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Abstract The 0-1 linear programming problem with nonnegative constraint matrix
and objective vector e origins from many NP-hard combinatorial optimization prob-
lems. In this paper, we consider recovering an optimal solution to the problem from a
weighted linear programming. We first formulate the problem equivalently as a sparse
optimization problem. Next, we consider the consistency of the optimal solution of
the sparse optimization problem and the weighted linear programming problem. In
order to achieve this, we establish nonnegative partial s-goodness of the constraint
matrix and the weighted vector. Further, we use two quantities to characterize a suffi-
cient condition and necessary condition for the nonnegative partial s-goodness. How-
ever, the two quantities are difficult to calculate, therefore, we provide a computable
upper bound for one of the two quantities to verify the nonnegative partial s-goodness.
Finally, we give three examples to illustrate that our theory is effective and verifiable.

Keywords Integer programming - Nonnegative partial s-goodness - Weighted linear
programming - Sparse optimization

1 Introduction

In this paper, we consider the integer programming (IP) with linear inequalities:

min{Y x;: Ax>b, x€{0,1}"}, (1)
X i—1
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where A > 0 € R™" is a given matrix, b € R"™ is a given vector. Problem () arises
from many combinatorial optimization problems, such as the minimum vertex cov-
ering [4], the maximum independent set, and the max-cut problems [2]], etc. These
problems have been proven to be NP-hard, and many exact and heuristics or approx-
imation algorithms have been proposed, including cutting-plane method [9]], branch
and bound [3] and local branch algorithms, relaxation induced neighbourhood
search [6], and objective scaling ensemble approach [14].

It is worth to note that most of the above mentioned algorithms are based on the
corresponding linear programming relaxation. Therefore, it is natural to ask under
which conditions the integer programming problem (1) is equivalent to its corre-
sponding linear programming relaxation problem:

n
min{in: Ax>b, 0<x<1}.
Y

At present, there are some theories for ensuring that the above linear programming
problem has integral solution.

The first well known theory is totally unimodular (TUM for short), under which
it holds that

Theorem 1 ([I0)]) If A is totally unimodular and b is an integer vector, then the
vertices of the polyhedron P = {x: Ax <b, 0 < x < 1} are integral.

Another well known theory is the totally dual integrality (7 DI for short) proposed
by Edmonds and Giles [8]], which is a weaker sufficient condition than TUM.

Theorem 2 ([8]) If the linear system Ax < b is TDI and b is integer valued, then
P={x: Ax <b, 0 <x < 1} is an integral polyhedron.

Note that the linear programming relaxation of problem (I) can be written into
the form of linear complementarity problem (LCP):

q+Mz>0,
I(g+Mz) =0, 2)
z>0.

where z € R" is the vector of variables. Assuming that the solution set of LCP is
non-empty, Chandrasekaran et al. [3]] gave the class I of integral matrices M if the
corresponding LCP has an integer solution for each integral vector ¢. Utilizing TDI,
Dubey and Neogy [[7]] obtained some new conditions for the existence of an integer
solution to LCP with a hidden Z—matrix and hidden K—matrix. These results are
extended from TUM or TDI.

In this paper, we wish to establish a sufficient and necessary condition other than
TUM and T DI, such that the integer program (I is solvable by linear programming
relaxation. We consider providing an adjustable weight ¢, 0 < ¢ < 1, such that the
optimal solution of the weighted linear programming relaxation problem

min{c’x: Ax>b,0<x < 1}, 3)
X
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is an optimal solution of problem ().

Let the /[p—norm ||x||o be defined as the number of nonzero elements in the vector
x. In Section [2] of this paper, we will prove that problem (I can be written equiva-
lently as the [p—norm minimization problem

min{||x[|o : Ax > b,0 < x < 1}. 4)
X

Therefore, we expect to establish a sufficient condition through the sparse optimiza-
tion approach, such that problems (@) and (@) have the same unique optimal solution,
and thus provides an optimal solution to problem (IJ).

Eq. (@) is a sparse optimization problem. In this field, the problem

min{]|x(lo : A1x+Agy = b} Q)

has been studied mostly, for the optimal solution of min{||x||; : Ajx+ A,y = b} to be
X

an optimal solution of the above problem. The proposed well known conditions are
the partial restricted isometry property (PRIP) of the parameter &, _, [1]], and the par-
tial null space property (PNSP) of order s — r [1]]. In [135l[I8[16]], the authors provided
the k—th order range space property (k-RSP) of the constraint matrix A and a given
matrix W, under which the /p—norm minimization problem has the same unique opti-
mal solution as the problem rr;ln{ [IWix+Way||; : Aix+ Ay = b}. The condition was

further extended to the /p—norm minimization problem with non-negative constraints
.

Another condition is the s-goodness of the constraint matrix A [11]], under which
the unique optimal solution of the /;-norm minimization problem mxin{Hx +yh

Ajx+Ayy = b} is exactly an optimal one of problem (). In [12], the condition was
extended for considering the problem

mxin{HxH] tAx+ Ay = b}, (6)

and the partial s-goodness of the constraint matrix (A;,A,) was established, for the
exact partial s-sparse optimal solution via the partial /; —norm minimization.

