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Abstract
Controlling the exact Cartesian stiffness values of a robot end-effector (EE) is troublesome because of difficulties associated
with estimating the stiffness and controllability of a full Cartesian stiffness matrix. However, most practical applications
require only quantitative (high/low) stiffness values in the EE motion direction (or perpendicular direction). Full control of
the stiffnessmatrix requiring toomany control inputswhich is hardly possible in practical applications. To ensure the efficiency
of execution for a range of redundant robots, we present an algorithm for shaping a robot’s Cartesian stiffness ellipsoid, a
more intuitive and visual stiffness representation, using a nonlinear sequential least square programming optimization. The
algorithm is designed to optimize the joint stiffness values and the trajectory of the robot’s joints, using null-space exploration,
for a given task. Using eigenvalue decomposition of the stiffness matrix, the algorithm minimizes the orientation difference
between the major axis of the current and the desired stiffness ellipsoid and specify a scaling factor between the major and
the minor axis. The presented approach allows the user to better understand and control of a robot, regardless of the user’s
knowledge of the achievable stiffness range and the interdependencies of the Cartesian stiffness matrix elements.

Keywords Compliance and impedance control · Collaborative robots · Optimization and optimal control · Physical
human-robot interaction

1 Introduction

With the development of robotics technologies (cobots, sen-
sors, interfaces), robots have mastered and are deployed to
a broader range of tasks. However, for a robot to work in
an unstructured environment, it has to be safe for humans,
the environment, and itself. To ensure safety of physical
human-robot interaction [1] and robustness of in-contact
task execution, the robot needs to be compliant. Compli-
ance properties can be expressed with its end-effector (EE)

B Nikola Knežević
knezevic@etf.rs

Branko Lukić
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Cartesian stiffness. The EE Cartesian stiffness can be repre-
sented numerically or graphically. Numeric representations
are stiffness and compliance matrices, whereas the graphical
representation for 3D space is a stiffness ellipsoid.

There are three main approaches to achieve Cartesian
compliance of a robot’s EE: (i) software-based (active) com-
pliance for a wide range of robots in different realizations
with and without an additional Force-Torque (FT) sensor at
the EE [2, 3]; (ii) software-based (active) compliance for
robots with joint torque sensors [4], and (iii) hardware-based
(intrinsic) compliance by robot design usually though novel
compliant actuation approaches [5]. Approach (i) is com-
pliance at the EE level, while approaches (ii) and (iii) are
at a joint level. Nevertheless, each of the three approaches
can exploit the redundancy (null-space) in kinematically
redundant tasks to shape the EE Cartesian stiffness matrix,
adhering to limitations such as the geometry and configura-
tion of the robot, the degree of task redundancy or the joint
stiffness range [6, 7].

Both active compliance approaches (i) and (ii) suffer from
the non-zero response time in control of intrinsically stiff
robots in a contact scenario, whereas (i) is restricted only to
reactions to EE collisions. Passive compliance comprising
elasticity (iii) between the actuator and the robot link can
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enhance safety during impact [8, 9], exploiting the design
of serial elastic actuators (SEA) and variable stiffness actu-
ators (VSA). Cartesian stiffness shaping that uses kinematic
redundancy can be applied to both active and passive com-
pliance [4, 10, 11].

As analyzed in [10], for a 3D task, at least 14 vari-
able stiffness joints are required to control the EE Cartesian
position (6 degrees of freedom (DoFs)) and a full stiffness
matrix (21 DoFs). Obviously, this is not feasible for standard
robot configurations. Some optimization and prioritization
are necessary [12, 13]. A two-part EE Cartesian stiffness
control/optimization (fast and slow) of a kinematic redun-
dant VSA-driven robot is proposed in [10]. Fast optimization
takes place in the joint stiffness space and slow (non-linear)
optimization in the robot’s null-space.

In [12], the authors propose an active impedance controller
in addition to the modulation of stiffness in joints with pas-
sive compliance to enable shaping of the whole Cartesian
stiffness matrix. Active impedance control is predominantly
exploited to shape non-diagonal stiffness matrix elements.
However, the approach still targets the exact shaping of a full
Cartesian stiffness matrix, which can be challenging. Nev-
ertheless, the authors of [14] point out that control of the
diagonal elements of the stiffness matrix is essential in most
applications. For VSA-driven robots, it is possible to extend
the redundant inverse kinematics problem to include variable
compliance in each joint and obtain compliance extended
inverse kinematics [15].

