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Abstract

In discrete optimization, representing an objective function as an s-t cut function of
a network is a basic technique to design an efficient minimization algorithm. A network
representable function can be minimized by computing a minimum s-f cut of a directed
network, which is an efficiently solvable problem. Hence it is natural to ask what functions
are network representable. In the case of pseudo Boolean functions (functions on {0,1}"), it
is known that any submodular function on {0,1}* is network representable. Zivny-Cohen—
Jeavons showed by using the theory of expressive power that a certain submodular function
on {0, 1}* is not network representable.

In this paper, we introduce a general framework for the network representability of func-
tions on D™, where D is an arbitrary finite set. We completely characterize network repre-
sentable functions on {0, 1}™ in our new definition. We can apply the expressive power theory
to the network representability in the proposed definition. We prove that some ternary bisub-
modular function and some binary k-submodular function are not network representable.

Keywords: network representability, valued constraint satisfaction problem, ex-
pressive power, k-submodular function

1 Introduction

The minimum s-t cut problem is one of the most fundamental and efficiently solvable problems
in discrete optimization. Thus, representing a given objective function by the s-t cut function
of some network leads to an efficient minimization algorithm. This idea goes back to a classical
paper by Ivanescu [I3] in 60’s, and revived in the context of computer vision in the late 80’s.
Efficient image denoising and other segmentation algorithms are designed via representing the
energy functions as s-t cut functions. Such a technique (Graph Cut) is now popular in computer
vision; see [0, [19] and references therein. Also an s-t cut function is a representative example of
submodular functions. Mathematical modeling and learning algorithms utilizing submodularity
are now intensively studied in the literature of machine learning; see e.g. [I]. Hence efficient
minimization algorithms of submodular functions are of great importance, but it is practically
impossible to minimize very large submodular functions in machine learning by using generic
polynomial time submodular minimization algorithms such as [8, 14} 22| 25]. Thus, understand-
ing efficiently minimizable subclasses of submodular functions and developing effective uses of
these subclasses for practical problems are important issues.

*A preliminary version of this paper has appeared in the proceedings of the 4th International Symposium on
Combinatorial Optimization (ISCO 2016).
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What (submodular) functions are efficiently minimizable via a network representation and
minimum cut computation? Ivinescu [I3] showed that all submodular functions on {0,1}? are
network representable, and Billionnet—-Minoux [2] showed that the same holds for all submod-
ular functions on {0,1}3. It is meaningful to investigate network representability of functions
having few variables, since they can be used as building blocks for large network representations.
Kolmogorov—Zabih [19] introduced a formal definition of the network representability, and showed
that network representable functions are necessarily submodular. Are all submodular functions
network representable? This question was negatively answered by Zivny-Cohen-Jeavons [29)].
They showed that a certain submodular function on {0,1}* is not network representable. In
proving the non-existence of a network representation, they utilized the theory of ezpressive
power developed in the context of valued constraint satisfaction problems.

In this paper, we initiate a network representation theory for functions on D", where D is a
general finite set beyond {0, 1}. Our primary motivation is to give a theoretical basis for applying
network flow methods to multilabel assignments, such as the Potts model. Our main target as
well as our starting point is network representations of k-submodular functions. k-submodular
functions [11] have recently gained attention as a promising generalization of submodular func-
tions on {0,1,2,...,k}" [7, 9, [15]. Iwata—Wahlstrom—Yoshida [I5] considered a network repre-
sentation of k-submodular functions for the design of FPT algorithms. Independently, Ishii [12]
considered another representation, and showed that all 2-submodular (bisubmodular) functions
on {0,—1,1}? are network representable. In this paper, by generalizing and abstracting their
approaches, we present a unified framework for network representations of functions on D™.
Features of the proposed framework as well as results of this paper are summarized as follows:

e In our network representation, to represent a function on D", each variable in D is asso-
ciated with several nodes. More specifically, three parameters (k, p, o) define one network
representation. The previous network representations (by Kolmogorov—Zabih, Ishii, and
Iwata—Wahlstrom—Yoshida) can be viewed as our representations for special parameters.

e We completely characterize network representable functions on {0, 1}" under our new def-
inition; they are network representable in the previous sense or they are monotone (Theo-
rems and reformulated as Theorems and . The minimization problem of
monotone functions is trivial. This means that it is sufficient only to consider the original
network representability for functions on {0,1}".

e Our framework is compatible with the expressive power theory, which allows us to prove
that a function cannot admit any network representation.

e As an application of the above, we provide a bisubmodular function on {0, —1,1}3 and a k-
submodular function on {0,1,2,...,k}? for any k > 3 which are not network representable

for a natural parameter (Theorems and strengthened to Theorems and |3.14]).
This answers negatively an open problem raised by [15].

Organization. In Section [2] we introduce submodular functions, s-t cut functions, and k-
submodular functions. We also introduce the network representation of submodular functions
by Kolmogorov—Zabih [19]. Furthermore we explain concepts of expressive power and weighted
polymorphisms, which play key roles in proving the non-existence of a network representation.
In Section |3 we explain the previous network representations of k-submodular functions. Then
we introduce a framework for the network representability of functions on D™, and discuss
its compatibility with the expressive power theory. We also present our results on network
representability in our framework. In Section 4] we present several remarks about (submodular)



representability and extended pp-interpretation. In Section | we give proofs of statements in
Section Bl

Notation. Let Q and Q4 denote the sets of rationals and nonnegative rationals, respectively.
In this paper, functions can take the infinite value +oo, where a < +o00 and a + co = 400 for
a € Q. Let Q := QU {+00}. For a function f : D" — Q, let dom f := {z € D" | f(x) < +o0}.
For a positive integer k, let [k] := {1,2,...,k}, and [0, k] := [k] U {0}. By a (directed) network
(V,A;c), we mean a directed graph (V, A) endowed with rational nonnegative edge capacity
c: A— QiU{+o0}. Asubset X C V isalso regarded as a characteristic function X : V' — {0,1}
defined by X (i) := 1 for i € X and X (i) := 0 for i ¢ X. A function p: F — E with F' D E is
called a retraction if it satisfies p(a) = a for a € E. p: F — E is extended to p : F™ — E" by
defining (p(x)); := p(z;) for x € F™ and i € [n].

2 Preliminaries

2.1 Submodularity

A submodular function is a function f on {0, 1}" satisfying the following inequalities
f@)+fy) =2 flany)+fl@vy)  (z,y €{0,1}"),
where binary operations A,V are defined by

1 ifz;=y; =1 1 ifz; =1 ;=1
(x/\y)i — 1 i =Y ) (x\/y)l — 1 T or y; )
0 ifx;=0o0ry, =0, 0 ifx;=9,=0,

for x = (z1,22,...,2y) and y = (y1,Y2, -« -, Yn)-
The s-t cut function of a network G = (V U {s,t}, A;¢) is a function C' on 2" defined by

C(X) = > clu,v) (X CV).
(u,v)€A, ueXU{s}, v¢gXU{s}

For X CV, we call X U{s} an s-t cut. An s-t cut function is submodular. In particular, an s-¢
cut function can be efficiently minimized by a max-flow min-cut algorithm. The current fastest
one is O(|V||A])-time algorithm by Orlin [23].

Let us introduce a class of functions on [0, k]”, which also plays key roles in discrete opti-
mization. A k-submodular function is a function f on [0, k]" satisfying the following inequalities

flx)+fly) > fleny)+ fzUy)  (z,y€[0,k]"),

where binary operations M, LI are defined by

. y; (resp. z;) if x; =0 (resp. y; =0),
z; if z; =y, .
(zMy)i = . (zUy)i = if z; = yi,
0 if Zg 7& Yi, .
0 if 0# x; #yi #0,
for x = (z1,29,...,2,) and y = (Y1,%2,-.-,Yn). A k-submodular function was introduced by

Huber-Kolmogorov [I1] as an extension of submodular functions. In k& = 1, a k-submodular
function is submodular, and in & = 2, a k-submodular function is called bisubmodular, which
domain is typically written as {0, —1,1}" (see [4]). It is not known whether a k-submodular func-
tion can be minimized in polynomial time under the value oracle model for k£ > 3. By contrast,



Thapper—Zivny [26] proved that k-submodular functions can be minimized in polynomial time
in the valued constraint satisfaction problem model for all & (see [I§] for the journal version).

In the following, we denote the set of all submodular functions having at most n variables
as 'sybn, and let T'gyp := J,, Fsub,n- We also denote the set of all bisubmodular functions (resp.
k-submodular functions) having at most n variables as I'hisubn (resp. I'ksubn)-

2.2 Network representation over {0,1}

A function f : {0,1}" — Q is said to be network representable if there exist a network G =
(V, A;c) and a constant k € Q satisfying the following:

e VDO{st1,2,...,n}
e For all x = (21, 22,...,2,) € {0,1}", it holds that

f(z) =min{C(X) | X: s-t cut, X (i) = z; for i € [n]} + k.

This definition of the network representability was introduced by Kolmogorov—Zabih [19]. A
network representable function has the following useful properties:

Property 1: A network representable function f can be minimized via computing a minimum
s-t cut of a network representing f.

Property 2: The sum of network representable functions f1, fo is also network representable,
and a network representation of f; + fo can easily be constructed by combining networks
representing f1, fa.

By the property 1, a network representable function can be minimized efficiently, provided a net-
work representation is given. By the property 2, it is easy to construct a network representation
of a function f if f is the sum of “smaller” network representable functions. Hence it is mean-
ingful to investigate network representability of functions having few variables. For example, by
the fact that all submodular functions on {0,1}? are network representable, we know that the
sum of submodular functions on {0,1}? is also network representable. This fact is particularly
useful in computer vision applications. Moreover, thanks to extra nodes, a function obtained
by a partial minimization (defined in Section of a network representable function is also
network representable.