In this paper, we will propose the nonnegative partial s-goodness condition for
problems (@) and @), such that they have the same unique optimal solution. Specifi-
cally, we propose a definition of nonnegative partial s-goodness and its characteriza-
tion % x(+) and s x () with respect to the constraint matrices and the coefficients of
the objective function. On this basis, we give a computable upper bound of ¥ (),
and thus obtain verifiable sufficient conditions for the nonnegative partial s-goodness.
Through which we provide conditions such that the optimal solution of problem (I
can be obtained from problem (3).

This paper is organized as follows. Sectionlgives an example of problem (IJ), and
proves the equivalence between problems (d) and @). In Section Bl we define non-
negative partial s-goodness and its characterization for a constraint matrix A’ and the
coefficient ¢ of the objective function in problem (3). Moreover, we derive necessary
condition and sufficient condition for (A’, ) to be nonnegative partial s-goodness, and
discuss efficiently computable upper bound of §; x(-) in Sectionl In Section 5 we
give a heuristic algorithm and three examples to show the feasibility of the proposed
theory. Finally, Section[@l concludes this paper.
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2 Problem reformulation

In this section, we prepare some preliminary work for the consequent research. First,
we give an example of the considered problem (I). Then, we show that the consid-
ered integer programming problem () can be converted equivalently to an lp-norm
minimization problem.

2.1 An example of the considered integer programming problem

We take the maximum independent set problem as an example to show that it is
a special form of problem (). Given an undirected graph G = (V,E), where V =
{1,---,n} is the set of vertices and E is the set of edges, the maximum independent
set problem can be formulated as

n
max Y, X;
o=l

s.it. Ax<1 D
xe{0,1}",

where A is the adjacency matrix of graph G.
Let% =1—x;,i=1,2,---,n. Then problem () can be written equivalently as

n
min ) %
o=l
s.t. Ax>1
e {01},

which is a special form of problem ().

2.2 Equivalence between integer programming problem and /p-norm minimization
problem

In this subsection, we show the equivalence between optimal solution of the /y-norm
minimization problem (@) and the integer programming problem (1)) after a certain
operation. First, we have the following result.

Theorem 3 For any optimal solution x* of the ly-norm minimization problem (@),
ok

# = ([x71,[x3], -+, [xi1)T is an optimal solution of the integer programming prob-
lem (@) and the ly-norm minimization problem @) respectively.

Proof For any optimal solution x* of problem @), let £* = ([x}], [x3],--, [x;])T
{0,1}". By noting that £* > x* and A > 0, we have A" > Ax* > b. Hence, £* is

m

n
a feasible solution of problems (1) and (@) respectively. Further, since Y [x}]o =
i=1

n n
Y |[x1lo = X |£]o, £* is an optimal solution of problem (@).
i=1 i=1
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Next, for any x € {x € {0,1}" : Ax > b}, x is also a feasible solution of problem
n n n

@. Since ¥ xi = ¥ |x Y oxi >
=1 ' =1

i= i=1

n n
0, and by Y |xf|lo = X [£]]o, we can obtain that
i=1 i=1 i=

n n
Y |[£flo = X £F. Hence £* is also an optimal solution of problem (I). O
i=1 i=1

Theorem[3limplies that the following corollary holds.

Corollary 1 If problem (@) has a unique integer optimal solution £*, then £* is also
an optimal solution of the integer programming problem ().

Conversely, we next prove that an optimal solution of problem (I)) is also an opti-
mal solution of problem ().

Theorem 4 If x is an optimal solution of problem (1), then x is also an optimal solu-
tion of problem (@)).

Proof If x is an optimal solution of problem (I), then x is a feasible solution of prob-

n n
lem (@), and satisfies that ¥ x; = ¥ |x;|o. For any optimal solution x* of problem @),
i=1 i=1

=

by Theorem[3] #* = ([x}],[x3],---, [x3])T is an optimal solution of problems (T} and

n n n n
@). Hence, ¥ x;, = Y & = xHlo= x¥|p. So x is also an optimal solution of
L 1 L p
i=1 i=1 i=1 i=1

i=
problem (@). O

m+n) X (m+2n)

By introducing slack variables, letting A" := [A},A5] € R ,where A =

(? ) € Rimtm)xn A, — ( _OI (I)) € Rimtn)x(m+n) pt — (11?) € R™"_ then problem (@)
can be rewritten as the form

min{”xHO:A1x+A2y:b/ax207yZO}' (8)
X,y

Correspondingly, the weighted linear programming problem (3) can be written in the
form of the partially weighted linear programming problem

min{c’x: Ajx+Ay =b",x >0,y >0}. 9)
X,y

Then, to study the equivalence between the integer programming problem (I) and
the weighted linear programming problem (3), we turn to derive conditions under
which problems (8) and (9) have the same optimal solutions. In the sequel, we adapt
the concept of s-goodness to problem (8), such that problems (8) and (9) have
the same unique optimal solution. Through this optimal solution, we can obtain the
optimal solution of problem ().

