S(Xo (K, 5(9), s(g)) ~ k

F rSX k. s(9)). 5(@) £ s(k). f(Xo(k.5(9)) < kv f(S(Xo(k.s5(9)). 5(q)) ~ k

F rS(Xo (k. s(9)). s(@)) £ s(k). f(Xo (k. 5(9)) < k. f(S(Xp(k.5(9)).5(9)) ~ k

FEXpk,s(@)).5(@)) < stk) F f(Xpk,5(@))) < k. fS(Xp (k. 5(q). 5(q))) ~ k
@)

(61, (n,m, p(w), s(k), s(m), 0))

Ff¥(p(w),sk)) < s(k) ()
- Res(u1)
F Y, b)) <k, f(SY(w, k), s(q)) ~k
(€]

(62 (n.m, w. k. p(r).s(q)))
F f(Y1(w. k) <k, Fs(X. k. 5(q))
F f(Y1(w. k) <k, f(X3(k) = kv F5s(X. k. q)
F f(Y1(w. k) <k, f(X3(k) = k. F5(X.k.q)
(1) F(X3(K) ~ k= (Y (w, k) <k, F5(X. k. q)
FF(Y(w, k) <k, F5(X, k, q)

SFsr

-

Res(u2)

where

wi = { Xa(k, s(9)) < Y(w, k), Y(p(w), sk)) < S(¥(w,k),s(9))}

and

p2 = {Yi(w, k) < Y(w, k), X3(k) < S(¥(w,k),s(q)) }-
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© 0282, X, Y, n,m, w, k,r,q)
(53. (n,m, w, k,0,5(q)))

b Fy (X, k. 5(g)) ”
4r

F (F Xk, 5(@)). s(@)) £ sK) Vv F(Xp(k,5(g)) < kv fS(Xa(k.5(0)). s@)) ~ k) A Fy(X. k. q)
FFEX k. s@).s@)) £5k) v f(Xp (k. 5(@)) < kv F3Xa k. 5(g).5(g)) ~ k
F Xk, s@).s@)) £ s(k), f(Xatk.s(@)) < kv fFSXp k. 5@). 5@)) ~k
FFEX k. s@). s@) £ 5®K). f(Xpk.s(@)) < k. fXok.5(g).5(g)) ~ k
FEXp k. s@). 5(@)) < sk) F f(Xp (k. 5(g)) < k. FSXp (k. 5(@)). 5(@))) ~ k
@)

(81, (n,m, p(w), s(k), s(m), 0))

F Y (p(w),sk))) < sk) )
= Res(p1)
FfY(w, k) <k, f(SY(w, k), s(g)) ~k
1

05, (n,m, w, k,0,5(q)))
F F3(X. k. 5(9))
F Fs(X k. s(q) A Fa(X, &, s(g)) A F3(X, pk). s(q))
F F5(X, k, s(q) A Fa(X, p(k), 5(q))
F Fs(X, k, s(q)) .

- SFsr
F F(X30k) = kv Fs(X, k. q)
F f(X3(k) = k, F5(X, k. q)
) F(X3(0) ~ k - F5(X, k. q) RC'S(M)

F A, b)) <k, FsX,k,q)
where
n1 = {Xz(k,S(q)) < Y(w, k), Y(p(w),sk)) < S (w, k), s(q)) },

and
o ={ X306 < S (w, k), 5(9) }-
- 63, X, Y, n,m,w,k,r,q) =
{(83,X,Y,n,m, w,k,r,q) = p1(83. X, Y, n,m,w, k,r,q): r > 0}
G, X, Y, n,m,w, k,r,q) > p2(83, X, Y, n,m,w, k,r,q): r=0|"
e 0183, X, Y, n,m,w, k,r,q)

(83, (n,m, w, k, p(r), s(q)))
F Xk s(q) .
————— SFyr
F M A Fy(X k, q)
AN 4
b Fy(X k, q)

where M denotes

(—~f(S(Xa(k, 5(9)), (@) < s(k) V f(Xa(k, 5(q))) <k Vv
S(S(Xa(k, s(q)), s(q))) ~ k).
e (83, X, Y, n,m,w,k,r,q)
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(8s. (n,m. p(w), s(k), 0.))
F F3(X, (k). q)
F Fs(X, (k). q) A F4(X. k. q) A F3(X, k. q)
F F5(X,s(k). q) A F4(X. k. q)
FFa(X, k, q)

SI‘::;V

- I14(84, X, Y, n,m,w, k,r,q) =

04, X, Y, n,m,w, k,r,q) - p1(84, X, Y, n,m,w,k,r,q): r >0
64, X, Y, n,m,w, k,r,q) = p284, X, Y, n,m, w,k,r,q):r=0]"

