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Abstract

This paper deals with the facility location problems with balancing
on allocation clients to servers. Two bi-objective models are consid-
ered, in which one objective is the traditional p-median or p-maxian
objective and the second is to minimize the maximum demand volume
allocated to any facility. An edge deletion method with time complex-
ity O(n?) is presented for the balanced 2-median problem on a tree.
For the balanced 2-maxian problem, it is shown the optimal solution
is two end vertices of the diameter of the tree, which can be obtained
in a linear time.

Keywords: facility location; 2-maxian; 2-median; balanced al-
location.

1 Introduction

The most location problems are concerned about minimization of trans-
portation time between servers and clients. However in real applications
usually the service time is as considerable as transportation time due to
attracting clients. So in this paper we consider a bi-objective problem cor-
responding to the transportation time as well as service time. The p-median
and p-maxian objective functions have been considered for transportation
time while an avoidance congestion function has been considered for service
time. We call these problems balanced p-median and p-maxian problems,
respectively. To balance the facility servicing times, we propose minimizing
the maximum number of clients that are served by facilities.

Let G = (V,E) be a given graph, where V is the set of vertices and
E is the set of edges. Let |V| = n and |E| = m. The p-median problem
asks to find a set of p vertices of G, called facilities, such that the sum of
weighted distances from vertices to the closest facility is minimized. Kariv
and Hakimi [14] showed that the p-median problem is N P-hard on general
networks while it can be solved in polynomial time on tree networks. The
initial works of the p-median problem is referred to Hakimi [9] [10]. Hakimi
[10] showed that at least one optimal solution of the p-median problem
is located on vertices. Kariv and Hakimi [I4] presented an O(p*n?) time
algorithm for this problem on a tree. The time complexity is improved to
O(pn?) by Tamir [21]. In the case p = 2 on a tree, Gavish and Sridhar []
presented an O(nlogn) algorithm.

The obnoxious case of the p-median problem is called p-maxian prob-
lem. In the p-maxian problem a set which contains p vertices is sought so



that the sum of weighted distances of clients to the farthest facility is max-
imized. The NP-hardness of this problem on general networks is shown in
[12]. Zelinka [23] showed that in the tree graphs an optimal solution of the
l-maxian problem is contained on the leaves. Ting [22] proposed a linear
time algorithm to the 1-maxian problem. The 1-maxian problem on general
networks is investigated by Church and Garfinkel [5]. They presented an
O(mnlogn) time algorithm, and Tamir [20] improved the time complex-
ity to O(mn). Burkard et al. [3] showed that the optimal solution of the
2-maxian problem on a tree lies on the two end vertices of the diameter,
where diameter is the longest path of the tree. They also showed that p-
maxian problem on the tree is reduced to the 2-maxian. Based on these
properties they presented a linear time algorithm for the p-maxian problem
on a tree. Kang and Cheng [13] extended the algorithm to the case that the
underlying network is a block graph.

The equity location models are introduced in the last two decades. In
these models, facilities are to be located to maximize the equality between
the demand points. Some researchers have been attracted to this subject.
Among them Gavalec and Hudec [7] considered an equity model which its
objective function is the maximum difference in the distance from a de-
mand point to its farthest and nearest facility. They called this problem
as balancing function. Berman et al. [2] considered the problem of finding
the location of p facilities such that the weights attracted to the different
facilities are as close as possible. They formulated this problem as minimiz-
ing the maximum weight assigned to each facility. Marin [I8] considered
the balanced discrete location problem, in which the objective function is
minimizing the difference between the maximum and the minimum weights
allocated to different facilities. Barbati and Piccolo [1] proposed some prop-
erties to describe the behavior of the equality measures in an optimization
context.