Also, EE Cartesian compliance shaping can be divided
into configuration-dependent stiffness (CDC) and common
mode stiffness (CMS) [11]. CDC comes from a redundant
robot configuration and is used to orientate the stiffness
ellipsoid, while CMS affects the ellipsoid volume. CMS rep-
resents an additional degree of freedom that can be included
in inverse kinematics to obtain better results.

The EE Cartesian stiffness matrix depends on the robot’s
pose through the Jacobian matrix, as well as on stiffness on
a joint level, which represents nonlinear expressions from
the joint position and stiffness to EE Cartesian stiffness.
Because of this, it is hardly possible for a typical 6-7 DoF
robot to find an analytical set of joint positions/stiffness that
will satisfy the desired EE position and shape a full stiffness
matrix. Therefore, the optimization techniques that exploit
null-space are necessary for finding approximate solutions
that minimize targeted discrepancies in robot positioning
or Cartesian stiffness shaping [13, 16]. In [7], the authors
demonstrate the efficiency of the SLSQP approach on a 4-
DoF SEA planar robot. However, this was restricted to the
shaping of Cartesian stiffness in a static position by match-
ing the exact values of the diagonal elements of the Cartesian
stiffness matrix.

Also, considerable research has been done in the field of
impedance control to make a robot compliant. Traditionally,
impedance control has been based on selecting controller
gains that will provide a trade-off between allowable posi-
tioning errors and acceptable interaction forces [17]. The
selection of appropriate impedance gains is not a trivial task
for non-expert users, due to the complexity that arises from a
given task or the complexity of the control method itself [18–
20]. To overcome unintuitive and complex shaping of gains
for impedance controllers, an adaptive and iterative learning
approach is adopted to tackle the problemof impedance plan-
ning [21, 22]. Recent research [23] addresses the problem of
impedance planning for Cartesian impedance controllers that
do not assign closed-loop inertia. A task-based impedance
shaping algorithm is proposed in [24].

All the above-mentioned approaches find usage in prac-
tical applications. In [25], the authors propose the use of
impedance control for collaborative human-robot chamfer-
ing and polishing applications.Also, null-space search is pro-
posed in [26] for torque-effective drilling. The researchers in
[27] introduce collaborative assembly shaping robot behav-
ior with active and passive compliance.

In related literature, Cartesian stiffness shaping for the
robot EE mostly focuses on algorithms that exploit kine-
matic redundancy and/or joint compliance for fitting all
components of the Cartesian stiffness matrix [28–30]. How-
ever, exact numerical stiffness shaping is impossible in most
practical tasks due to challenges associated with stiffness
estimation, knowledge about the achievable stiffness range
(due to a limited joint stiffness range and dependence on the
robot’s pose), and formulating quantitative indicators of the
desired stiffness. Furthermore, stiffness planning through fit-
ting of the Cartesian stiffness matrix is especially demanding
in trajectory-dependent tasks.

This paper presents an optimization method for shap-
ing EE Cartesian stiffness along the axes that are essential
for predefined tasks and robot EE trajectories. Customiz-
ing the design of an objective function, the algorithm can
shape the geometrical stiffness representation by setting the
ratio between the major and minor axes of the stiffness
ellipsoid, which can be used for task-specific targeted behav-
ior (assembling, inserting, pulling through, cutting, drilling,
etc.). The desired robot behavior is extracted directly from
a trajectory that the robot needs to follow, resulting auto-
matically in an indirect adjustment of the parameters of the
Cartesian stiffnessmatrix. Therefore, the presented approach
enables users to better understand and command the robot’s
Cartesian stiffness regardless of user knowledge about the
achievable stiffness range and mutual dependencies of exact
values of the Cartesian stiffness matrix. In comparison to
general algorithms for controlling the EE Cartesian stiffness,
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the proposed method for geometrical EE Cartesian stiffness
shaping (GCSS) offers the following advantages:

• additional expensive force/torque sensors are not required;
• the approach relies on kinematic reconfiguration and pas-
sive compliance, which does not influence the stability
guaranteed with low-level controllers;

• stiffness estimation is not needed for successful in-
contact task execution;

• the method is applicable to any robotic system because
it uses common optimization techniques; and

• expert knowledge is not required because shaping is
extracted automatically from a given task trajectory.