0 p1(84, X, Y, n,m,w, k,r,q)

(4, (1, m, w. k, p(r), s(9)))
F P (X, k. 5(q))
F (X1 k. 5(q).5()) ~k vV [(X1(k.5(q) <k) A F(X k. q)
F Xk, q)

Sﬁgr

084, X, Y, n,m, w, k,r,q)

(8. (n.m, w. k. r.q))
FE(X. K, q)
F B Xk, q) A F3(X, k. q)
F (X k. q)

Sﬁlr

- H5(857X5 Yvnvmv kaa r, Q) =

65, X, Y, n,m,w, k,r,q) — p185, X, Y, n,m,w,k,r,q): w>0
65, X, Y, n,m,w,k,r,q) = p2(85, X, Y, n,m,w,k,r,qg): w=0|"

00165, X, Y, n,m,w, k,r,q)

(8s. (n.m, p(w), s(k), 7, q))
F (X, s(k), q)
F F5(X, (k). q) A Fy(X. k. q) A F3(X. k. q)
F F3X, k, q)

SI%r

0 (85, X, Y, n,m,w, k,r,q)

(85, (n.m, w,k, r,q))

FFi (X, k, q) .
< < SFir
R Xk q) A F3X kK, q)
F X, k, q)

- IIs(86, X, Y, n,m,w, k,r,q) =

66, X, Y, n,m,w, k,r,q) = p166, X, Y, n,m,w, k,r,q): w>0
b6, X, Y, n,m,w, k,r,q) — p286, X, Y, n,m, w, k,r,q): w=0["

e 01086, X, Y, n,m, w, k, r,q) denotes
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(33, (n,m, w, k, p(r), 0))
F F4(X, k, 0)
F (X2, 0) £sk) Vv f(X2(k,0) <kV f(Xa(k,0)) ~k
F f(Xa(k,0)) £ sk), f(X2(k,0)) <kV f(X2(k,0)) ~k
F f(X2(k,0)) £ s(k), f(X2(k,0)) <k, f(X2(k,0)) ~k
f(Xa(k,0)) <sk) = f(Xa2(k,0)) <k, f(X2(k,0)) ~k
(2)

Bﬁ4r

(81, (n,m, p(w), s(k), r,0))
F @ (pw),sk))) < sk) @)
F /T (p(w), s(k)) <k, f(Y(p(w),sk)) ~k
(€]

Res(ie1)

(85, (n,m, w, k, p(r), 0))

F F3(X, 0,m) A
— BFsr
FFEX kO A fl@)£0
— NI
F F5(X, k,0) N
BFsr

FAESX300,0) =k
Ff(X3(k) <k BST

Q) T~k o
F (Y w. k) < k S
where
w1 = { Xa(k,0) < Y(p(w),s(k)) }.
and

p2 ={Y(pw),sk) < Yw, k), Xsk) < Y(w, k) }.
e (86, X, Yn,m,w, k,r,q)

(85, (n,m, w, k, p(r), 0))

F F3(X, k, 0) .
N BF3r
(84, (n,m, w, k, p(r), 0)) F Fs(X,k,0) A f(a) £0 N
F P (X, k,0) F F5(X, k, 0) R
Fsr

BB i SoGm, 00 <k
FIG®) <k B

Res(yt)

F Xk, 0) <kV f(Xi(k0) ~k

FrXik,0) <k f(X1(k,0)~k

FIX1(k.0) <k f(X1(k.0) ~k B5T f(X3(k) ~ k-
FfY(w, k) <k

where = { X (k,0) < Y(w, k), X3(k) < Y(w,k)}.

In Example 23 we constructed an RPLg’ refutation D. From this refutation we may extract
a point transition system following the construction outlined in Definition 47.

Example 24 The point transition system for D, as defined in Example 23, is pts(D) =
(80, A*, Ay, P), for P = Ps; where the Ps,’s are defined as follows:
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- PS() :pfS(HO(SO»X, Y5 n,m)) =

1, (n,m,n,n,s@m),0))
(85, (n,m,n,n,0,m))

(61,(0,m,0,0,s(0m), 0)) }

n>0Am>0

(0, (n, m)) — {
(807 (n,m)) - { (88, (O,m)) n = 0/\m > O
s, (n,0,n,n,0,0)),
(80, (m, m)) = { (8, (n, 0,1, 1, 5(0), 0))
(83 (0,0))
(80, (n,m)) — { (85, (0,0)) ¢ :n=0Am=0
(83, (0,0))