3 Nonnegative partial s-goodness

Since problem (8) is NP-hard, we are interested in establishing some conditions,
under which both of problems (8) and () have the same unique optimal solution.
Firstly, we give the following nonnegative partial s-goodness definition of matrix A’
and weighted vector ¢, where A’ = (A1,A»).
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3.1 Definition of nonnegative partial s-goodness

Definition 1 Let A’ be a (m+n) X (m+ 2n) matrix and s be an integer, 0 < s < n.
0<c¢ <1,i=1,2,...,n. We say that (A’,c) is nonnegative partially s-good with
respect to the columns of Ay, if for any pair of vectors wl >0eR", w?>0¢cR"n
with that w' € R" has at most s nonzero elements, (w!,w?)7 is the unique optimal
solution to the optimization problem

min{ch:A1x+A2y:A1w1+A2w2,x20,y20}. (10)
X,y

For the convenient of description, we say (A’ c) is nonnegative partially s-good
to refer that (A’, ¢) is nonnegative partially s-good with respect to the columns of Aj.
Moreover, without loss of generality, for s € {0,1,2,--- 1}, we say w' € R" with
[[w!]|o < s to mean that the nonzero entries of w' is no more than s. Meanwhile, in
this paper, a vector is said to be s-sparse when this vector contains at most s nonzero
components.

It is obvious that, if the partially weighted linear problem (9) has multiple opti-
mal solutions, then (A’,c) is not nonnegative partially s-good. However, we want to
recover the optimal solution of problem (8) from problem (9), in which c is not fixed.
So we adjust the coefficient ¢ in problem (9), such that one of the optimal solutions
is the unique optimal solution of problem (9).

By Definition[T] taking a step closer to our goal, we obtain the following results,
which characterize the consistency of solutions to the problems (8)) and (9).

Theorem 5 For any optimal solution (w',w*)T of problem (B)), where w' is an s-
sparse vector, if (A',c) is nonnegative partially s-good, then (w',w*)T is the unique

optimal solution to the partially weighted linear programming problem Q).

Proof For any optimal solution (w!',w?)” of problem (&), where w' is an s-sparse

vector, it holds that Ajx 4+ Ary = b’ = Ajw' +A,w? and w! > 0, w? > 0. That is,
(w',w?)T is a feasible solution of problem (0)). If (A’,¢) is nonnegative partially s-
good, then according to Definition [ (w!,w?)T with ||w'||o < s is a unique optimal
solution of problem (). O

Under the nonnegative partial s-goodness condition, Theorem [l shows that an
optimal solution of problem (§]) is a unique optimal solution of problem (). In the
above theorem, there is no requirement for the uniqueness of the solution of the /-
norm minimization problem (8], while only the uniqueness of the partially weighted
linear problem (@) is required.

Next, we give a stronger result that both problems (8) and (@) have a unique
optimal solution.

Theorem 6 Given an integer 0 < s < n, and let (w',w>)T with ||w'||o < s be a fea-
sible solution to problem (Q)). Suppose (A’,c) is nonnegative partially s-good, then
(wh,w)T is both the unique optimal solution to the partially weighted linear prob-
lem Q) and the ly-norm minimization problem (8]).
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Proof Suppose (A’ c) is nonnegative partially s-good, and (w!,w?)” with ||w!|[op < s
is a feasible solution to problem (0. Then by Definition [T (w',w?)7 is the unique
optimal solution to problem ().

Next, we prove that (w!',w?)7 is also the unique optimal solution to the [p—norm
minimization problem (8). Suppose (x',y!)” is another solution to problem (§), and
lIx'o < [[w']jo < 5. Then A;x! +Asy! = ' = Ajw! +Arw? and x' >0, y! > 0. By
Definition[] (x',y")7 is also a unique optimal solution to problem (@), and then we
can get (x!,y")7 = (w!,w?)". Hence (w',w?)T is the unique optimal solution of the
lp—norm minimization problem (8. [l

According to Section and Theorems [5 and [l we can immediately get that
an optimal solution of the integer programming problem () can be recovered from
problem (@), as in the following corollary.

Corollary 2 Suppose (A',c) is nonnegative partially s-good, let (w',w*)T with ||w'||o
< s be an optimal solution to the partially weighted linear programming problem (9)).
Then [w'] is an optimal solution of integer programming problem (I).

It seems not easy to completely characterize the nonnegative partial s-goodness of
the constraint matrix A’ and the coefficient ¢ of the objective function (3). In the next
subsection, we utilize two quantities to characterize nonnegative partial s-goodness.

3.2 Two quantities of nonnegative partial s-goodness

In this section, we introduce two quantities: %k (A, ¢, B) and ;& (A’,c,B), where
K :={1,2,---,n} is the index set of x, i.e., the index set of the columns of matrix A;.
In particular, for a vector 8 € R"*", let || - || be the dual norm of || - || specified by
18]« = m;lx{dTG :||d|| < 1}. In this paper, we consider the dual norm of || - ||;.