Additionally, the presented algorithm will contribute to a
wider use of collaborative robots, enabling them to perform
tasks more efficiently under uncertainty and imperfection of
positioning parts that need to be processed, or when faced
with disturbance during task execution.

2 Methodology

The performance of a task often depends on exerting force
on a surface (assembly, polishing, sanding), avoiding high
perpendicular contact forces (inserting) and any deviation in
the direction of movement (cutting, drilling). For such tasks,
it is desirable that the contact force vector is aligned with
one of the axes essential for task execution. Generally, to
successfully perform arbitrary contact tasks, a robot should
be able to fully shape its EE Cartesian stiffness. However,
shaping of the full Cartesian stiffnessmatrix is not applicable
inmost cases since it requires setting of 21 parameters in total
[10].

Nevertheless, Cartesian stiffness shaping can be achieved
to some extent with regard to available controllable inputs.
Mutual independence of different stiffness terms that shape
the stiffness matrix can be represented geometrically in 3D
space as a stiffness ellipsoid to provide an intuitive represen-
tation to the user. For example, a cutting task requires force
to be applied to the cutting surface, with no restrictions or
specific requirements for perpendicular tool motion. There-
fore, the speed and quality of task execution depend on the
stiffness a robot (and tool) is able to produce in the direction
of cutting, parallel to the surface to be cut. Knowing that the
stiffness ellipsoid volume does not change significantly for
specific compliance in joints, kinematic redundancy should
be exploited to enlarge anddirect themain axis of the stiffness
ellipsoid to be parallel to the surface. By contrast, for tasks
that require precise trajectory tracking regardless of possible
disturbances (e.g., pulling a ring along a wire [31]), the high-
est stiffness is required in the perpendicular plane to restrict
deviation from the trajectory. To that end, the stiffness ellipse

should be shaped to align its longest axis with the plane per-
pendicular to the trajectory during motion.

To successfully perform the largest number of contact
tasks with a given robot, one needs to design an appropriate
EE trajectory and shape EE Cartesian stiffness to perform a
desired interaction or deal with unexpected disturbances and
uncertainties. By applying the methodology presented in this
paper, even unskilled workers can successfully provide the
robot with optimal joint positions to execute complex tasks
while satisfying task specifications. Figure 1 shows theGCSS
algorithm flow from the task-specific trajectory towards the
optimal joint positions, which will ensure proper task exe-
cution with regard to robot kinematics, constraints, and the
initial joint stiffness setting. The user needs to provide the
desired task-specific EE trajectory and the desired scaling
factor between the ellipsoid axes, which refer to the shape
of the stiffness ellipsoid and its direction. Processing over a
trajectory is necessary to find the optimal joint configuration.
The optimization algorithm uses the EE trajectory as a con-
straint to ensure that the EE will follow that exact trajectory.
The desired orientation of the major axis of the EE Cartesian
stiffness ellipsoid is also computed from the EE trajectory.
Based on task-specific motion, a proper joint stiffness set is
computed to initially orient the major axis of the EE Carte-
sian stiffness ellipsoid in the motion direction, where these
values are used as constant parameters for the optimization
algorithm. Finally, the optimization algorithm provides task-
optimal joint configurations from the kinematic model of the
robot, the initial joint stiffness setting, and the desired orien-
tation of the major axis of the ellipsoid.

2.1 Cartesian Stiffness Modeling and Geometrical
Representation

This paper presents an optimization algorithm for shaping the
stiffness ellipsoid in the direction of movement of a robot’s
EE. The algorithm exploits null-space to find the optimal
robot configuration in a certain Cartesian position to achieve
the desired stiffness ellipsoid orientation of the major axis
as far as possible. The proposed GCSS approach considers
the Cartesian robot position and the available joint motion
range as constraints, whereas the joint stiffness and Cartesian
stiffness ellipsoid parameters are passed to the optimization
algorithm as constant parameters. To that end, it is essential
to recall the relations between joint stiffness and Cartesian
stiffness, as well as the geometrical representation of the
Cartesian stiffness matrix. If

K j =

⎡
⎢⎢⎢⎣

k j1 0 . . . 0
0 k j2 . . . 0
...

...
. . .

...