Another paper related to balanced facility location models is that of
Lejeune and Prasad [16], which propose models to investigate effectiveness-
equity tradeoffs in tree network facility location problems. The 1-median
objective is considerd as a measure of effectiveness, and the Gini index is
used as a measure of equity. A bi-criteria problems involving these objec-
tives is presented. Landete and Marin [I5], considered the spanning trees
with balanced weights, i.e., where the differences among the weights are
minimized.

In the paper of Lpez-de-los-Mozos et al. [17] the ordered weighted aver-
aging operator is applied to define a model which generalizes some inequality
measures. In their work, for a location x, the value of the objective function



is the ordered weighted average of the absolute deviations from the average
distance from the facilities to the location . We refer the interested reader
o [19, 6], two reviews of the literature on equity measurement in location
theory.

In the next section, we formulate the balanced p-median and p-maxian
problems. In Section 3, an O(n?) time algorithm for balanced 2-median
problem on a tree is presented. The balanced 2-maxian problem on a tree
is investigated in Section 4, and a linear time algorithm is proposed for this
problem.

2 Problem definition

Let G = (V, E) be a graph where V is the set of vertices and E is the set
of edges and |V| = n. Each vertex v; has a non-negative weight w;, which
is the number of clients on vertex v;. The weight w; also called the demand
at v;. Let d;; be the distance between vertices v; and v;. The p-median
problem asks to find a set of p vertices, X, = {x1,...,z,} called facilities,
so that the sum of the weighted distances from the vertices to the closest
facility in X, is minimized, i.e.

min f1 (X E wid(Xp, v;),

where for any vertex v € V, d(X,,v) = ming ex, d(z;,v).
In the p-maxian problem the goal is maximizing the sum of the weighted
distances from the vertices to the farthest facility in X, i.e.

max fo(X,) = Zwi max d(zj,v;).

We define the bi-objective models of balanced p-median and p-maxian
problems as follows. Let t; be the service time by different facilities for
serving clients on vertex v;. Also let V; be the set of vertices of V' that are
allocated to the facility x;. Then, in the balanced p-median problem we
should find a partition {G1 = (V1, E1), ...,Gp = (V}, Ep)} of G such that,

min f1(X,) (1)
min f3(X,) = max{ Z wit;, j=1,...,p}. (2)

Uie‘/ﬁ



Similarly, in the bi-objective function of balanced p-maxian problem we
would find a partition of G such that,

max fo(X,) (3)

min f3(X,) = max{ Z witi, j=1,...,p}
UiGVj

Note that the goal in these problems is partitioning graph G = (V| E)
into p subgraphs. Then in the balanced p-median problem, in each partition
the median should be determined. While in the balanced p-maxian problem,
for i = 1,...,p, each vertex u € V; is allocated to the facility z; € X, that
d(u,z;) = max{d(u,z;)|z; € Vi, j =1,...,p}. Therefor, by this partitioning,
we can write,

AXp) = fa(Xp) =D > wid(xj,vi).
Jj=1v,eV;

In the classical p-median problem each client is allocated to the closest
facility and x; € V; for i = 1, ..., p, while in the p-maxian problem each vertex
is allocated to the farthest facility and x; € V; for i = 1,...,p. However, in
the balanced case either client may be allocated to the closest or farthest

facility.
Let z; = w;t; for i = 1,...,n then
f3(Xp) = max{ Z zi, j=1,..,p} (4)
v €V

In the case that the clients’ service times are all equal, i.e. t; =t > 0 for
i =1,...,n, then the objective function in (2)) reduces to the following:

min f4(X,) = max{ Y wi, j=1,...p}. (5)
viEVj

The problem of minimizing f4(X) is considered by Berman et al. [2].
They showed this problem is IV P-hard. Since the p-median and p-maxian
problems are also N P-hard, then the balanced cases are N P-hard, too.

In this paper, we use the weighted sum method to the proposed bi-
objective problems. The weighted sum problem of bi-objective p-median
and p-maxian problems, can be written as

min fpmed(X) = Af1(X) + (1 = A) f3(X),



A fymnae(X) = Ma(X) — (1 - N f3(X),

where 0 < A < 1. Note that in these models 1 — X\ can be interpreted as the
servers’ balanced coefficient.
Next, the balanced 2-median and 2-maxian problems are studied.