Definition 2 Let A’ € RU"H)*(m+21) "¢ s an integer and 0 < s <n, 0 < ¢; < 1,i =
1,2,...,n, B €[0,00]. We define %1 (A',c, B), Fs.x(A’,c,B) as follows:

M) %k (A’,c,ﬁ) is the infimum of ¥ > 0 such that for every pair of vectors z' €
R”,z2 € R where z' € R" has s nonzero entries, each is equal to 1, there exists a
vector @ € R™"" such that

1 . 1 . 2
=cizj, ifz;=1; =0, if zy #0;
1] <B, (Al”))f{e[—y,y], ifzl =0, ™ <A59)f{go, if2=0. D

If for some pair of vectors z' € R*,z2 € R™ as above, there does no 6 with
0]« < B, such that ATO coincides with coz! on the support set of z!, and AT 6
coincides with 0 on the support set of z2, then we let %, x (A, ¢, ) = +oo.

2) %k (A’ ,¢,B ) is the infimum of ¥ > 0 such that for every pair of vectors z' €

R”,z2 € R" where z' € R" has s nonzero entries, each is equal to 1, there exists a
vector O € R™"" such that

A TA 1 Ay J =0, if 7 #0;
16].. < B, 11(AT0) — coz'].. < yand (Aze)i{ga A S
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here c o z! means entry-wise product of the two vectors.
Furthermore, when B = oo, we write %k (A',¢), %k (A’,c) instead of ¥k (A’,c,
o) and ; x (A’, ¢, ), respectively.

Remark I Obviously, the set of values of the ¥ is closed. Thus, if ¥ x (A’7 c,B) < oo,
then for every pair of vectors z' € R",z2 € R™*", where z! € R" has s nonzero entries,
each is equal to 1, there exists a vector 8 € R™*" such that

8. < B, (AT@). Cidi » if5 =1
11l <. (41 )l{e[—%,K(A’,c,ﬁ),%,K(A’,c,m], if 7 =0,

=0, if 7 #0;
T )
o) { 2o 570

13)

Similarly, for every pair of vectors 7' € R", 72 € R™™ where 7' € R" has s nonzero
entries, each is equal to 1, there exists a vector € R such that

—0 if2L0
=0, if z7 #0; (14)

1011 < B 1(470) —coct o < Rura'cB) ana (470), { S0 570
=Y, i .

Before characterizing nonnegative partial s-goodness of (A’, ¢) more specifically,
we need to give some basic properties of ¥ g (A',C,B) and Pk (A',C,B), such as
convexity and monotonicity. Since nonnegative partial s-goodness of (A’,c) requires
Ys.k(A’,¢) < oo, we assume it holds without loss of generality in the sequel.

Lemma 1 ¥ x(A’,c,B) and ¥,k (A',c,B) are convex nonincreasing function of B €
[0, +ee].

Proof Here, we only need to prove that the ¥ (A’,c, B) is a convex nonincreasing
function with respect to 8 € [0, +oo|. The property with respect to % x (A’,c, ) can
be proved similarly.

Firstly, for the given A’, ¢ and s, we demonstrate that the % g (A' ,¢,3) is a nonin-
creasing function of . For any f8, > By, according to the definition of ¥ x (4, ¢, B)
and Remark [l for every pair of vectors z!' € R",z> € R"*", where z' € R" has s
nonzero entries, each is equal to 1, there exists a vector & € R™*" such that

= l | ]:]'
0|l < B . (AT6), Sk V=l
H || _Bl7( ! )1{6[,)/S,K(A/acvﬁl)a%‘,K(A,acvﬁl)]v lle.l:(),

=0, if 7 #0;
T 9
(o), { 2o 1370

Since B, > B, the 6 in the above equation also satisfies that

—ci7l if 2l =1:
0l <B,, (AT6). Cili» if g =1L
o1 < B2 (100 < sy s B o 0,

=0, if 27 #£0;
T )
o) { 2o 570
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Hence by the definition of %, x (A’,¢,B2). Yk (A, ¢, B1) = Yk (A, ¢, B2).
Next, we prove that ¥ x(A’, ¢, B) is a convex function of 3. That is to say, for any
B1, B2 € [0, 4], for any o € [0, 1], we need to prove that

Yk (A c,afy + (1 —a)B) < ayx (A, c,Br) + (1 — ) %k(Ac,B2).  (15)

Note that, the above inequality (I3) obviously holds if one of B; and B, is +eo.
Therefore, we only need to verify that for 1,5, € [0,+o0), the inequality (I3 still
holds. By the definition of ¥; ¢ (A' ,¢,B), it is easy to know that for every pair of
vectors z! € R”,z2 € R™ where z! € R" has s nonzero entries, each is equal to 1,
there exists a vector ; € R™™", ¢ € {1,2} such that

=ciz) if 7l =1:
Ol < Br , (A7), pisi v =l
Vo< B 100 { (o0, e B 110,

=0, if 7 #0;
(Agef)i{ <0, ifz? =0.

Clearly, for any o € [0, 1], we can easily get
@B + (1 — )6« < afi + (1 — @) ps.

Moreover,
1 .1 .
T o . = CiZ; lf z = 1’
[A] (061 + (1 — ) 6,)]; { € [~kp,p], if z} =0,

—0 if 2L
[Ag((x(-)l—l—(l—a)ez)]i{ggz Zj;ig

where p = oy k(A',c,B1)+ (1 — )y k(A',c, B2). Hence, by the definition of ¥ x(+),
it holds that

’)/&K(A’,C, (Xﬁ[ + (1 — (X)ﬁz) < (X}/S’K(A',C,ﬁ] ) + (1 — OC)')/s,K(A,,C,ﬁz). O

By Definition 2] and Lemma [I] the set of values of the ¥ is closed and has a
infimum ¥, x (A’, ¢, B). Namely, for the given A’, ¢ and s, if B is large enough, we can
set s,k (A’,c,B) = Y5,k (A’,¢). In the same way, for the given A, ¢ and s, if f is large
enough, we can set % x (A, ¢, B) = %k (A',c).