0 0 . . . k jn

⎤
⎥⎥⎥⎦ , (1)
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Desired trajectory
(Task specific)

Direction of
trajectory SLSQP Robot

Robot kinematics

Initial joint
stiffness setting

Stiffness ellipsoid
axis ratio

(Task specific)

Fig. 1 Block diagram of the algorithm. Blue blocks represent task-specific inputs, green blocks the main components of the algorithm, and yellow
blocks the optimization parameters

is the joint stiffnessmatrix,where k ji is the i-th joint stiffness,
and J is the robot’s EE Jacobian matrix, then the Cartesian
stiffness matrix can be computed as follows:

KC = (J(q)K−1
j J(q)T )−1, (2)

where q is the joint position vector. Using eigen-decomposi-
tion, the Cartesian stiffness matrix can be decomposed and
represented in the form

KC = U�U−1, (3)

whereU is thematrix of eigenvectors and� is thematrixwith
eigenvalues that can be extracted from eigen-decomposition
of the EE Cartesian stiffness square matrix. The matrix
U = [U1,U2, . . . ,Un] is composed of eigenvectors U i =
[ui1, ui2, . . . , uin]T for i = 1 . . . n, and matrix � is a diago-
nal matrix composed of eigenvalues

� =

⎡
⎢⎢⎢⎣

λ1 0 . . . 0
0 λ2 . . . 0
...

...
. . .

...

0 0 . . . λn

⎤
⎥⎥⎥⎦ . (4)

The Cartesian stiffness matrix can be represented geo-
metrically as an ellipsoid, where the columns of matrix U
represent unit vectors of an ellipsoid axis, while the diagonal
elements ofmatrix� represent axismagnitudes. The orienta-
tion of the stiffness ellipsoid is defined by the major ellipsoid
axis.After eigen-decomposition, the ellipsoid parameters can
be calculated as

λmax = max
i∈[1,n](λi ), (5)

λmin = min
i∈[1,n](λi ), (6)

where λmax is the magnitude of the major stiffness ellip-
soid axis and λmin is the minor stiffness ellipsoid axis. The

stiffness ellipsoid direction vector is represented by Umax,
which is an eigenvector from U that corresponds to the
largest eigenvalue from � (orientation of the major stiffness
ellipsoid axis). Using the geometrical representation of the
Cartesian stiffness matrix, the user canmore intuitively mon-
itor and command the desired Cartesian stiffness properties
of the robot’s EE.

2.2 SLSQP as an Optimization Approach for EE
Cartesian Stiffness Shaping

Cartesian stiffness shaping of robots with joint compli-
ance (real or software-emulated) is commonly approached
through robot reconfiguration in null-space for kinematically
redundant tasks [3, 4, 13] or through joint stiffness modula-
tion for VSA-driven robots [12]. The non-linear optimization
algorithm based on the sequential least square programming
(SLSQP) approach is used to find task-optimal robot proper-
ties, such as joint stiffness and robot configuration [7]. The
SLSQPapproach is implemented due to its efficiency demon-
strated in high-dimensional non-linear problems [32, 33].
Consequently, its effectiveness has been extensively demon-
strated in the context of trajectory and robot configuration
optimization within the field of robotics [34, 35]. The prob-
lem statement can be formulated as follows:

min f (q), over q ∈ R
n,

subject to h(q) = 0,

g(q) ≤ 0,

(7)

where the objective function is represented as f : Rn → R,
while functions h : R

n → R
m and g : R

n → R
z repre-

sent equality and inequality constraints for an optimization
problem. The value n represents the number of variables in
vector q (robot’s joints position vector) for which optimiza-
tion is performed, and m and z are the number of equality or
inequality constraints, respectively.
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The algorithm transforms the non-linear objective func-
tion f (q) to a quadratic function in each iteration q[k],
trying to solve the problem using the quadratic program-
ming approach. The algorithm uses the kth iteration output -
q[k] as input for the next iteration q[k + 1]. These steps are
repeated until q[k] converges to the local minimum f (q∗)
of the optimization problem Eq. 7 while satisfying all con-
straints, where ∗ represents the local minimum point.

The criterion function f is designed to minimize the dif-
ference θ between the orientation of the major axis of the
desired Cartesian stiffness ellipsoid and the current Carte-
sian stiffness ellipsoid. Since vectors Ucmax and Ud max are
unit vectors the angle between them can be found as:

θ = arcsin(|Ucmax × Ud max|), (8)

whereUcmax is the major axis direction vector of the current
stiffness ellipsoid, Ud max is the major axis direction vector
of the desired stiffness ellipsoid, which follows from geo-
metrical representation of vector product.