2.3 Expressive power

It turned out that the above definition of network representability is suitably dealt with in
the theory of expressive power, which has been developed in the literature of valued constraint
satisfaction problems [28]. The term “expressive power” has been used for various different
meanings. In this paper, “expressive power” is meant as a class of functions closed under several
operations, which is formally introduced as follows.

Let D be a finite set, called a domain. A cost function on D is a function f : D" — Q for some
positive integer r = ry, called the arity of f. A set of cost functions on D is called a language on
D. A cost function f— : D? — Q defined by f—(x,y) :=0if x = y and f—(z,y) := +o0 if x # y,
is called the weighted equality relation on D. A weighted relational clone [3] on D is a language
I" on D such that

o f=€T,

o fora € Qu, f€Q,and f €T, it holds that af + 8 €T,



e any addition of f,g € I" belongs to I', and
e for f € I', any partial minimization of f belongs to T

Here an addition of two cost functions f, g is a cost function h obtained by

hz1,...,x,) = f(:csl(l), e ,xsl(rf)) + g(x82(1)7 e ,wsz(rg)) (x1,...,2n € D)

for some sy : [rf] — [n] and s : [rg] = [n]. A partial minimization of f of arity n +m is a cost
function h of arity n obtained by

h(zy,...,x,) = min fx1, o Ty Tt 1y - oy Tnaem) (21,0, 2 € D).
Tnt1see s TntmED

For a language T', the expressive power (I') of T' is the smallest weighted relational clone (as a
set) containing I" [28]. A cost function f is said to be representable by a language T if f € (T').

By using these notions, Zivny—Cohen-Jeavons [29] noted that the set of network representable
functions are equal to the expressive power of I'gyp, 2.

Lemma 2.1 ([29]). The set of network representable functions coincides with (syp, 2).
The previous results for network (non)representability are summarized as follows.
Theorem 2.2. The following hold:
[19] (Csub2) € Csub-
[2] <Fsub,2> = <Fsub,3>'
[29] (Tsub2) 2 Tsub.a-
When proving (I'sub.2) 2 I'sub 4, Zivny—Cohen—Jeavons [29] actually found a 4-ary submodular
function f such that f & (gyp 2).
2.4 Weighted polymorphisms

How can we prove f ¢ (I')? We here introduce algebraic objects known as weighted polymor-
phisms, for proving this. A function ¢ : D¥ — D is called a k-ary operation on D. For z' =

(zh,od .. xl), . 2k = (ak 2k .. 2F) € D" we define p(x!, 22, ..., 2%) by (21,22, ..., 2%) —
(gp(w%, 22 2b), L p(al, 22, ,33,]‘;)) € D"™. A k-ary projection egk) for i € [k] on D is defined
by z — x; for x = (z1,x9,...,2) € DF. A k-ary operation ¢ is called a polymorphism of T' if

for all f € T and for all z!,22,...,2% € dom f, it holds that o(z',z2,...,2%) € dom f. Let
Pol®)(I") be the set of k-ary polymorphisms of T, and let Pol(T") := |J, Pol®(T"). Note that
for any T', all projections are in Pol(I'). Let us define a weighted polymorphism. A function
w : Pol®)(I') = Q is called a k-ary weighted polymorphism of T' [3] if it satisfies the following:

® Z¢€P01(k)(r) w(p) = 0.
e If w(p) <0, then ¢ is a projection.

e For all f €T and for all z!,22,...,2F € dom f,

oePol®) (T



Let wPol®)(T') be the set of k-ary weighted polymorphisms of T', and let wPol(T') := Uk wPol®)(I).
Here the following lemma holds:

Lemma 2.3 ([3]). Suppose that T is a language on D and f is a cost function on D. If there
exist some w € wPol®) (I') and ', 22,...,2% € dom f satisfying

pePol(*)(T)
then it holds that f & (T').

Thus we can prove nonrepresentability by using Lemma [2.3

3 General framework for network representability

3.1 Previous approaches of network representation over D

Here we explain previous approaches of network representation for functions over a general finite
set D. Ishii [12] considered a method of representing a bisubmodular function, which is a function
on {0, —1,1}", by a skew-symmetric network. A network G = ({s™,s~,17,17,..., Nt N~} 4;¢)
is said to be skew-symmetric if it satisfies that if (u,v) € A, then (v,u) € A and c(u,v) = ¢(v, ).
Here definew by :=i" ifu =i~ and w := i~ if u = i*. An sT-5~ cut X is said to be transversal
if X 2 {it,i"} for every i € [n]. The set of transversal st-s~ cuts is identified with {0, —1, 1}V
by X + z; ;== X (i) — X (i™) for i € [N]. Ishii gave a definition of the network representability
for a function on {0, —1,1}" as follows:

A function f: {0, —1,1}" — Q is said to be skew-symmetric network representable if
there exist a skew-symmetric network G = (V, A;¢) and a constant x € Q satisfying
the following:

e VO {st s, 1t 17,27 27 ..., nT ,n"}.
e For all z = (w1, 29,...,2,) € {0,—1,1}",

f(z) = min{C(X) | X: transversal sT-s~ cut, X(i") — X(i~) = x; for i € [n]} + k.

In a skew-symmetric network, the minimal minimum s*-s~ cut is transversal [12]. Hence a
skew-symmetric network representable function can be minimized efficiently via computing a
minimum sT-s~ cut. Here the following holds:

Lemma 3.1 ([12]). Skew-symmetric network representable functions are bisubmodular.
Moreover Ishii proved the following theorem:

Theorem 3.2 ([12]). All binary bisubmodular functions are skew-symmetric network repre-
sentable.

This representation has both Property 1 and Property 2. Therefore a bisubmodular function
given as the sum of binary bisubmodular functions is skew-symmetric network representable.
Thanks to extra nodes, a bisubmodular function given as partial minimization of a skew-
symmetric network representable function is also skew-symmetric network representable.

Iwata—Wahlstrom—Yoshida [15] considered another method of representing a k-submodular
function by a network.



A function f : [0,k]" — Q is said to be k-network representable if there exist a
network G = (V, A; ¢) and a constant x € Q satisfying the following;:

o V={s,t}U{i| (1) € [n] x [k}

e The s-t cut function C of G satisfies
C(X)>C(X) (X : s-t cut),

where X := {s} U Uie[n]{il | X n{i'i%,...,i*} =i for some [ € [k]}.
e For all x = (x1,9,...,2,) € [0,k]™, it holds that

f(z) = O(Xz) + &,
where X, := {s} U Uxﬁéo{il | z; = 1}.

k-network representable functions can be minimized via computing a minimum s-¢t cut by defi-
nition, and constitute an efficiently minimizable subclass of k-submodular functions, as follows.

Lemma 3.3 ([15]). k-network representable functions are k-submodular.

Iwata—Wahlstrom—Yoshida constructed networks representing basic k-submodular functions,
which are special k-submodular functions. This method also has both Property 1 and Property 2.
Therefore a k-submodular function given as the sum of basic k-submodular functions is k-network
representable.

As seen in Section network representable functions on {0,1}" are considered as the
expressive power of I'q,p2, and hence we can apply the expressive power theory to network
representability. However Ishii and Iwata—Wahlstrom—Yoshida network representation methods
cannot enjoy the expressive power theory by the following reasons:

(i) The set of network representable functions under Iwata—Wahlstrém—Yoshida method is not
a weighted relational clone, since their method does not allow the existence of extra nodes.

(ii) The concept of expressive power only focuses on the representability of functions on the
same domain, while Ishii and Iwata—Wahlstrom—Yoshida methods consider representations
of functions over [0, k] by functions over {0,1}.

We introduce, in the next subsection, a new network represetability definition for resolving (i),
and in Section we also introduce an extension of expressive power for resolving (ii).

3.2 Definition

By abstracting the previous approaches, we here develop a unified framework for network repre-

sentability over D. The basic idea is the following: Consider networks having nodes i',i2, ..., "

for each i € [n], where |D| < 2F. We associate one variable z; over D with k nodes i',:2, ..., i*.
The k nodes have 2* intersection patterns with s-t cuts. We specify a set of | D| patterns, which
represents D, for each i. The cut function restricted to cuts with specified patterns gives a
function on D™. To remove effect of irrelevant patterns in minimization, we fix a retraction from
all patterns to specified patterns, and consider networks with the property that the retraction
does not increase cut capacity. Now functions represented by such networks are minimizable via
minimum s-¢ cut with retraction.

A formal definition is given as follows. Let k be a positive integer, and E a subset of {0, l}k.
We consider a node i’ for each (i,1) € [n] x [k]. For a retraction p : {0,1}* — E, a network
G = (V, A;¢) is said to be (n, p)-retractable if G satisfies the following:

tThe symbol i’ is not meant as a number i X i X --- X i € Z.
—_————

l



o VD {styU{il|(41) € [n] x [K]}.

— (] ko1 k 1 k k
e Forall x = (xy,..., 27,25, ..., 25,...,2,,...,x5) € {0,1}"",

ny
Chnin () > Cmin(p(x%, . ,xlf), . ,p(xil, .. ,xfl)),
where

Crin(#) := min{C(X) | X: s-t cut, X(i') = ! for (i,1) € [n] x [k]}.

Let o be a bijection from D to E. A function f : D" — Q is said to be (k,p,o)-network
representable if there exist an (n, p)-retractable network G = (V. A;¢) and a constant k € Q
satisfying that

f(z) = Cmin(o(x1),0(22),...,0(xn)) + K

for all x = (x1,x9,...,2,) € D". A (k, p,0)-network representable function can be minimized
efficiently via computing a minimum s-t cut.