Lemma 1. In the case p = 2, the model f3(X)) can be represented as the
following problem,

X)) =1 s> al (6)
v;€V1 UASD)

Proof Let Z = )" | z;, then in the case p = 2, the objective function
f3(Xp) = max{zvievj zi, j=1,...,p} can be represented as

f3(Xp) = max{ Z %, Z zi}

UAS%] v €V
_ | Zvievl Zi + ZviEVQ Zi| + | Zvie‘ﬁ R~ Zvie\/g Zi
2
_ Z + ‘ ZUiEVl 2 ZU,L‘GVQ Zi‘
= 5 .

Since Z is a fixed value, it can be left out from the objective function. O

Obviously, by Lemma [I] in the case p = 2, any partition of V to V;
and V5 such that Zvievl 2z = Zview z; provides the optimal solution of
min f3(Xp).

3 Balanced 2-median problem on a tree

In this section, the balanced 2-median problem on a tree is considered. We
propose the following weighted objective function to find the Pareto optimal
solutions to the balanced 2-median problem.

min fymea(X) = A( Z w;d(v;, 1) + Z w;d(vi, z2)) + (1 = A Z % — Z Zi).-

v, €T v; €Ty v, €T v; ETo

(7)

Where T is the underlaying network and 717 and T, are the two subtrees of
T which contain vertices in V; and Vb, respectively.

A well-known method for solving the classical 2-median problem on a
tree is the edge deletion method (see e.g.[4]). In this method by deleting any



Figure 1: The tree for Example[Il

edge the median of obtained subtrees are found and the best one is chosen
as the solution of the 2-median problem. Since in the second part of our
model partitioning the tree in two subtrees is necessary, we apply the edge
deletion method to solve the balanced 2-median problem as given below.
For every edge e, let T7 and 75 be two subtrees of T" which are ob-
tained by deleting edge e. Let m{ and m§ be the 1-medians of T} and 77,
respectively. We calculate the value of objective function fy,;,eq(.) as follows:

Fomea(m§,m$) = A( D wid(vi,m§) + Y wid(vi,m$)) + (L =N D z— > zl.

v €T} v €TY v €T} v €15
(8)

Then the pairs of medians corresponding to the minimum amounts of Prob-
lem (8) are chosen as the solution of the balanced 2-median problem. The
time complexity of this method is O(n?).

In the following example we show that in the optimal solution of Problem
([@) the customers may not be assigned to the closest median.

Example 1. Consider the tree depicted in Fig. [, where the weights and
service times of all vertices are equal to one. The solution of the balanced
2-median problem for the case A = % is {va,vs}. If we allocate vs to vy then
the value of objective function is %(4 + 2) while allocating vs to vy results
in the value of objective function equal to %(5 + 0). Therefore, the optimal

solution is obtained by deleting edge (vs,vy).

4 Balanced 2-maxian problem on a tree

In this section, we consider the balanced 2-maxian problem on the tree T
Let T7 and T5 be the two subtrees of 7" which contain vertices in V7 and Vs,



respectively. The model of this problem is given as follows:

MaxX fomae(X) = A( Y wid(vi,21) + > wid(vi,x2)) — (L=N)| > zi— > zl.

v; €T v; €T v; €T v €TH

9)

Burkard et al. [3] showed that the solution of the 2-maxian problem is
two end vertices of a diameter which can be obtained in a linear time. For
A € [0, 1] the balanced 2-maxian problem also could be solved by such edge
deletion method as in Burkard et al. [4] which is presented for the 2-median
problem on a tree with positive and negative weights.