Based on task-specific requirements, the desired stiffness
ellipsoid orientation can be set along or perpendicular to the
trajectory. In cases where the major axis of the desired stiff-
ness ellipsoid is oriented along the trajectory, the criterion
function f is defined as follows:

f = |θ |
β

, (9)

or if the orientation of the major axis of the desired stiffness
ellipsoid is perpendicular to the trajectory

f =
π
2 − |θ |

β
, (10)

where θ is angle between desired and current stiffness ellip-
soid and β is the scaling factor that ensures that the stiffness
ellipsoid axes satisfy the desired ratio.

The scaling ratio β is defined as follows:

β = min

(
λmax

λmin
, α

)
, (11)

where α is the maximal ratio that the stiffness ellipsoid axes
need to achieve. Scaling factor β is incorporated directly
in the criteria function f and, consequently,the optimization
result will combine the effect of stiffness ellipsoid orientation
and ellipsoid axis ratio. The equality constraints represent
the difference between the current and desired EE positions,
which should be 0, to ensure trajectory tracking

h(q) = Xc(q) − Xd = 0, (12)

where Cartesian coordinates with the index c represent the
robot EE position and orientation based on optimization vari-
able q, whereas Cartesian coordinates with the index d are
the desired robot EE position and orientation. In addition,
appropriate lower and upper bounds must be set to ensure
that the optimization search does not go beyond the avail-
able joint motion range, which is dictated by the geometric
parameters of the robot.

By applying the procedure described above, the orienta-
tion of the major axis of the desired EE Cartesian stiffness
ellipsoid and the axis ratio can be set to ensure proper robot
behavior for various tasks.

2.3 Initial Joint Stiffness Setting

Initial search is undertaken to find the initial joint stiffness
for a specific task. Three points are selected on the EE trajec-
tory: first, middle, and last. The optimization algorithm Eq. 7
is executed and joint stiffnesses are optimization variables.
The value of the criteria function used to find initial joint
stiffness fi js is calculated as follows:

fi js = [ f ( f irst) + f (middle) + f (last)], (13)

where f represents the criteria function defined in Eqs. 9 or
10, depending on task requirements. In this way, the calcu-
lated joint stiffness values enable the EE Cartesian stiffness
ellipsoid to align with the trajectory, as much as possible.

3 Experimental Evaluation

The 7DoF Panda robot [36] with software-based adjustable
joint stiffness was used for experimental evaluation. The
robot performed a motion that was calculated offline as a
result of the optimization algorithm. For the optimization
MATLAB R2021a fmincon tool was used, with active-set
solver with constraint tolerance and function tolerance 1e−5

and 1e−2, respectively. The time taken to optimize the robot’s
movement along the entire path was 0.4 ± 0.1 s. Two dif-
ferent tasks were carried out. The first task was pulling a
bolt through an aluminum profile, as shown in Fig. 2 (left).
The second task was tape cutting (Fig. 2, right). Selected
tasks require similar robot behaviors like a peg-in-hole,
object insertion, polishing, drilling, and screwing, where the
EE Cartesian stiffness ellipsoid needs to be oriented along
the robot trajectory or perpendicular to it. First, the GCSS
algorithm and its properties were evaluated in a simula-
tion environment. Then, the task-optimal joint configuration
was implemented on the real robot. There were four experi-
ments for the first task and two for the second task. Without
losing generality, both tasks were planar. In that case, the
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Fig. 2 Pulling bolt through
aluminum profile experiment
(left) and tape cutting
experiment (right)

2D Cartesian stiffness ellipse could be used instead of the
ellipsoid. A demonstration of both tasks in all the exper-
iments is provided on the following link https://youtu.be/
ApsIJwaJIbo.

3.1 Simulation Algorithm Evaluation

The task of pulling a bolt through an aluminum profile was
selected to showcase algorithm properties in the MuJoCo
simulation environment [37]. An inverse kinematic con-
troller drove the robot through referent trajectories without
consideration of stiffness properties to illustrate basic robot
behavior. The task-specific orientation of the major axis of
the EE Cartesian stiffness ellipse was extracted from the ref-
erence trajectory, where the trajectory direction represented
the desired orientation of the major axis of the EE Cartesian
stiffness ellipse.