Example 3.4. Let po : {0,1}2 — {(0,0),(0,1),(1,0)} be a retraction defined by pa(z) := =z if
z € {(0,1),(1,0)} and pa(x) := (0,0) if x € {(0,0), (1,1)}. Suppose that all edge capacities of a
network are finite. Since a network with 2n nodes is (n, p2)-retractable if and only if the vector
of edge capacities satisfies some linear inequalities, the set of (n, ps)-retractable networks with
2n nodes forms a polyhedral cone. Hence every (n, ps)-retractable network with 2n nodes can be
represented as a nonnegative combination of extreme rays of the cone. Fig.[l]illustrates all types
of extremal (2, pa)-retractable networks with four nodes, where each network is a representative
of equivalence class induced by + <+ — and 1 <> 2. We obtained these networks via a computer
calculation.

Every skew-symmetric network can be represented as a synthesis of the three figures in
Fig. [I] by the definition; first, fourth, and fifth from the left in the first row. Indeed, for any
skew-symmetric network G = ({s*,s7,17,17,...,n",n"}, 4;¢) and any distinct 7, € [n], the
subgraph of G induced by {s™,s,i",i7,5",j7} is represented as a nonnegative combination of
the four networks. Thus, G is an (m, pa)-retractable network for all m < n.

The network representability in the sense of Kolmogorov—Zabih is the same as the (1,id,id)-
network representability, where id : {0,1} — {0, 1} is the identity map. Let oy, : [0, k] — {0, 1}*
and py : {0,1}¥ — {0,1}* be maps defined by

0,...,0,1,0,...,0) ifz=1ielk]
(2)
g =
g 0,...,0) if =0,

1

() x if = (0,...,0,1,0,...,0) for some i € [k],
xX) =
Pk (0,...,0) otherwise.

Then the skew-symmetric network representability is a special class of the (2, ps, o2)-network
representability, and the k-network representability is a special class of the (k, pg, 0% )-network
representability.

The (k, p, 0)-network representability possesses both Property 1 and Property 2. Furthermore
a function given as a partial minimization of a (k, p, o)-network representable function is also
(k, p, o)-network representable.
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Figure 1: All types of extremal (2, ps)-retractable networks with four nodes and finite edge
capacities, where each network is a representative of an equivalence class induced by + < — and
1 <+ 2. Single edge means the capacity of the edge is equal to 1, and double edge means the
capacity of the edge is equal to 2.

3.3 Results on network representability

In our network representation, one variable is associated with “several” nodes even if D = {0,1}.
Hence the set of network representable functions on {0,1}" in our sense may be strictly larger
than that in the original. The following theorem says that additional network representable
functions are only monotone.

Theorem 3.5. If a function f on {0,1}" is (k, p, o)-network representable for some k, p, o, then
f is (1,id,id)-network representable, or monotone. Moreover some monotone function is not
(k, p, o)-network representable for any k,p,o.

The minimization of a monotone function is trivial. Therefore it is sufficient only to consider
(1,id, id)-network representability (original network representability) for functions on {0,1}".
Here note that the sum of (1,id,id)-network representable function f; and monotone function
f2 is not always network representable for some k, p, o, since fi and fs might use different k, p, o
for a representation.

We give a more precise structure of network representable functions on {0,1}". Let of :
{0,1} — {0,1}2, 0% : {0,1} — {0,1}2, and p* : {0,1}? — {0,1}? be maps defined by

ooy Jao ite=1 0 f01) dfe=1 o [(10) ifx=(10),
Ul(m)—{(o,l) if 2 =0, 02()—{(1,0) if 2 =0, p()_{(o,l) otherwise.

Then the following holds:

Theorem 3.6. A function f on {0,1}" is (k,p,o)-network representable for some k,p,o if
and only if f is (1,id,id)-network representable, (2, p*, o7)-network representable, or (2, p*,03)-
network representable.

We next present network nonrepresentability results for functions on D™, and in particular, k-
submodular functions. These results will be proved via the theory of expressive power. We have
seen in Theorem [3.2]that all binary bisubmodular functions are (2, pa, o2)-network representable.
We show that the same property does not hold for ternary bisubmodular functions.



Theorem 3.7. Some ternary bisubmodular function is not (2, p2, 02)-network representable.

We also know that all binary basic k-submodular functions are (k, pg, o )-network repre-
sentable [I5], and their sum is efficiently minimizable. A natural question raised by [15] is
whether all binary k-submodular functions are k-network representable or not. We answer this
question negatively.

Theorem 3.8. Some binary k-submodular function is not (k, px, o) )-network representable for
all k > 3.

Theorems 36| [3:7 and [3.8] are consequences of Theorems [3.11] .12} B.13] and [3.14] in

the next subsection.

3.4 Extended expressive power

In order to incorporate the theory of expressive power into our framework, we introduce a way
of handling languages on D from a language I" on another domain F', which generalizes previous
arguments. Let k be a positive integer with |D| < |F|¥. Let E be a subset of F* with |E| = |D|,
p: F* — E a retraction, and o : D — E a bijection. We define (I')* by

(T)* := {f € (T') | The arity r; of f is a multiple of k}.

Regard (I')* as a language on F'*; recall that k is the arity of p. A function f is representable by
(T, p, o) if there exists g € (I')* satisfying g(p(v)) < g(v) for all v € dom g and

flxy,xe,... xn) = g(o(x1),0(x2),...,0(zy)) (x1,22,...,2y € D).

We define a language <F>l(“p ) O D as the set of functions representable by (T, p, o).

By comparing these notions to our network representations, we obtain a generalization of
Lemma 2.1

Lemma 3.9. The set of (k, p,o)-network representable functions coincides with <Fsub’2)](“p o)

The following theorem enables us to deal with our network representability on D" from the
theory of expressive power.

Theorem 3.10. For a language I' on F, (F)’fp o) 15 a weighted relational clone on D.

The proof of Theorem [3.10]is given in Section [5.1

Let T be a language on F. A function f on D is called representable by T if f € (I')F

(p,o)
for some positive integer k, p : F¥ — E, and ¢ : D — E. The set of cost functions on D
representable by a language I' is denoted by @D. Notice that @D is not a weighted rational
clone in general. By using these notations, Theorems and are reformulated as follows,
since (Igyp2) (resp. <Fsub72>l(fp70)) is equal to the set of (1,id,id)-network representable (resp.

(k, p,o)-network representable) functions. Define I'jono as the set of monotone functions over
{0,1}.

Theorem 3.11. (T'yyp2) € <Fsub72>{071} C (Tsub2) U T mono-

Theorem 3.12. <Fsub72>{071} = (Fgup2) U <Fsub’2>%p*7o_;) U <FSUb72>%p*,O'§)'

Theorem is rephrased as I'bigub3 € (T'sub,2) since (I'supb,2) is equal to the set

2 2
(p2,02)° (p2,02)
of (2, p2, 02)-network representable functions. We prove a stronger statement such that I'yigup 3

is not included even in the set of (Igyp, p2, 02)-representable functions.
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Theorem 3.13. T'hisub3 € <Fsub>%p2m)~

Theorem is rephrased as I'jgub2 € <Fsub,2>? since <Fsub’2>'(€

pkvak)’ Pk
of (k, px, ox)-network representable functions. Again we prove a stronger statement such that

I'ksub,2 is not included even in the set of (I'syp, pk, ok )-representable functions.

) is equal to the set

Theorem 3.14. I'jgub2 & (Tup)¥ ) for all k > 3.

(pk,Uk

The proofs of Theorems [3.11] [3.12] [3.13] and [3.14] are given in Sections and
respectively.

4 Discussion

4.1 Submodular representability

Theorems and suggest function classes represented by submodular functions instead of
networks. A function f : D™ — Q is said to be (k, p, o)-submodular representable if f € (Fsuby(“p’a)
for a positive integer k, a retraction p: {0,1}* — E, and a bijection o : D — E.

It is easier to analyze the submodular representability than the network representability.
Indeed, in the submodular representability, we do not need to consider extra variables by the
property (I'sub) = Isup. Therefore, an n-ary function f is (k, p, o)-submodular representable if
and only if there exists a kn-ary submodular function ¢ satisfying g(o(z1),0(x2),...,0(zy)) =
f(z1,29,...,1,) for any x1,29,...,2, € D and g(p(v)) < g(v) for any v € {0,1}*". The latter
condition can be verified by checking the nonemptiness of a polyhedron in R defined by
O(2%7) inequalities. Thus, the following holds:

Proposition 4.1. For f : D" — Q, a bijection o : D — E, and a retraction p : {0,1}¥ — E,
we can determine whether [ € (I‘suby(‘;) o) in time polynomial of 2F™.
In the network representability, the best known upper bound of the number of extra variables

kn
to be added is the kn-th Dedekind number M (kn) [24], and M (kn) > 2(1k721) holds.

4.2 Another representation of k-submodular functions

There is another natural parameter (2k,py,dy), different from (k, pg,ox), that represents k-
submodular functions. Let & : [0,k] — {0,1}?* and py : {0,1}?* — {0,1}%" be maps defined

7 i
0,...,0,1,0,...,0,1,...,1,0,1,...,1) ifx =i € [k],
k

(0,...,0) ' if z =0,

1
x if z = (0,...,0,1,0,...,0,1,...,1,0,1,...,1) for some i € [K],
k k

(0,...,0) otherwise.
Lemma 4.2. (2k, pg, 0%)-submodular representable functions are k-submodular.