4.1 The edge deletion method

Let T, and T be two subtrees of 1" which are obtained by deleting edge
e = (a,b). We construct two trees 77 and 7% which their vertices are the
same as T". The weight of vertices in 17 are defined as

wl . w; ifv; €Ty
| 0 otherwise,

and analogously the weights of vertices in 75 are defined as

2 {wi ifv, €T,
w

i 0 otherwise.

Then the set X = {x1,2z2} is considered which maximizes the following
objective function.

Fomaz(X) = MO wid(vi,z1)+ Y wid(vi, x2))—(1=N| Y zi— Y zil.

v; €T} v €Ty v €Ty v €Ty

Note that for each edge we should compute the objective function for any
pair {z1,72}. Therefore, the time complexity of this method is O(n?).

The following example shows in the optimal solution of the balanced
2-maxian problem, clients may not be allocated to the farthest facility.

Example 2. Consider again the tree in Fig. [, where the weights of edges
(v1,v2) and (va,v3) are replaced by 2 and 1, respectively. The weights and
service times of all vertices are equal to one. The solution of balanced 2-
mazian problem for the case A = % is {v1,v6} (and {vi,v5}) which is ob-
tained by deleting edge (vs,vq). The vertices vy, vs and vg are allocated to

the facility in v1, and the vertices vy, vy and v3 are allocated to the facility



in vg. Note that the vertex vs is allocated to facility in vg, but the farthest
facility from vs is in v1. The optimal value of objective function is %(24—0).
If the vertex vs is allocated to the facility in vy then the value of objective
function is $(25 — 2).

4.2 A linear time method

Now we would improve the time complexity of the balanced 2-maxian prob-
lem to linear time.

Lemma 2. Let T be a tree. Then an optimal solution of the balanced 2-
maxian problem on T, exist on the leaf nodes of T .

Proof Let X = {x1, 22} be the solution of balanced 2-maxian problem and
V1 and V5 be the sets of vertices that are assigned to x1 and xo, respectively.
Let Ty = (V4, Eq) and Ty = (Va, E3) be two subtrees of T' which are obtained
by deleting edge e = (v, vs) where v, € T} and vg € Ty. Then x1 € T5 and
x9 € T7. If either x1 or zo is not leaf node, then we consider its adjacent.
Let x1 be an inner vertex and u € T be its adjacent vertex that is not in the
path connecting x1 to xo. In fact, u is a vertex along the path connecting
1 to a leaf nodes. Then for all vertices v; € 17,

d(vi,u) = d(vi, z1) + d(x1,u) > d(u, z1).

Therefore,
Z wid(vi, u) > Z wid(v;, 7).
v, €T v, €T
So by relocation of facilities toward leaf nodes the maxian part of the objec-
tive function is not decreased while the balancing part remains unchanged.
O
As previously mentioned, the optimal solution of 2-maxian problem is
two end vertices of the longest path of the tree. In the following, we show
that this property holds for the balanced case.

Lemma 3. Let P be the path between two wvertices x1 and Ty in the tree
T. Let Th and Ty be two subtrees of T obtained by deleting edge (v,,vs) and
contain w9 and x1, respectively. If P is not the longest path in the tree T,
then there exist either a vertex u € Ty such that d(u,z1) > d(z1,x2) or a
vertex u' € Ty such that d(u', z2) > d(x1,x2).

Proof Let P’ be the diameter of the tree 7" and a and b be two end vertices
of P'. Let v, € P and v, € P be the closest vertices in P to a and b,



respectively (see Figl2l). We consider two cases where the two vertices a and
b are in the same or different subtrees. First let a,b € 17, then either

d(a,vg) > d(vg,x2) or d(b,vy) > d(vp, x2).
Otherwise, the path P’ is not diameter of the tree. Therefore, either
d(a,z1) = d(a,vy) + d(va, 1) > d(ve, x2) + d(ve, 1) = d(z1, x2),
or
d(b,z1) = d(b,vp) + d(vp, 1) > d(vp, x2) + d(vp, 1) = d(x1, 22).
Now consider the other case where a € T and b € T. Then either
d(a,vg) > d(vg,x2) or d(b,vy) > d(vp, x1).
Otherwise, the path P’ is not the longest one. So
d(a,x1) > d(z1,22), or d(b,z) > d(x1,x2).