0.2 0.25 0.3

X[m]

-0.8

-0.4

0

0.4

0.8

0.2 0.25 0.3

X[m]

-0.8

-0.4

0

0.4

0.8Stiffness ellipse
EE position

Y
[m

]

Fig. 3 End-effector stiffness ellipse orientation along the motion direc-
tion (from blue to red dot), non-optimal scenario (left), and optimal
scenario (right)

The task-specific joint stiffness matrix was calculated
according to Eq. 13 from Section 2.3 and set to K j =
diag(1200, 20, 1200, 20, 250, 20, 20)Nmrad . Based on an in-
verse kinematic controller, the robot achieves a joint config-
uration that is, in the general case, not optimal for a specific
task in terms of expected or non-intended interactions. The
stiffness ellipse for the desired Cartesian trajectory prior to
Cartesian stiffness shaping is shown in Fig. 3 left. The GCSS
algorithm found the optimal robot configuration to satisfy all
constraints (EE desired trajectory and available joint motion
range) and orient the major axis of the EE Cartesian stiffness
ellipse in the desired direction, as presented in Fig. 3 right.

The joint trajectories in the non-optimal and optimal sce-
narios are depicted in Fig. 4, where the 7th joint does not
appear because the task was 5DoF and the 7th joint did not
influence task execution (rotation about Z-axis). In both sce-
narios, non-optimal and optimal, robot motion started from
an identical configuration. The effect of null-space reconfig-
uration during desired trajectory tracking presented in Fig. 4
confirms the success of the GCSS algorithm, satisfying the
constraints while aligning the EE Cartesian stiffness ellipse
along the direction of motion (Fig. 3). The error in the orien-
tation of the major axis of the EE Cartesian stiffness ellipse
over the whole trajectory was less than 0.1 degrees.

3.2 The Task of Pulling a Bolt Through an Aluminum
Profile

To complete the bolt pulling task, themajor axis of the robot’s
EE Cartesian stiffness ellipse needed to be oriented along
the aluminum profile. This means that the major axis of the
stiffness ellipse had to be oriented along the robot’s direction
of movement, while allowing lateral motion in order to avoid
high interaction forces and friction.

In several studies, authors have undertaken comparisons
between their Cartesian stiffness modulation algorithms and
naive-base control approaches to highlight the advantages of
their methods [23, 38, 39]. In this paper, four different exper-
iments were conducted, showcasing the differences between
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Fig. 4 Joint positions resulting
from embedded inverse
kinematic controller (red) and
stiffness shaping optimization
controller (blue)
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the GCSS algorithm and the naive-base approach control
methods. In the first experiment (Fig. 5a), the robot was con-
trolled by the GCSS algorithm to pull the bolt through the
aluminum profile with no disturbance to the environment.
In the second experiment (Fig. 5b), the stiffness of all robot
jointswas low,making the robot compliant. In the third exper-
iment (Fig. 5c), the stiffness of all robot joints was high (the
robotwas stiff). For the second, third, and fourth experiments,
the aluminum profile was rotated about its end, effectively
applying disturbance to the task. The proposed GCSS algo-
rithm controlled the robot in the fourth experiment (Fig. 5d).
It is apparent that the robot executed the task successfully
when there were no disturbances (Fig. 5a). There were no
errors in tracking the commanded trajectory. Also, the algo-
rithm was successful in orienting the main axis of the EE
Cartesian stiffness ellipse along the direction of movement.
At t = 4 s, the robot exited the aluminum profile, continued
to move in free space, and external forces dropped down to
zero.

In the experiment executed in the compliantmode (Fig. 5b),
the robot was unable to accomplish the given task in the
presence of a disturbance. The orientation of the main axis
of the EE Cartesian stiffness ellipse in this experiment was
not optimal. Therefore, due to the low Cartesian stiffness,
the bolt got stuck under the influence of the disturbance
and interaction force for t = 5 s. At that point, the robot’s
accumulated energy was high enough to release the robot. It
continued to move, but did not succeed in finishing the task.
The robot also failed to complete the task in the stiff mode
(Fig. 5c). At t = 1 s, the external forces that acted on the EE
exceeded the collision threshold, causing the robot to stop

moving. In the final experiment (Fig. 5d), the robot used the
GCSS algorithm and accomplishes the task. The orientation
of the major axis of the robot’s EE Cartesian stiffness ellipse
remained unchanged and optimal during the entire execu-
tion. Because of the optimal orientation and shaping of the
Cartesian stiffness ellipse, the robot was able to adapt to the
applied disturbance (deviation in the X direction) and suc-
cessfully track the position in the Y direction. At t = 4 s, the
robot exited the aluminum profile and this decreased external
forces to zero and also decreased the position error in the X
direction.