From the definitions of ¥ x(A’,c,B) and f,x(A’,c,B), it is obvious that s is
another important parameter of Y. Next, we give a property of ¥ x(A’,c, ) and
ik (A’,c, B) with respect to s.

Lemma 2 ¥ x(A’,c, ) and ¥, k (A, c, B) are monotonically nondecreasing functions
of the parameter s.

Proof Firstly, we prove that ¥, x(A’, ¢, B) is a monotonically nondecreasing function
of the parameter s. Let % x (A, ¢, B) < . According to the definition of ¥ x (A, ¢, B)
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and Remark [Il for every pair of vectors z! € R", 72 € R"", where z' € R" has s
nonzero entries, each is equal to 1, there exists a vector § € R™"" such that

=iz}, if 2 =1

i{ € [_%,K(A/7Caﬁ))%,K(A/7C;ﬁ)]7 lf Zl-l :O7

o {28 131

16l < B, (a76)
(16)

<0, if 72 =0.
Then, let z‘x(z1 ,zz) be the minimal value of the optimization problem

min | (76)).

st 6], <B
(AITG),'ZC,'ZI-I, iel (I7)
(AT6);=0,ieh
(AT6),<0,ieh,

where I} = {i: z} =1}, h={i: 7 #0}and I, = {i: z? = 0}. Obviously, ,(z',7%) <
%,K(A/a ¢ ﬁ)

Lets' =s— 1 < s. For every pair of vectors z'/ € R", 72 € R"*", where 7'/ € R" has
s — 1 nonzero entries, each is equal to 1, we can construct a pair of vectors z! € R",
7> € R™", where 7! is obtained from z!" by changing one entry with value 0 to 1.
According to (T, it is obvious that

ty(z",2%) <t,(2",2%) < Bk (A ¢, B).

Hence, ¥y x(A',c, B) < ¥.k(A',c, B).
Using the way similar to the above proof, we can also show that s (A, ¢, B) <
Yk (A’ c,B). i.e., fsx(A’,c, B) is a monotonically nondecreasing function of s. [

Remark 2 According to Lemmal2 ¥ (A, ¢, B) and f; x(A’,c, B) are nondecreasing
functions of s, hence for all s’ < s, Remark [T holds. That means, in Remark [I] for
every pair of vectors z! € R", 72 € R™" with ||z!||o < s, there exists 8 with ||8]|. < 8
such that Equations (I1)) and (I2) hold.

3.3 Sufficient condition and necessary condition of nonnegative partial s-goodness

In this subsection, via ¥ x (A",c) we propose a sufficient condition and a necessary
condition for nonnegative partial s-goodness of the constraint matrix A" and the coef-
ficient ¢ of the objective function.

Theorem 7 Given A’ € RUH)*(m+2n) ¢ i ap integer and 0 < s <n, 0 < ¢ < 1, we
can obtain:

(a) if (A, c) is nonnegative partially s-good, then ¥ x (A’,c) < [mnax c;;
' <i<n

(b) if px(A'yc) < Orgljgn ci, then (A’ c) is nonnegative partially s-good.
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Proof (a) Suppose (A’, c) is nonnegative partially s-good. For any given w = (w', w?)"

>0 € R"x R™™" with ||w!|jo <s,lety ={i: w! >0}, ={i: wl =0}, b=

{i: w?>0}and = {i: w?=0}.

By Definition [l w is the unique optimal solution to problem (I0). According

n

to the optimality condition, there exists 8 € R™*" such that fg(x,y) = ¥ cifxi| —
=1

07 (Ajx+Ayy — Ajw! — Ayw?) attains its minimum value at (x,y)” = (w!,w?)7,i.e.,

0 € dfg(w',w?). This implies that

€ |— max ¢;, max c; i T
[ O<i<n ' 0<i<n i, <0, i€eh.

=ci, i€l =0, i€h;
(Alre)i{ icl, and (Ag@)i{
Since w > 0, hence, for the optimization problem

. (AT Y. =y, i€l T oy =0, iebh;
IQ}?{Y'(A‘Q)’{E[—W], ich, ™ (AZO)’{SO, ieh, }

the optimal value y < Omax c;. By Definition 2 % x(A’,c) is the infimum of 7, thus
<i<n
k(A ) < i
Yok (A's€) < max ¢;
(b) Suppose ¥ x (A’,c) < Omjg ¢, next we prove (A’, ) is nonnegative partially s-
<i<n

good. That is, for a vector w = (w',w?*)T > 0 with Ajw! +A,w?> =5 and |w!||o <,
we need to prove that w is the unique optimal solution to problem (T0).