The other cases where a,b € To and a € T, b € T} would be similarly
proved. O

Figure 2: Longest and non longest paths on a tree

Theorem 1. There is an optimal solution of the balanced 2-mazxian problem
on the leaf nodes of diameter of T.

Proof By Lemma [2] there is an optimal solution on the leaf nodes. Let x;
and x5 be two leaf nodes of T' that the path connecting them is not diameter
of T'. Let T} and T3 be two subtrees of T" obtained by deleting edge (v, vs)
which contain x5 and x1, respectively. Let also the objective function of xq

10



and x5 respect to this partition be less than or equal to other partitions. The
vertices in 17 are allocated to 1 € T and the vertices in Ty are allocated to
x9 € Ty (see Fig. 2)). Since the path connecting x; and x5 is not diameter,
by Lemma [3 either there is a vertex u € Ty that d(u, x2) > d(x1,x2) or there
is a vertex u' € Ty that d(v/,z1) > d(x1,x9).

Without loss of generality, let there exist u € Ty where d(u,x2) > d(x1,z2).
Then

d(u,vy) + d(vp, 22) = d(u, x2) > d(x1,x9) = d(x2,v,) + d(vy, 1),

and consequently
d(u,vy) > d(x1,v,).

Hence, for each v; € T,
d(vi, z1) = d(vi,v) + d(vp, 1) < d(vi,vp) + d(vp,u) = d(vi, w).

So

Z wid(vi, u) > Z wid(v;, 7).

v; €Ty v; €Ty
Since the partitions remain unchanged, then the objective function will not
be decreased by choosing u instead of 1. a

Note that if d(v;,v;) > 0 for ¢, 5 = 1,...,n then by Theorem [l the optimal
solution is two ends of diameter.

Since diameter of a tree can be found in a linear time (see e.g. [11]), then
the optimal solution of balanced 2-maxian problem can be found in O(n)
time. However, to calculate the value of objective function we should com-
pute the corresponding objective function by deleting any edge on diameter
which would be performed in O(n?) time. To reduce the time complexity,
we first consider the computing objective function on a path.

Lemma 4. Let P = vy,...,v, be a path and e; = (v,u) and ey = (u,s) be
two adjacent edges on P. Let fyk ..(vi,vn) and f52,,.(v1,v,) be the objec-
tive function values of balanced 2-maxian problem in vertices vy and v, by
deleting edges e1 and 62, respectwely Also let Z Yo zi and v, be the
vertex of P so that Y~ 2 < Z and 3°7_, 2 > %Z. Then

;rlnax(vlv Un) - pmax(vlv Un) (10)

{ Awy (d(u,v1) — d(u,vy)) + (1 — N2z if w€{vy,.svp_1}
Awy (d(u, v1) — d(u,vy,)) — (1 = N2z, if w € {Vpg1,..., Un}

11



Figure 3: Components of a tree

Proof For i = 1,2, let T{* and 7" be the subpaths of P obtained by
deleting edge e;. Let T} and 737, for ¢ = 1,2, contain the vertices v, and
vy, respectively. Then 772 = T7' \ {u} and T5? = T5' U {u}. Therefore,

winar(V1,00) = A Y wid(vi, v1)Fwyd(u,v1)+ Y wid(vi, vn)—wyd(u, vn))