— Ps, =pts(I11 (61, X, Y, n,m,w, k,r,q)) =

01, (n,m, p(w), s(k), r,0)),
61, (m,m,w, k,r,q)) = § (82, (n,m, w, k, p(p(r)),0)), ¢ :w=>0
(83, (n, m, w, k, p(r), 0))
(84, (n.m, 0, k, p(r), 0)), } o
(62, (n,m,0,k, p(p(r)),0)) |

— Ps, =pts(I1r(62, X, Y, n,m, w, k,r,q)) =

(62, (n,m, w, k, p(r), s(q))),
(62, (m,m, w, k,r,q)) = § (81, (n,m, p(w), s(tk),s(m),0)), ¢ :r>0
(33, (n,m, w, k, p(r), s(q)))
(81, n, m, p(w), s(k), s(m), 0),
62, (n,m,w, k,r,q)) — (63,n,m, w, k,0,5(q)), r=0
(85, n,m, w, k,0,s(q))

n>0Am=0

61, (n,m,w, k,r,q)) — =

= Py =pis(I13(83, X, Y, n,m, w, k, r,q)) =
(835 (n,m, w5k7r7 Q)) - {(837 n,m,w, k7 P(’”), S(q)), } L r > O
(83, (n,m, w,k,r,q) — {(8s.n,m, p(w),s(k),0,¢9)} : r =0
- P§4 :pts(n4(84»xv Y?"am» w, kv r, (])) =

(B4, (n,m,w k,r,q)) = { (84,0, m, w.k, p(r),s(q)),}:r>0
(B4, (nom,w, k,r,q)) = { Sfn,m,w.k,r,q)}:r=0

- Pss =pts(I15(85, X, Y, n,m, w, k,r,q)) =

s, (nom, w,k,r,q)) — { (5. n,m, p(w),sk).r.q). } :
w

s, (n,m,w, k,r.q)) — { (5.n.m w.k.r.q)}:w= 0

— Ps, =pts(86, X, Y, n,m,w, k,r,q)) =

b1,n,m, p(w), sk), r,0),
(¢, n,m,w, k,r,q) — (85, n,m, w, k, p(r),0), cw >0
(83, n,m,w, k, p(r),0)
(84,n,m,0,k, p(r),0), | =
ot w7 ) = { (35, n,m,0,k, p(r), 0) |+ =7

By inspection one can see that pzs(D) is in fact a point transition system.

Theorem 4 Let W be the theory in Example 6. Then D in Example 23 is a convergent refutation
schema of W.
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Proof That D is a refutation schema of ¥ is easy to see as S(8¢, X, Y, n, m) = b It remains
to show that D is convergent. By the Theorems 1 and 2 it is sufficient to prove that pts(D)
(see Example 24) is canonic. We have A* = {8p, ..., 8¢} UA, for A, = {8}, ..., 8], 4> 85}
According to Definition 39 we have to partition A* into A, A, for defining the order <p.
We define Ay = {8, ..., 8¢} and A} = A,. Then it is easy to check that pzs(D) is canonic.
O

7 Future Work and Applications

The initial intention of this research was to develop a schematic resolution calculus and
thus allowing interactive proof analysis using CERES-like methods [5] in the presence of
induction. More precisely, the resolution calculus introduced in this work will provide the
basis for a schematic CERES method more expressive than the methods proposed in [11,14].
As already indicated, the key to proof analysis using CERES lies in the fact that it provides
a bridge between automated deduction and proof theory. In the schematic setting a bridge
has been provided [11,14], and the formalism presented here provides a setting to study
automated theorem proving for schematic first-order logic.

Our recursive semantics (defined in Sect. 5) separates local resolution derivations from the
global ““shape” of the refutation, an essential characteristic of induction. While constructing
a recursive resolution refutation for a recursive unsatisfiable formula schema is incomplete,
it is not clear whether the problem remains incomplete when the point transition system is
fixed. In other words, we may instead ask: “Is providing a recursive resolution refutation,
with respect to a given point transition system, for recursive formulas complete?” The answer
to this question is not so clear in that it depends on the resolution calculus itself as well as
on the associated unification problem. Both concepts are developed in this paper.

Concerning the resolution calculus presented in Sect. 4, both the Andrew’s calculus-like
sequent rules and the introduction of global variables provide the necessary extensions to
resolution accommodating the recursive nature of our formulas. The unification problem
discussed in Sect. 3 has not been addressed so far, and furthermore it may have interesting
decidable fragments impacting schematic proof analysis as well as other fields.

Overall, the avenues we leave for future investigations provide ample opportunities for
studying schematic theorem proving.
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