Proof. 1t follows from pg(6x(z) A 6x(y)) = dr(x My) and pi(dr(x) V ox(y)) = dx(z U y) for all
x,y € [0, k]. O

11



Ishii [I2] considered a class of skew-symmetric networks which are (n, gy )-retractable, and
discussed the corresponding (2k, pg, 0% )-network representable k-submodular functions. This
network representation was implicitly considered for k-submodular functions arising from min-
imum multiflow problems in [I6]; see [9]. We raise a question: How are the (k,pg,or)- and
(2k, pi, 0k )-submodular representaions related?

4.3 Submodular functions on k-diamonds

The k-diamond is a lattice Dy := {1, T,1,2,...,k}, where partial order < is defined by L <
i < T for each i € [k] and incomparable for distinct ¢,5 € [k]. A k-diamond submodular
function [5, 21] is a function f on Dy™ satisfying the following inequalities

f@)+fly) = flany) + flzvy)  (z,y € D),

where A (resp. V) is the meet (resp. join) operator on D;". Since Dy is not a distributive lattice,
a k-diamond submodular function is essentially different from a submodular function on {0, 1}™.
A polynomial time algorithm for minimizing k-diamond submodular functions was discovered,
just recently, by Fujishige et al. [5]. The algorithm involves the ellipsoid method, and is far from
practical use.

It would be worth considering k-diamond submodular functions that fall into the ordinary
submodularity via our framework. Let op.gin : Dy — {0,1}* and pp_gia : {0,1}* — {0,1}* be
maps defined by

1717 ) $:T,

(

Ok-dia(T) = (0,...,0, 1,0 5,0) ifz=1ie k],
(07 07 ) if o = J"

X

if  =(0,0,...,0) or x = (0,...,0,1,0,...,0) for some i € [k],
Ph-dia(T) = .
(1,1,...,1) otherwise.

The parameter (k, pk_dia, Ok-dia) actually defines a class of k-diamond submodular functions as
follows.

Lemma 4.3. (k, pr_dia, Ok-dia)-Submodular representable functions are k-diamond submodular.

Proof. Tt follows from pi._dia(0k-dia (%) A Ok-dia(y)) = Ok-dia(TAY) and pr-ia(Tk-dia(T) V Ok-dia(y)) =
Ok-dia(x V y) for all z,y € Dy. O

A canonical example of a binary k-diamond submodular function is the distance function
d: D> — Q of the Hasse diagram of Dy

0 ifx=y,
d(z,y) :=<q¢1 if {z,y} ={L,i} or {T,i} for some i € [k],

2 otherwise.

One can verify that d is actually k-diamond submodular; see [10, Theorem 3.6] for a general
version. A motivation behind d comes from the minimum (2, k)-metric problem (MINs ) [17],
which is one of basic problems in facility location and multiflow theory. The problem MINy
asks to minimize a nonnegative sum of d(v,z;) and d(z;,z;) over x = (x1,22,...,z,) € D"
A combinatorial strongly polynomial time algorithm to solve MINy ;. is currently not known. If
de <Psub>6)k-diavo'k-dia)7 then MINj ;. could at least be solved by combinatorial strongly polynomial
time submodular function minimization algorithms [14] 25]. However we verified by computer
calculation:
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Proposition 4.4. d ¢ (T'y,,)*

(Pk-dia Tk-dia) "

Although this attempt failed, we hope that the reduction idea considered in this section will
grow up to be a useful tool of algorithm design.

4.4 Extended primitive positive interpretation

One of the referees pointed out a similarity between extended expressive power and primitive
positive interpretation (pp-interpretation, for short). Here pp-interpretation is a well-known con-
cept in constraint satisfaction problems, and its generalization for valued constraint satisfaction
problems is defined as follows (see e.g., [27, Definition 5.3]). Let I'p and I'r be languages on
D and on F, respectively. Let k be a positive integer with |D| < |F|*, E a subset of F¥ with
|D| < |E|, and 6 : E — D a surjective map. We say that I'p has a pp-interpretation in I'p with
parameters (k, E,0) if (I'r) contains the following weighted relations:

e 0p: F* = Q defined by 6g(z) := 0 for x € F and ég(z) := +oo for x € E,
e 071(f_), and
e 071(f) for any f € I'p,

where, for f : D" — Q, 07(f) : F* — Q is a function satisfying 67(f)(x1,22,...,2,) =
f(0(x1),0(x2),...,0(xy,)) for every x1,xo,..., 2, € E.

It seems that extended expressive power and pp-interpretation cannot be compared with
each other, i.e., one is not a special case of the other. Here we introduce the concept of extended
pp-interpretation, which generalize both extended expressive power and pp-interpretation. We
define Tp, T'p, k, and E as above. Let E be a subset of E with |E| = |[D|, p: E — E a
retraction, and o : E — D a bijection. We say that I'p has an extended pp-interpretation in I'r
with parameters (k, E, E, p,0) if (Tr) contains the following weighted relations:

e 6p: ¥ — Q defined by 6g(x) := 0 for x € E and 6g(z) := +oo for z ¢ E,
o (70p)7I(f2), and
o (cdop)~L(f) for any f € I'p,

where, for f : D™ — Q, (cop) "L (f) : FF — Q is a function satisfying (cop) ™' (f)(z1, x2, ..., 2y) >
(0op) L) (p(z1), p(2), - .., plxn)) = f(o(p(x1)), 0(p(x2)), ..., 0(p(z,))) for every x1, xa, ..., 2, €
E. We see that the minimization of the sum of cost functions in I'p can reduce to the minimiza-
tion of the sum of corresponding cost functions in (I'r).

The pp-interpretation is captured by weighted varieties, introduced by Kozik—Ochremiak [20)].
We do not know whether the extended expressive power and the extended pp-interpretation can
be captured by weighted varieties. This might be interesting future work.

5 Proofs
5.1 Proof of Theorem

Let us prove that <F>I(€p7o') contains the weighted equality relation on D, and is closed under
nonnegative scaling and addition of constants, addition, and partial minimization. By the defi-
nition of expressive power, (I') contains the weighted equality relation g— on F. Let h—(u,v) :=
g=(u1,v1)+g=(ug,v2) - - -4 g=(up, vy) for u = (uy,ug,...,uz),v = (v1,v2,...,vx) € F¥. Hereit is
clear that h— € (I')*  h_ is the weighted equality relation on F*, and h—(p(u), p(v)) = h=(u,v) =
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0 for (u,v) € dom h—. Let f— : D?> — Q be a cost function defined by f—(x,y) := h—(o(z),0(y))
for (z,y) € D?. Then f— € (F)’fp ») and f= is the weighted equality relation on D.

The fact that <F>](fp ») 18 closed under nonnegative scaling and addition of constants is trivial.

Let h: D" — Q be a cost function defined by for some s; : [rf] — [n] and sz : [rg] — [n],
h(iﬁl, L2,. .. 73771) = f(xsl(l)v Lsy(2)s - 7x51(rf)) + g(xsz(l)axsz(Z)a s 7$32(7’g))

for all @1,22,...,2, € D, where f,g € <I‘>’(“p »)- Since f,g € (F)’(“pa), there exist f/, g € (I)¥

satisfying f'(p(v)) < f'(v) for v € dom f’, ¢'(p(v)) < ¢'(v) for v € dom ¢’, and
yoes0(Try)) (z1,72,..., 2, € D),

f(l'l,.%'g, s 7x7"f) = f,(O'(xl)70'<l'2
( yores0(Try)) (v1,22,..., 2, € D).

)
g(z1,22,...,Tp,) = g (o(x1),0(x2)
We define b’ : (F¥)* — Q by

W (1,02, 00) i= (Vs (1) Vs1(2)s -+ Vsi () T 9 (Vsg(1)s Vsp(2)5 -+ - » Vs (rg))

for all v1,vs,...,v, € F¥. Then we have h(x1,29,...,2,) = h'(0(x1),0(x2),...,0(x,)). Since
f', g € (T)*, we obtain A’ € (I')¥. Furthermore it holds that h/(p(v)) < h'(v) for v € dom A'.

That is, h € <F>fp o) and we know that <F>fp ») is closed under addition.

Let h : D" — Q be defined by

h(xlv"'amn) = min f(xl""7xna$n+1v~--7xn+m)
TptlyeeTntmED

for all z1,...,z, € D, where f € (F)l(‘/’p ) Since f € <I‘>’(‘Cp o) there exists f' € (T)* satisfying
f'(p(w)) < f'(v) for v € dom f’ and

f(a"la‘r?v s ,l‘n+m) = f/(O'(CL'l),O'(fL'Q), s U(xn+m)) (xla T2y Tntm € D)
Here we define b/ : (FF)" — Q by

B (vi,...,0p) = min (V1. U, Uty - - Vntm)
Un+17~--’vn+m€Fk

for all vy,vs,...,v, € F¥. Since f' € (I')¥, we obtain A’ € (I')¥. Furthermore it holds that
R (p(v)) < K(v). Indeed,

B (v1,... ) = min h(V1, .-y Uny Ung1s oy Ungm)
Un+17---77}n+meFk
= min h(p(m),...,p(Un),p(vn+1),...,p(vn+m))
Un+17---77)n+meFk
= min h(,O(Ul),...,p(Un),Un+1,...,Un+m)

Un+17---77)n+meFk
= (p(v1), ..., p(vn)).

Also we have

h(z1,...,x,) = min f@1, e Ty Tt 1y e oy Tem)
Tn41,-Tn+mED
= min f/(O'(l'l),.. . ao-(xn)70-($n+1)a" .,O'(l‘n+m))
Tn41,--Tn+mED
= min f/(O'(l'l),...,O'(-’Z‘n),UnJrl,...,Un+m)

Un+17---77)n+m€Fk

=h(o(x1),...,0(xzn)).