UiETlez viET;Z
—(1 = Z zi + 2u) — ( Z zi — 2u)|
v €T} v €Ty 2

B { o2z (U1, Un) + Awy (d(u, v1) — d(u, vn)) +2(1 = Nzy if we{vr, ..., 01}
L fRae (v, vn) A+ Awy (d(u, 1) — d(u,vn)) = 2(1 = Nz if  u € {vpg1, .00}
O
Let e; = (v;,vi41) for i = 1,...,n— 1, then the optimal objective function
on the path P can be iteratively computed. First f;}nax(vl,vn) should be
computed for ¢ = 1,r. Then by using Lemma [ the objective function
corresponding to deletion other edges on path P will be obtained. Therefore,
the total time complexity is O(n).
Now consider the tree T. Let P : vg,...,u; be the diameter of 7. We
create a new path P that the vertices of which are the same as P but the

weights and service times of the vertices are varying and defined as follow:

Wy, = E Wi, Wyl = E Wi, ooy Wy = Z w,

i€Ty,, i€y, i€Ty,

12



2 = § Ziy Zpt1 = E Zn---,ilzg 2j.

i€y, i€y, , i€Ty,

Where T,,,, i = k,k+1, ..., 1, are the subtrees of T" that obtained by deleting
only the edges (not vertices) of P from the tree T' so that v; € T,, (see Fig.
B)). By finding the best deleted edge on P, the best deleted edge on the tree
T is determined. Therefore, the following theorem is concluded.

Theorem 2. The balanced 2-mazian problem can be solved in a linear time.

In the following example the numerical results of the presented methods
are given. The results confirm the validity of the findings in the previous
sections.

Example 3. Consider the tree depicted in Fig. [4), where the weights of its
vertices are given in the Table [l

w1 w2 w3 Wy w5 Weg Wy W W9 Wi W11 W12
2 4 1 10 3 4 2 2 8 5 5 5

w13 W4 W15 Wie Wir
7 8 3 2 6

Table 1: The weights of vertices of tree in Fig. @l

v13
5 Vig
1
1 3 6 v14
Vg Via 5
2
v
V15 17

Figure 4: A tree with 17 vertices

The solutions of the balanced 2-median problem for varying values of A
are presented in Table[2 In this table the column with heading f5 indicates

13



the difference between number of clients assigned to each facility. Note that,
in the case X = 0.6, by adding the balanced objective function to median
model, we could find a nearly equity solution which its value of the median
objective function, i.e. f1, is not considerably increased.

f1 f5 deleted edge  fpmed medians

A=1 231 61-16=45 e = (?)12, 1)14) 231 {1)4, 1)14}
A=0.6 251 46-31=15 e = (’Ug, ’U12) 156.6 {’Ug, ’U14}
A=0.5] 265 39-38=1 e = (1)4, ’Ug) 133 {1)2, 1)12}
A=0 - 39-38=1 e = (v4,09) 1 -

Table 2: The solutions of the balanced 2-median problem for varying values
of A on tree in Fig. @

Table [3 contains the solutions of balanced 2-maxan problem for varying
values of \. Note that, although for all amounts of A the optimal solution
is {v10,v17 which are the two end vertices of the diameter. However, the
vertices assigned to the facilities are different. Furthermore, in the cases
A =0.6,0.5, by adding the balanced objective function, a nearly equity solu-
tion is found, which its value of maxian objective function, i.e. fo, is not
considerably decreased.

fo f5 deleted edge  fymaz oOptimal solution
A=1 1266 61-16=45 e = (Ulg, ’U14) 1266 {Ul(], U17}
A=0.6 1251  46-31=15 e = (’Ug, 1)12) 744.6 {7)10, ?)17}
A=0.5|1251 46-31=15 € = (’Ug, ’U12) 618 {Ul(], U17}
A=0 - 39-38=1 e = (v4,v9) -1 -

Table 3: The solutions of the balanced 2-maxian problem for varying values
of A on tree in Fig. @