First, we consider the special case that (w',w?)” = (0,w?)T. Obviously, (x,y)T =
(0,w?)T is the unique optimal solution to problem (I0). The reason is that, when

w! =0, then Ary = Azwz, and since Ay = ( is injective, it is easy to see that

—10
0 1)
y = w? is unique.

Now, suppose ||w!|o = ', 0 < s’ <s, and its support set is I;. Meanwhile, let I,
be the support index set of w?. According to Lemma [ we have y := Y k(A c) <

Yk (A',c). Since ¥, x(A’,c) < min ¢;, we get that ¥ < min ¢;. Moreover, by the
0<i<n 0<i<n

definition of ¥, g (+), there exists 8 € R"*" such that

: s ) 0 .
- Ty ) = cisign(w;), S H PN =0, i€ by
Joll < B, (afe { =0 LR age) {20 ISR as

where I} = {i: w! >0}, ={i: wl =0}, Lb={i: w?>0}and , = {i: w? =0}.
Furthermore by (a), there exists 8 € R™" satisfying Eq. (I8) which is the optimal La-
grange multiplier of problem (I0). Then for any feasible solution (x,y)” of problem
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(0D, it holds that
flx,y) =cTx— 0T (Ajx+ Ay — Ayw! — Aw?)
=clx—(A70) (x—w') — (476)" (y—w?)
=Y e + Y (ci— (AT8)i)xi— Y (A7 6)uy;

i€l iel_l i€1_2 (19)
> Z C,'Wl! + Z(C,’ — (A{@)i)xi

i€l icl
> cI'wh.

According to (19, it is obvious that the minimum value of the Lagrange function
can be attained at x = w'. Further, since (x,y) and (w',w?) have the relationship

Alx+Ayy = Awl + A2, Alx=Aw! and Ay = ( is an injective matrix, it is

—10
o 1)
easy to show that Ayy = Aow?. Therefore, (x,y)” = (w!,w?)T
of problem (10Q).

Next, it is necessary to prove that this optimal solution is unique. Suppose (#,7)”

is another optimal solution of problem (I0). That is,

fEF) = fwhw?) =Y (ci— (A7 6))% — Y (A3 68)i5: = 0.

i€1_1 i€1_2

is an optimal solution

By the assumption that y < min ¢;, and from Eq. (I8), |A] 6|; < min ¢; foralli€ [,
0<i<n 0<i<n
which means that £ = 0 and ¥, (A76),5; = 0. Therefore, & = w} =0 for all i € I;.
iel_z
Hence, ||E—w![jo <s.
Further, for the above vector &; — wl.l, define

hE—w! F—w?) = Yl (F— ) — 87 (A1 (F— W)+ Aal5— ).
i=1

Similar to the proof of part (a) in Theorem[Z7} there exists § € R”*" such that

- [ =csign((F—w)), if (F—w')i#0;
(AT 6)i { € [~ max ¢;, max ¢], if (F—w'); =0,
0<i<n 0<i<n

and

5y, { =0 if F—w)i#0:
(Age)"{so, if (F—w?) =0,
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and then we can get & = w/ for all i € I;. This combined with the fact A%+ A,§ =

Aiw! + Ayw? can lead to Ay = Aow?. Further, since A, = ( is an injective

—-10

0 1)

matrix, we have § = w? and then (%,5)7 = (w!,w?)7. O
Below, we show the relationship between ¥  (-) and ¥ (-).

Proposition 1 For arbitrary B € [0,|, if ¥:= %,k (A',¢,B) < %om'ig ci, then
: <i<n

min c¢; min ¢;
0<i<n 0<i<n N .
Yk (A e, — —B) < — —§ < min ¢;. (20)
' min ¢; — Y min ¢; — Y 0<i<n
0<i<n 0<i<n

Proof Suppose ¥:= %k (A,c,B) < %Omjg c¢i. Now let I be an s-element subset of
<i<n

{1,2,...,n}, 1 :={1,2,...,n}\ I}, and let I be a subset of {n+1,n+2,...,m+2n},
L:i={n+1,n+2,....m+2n}\ L.
For the I}, I} and I», I, we define a closed convex set I, in R" as

=c1,icl; =0, i€h;
H,]:{‘L”ER":HGER’”*”,\WH*gﬁ,(A,TO)i{e[_'?‘ﬂ el (AzTe)i{<0 ich }

Similar to the proof of Proposition 2.1 in , we claim that IT;, contains the
min ¢;—§
0<i<n
min ¢;
0<i<n

|| - ||]--ball B centered at the origin and with the radius . The proof is as

follows.

Define a subspaces Ly, := {7’ € R": 7/ = 0,i € [} and let L;, := {7’ € R" : 7 =
0,i € I;} be the orthogonal complement of Ly, . Let P be the projection of IT;, onto
Ly, and P’ be the projection of I1;, onto L# Note that IT;, is the direct sum of P and
P'. Thus, P is a closed convex set. Obviously, L;, can be naturally identified with R®.