Hence h € (I')¥ )» and we know that <F>I(“p

(0.0 o) is closed under partial minimization.

)
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5.2 Proof of Theorem [3.11]

Lemma 5.1. (I'gy,2) (Fsub’2>{071}.

Proof. It is obvious that (I'sup2) C <Fsub,2>{071}. Let f:{0,1}?> — Q be a function defined by
f(1,1) :=1 and f(z,y) := 0 for other (x,y). Since 0 = f(0,1) + f(1,0) < f(0,0) + f(1,1) =1,
f is not submodular. Then f ¢ (Igup2). However it holds that f € <Fsub’2)%p*’gf), where
p* and o] are defined in Section Indeed, the network G = (V, A;c) represents f, where
V= {st,11,12,21 22} A = {(11,2%),(2},1?)}, and ¢(1},22) = ¢(2},12) = 1/2. O

_ For z € {0,1}", let T € {0,1}" be Z; := 1 —a; for i € [n]. For f : {0,1}" — Q, let
f:{0,1}" — Q be a function defined by = > f(T).

Lemma 5.2. Suppose that f is a function on {0,1}". f is (T, p,0)-representable if and only if

f is (T, p,@)-representable, where T is defined by o(z) := o(T) for x € {0, 1}.

Proof. Suppose that f € (T)V* ' where p : {0,1}* — {0,1}* and ¢ : {0,1} — {0,1}*. Then
(p,0)

there exists g € (I')* satisfying g(p(v)) < g(v) for v € dom g and

flz1,20,...,2n) = g(o(z1),0(x2),...,0(zp)) (x1,22,..., 2y € {0,1}).

Hence we have

=9
=9(@(21),5(22), ..., 0(xn))
for (z1,x9,...,2,) € {0,1}". This means f € <F>’(“p5). O

Lemma 5.3. Suppose that f is a function on {0,1}™. f is (1,id,id)-network representable if
and only if f is (1,id,id)-network representable.

Proof. Suppose that f is represented by a network G = ({s,t} UV, A;¢). Then f is represented
by G = ({s,t} UV, A;¢), where
A={(,0) 1,5 €V, (i,5) € ALU{(i,1) | (s,9) € AL U{(s,1) | (i,¢) € A},
c(g,i) ifi,5€V,
c(i,5) =< c(s,i) ifj=t,
c(j,t) ifi=s.

Proposition 5.4. <Fsub,2>{071} C (Tsub,2) YU 'mono-

Proof. Take arbitrary positive integer k. There are three cases of a map o : {0,1} — {0, 1}*:
(i) 0(0) A o(1) = 0(0), (ii)) 0(0) Ao(1) = o(1), and (iii) o(0) # (c(0) Ao (1)) # o(1). We prove
<Fsub,2>é€p7g) C (Tsub,2) U T mono for all cases of o and a retraction p : {0,1}¥ — {5(0),0(1)} in the
following. Suppose that the arity of a function f is equal to n.
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(i) c(0)Aco(1) = 0(0). Let us prove f € (Igyp2) for f € <Fsub,2>l(€p7g)- Let h: {0,1}**1 — Q be
a function defined by

h(v,z) = {0 if (v,2) € {(2(0),0), (1), D}

+o00 otherwise.

This h is (1,1d, id)-network representable by the network G = ({s,t} U{1,2,...,k} U{z}, Ag U
A1 U A’; ¢) defined by c(e) := oo for all e € AgU A1 U A, where

Ag :={(i,1) | (¢(0))i = ((1)); = 0 for i € [K]},
Ar:={(s,1) [ (¢(0))i = (0(1)); = 1 for i € [kl},
A= {(i, ), (x,4) | (¢(0)); =0 and (o(1)); = 1 for i € [k]}.
Then h € (Dgpo). Since f € <I‘sub’2)’(“p’g), there exists g € <Fsub,2>k C (Cgub,2) satisfying
g(p(v)) < g(v) for v € dom ¢ and
flz1, 20, xn) = glo(z1),0(x2),...,0(zy)) (x1,22,...,2y € {0,1}).
By using h, we obtain

g(O’(ﬂ?l),O'(CL'Q),...,O'(IEn)) = min (g(Ul,UQ,...,’Un)+h(U1,l’1)+"'+h(’0n,l‘n))
V1,02, 0 €{0,1}F

for all x1,x2,...,xy € D. Therefore it holds that

f(561,162,---,93n): min (9(01,02,...,1}”)+h(’l)1,$1)+"'+h(vn,$n)).
V1 ,V2,5eeny an{O,l}k

By g,h € (I'sub,2), we obtain f € (Igup 2).
(ii) 0(0) Ao(1) = o(1). Let us prove f € (Igyp2) for f € <F5ub72>](€p,0')' By Lemma it

suffices to show f € (Fsup2). By Lemma we obtain f € <Fsub72>](“p5). Moreover, since
o(0) Ao(1) = (1), we have 5(0) A 7(1) = 5(0). Thus we obtain f € (I'sup2) by the case of (i).

(i) o(0) # (o(0) A (1)) # o(1). In this case, there are four cases as follows:
(iii-1) p(0(0) Ao(1)) = 0(0) and p(c(0) V o(1)) = o(1),

(iii-2) p(0(0) Ao(1)) = o(1) and p(c(0) V (1)) = o(0),

(iii-3) p(0(0) Ao(1)) = p(c(0) Vo(1)) =0o(0),

(iii-4) p(0(0) Aa(1)) =p(c(0) Vo(1)) =o(1).

(iii-1) p( 0)Ao(1)) = o(0) and p(c(0) Vo(l)) = o(1). Let us prove f € (Isyp2) for f €
(Csub, 2>( o) Since f € (T b11}372>](fp7g), there exists g € (FsubQ}k C (Tsup,2) satisfying g(p(v)) < g(v)
for v € dom g and

flay,29,...,xp) = g(o(x1),0(x2),...,0(xy)) (x1,x2,..., 2, € {0,1}). (1)

Let ¢’ : {0,1} — {0, 1}* be a function defined by

() = c(0)Veo(l) ifx=1,
TN 00 Aa(1) iz =0.

Here the following claim holds.
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Claim 5.5. f(z1,22,...,2,) = g(c'(z1),0'(x2),...,0'(x,)).
Proof of Claim[5.5 Take arbitrary z1,xs,...,2, € {0,1}. Then we obtain

flz1, 20, ..o xn) + f(1,1,...,1) (2)

=g(o(z1),0(22),...,0(xn)) + g(o(1),0(1),...,0(1)) (3)

= g(o(z1) ANo(1),.. aU(l’n) o(1)) + g(o(z ) o(1),...,0(zn) V(1)) (4)

> g(o(z1),0(x2),...,0(xn)) + 9(o(1),0(1),...,0(1)) (5)

:f(xlax%”-: ) (Lla ) ()
Indeed, = is obvious by , and > follows from the submodularity of g. By the
assumption of p, it holds that p(o(x) A o(1)) = o(z) and p(o(z) V o(1)) = o(1). Hence we have
> . = @ is also obvious by . This means that all inequalities are equalities. Then
it holds that

flx1, e, ... xn) = glo(z1) No(1),0(z2) ANo(1),...,0(x,) Ao(1)). (7)

Also we obtain

f(O 0,...,0) + f(71,72, ..., Tn) (8)
=g(o (0),0( )y++,0(0)) + g(o(T1),0(3), . . ., 0 (Tn)) (9)
= g(o(@) No(0),...,0(@n) Aa(0) + glo(@1) V o(0),...,0(Tn) Va(0)) (10)
> 9(0(0),0(0),...,0(0)) + g(o(z1),0(Z2), ..., 0(Tn)) (11)
= f(0,0,..., )—}—f(:nl,@,...,ﬁ). (12)

Indeed, = @ is obvious by , and @ > follows from the submodularity of g. By the
assumption of p, it holds that p(o(x) A o(0)) = o(0) and p(o(z) V 0(0)) = o(z). Hence we have
> . = is also obvious by . This means that all inequalities are equalities.
Then it holds that

£(0,0,...,0) = g(o@) A o(0),0(T3) A (0), ...,o@) Aa(0)). (13)

Hence we have

£00,0,...,0) + f(z1,22,...,2y) (14)
( 1 0),...,0(@n) No(0)) +glo(x1) No(1),...,0(xn) Ao(l)) (15)

> g(o(0)Aa(1),...,0(0) Aa(1)) + g(a'(x1),...,0" (zn)) (16)
> 9(0(0),0(0),...,0(0)) + g(o(1),0(x2),...,0(zn)) (17)
= f(0,0,...,0) + f(z1,22,...,2y). (18)

By (7) and , it holds that = . > (|16) follows from the submodularity of g.