5 Computational results

In this section some numerical examples are given for the balanced 2-median
and 2-maxian problems. The algorithms were written in MATLAB and
tested for 10 randomly generated problems. The arc lengths are generated
randomly and taken from the set [0,5]. We assigned the weight 5 to all ver-
tices. We also examined the case that the weights of vertices are generated
randomly in the interval [0,5]. However, in this case, since for trees with
more than 50 nodes, the distances between vertices will be large, then in

14



A=0 A=0.2 A=0.5 A=1

Test# n fpmed f1 fs5 fpmed f1 fs fpmed fs fpmed

1 41 65 1415 65 335 1345 85 715 95 1340

2 108 75 8545 175 1849 8565 175 4360 175 8545

3 159 165 13580 | 265 2928 13560 275 6917.5 425 13500

4 186 10 14845 10 2977 14845 10 7427.5 10 14845

5 243 65 22325 | 455 4829 22305 475 11390 475 22305

6 301 85 36930 | 595 7862 36930 595 18763 605 36925

7 344 190 37500 | 790 8132 37470 800 19135 800 37470

8 408 310 51695 | 330 | 10603 | 51695 330 26013 330 51695

9 463 385 56005 | 385 | 11509 | 25195 | 1385 27790 1385 | 54195

10 534 500 59450 | 500 | 12290 | 59450 500 29975 500 59450

Table 4: Results for the balanced 2-median problem.
A=0 A=0.2 A=0.5 A=1

Test# n fp'rna;c f2 fs fpma;c f2 fs5 fpma;c fs fpma;c
1 41 -65 5455 65 1039 5505 85 2710 85 5505
2 108 =75 28705 75 5681 28705 75 14315 75 28705
3 159 -165 47250 265 9238 47260 275 23493 275 47260
4 186 -10 46285 10 9249 46285 10 23138 30 46285
5 243 -65 83600 445 16364 83625 455 83625 455 83625
6 301 -85 112030 85 22338 112030 85 55973 835 112490
7 344 -190 113700 | 190 | 22588 113700 | 190 | 113700 190 113700
8 408 -310 177230 | 320 | 35190 177260 | 330 88465 330 177260
9 463 -385 157610 | 385 31214 157610 | 385 78613 385 157610
10 534 -500 172355 | 500 | 34071 172355 | 500 85928 1410 | 172355

Table 5: Results for the balanced 2-maxian problem.

the most of test problems with varying values of A the functions f; and fo
dominated on f5. Therefore, the total objective function hasn’t considerably
changed for 0 < A < 1.

The results for varying values of A are presented in Tablesd and Bl The
results show that in some test problems the optimal solutions of classical
2-median and 2-maxian problems are balanced (see Test No. 4). However,
in some other test problems, the balancing is depended on A. In the most of
cases, the difference number of allocated clients to each facility are jumped
when A is changed from 0.2 to 0.5. We also examined other values of A, but
the solutions are not considerably changed.

Fig. shows the histogram of the changing values of fpeq for test
problem No. 3 respect to A. The histogram of the changing values of fp;4z
for test problem No. 5 respect to A, is given in Fig. [

15
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Figure 5: The histogram of f,,,eq respect to A for test NO. 3

6 Summary and conclusion

In this paper, two bi-objective balanced models of the p-median and p-
maxian problems on a tree have been investigated. In the balanced p-median
problem, the objective function is combination of balance on clients’ allo-
cation to the facilities and median problem while in the balanced p-maxian
problem the objective function is balancing on clients’ allocation and maxian
problem. Based on edge deletion method an O(n?) algorithm is presented
for the balanced 2-median problem on a tree. Furthermore, it is shown that
the optimal solution of the balanced 2-maxian problem, is the leaf nodes of
the diameter of the tree. Then a linear time algorithm is presented to ob-
tain the balanced 2-maxian objective function. To illustrate the algorithms,
some numerical examples are given. The results of these examples show
that enforcing the balanced objective function to the median and maxian
models, causes an almost equitable assignment clients to servers.
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Figure 6: The histogram of f,,.. respect to A for test NO. 5
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