3.3 The Cutting Task

In the first tape cutting experiment, the desired orientation of
the major axis of the EE Cartesian stiffness ellipse was set
along the direction of cutting, while in the second experiment
it was perpendicular. The orientations of themajor axis of the
EE Cartesian stiffness ellipse in these two experiments after
the GCSS algorithm are illustrated in Fig. 6. It is apparent
that in both experiments the GCSS algorithm was capable of
achieving the desired orientation of the major axis of the EE
Cartesian stiffness ellipse.

While performing the cutting task, the robot needed to
apply a force of approximately 10 N in the direction of cut-
ting to penetrate the tape successfully (see Fig. 7 (top)). In the
first experiment (highlighted in blue), the robot achieved the
cutting force faster because, in that case, the robot’sEECarte-
sian stiffness was higher in the direction of cutting. Thus, any
deviation from the reference trajectory was minimal and the
robot accomplished the tape cutting task (Fig. 7 (bottom)).
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Fig. 5 Pulling bolt through aluminum profile experiment. a) GCSS algorithm mode without disturbance; b) Compliant mode with disturbance; c)
Stiff mode with disturbance; and d) GCSS algorithm with disturbance

In the second experiment (highlighted in orange), where the
major axis of the robot’s EE Cartesian stiffness ellipse was
oriented perpendicular to the direction of cutting, the force
required to execute the task was achieved later. The deviation
from the reference positionwas significant in the second case.
The position error decreased when the robot achieved the
required cutting force. Although the robot reached the appro-
priate cutting force, the accumulated error was too large and
could not be compensated because of the low EE Cartesian
stiffness along the direction of cutting, so the cutting process
failed (Fig. 7 (bottom)).

4 Conclusion

Thepaper presented aCartesian stiffness shapingmethod that
overcomes typical challenges in Cartesian stiffness control,
such as stiffness estimation, knowledge about the achievable
stiffness range, formulation of quantitative indicators in the

Cartesian stiffness matrix, and the requirement to use a
force/torque sensor. The proposed approach exploits the
geometrical representation of EE Cartesian stiffness and
introduces an optimization method for shaping EE Carte-
sian stiffness along axes that are essential for predefined
tasks and commanded robot trajectories. As such, it con-
tributes to user-friendly command of stiffness shaping and
task-specific targeted behavior for typical robot tasks (assem-
bly, inserting, pulling through, cutting, drilling, etc.). The
optimization method for EE Cartesian stiffness shaping
relies on sequential least square programming (SLSQP) to
ensure computational efficiency in a non-linear optimization
task. The proposed algorithm exploits the kinematic recon-
figuration of the robot in null space and utilizes general
optimization techniques. Therefore, the presented method-
ology is general and applicable to different robotic systems.
Additionally, the presented algorithm provides a more intu-
itive approach to performing robot tasks with improved
efficiency and reliability under uncertainty or when faced
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Fig. 6 End-effector stiffness ellipse orientation for cutting task. Ori-
entation of the major axis of the EE Cartesian stiffness ellipse: Top -
along the direction of cutting; Bottom - perpendicular to the direction
of cutting

with disturbance during task execution. The algorithm prop-
erties and the main benefits of the proposed approach are
experimentally demonstrated with two representative in-
contact tasks - pulling a bolt through an aluminumprofile and
cutting. The proposedmethodology can be applied to a broad
range of tasks in which performance depends on mechanical
interaction between a robot and its surroundings.

The limitations of the proposed approach are reflected in
two aspects. The first aspect is that in this work, EECartesian
stiffness is achieved by exploiting passive stiffness. Cartesian

Fig. 7 End-effector forces in cutting task. Desired EE Cartesian stiff-
ness ellipse oriented along direction of cutting (green). Desired EE
Cartesian stiffness ellipse oriented perpendicular to direction of cutting
(red)

stiffness is limited due to constraints in the joint stiffness of
the robot. The second aspect is that shaping and orienting
the stiffness ellipsoid is performed through the exploitation
of null-space (kinematic reconfiguration). Due to the manip-
ulator’s kinematics, it is sometimes impossible to achieve
the desired stiffness ranges when using passive stiffness. In
future work, the main focus will be on algorithms that com-
bine active and passive stiffness control at the joint level to
enhance the algorithm’s performance.
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