> follows from the assumption of p. (17)) = is obvious by . This means that all
inequalities are equalities. Hence we obtain f(x1,z2,...,2,) = g(o’(x1),0'(x2),...,0'(z,)). O

We define p’ : {0,1}¥ — {0,1}* by

oy {7 o) = o (0),
p): {a’(()) it p(z) = o

(p.0) Is also representable by (Psub2, 0/, 0'). Hence f €

(Tsup 2>]("’p o). Here it holds that a’(0) A o’(1) = ¢/(1). This means that <F5Ub72>’(€pl,o’/) is in the
case (i). Therefore we obtain f € (Igyp2)-

By Claim a function f € (Fsub’2>k
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(iii-2) p(0(0) Ao(1)) = o(1)_and p(o(0)Vo(l)) = o(0). We also prove f € (I'supg2) for
f € (Psub2 >](“pa . By Lemma it suffices to show f € (I'syp2). By Lemma @ we obtain
€ (Dsup 2)? 5)- Moreover, since p( (0)Ao(1)) =o(1) and p (c(0) V o(1)) = o(0), it holds that

( ( ()) (1)) = (0) and p(5(0) V&(1)) = o(1). Thus we obtain f € (T'sup2) by the case of
iii-1

(iii-3) p(c(0) Ao(1)) = p(c(0) V(1)) = o(0). We prove that for all f € <I‘5ub72>’(‘fpya), fisa

monotone non-decreasing function. For every i € [n| and x1,...,%i—1,%it1,...,2n € {0,1}, it
holds that
f(a:l, e T, L, @iy, .CEn) + f(l’l, ey Tie1, 0, 41, - ,xn) (19)
=g(o1,...,0i-1,0(1),0i41, ..., 0n) + g(o1,...,0i-1,0(0),0441,...,00) (20)
>g(o1,...,0i-1,0(1) Ao (0),0i41,-..,0n) + g(o1,...,0i—1,0(1) Vo (0),0i11,...,0n) (21)
229(017---an—170<0)7Ui+17---70n> (22)
:2f(x1,...,x,;_l,O,xiH,...,:L‘n). (23)

Here 0 := o(x;) for j € [n]\i. Indeed, > follows from the submodularity of g, and
> follows from the assumption of p. Therefore for i € [n] and x1,...,2i—1,2it1,...,Tpn €
{0,1}, we have

fle, .o mim, Lzipr, oo 2n) > f(@1, 00, @21, 0, %441, .., Tp).

This means f is a monotone non-decreasing function.

(iii-4) p(c(0) Ao (1)) = p(0(0) Vo(1)) = o(1). We prove that for all f € <FSUb72>?p,U)’ fisa

monotone non-increasing function. By Lemma we obtain f € (T sub,2>é€p,5)- Moreover, since
p(a(0)Ao(l)) =p(c(0)Vo(l)) = o(l), it holds that p(a(0) Aa(l)) = p(a(0) Va(l)) = a(0).
Thus f is a monotone non-decreasing function by the case of (iii-3). Hence f is a monotone
non-increasing function. O

Proposition 5.6. <I‘sub,2>{071} C (Fsub,2) U T'mono-

The proof of Proposition is given in Section

By Lemma Proposition and Proposition we obtain Theorem
5.3 Proof of Theorem B3.12]

By the proof of Proposition [5.4} it holds that (Tsup.2)*  C (Tsub.2) in the cases of (i), (ii), (iii-1),
=/ (p,0) ’

and (iii-2) in Section Hence we consider only the two cases as follows:
(iii-3) 0(0) # (#(0) A (1)) £ o(1) and p(a(0) A (1)) = p(e(0) V o(1)) = (0),
(ifi-4) 0(0) # (#(0) A (1)) £ o(1) and p(a(0) A (1)) = p(e(0) V (1)) = (1),

The case (iii-3). We prove <Fsub,2>?p 0 S (Fsub,2>%p* ot)" Let Sy, S1, A, B be index sets defined
by

So == {i | (¢(0)); = (o(1)); =0 for i € [k]},
S1:={i|(c(0)); = (o(1)); =1 for i € [k]},
A:={j|(0(0)); =0and (0(1)); =1 for i € [k]},
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B = {k]| (c(0)); = 1 and ((1)); = 0 for i € [k]}.

Let jo be the minimum index in A, and k¢ the minimum index in B. Let S := (SyUS1UAUB)\
{jo, ko}. Furthermore we define functions hg : {0,1} = Q, hy: {0,1} = Q, hy: {0,1}*> — Q by

0 ifx =0, 0 ifx =1, 0 ite =y,
ho(x) == { ha(z) = { ha(a,y) = { ’

4o ifx=1, 400 if x =0, 400 otherwise.

ho, h1, and hy are (1,id,id)-network representable. Indeed, hg is represented by the network
({s,t,1},{(1,¢)}), where the edge capacity of (1,¢) is equal to 400, h; is represented by the
network ({s,t,1},{(s,1)}), where the edge capacity of (s, 1) is equal to +o00, and hy is represented
by the network ({s,t,1,2},{(1,2),(2,1)}), where the edge capacities of (1,2) and (2, 1) are equal
to +o0o. Take arbitrary f € <Fsub,2>](€p70). Then there exists g € <Fsub,2>k C (Fsub,2) satisfying
g(p(v)) < g(v) for v € dom ¢ and

flxr,xe,... xp) = g(o(z1),0(x2),...,0(xy)) (x1,22,...,2y € {0,1}).

Let ¢’ : {0,1}*” — Q be a function defined by

g (v, 02, . vn) = glun,vg, o vn) + > Y ho((Wi)ig) + Y > hal(vi),)

i 19€Sy i 11E€S]

YN ha((ui)gs (Wi)jo) + DD ha((vi)k, (i)ko)

i jeA i keB
for vy, va,...,v, € {0,1}*. By the definition of ¢, we have

/() = g(v) ifv; € {o(0),0(1),0(0) Ao(1),0(0)Vo(l)} for each i € [n],
g 400 otherwise,

for all v = (v1,va,...,v,) € {0, 1}*". We notice that ¢’ only depends on 2n elements {(v;);,, (Vi) ko Vi) -
Hence let ¢” : {0,1}?" — Q be a function defined by

"(ur,ug, ... up) = min "(v1,v2,...,0,
" (ur, )= =y =ty & Y2 )
(V1) kg =(u1)2;-»(Vn) g =(un)2

for uy,uz,...,u, € {0,1}% Since g, ho, h1,h2 € (Tsup2), we have ¢', g" € (Tsup2). Furthermore
we have g”(u1,ug, ..., un) > ¢"(p*(u1), p*(u2), ..., p*(uy)) for uy,us,...,u, € {0,1}2. Indeed,
it holds that

g (ur,ug, ... upn) = g(vi,v2, ..., 0p) (ug,ug,...,u, € {0, 1}2)

by the definition of ¢”, where

o (0) if u; = (0,1),
1 if u; = (1,0), .
o= { O i =0 e .
a(0) Ao(1) if u; = (0,0),
c(0)Vo(l) ifu; =(1,1),
Hence it holds that
g"(ur,ug, ..., up) = g(v1,v2,...,05)



> g(p(vl)’ p(vg), v ,p(Un))
=g"(p" (1), p*(u2), ..., p" (un))

by the assumption of p. By using ¢”, f is represented by

flx1, 20, ... xn) = g" (05 (21), 05 (22), ..., 07 (zn)) (r1,22,...,25 € D).

This means that [ € <Fsub,2>%p* ot)-

The case (iii-4). We prove <Fsub’2)](“p7a) C (Tgup, 2>(p* o5)" Take any f € <FSUb:2>?p,o’)' By
Lemma we obtain f € (Fsub72>f5p5). Moreover, since ¢(0) # (c(0) Ao(1)) # o(1) and
p(c(0)ANo ))
p(@(0)Vva(l) =a(0). Thus f € (Tsuwp 2>(p* o1y holds by the case of (iii-3). Hence we obtain
fe <Fsub,2>?p*,?r) = <Fsub,2>?p* :

Then it holds that (Tsub,2) g1y = (Tsub2) U (Tsub,2) (e ooy U (Tsub,2) e o) -

5.4 Proof of Proposition

Let f : {0,1}®> — Q be a monotone non-decreasing function defined by f(1,1,1) := 1 and
f(z) := 0 for other . The function f is not submodular. Therefore f ¢ (Igyp2). Hence it
suffices to prove f ¢ <FSUb72>%p*,Ui‘) by the proof of Theorem (the case (iii-3)). Suppose to the
contrary that f € <Psub,2>%p*,a{)‘ Then there exists g € (I'sup 2) satisfying g(o7(1),07(1),07(1)) =
9(1,0,1,0,1,0) = 1, g(z) = 0 for = € A, and min, g(z) = 0, where a set A C {0,1}% is defined
by

= {(01(0),01(0),01(0)) , (¢1(0),07(0), 01(1)) , (¢1(0), 07(1), 07(0)) , (01 (0), 07 (1), 07 (1)) ,
(01(1),071(0),07(0)) , (07(1),07(0),07(1)) , (07 (1), 07(1), 07(0)) }
= {(0,1,0,1,0,1),(0,1,0,1,1,0),(0,1,1,0,0,1),(0,1,1,0,1,0),
(1,0,0,1,0,1),(1,0,0,1,1,0),(1,0,1,0,0,1)}.

Let Cp v(A) denote the minimum subset X of {0,1}% containing A such that z Ay, 2z Vy € X
for all ,y € X. By the submodularity of g, it holds that g(z) = 0 for x € Cx v(A). Therefore
it should hold that (1,0,1,0,1,0) ¢ Cx v(A). However by

(1,0,0,1,1,0) A (1,0,1,0,0,1) = (1,0,0,0,0,0),
(0,1,1,0,1,0) A (1,0,1,0,0,1) = (0,0, 1,0,0,0),
(0,1,1,0,1,0) A (1,0,0,1,1,0) = (0,0,0,0,1,0),
(1,0,0,0,0,0) v (0,0,1,0,0,0) v (0,0,0,0,1,0) = (1,0,1,0,1,0),

we have (1,0,1,0,1,0) € Cx v(A). This is a contradiction to the existence of such a function g.
Then it holds that [ ¢ <Fsub72>%

p*,07)"

5.5 Proof of Theorem [3.13]

Let f:{0,—1,1}> — Q be a bisubmodular function defined by f(0,0,0) := —1, f(0,1,1) =
f(1,0,1) = f(1,1,0) := 1, f(1,1,1) := 2, and f(z) = 0 for other z. It suffices to prove
f ¢< 5ub> (p2,02)"
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1)) = p((0) V(1)) = o(1), it holds that 7(0) # (F(0) AF(1)) # 7(1) and p (F(0) A F(1)) =



ws = Pol® ((Taun)?
2 .
<Fsub> (p2,02)"

)) — Q defined as the following is a weighted polymorphism of

p2,02

-1 ifpe {654), e§4), eéA‘), 6514)},

LUQ(SO) = 1 lfgo € {80179027()037804}7
0 otherwise.