Hence, the claim in the above can be more precisely described as that the image
P C R’ of P contains the || - ||~-ball By centered at the origin and with the radius

min ¢;—§
=n i RS,
min ¢;
0<i<n _ _
Next, we prove that B; C P. Contradictorily, suppose that P does not contain
By. Since P is a closed convex set, P is also a closed convex set. According to the
separating hyperplane theorem, for v € By \ P and V € P, there exists u € R® with

|le]|y = 1, such that

T TS
uv>maxu V.
veP @n

In the following, we prove that there does not exist « such that the inequality 1)
holds.
First, define z! € R" with ||z!||o = s and 7% € R"™*" as

21: lalel_h ZZ #0516{27
0,iel, =0,i€b.
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By the definition of §; x(A’,c, B), for the given z' € R", 7> € R™"", there exists 6 €
R™*" such that

_ _ B . =0, if 2#0;
6] < B, ||(A1T9)_CT°ZIH°°§7’ (Age)i{<() ij:zl.zio
= ) 1 *

Then for the u with ||u||; = 1 in (ZI), combining the above inequality with the defini-
tions of IT;, and P, there exists a vector V' € P such that

leivi —cisign(u;)| < ¢, i € 1.

Thus,
. 7 b v
sign(u;) — — <v: <sign(u;))+———,1€1.
gn(ui) min ¢; — ' T gn(ui) min ¢;’ !
0<i<n 0<i<n

Since § < %Oriug ci, the above inequalities imply that the sign of V! is same as u;, for
=n

all i. Moreover, according to the definition of %,K(A’ ,¢,B), we can get

~ ~

p— <vi<1+ T ien.
min ¢; min ¢;
0<i<n 0<i<n

Hence, v/ > 0, u > 0, and

min ¢, — ¥

0<i<n .

V> == NASH
min ¢;
0<i<n

So

min ¢;—y  min ¢; —

T../ J 0<i<n i 0<i<n i
w' v =Y ujl - = -
= min ¢; min ¢;
- 0<i<n 0<i<n
Further, for the above given v € B and ||u||; = 1, we have
min ¢; — ¥ min ¢;—§
0<i<n T T../ 0<i<n
. > [Vlleo = lJullf[V]leo = u v > u’ viZ —
min ¢; min ¢;
0<i<n 0<i<n

which is a contradiction. So the claim holds.
Through the above proof, we can conclude that, for any z = (z',z2)T € R" x R"*"
with Zil = 1forie I, and z} = 0 else, there exists T/ € I1;, such that
min c¢; — 9
;L 0<i<n ' 4
T = (

min ¢;
0<i<n

)Zil, icl.
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R R min ¢;
Further, by the definition of IT;,, there exists 8 € R with || 0], < %B
o0<i<n '
such that
5, |
_ <i<n [P AN . .
- qu‘L’iic,zi, iel;
<i<n
(Al e)l 0r<nii]<1nCi I 0r<nii]<1nCi I . T
€ [_ m.inic,-ffl ’ m.inic,-f}?’)/]’ ieh,
0<i<n 0<i<n
and

A | =0, ie€b;
T X ) _27
(AZG)’{go, i€bh.

So by the definition of ; x (A, ¢, B), and since ¥ < % Oriljg c¢;, we can obtain
i<n

min c; min c¢;
/ 0<i<n 0<i<n N .
Yok (A’ 0, — B) < — < min¢. O
min ¢; — Y min ¢; — Y 0<i<n
0<i<n 0<i<n

Based on Proposition2] Theorem[7]can be equivalently written as:
Theorem 8 Given A’ € R(”””)X(m“”), sis an integer and 0 < s <n, 0 <c <1, if
fik (A’ c) < %Omig ci, then (A’ c) is nonnegative partially s-good.
<i<n
According to Theorem[7] to show that (A, c) is nonnegative partially s-good, we
need to compare the magnitude of yxyK(A' ,¢) with Omig ¢;. Now, due to Theorem 8]
<i<n

and we know that % x (A", ¢, B) is weaker than ¥, x (A’, ¢, B), hence we focus on §(-),
which has a specific representation presented in the next subsection.

3.4 Specific representation of J; g (+)

5.k (A’,c, B)is given in Definition2] which is essentially obtained from the optimality
condition of problem (I0). In this subsection, we give a specific representation of
ik (A’,c, B) in more detail.

Theorem 9 Consider the polytope

P={teRM: r=(t" ) ' eR PP e R"™, ') <5, |7 < 11,

we have
n
%k (A’ e, B) :H%?J}VX{Z tleixi — BllAix||1 1 T € Py ||x]y <1, x>0} (22)
|
Particularly,

n
Pk (A’ c) :max{z Tilcixi cTEPR, ||x]h <1, Aix=0, x> 0}. (23)
' g
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Proof For any vector y > 0, let I(y) be its support set. According to Definition 2]
define

Bg(y)={6 €R"™: |6]. <B, (AT6); =0foric h(y), (A19); <0 otherwise},
B={veR": ||v|~<1}.