Here 1, @2, 03,04 : {0, —1,1}* — {0, —1,1}* is defined by

p1(a,b,c,d) == oa(p2(0y (a) Aoy (b)),

pa(a,b,¢,d) := oa(pa((05 ' (a) V o3 ' (b)) Aoy ' (c))),
e3(a,b,c,d) = oa(pa((05 " (a) Vo3 1 (b) V o3 () Aoy ' (d))),
pa(a,b, ¢, d) == oa(pa(og ' (@) V oy ' (b) V oy ' (¢) V oy ' (d)))

Indeed, a function g € (I'yy,)* such that g(v) > g(p2(v)) for v € dom g satisfies the following
inequalities for all =, y, z, w € {0, 1}%";

9(@) +9(y) + 9(2) + g(w)

> g(zAy)+g(xVy)+9(2) + g(w) (24)

>g9xAy)+9((@Vy)Az)+g(@VyVz)+g(w) (25)

zg@Ay)+g((@Vy) Az)+g9((zVyVz)Aw)+g(zVyVzVw) (26)

> g(«') + g(y") + 9(2') + g(w') (27)
Here let 2/ := pa(x Ay), v :=p2((x Vy)A2), 2/ :=pa((xVyVz)Aw), w :=pa(xVyVzVw).

f follow from the submodularity7 and follows from the definition of g. This means
that h(a)+h(b)+h(c)+h(d) > h(pi(a,b,c,d))+h(p2(a,b,c,d))+h(ps(a,b,c,d))+h(pa(a,b,c,d))
holds for any h € (T' sub>(p ) and a,b,¢,d € dom h.

Let 2 := (0,0, 1,0,0, D,y (0 0, 0 1,0,1), z == (0,0,0,1,1,0), w := (0,1,1,0,1,0), that
is, 051 (x) = (0,1,-1), a5 (y) = (0,—1,-1), 05 (2) = (0,—1,1), o5 (w) = (=1,1,1). In this
case, it holds that pg(a:/\y) (0,0,0,0, O 1), p2((xVy)Az) =(0,0,0,1,0,0), pa((xVyVz)Aw) =
(0,0,1,0,1,0), pg(az\/y\/z\/w) (0,1,0,0,0, o) that is, o5 ' (pa(zAy)) = (0,0, —1), o5 (p2((zV
Y) A=) = (0,-1,0), o3 (o2 Vy v 2) Aw)) = (0,1,1), 03 (pala vy V 2V w)) = (~1,0,0).
Hence we have

0= £(0,1,—1) + £(0,—1,~1) + f(0, —1,1) + f(~1,1,1)
< £(0,0,—1) + f(0,—1,0) + £(0,1,1) + f(~1,0,0) =

This means that f & (Igyp,)? by Lemma

(p2,02)

5.6 Proof of Theorem [3.14]

Let f : [0,k]> — Q be a k-submodular function defined by f(0,0) := —1, f(1,1) := 1, and
f(z) := 0 for other x. It suffices to prove f & (Tsup)F

(oks0%)"
wg POI(S)(<Fsub>I(€pkyo.k)) — Q defined as the following is a weighted polymorphism of

21



<Fsub>?

PkOk)"

—5 ifpe{e? P,

=3 ifpe{el) el el el
~2 ifpe{c e},

3 if pe {(,01,(,04},

2 if p € {2, 03,07, 98, V9, P16},
1

0

wi(¢p) :

if o € {5, 6, P10, P11, P12, P13, P14, P15},
otherwise.

Here ¢1, ..., 16 : [0,k — [0,k]® is defined by

p1(a) = o3(p3(b1 A ba)),

pa(a) = o3(p3(br A b)),

w3(a) := o3(p3(b2 A bs)),

@a(a) := o3(p3(b2 A bg)),

p5(a) = a3(p3((b1 V bs) A b3)),

pe(a) == o3(p3((b2 V bs) A bs)),

pr(a) = o3(p3((b1 V ba) A (b2 V b5) A b3))

ws(a) := o3(p3((by V br) A (b2 V bg) A bs)),

wo(a) :=o3(p3((b1 Vba V by Vbs)A(by VbyVbrVbg))),

¢10(a) == o3(p3((((b1 V ba) A (b2 V b5)) V b3) A (b2 V b V bs))),

p11(a) == o3(p3((((b1 V br) A (b2 V bs)) V b) A (b1 V b3 V bs))),

¢12(a) == o3(p3(((br V ba) A (b2 V bs) V b3) A (((b1 V br) A (b2 V bs)) V bs))),

o13(a) 1= a3(p3 (b1 V ba) A (ba v bs)) V (b1 V br) A (b2 V bs)) V b3 V bg)),

o14(a) := 03(ps((b1 V by V by V b V by V bs) A (b1 V ba) A (b2 V bs)) V b V by V b V bs))),
o15(a) = o3 (ps((b1 V by V by V bs V by V bg) A (b1 V br) A (ba Vb)) V by V by by V b)),
o16(a) := o3(ps(b1 V ba V b3 V by V bs V b V by V b))

for a = (a1, ...,as) € [0,k]®, where b; := 0~ (a;) € {or(z) | z € [0,k]} for i = 1,...,8. Indeed, a
function g € (Tgup)”* such that g(v) > g(px(v)) for v € dom g satisfies the following inequalities
for all vy, ve,...,v8 € {0, 1}F";

3g(v1) 4+ 3g(v4) > 3g(v1 A vg) + 3g(v1 V vy),

2g(v1) + 2g(v7) > 2g(v1 A7) + 2g(v1 V v7),

2¢g(va) + 2g(vs) > 2g(vy A wvs) + 2g(ve V vs),

3g(v2) 4+ 3g(vg) > 3g(ve A vs) + 3g(va V vg),

g(v1 Vug) 4+ g(vs) > g((v1 Vog) Avs) + g(vr V ug Vuy),

g(v2 Vug) +g(ve) = g((v2 V vs) Ag) + g(va V vg V vs),

2g(v1 V vg) + 2g(v2 V vs) > 2g((v1 Vvg) A (v2 Vus)) +2g(v1 Vug VugVous),

2g(v1 V v7) + 2g(va Vvg) > 2g((v1 Vvr) A (v2 Vvg)) + 2g(v1 V v2 V vy V vg),

2g((v1 Vvg) A (v2 Vus)) +2g(vs) > 2g((v1 V va) A (va Vus) Avs) +2g(((v1 V og) A (va V us)) Vvs),
2g((v1 V7)) A (v2 Vug)) +2g(ve) > 2g((v1 V vr) A (va Vug) Avg) + 2g(((v1 V og) A (ve V ug)) Vvg),
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2g(v1 Vg VugVus)+2g(vy Vug Vo Vo)
> 2g((v1 Vva Vg Vous) A (v Vog VorVug))+ 2g(vr Vog Vg VusVorVaug),
g(((v1 Vog) A (v2 Vus)) Vus) + g(ve Vve V vg)
> g((((v1 Vog) A (v2Vos)) Vog) A (va Vg Vug))+ g((v1 Vog) A(ve Vus)Vog Vs Vog Vug),
g(((v1 Vor) A(va Vug)) Vug) + g(vr Vus Vuy)
> g((((v1 Vor) A (va Vg)) Vug) A(v1 Vs Vug))+ g(((v1 Vor) A(ve Vog)) Vo Vg VogV vs),
g(((v1 Vog) A (v2Vus)) Vos) + g(((v1 Vo) A (va Vug)) V ug)
> g((((v1 Vog) A (v2 Vus)) Vous) A (((v1 Vor) A (va Vog)) Vug))
+g(((v1 Vug) A (vaVus)) A ((v1 Vor) A (ve Vs)) Vs Vo),
g(v1 Vg VugVusVorVug)+ g((vr Vog) A (vaVus) Vo Vs Vog Vo)
> g((v1 Vg Vog Vs VourVug) A ((v1 Vog) A (ve Vos) Ve Vog Vg Vug))
+ g(v1 Vg Vs Vog Vs Vog VorVos),
g(v1 Vg Vug Vs VorVug)+ g(((vr Vor) A(vaVug)) Vor Vs Vaog Vo)
> g((v1 Vva Vug Vs VorVog) A(((vr Vor) A(vaVog)) Vo VusVaogVug))
+ g(v1 Vg Vs VogVousVog VorVos),

3g(v1 Ava) = 3g(ps(v1 Ava)),
2g(v1 Awvr) = 2g(ps(v1 Avr)),
2g(va Aws) = 2g(ps(v2 Avs)),
3g(v2 Aws) = 3g(ps(v2 A vs)),
g((v1 vV va) Avg) = g(ps((v1 V va) Avs)),
9((v2 V vs) Avg) = g(ps((v2 V vs) A vg)),
29((v1 Vvg) A (v2 Vus) Avsg) > 2g(ps((v1 Vvug) A (v2 V us) Avs)),
29((v1 V7)) A (v2 Vug) Avg) > 2g(ps((v1 V vr) A (v2 V ug) Avs)),
2g((v1 Vua Vug Vus) A (v1 Voa VorVug)) > 2g(ps((v1 Voe VogVus) A (v Vg VorVag))),
g((((v1 Vo) A (v2 Vus)) Vo) A(v2 Ve Vus)) = g(ps((((v1 vV va) A vz Vus)) Vug) A(vz Ve Vus))),
9((((v1 Vvr) A (v2 Vug)) Vve) A (v1 Vs Vos)) > g(ps((((v1 Vor) A(va Vos)) Vve) A(vr Vg Vo)),
9((((v1 Vvg) A (v2 Vu5)) Vus) A (((v1 vV or) A (v2 Vog)) Vvg))

= g(p3(((v1 V va) A (v2 Vws) Awg) A(((v1Vor) A(v2 Vs)) Vug))),

) A

g(((v1 V vg) A (va Vus)) A ((v1 Vor) A (ve Vog)) VsV vg)

> g(p3(((v1 Vvg) A (v Vus)) A ((v1 Vor) A (ve Vog)) Vs Vo)),
g((v1 Vva Vug Vs VorVug) A ((v1 Vog) A(ve Vos)Voe Vg Vg Vug))

> g(p3((v1 Vva Vug Vs VorVug) A ((v1 Vog) A(ve Vos)VoeVogVuogVug))),
g((v1 Vva Vg Vs VorVug) A (((v1 Vor) A(ve Vog)) Vo Vg VuogVug))

> g(p3((v1 Vg Vug Vs VorVug) A (((vr Vor) A(ve Vosg)) Vo Vg VuogVug)),
2g(v1 Vua Vuz Vg Vs Vg VorVog) > 2g(ps(vr Ve VosVogVosVogV oy Vug)).

Also g satisfies the inequality given by summing up the all above inequalities. Hence if it holds
that f € (Fsub%“ ) then f satisfies

Pks0k
> w()f(p(at,... %) <0 (28)
WGPOI(g) (<FSUb>é€pkv”k)

for every z',..., 2% € dom f.
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Let xl,... 2% € [0,k]? be defined by z! := (1,2), 22 := (1,3), 2° = (2,1), 2* := (2,2),
(2,3) 6 .= (3,1), 27 := (3,2), and 2% := (3, ) Since f(z) =0 fori=1,...,8, if

Y € {e( ) €5 )} then w(p)f(e(z!,...,2%)) = 0. We can see that f does not satisfy by
Table Therefore we obtain f ¢ <Fsub>](€

pk7ok) ’

Table 1: Calculations of w(y;)f(pi(x!,...,28)) fori=1,...,16.

i | gilat, .28 w(e) fles(at, ..., x8))
1 (0,2) 0
2 (0,2) 0
3 (0,3) 0
4 (0,3) 0
5 (2,0) 0
6 (3,0) 0
7 (2,0) 0
8 (3,0) 0
9 (1,0) 0
10 (1,1) 1
11 (1,1) 1
12 (1,1) 1
13 (0,1) 0
14 (0,3) 0
15 (0,2) 0
16 (0,0) —2
Acknowledgments

We thank Hiroshi Hirai and Magnus Wahlstrom for careful reading and helpful comments. We
also thank the referees for pointing out a similarity between extended expressive power and pp-
interpretation or weighted variety and for information on the papers [20] 27]. This research is
supported by JSPS Research Fellowship for Young Scientists and by JST ERATO Grant Number
JPMJER1305, Japan.

References

[1] F. Bach. Learning with submodular functions: A convex optimization perspective. Foun-
dations and Trends in Machine Learning, 6(2-3):145-373, 2013.

[2] A. Billionnet and M. Minoux. Maximizing a supermodular pseudoboolean function: a
polynomial algorithm for supermodular cubic functions. Discrete Applied Mathematics,
12:1-11, 1985.

(3] D. A. Cohen, M. C. Cooper, P. Creed, P. G. Jeavons, and S. Zivny. An algebraic theory of
complexity for discrete optimization. SIAM Journal on Computing, 42(5):1915-1939, 2013.

[4] S. Fujishige. Submodular Functions and Optimization. Elsevier, Amsterdam, 2nd edition,
2005.

24



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

S. Fujishige, T. Kiraly, K. Makino, K. Takazawa, and S. Tanigawa. Minimizing submodu-
lar functions on diamonds via generalized fractional matroid matchings. RIMS Technical
Reports, RIMS-1812, 2015.

G. Greig, B. Porteous, and A. Seheult. Exact minimum a posteriori estimation for binary
images. Journal of the Royal Statistical Society, Series B, 51:271-279, 1989.

I. Gridchyn and V. Kolmogorov. Potts model, parametric maxflow and k-submodular func-
tions. In Proceedings of International Conference on Computer Vision (ICCV’13), pages
23202327, 2013.

M. Grotschel, L. Lovasz, and A. Schrijver. Geometric Algorithms and Combinatorial Opti-
mization. Springer-Verlag, Berlin, 1988.

H. Hirai. L-extendable functions and a proximity scaling algorithm for minimum cost mul-
tiflow problem. Discrete Optimization, 18:1-37, 2015.

H. Hirai. Discrete convexity and polynomial solvability in minimum 0-extension problems.
Mathematical Programming, Series A, 155:1-55, 2016.

A. Huber and V. Kolmogorov. Towards minimizing k-submodular functions. In Proceedings
of the 2nd International Symposium on Combinatorial Optimization (ISCO’12), pages 451—
462, Berlin, 2012. Springer.

Y. Ishii. On a representation of k-submodular functions by a skew-symmetric network.
Master thesis, The University of Tokyo, 2014 (in Japanese).

P. L. Ivanescu. Some network flow problems solved with pseudo-boolean programming.
Operations Research, 13(3):388-399, 1965.

S. Iwata, L. Fleischer, and S. Fujishige. A combinatorial strongly polynomial algorithm for
minimizing submodular functions. Journal of the ACM, 48(4):761-777, 2001.

Y. Iwata, M. Wahlstrom, and Y. Yoshida. Half-integrality, LP-branching and FPT algo-
rithms. SIAM Journal on Computing, 45(4):1377-1411, 2016.

A. V. Karzanov. Minimum cost multiflows in undirected networks. Mathematical Program-
ming, 66:313-325, 1994.

A. V. Karzanov. A combinatorial algorithm for the minimum (2,r)-metric problem and
some generalization. Combinatorica, 18(4):549-568, 1998.

V. Kolmogorov, J. Thapper, and S. Zivny. The power of linear programming for general-
valued CSPs. SIAM Journal on Computing, 44(1):1-36, 2015.

V. Kolmogorov and R. Zabih. What energy functions can be minimized via graph cuts?
IEEE Transaction on Pattern Analysis and Machine Intelligence, 26(2):147-159, 2004.

M. Kozik and J. Ochremiak. Algebraic properties of valued constraint satisfaction prob-
lem. In Proceedings of the 42nd International Colloquium on Automata, Languages and
Programming (ICALP’15), pages 846-858, 2015.

F. Kuivinen. On the complexity of submodular function minimisation on diamonds. Discrete
Optimization, 8:459-477, 2011.

25



[22]

[23]

[24]

Y. T. Lee, A. Sidford, and S. C. Wong. A faster cutting plane method and its implications for
combinatorial and convex optimization. In Proceedings of the 56th Annual IEEE Symposium
on Foundations of Computer Science (FOCS’15), 2015. arXiv:1508.04874v2.

J. B. Orlin. Max flows in O(nm) time, or better. In Proceedings of the 45th Annual ACM
Symposium on the Theory of Computing (STOC’13), pages 765-774, 2013.

S. Ramalingam, C. Russell, L. Ladicky, and P. H. S. Torr. Efficient minimization of higher
order submodular functions using monotonic Boolean functions. Discrete Applied Mathe-
matics, 220:1-19, 2017.

A. Schrijver. A combinatorial algorithm minimizing submodular functions in strongly poly-
nomial time. Journal of Combinatorial Theory, Series B, 80:346-355, 2000.

J. Thapper and S. Zivny. The power of linear programming for valued CSPs. In Proceedings
of the 53rd Annual IEEE Symposium on Foundations of Computer Science (FOCS’12),
pages 669-678. IEEE, 2012.

J. Thapper and S. Zivny. The power of Sherali-Adams relaxations for general-valued CSPs.
arXiv:1606.02577v2, 2017.

S. Zivny. The Complexity of Valued Constraint Satisfaction Problems. Springer, Heidelberg,
2012.

S. Zivny, D. A. Cohen, and P. G. Jeavons. The expressive power of binary submodular
functions. Discrete Applied Mathematics, 157(15):3347-3358, 2009.

26


http://arxiv.org/abs/1508.04874
http://arxiv.org/abs/1606.02577

	1 Introduction
	2 Preliminaries
	2.1 Submodularity
	2.2 Network representation over {0,1}
	2.3 Expressive power
	2.4 Weighted polymorphisms

	3 General framework for network representability
	3.1 Previous approaches of network representation over D
	3.2 Definition
	3.3 Results on network representability
	3.4 Extended expressive power

	4 Discussion
	4.1 Submodular representability
	4.2 Another representation of k-submodular functions
	4.3 Submodular functions on k-diamonds
	4.4 Extended primitive positive interpretation

	5 Proofs
	5.1 Proof of Theorem ??
	5.2 Proof of Theorem ??
	5.3 Proof of Theorem ??
	5.4 Proof of Proposition ??
	5.5 Proof of Theorem ??
	5.6 Proof of Theorem ??