Then, §% x (A", ¢, B) is the smallest 7, such that the set C, , g := A]TBp (y)+yBCR"is
closed, convex, and contains all vectors with s nonzero elements, which are selected

from¢;, i =1,2,---,n. This statement is equivalent to that C; y g contains the convex
hull of the vectors.
Leté=(c",0,---,0)" € R""2" Then C, ;4 contains the projection of ¢o P; onto

the R" space. Thus, ¥ satisfies the relationship of ¢o Py C C 5 5 X R™*" if and only if
for any pair of (x,y)” >0 withx € R” and y € R™",

n n
1
maET~-~<ma E
reP)S( = o= nEC]‘)’:‘ﬁ {i:1 mixi}

:n;ax{< xATO> ty<x,v>: 0¢ Bg(y), V[l <1}
v

<max{<xA[0>+y<xv>: 0] <p. |v]-<1} 24)
RY

:nelax{<A1x,9 >4y<x,v>: |0 <B, ||[V].<1}
v

= BllAwx][1 + vllx-

Thatis, o Py C Cy 45 X R™ if and only if 7 satisfies that
n
max {Y 7'cixi— BllAwx]1 - x>0} <yl
5i=1

namely,

n
max{z Tilcix,'—ﬁHAl)CHl (TEPR, x| <1, x>0} <.
X

Therefore Eq. (22) holds, since § (A", ¢, B) is the smallest y. Finally, Eq. (23) holds
due to that Eq. (Z2) can be regarded as a penalty problem of Eq. @23). O
For cox > 0 € R", we define the sum of the s largest entries of cox as

n
lcox|sk1:= maxZ tleix;.
’ e (5

Then by taking Theorems [8 and [9] into consideration, we can obtain the following
result:

Corollary 3 Given a matrix Ay, ¥ x(A',c) is the least upper bound on ||cox||sk 1 :=

n
max Y. tleixi over x > 0, x € Ker(Ay) and ||x||1 < 1. As a result, if the maximum
ekl i=]

of |lcox||sk,1 over x € Ker(Ay) and ||x||; <1 is less than %Om_ig ci, then (A’ c) is
: <i<n

nonnegative partially s-good.
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Equations (22) and (23) provide the specific forms of #; (+). Thus, we can judge
the nonnegative partial s-goodness of (A’,c) according to Theorem[8] as long as the
Egs. 22) and 23) can be calculated. However, in Egs. (22)) and (23), the calculation
of % x (+) is complicated, and sometimes it is not easy to directly calculate the specific
value of % (A", c, B). In order to make up for this shortcoming, in what follows, we
give effective upper bounding of §; x (A’, ¢, B) to estimate the value of ¥ (A, ¢, B).

4 Efficient bounding of ¥ x (-)

From the previous sections, we have shown that ¥ x(A’, ¢, B) plays an important role
in distinguishing whether (A’,c) is non-negative partially s-good. However, it still
not easy to determine the exact value of 9 x(A’,c,B) according to Eqs. (23) and
@2). In this section, we introduce efficiently computable upper bound on the value
of k(A c, B).

Since fs.x(A’,¢,B) > Fsx(A’,c) for any B > 0, we will use Eq. (23) to calculate
an upper bound of ¥ x(A’,c). The difficulty of calculation is in the process of the
linear constraint A;x = 0, which will be handled via Lagrange relaxation.

Since QA@K(A' ,¢) > 0, hence, we only consider the case where the elements in x
are not all 0. For any matrix Q = [y, ,qu] € RUmtm)xn wyith ATQ <0, we have

m+n n

OTA1x = Zl Y quiap xj, i=1,2,.
— ‘17
207

where ay ; is the element of matrix Ay in the ¢-th row and j-th column, g ; is the
element of matrix Q in the /-th row and i—th column.

Let C € R™*" be the diagonal matrix diag(cy,ca, - ,c,). For the above Q and by
Eq. (23), we can get

’)A/S,K (A/a C)

n
= max{z tlexi: TEPR, |Ix|) <1,A1x=0, x>0}
Wi

n m+n n
<max{2‘c CiXi — ZZ qeiag jiLj) ||x|1§1,QTA1x:O,A§Q§O}

TPy h
0 Li=l =1j=1

—max{rlT Cx—0"Ax): |lx[li <1, Q"A;x=0,AT0 <0}
T€Ps
x>0

< max {7'"(Cx— 0" Ax) : |lx]l; < 1,A70 <0}
TPy
x>0

1T T T
=max{t/(C—Q"A)x: ||lx|s <1,4;0 <0},
x>0

Hence we can solve the problem

max {t'7(C—Q"A\)x: x>0,|]x|; < 1,7 € P,ATQ <0} (25)
T.X



18 Meijia Han, Wenxing Zhu

to obtain an upper bound of §; x (A", ¢), which is linear in x.

In the above problem, the feasible region for x is the convex hull of just n points
e, i =1,2,---,n, where ¢; is the n-dimensional vector with the i-th component be-
ing 1, and the remaining components being 0. Therefore, the above problem can be
rewritten as

n%ax{rlT(CfQTAl)x: x>0,|x]1 <1,7€P,A}Q <0}
X

< max {|c'T(C—-Q"A))ej|: Tep,AlQ <0}

T 1,0<j<n
IT T T (20
= C—-0'A il A <0
g {magle (e~ 0T A0 <0}
T LAl
:oril?gn{H(C—Q Ar)ejllsk1: A3Q0 <0}

Define g4, c.sx(Q) as max ||(C—QTAy)ej|s.x.1, and let
0<j<n

min g, c.sx(Q)
ns,K(A]acvoo) = { g :

| st Alg<o.
Then
’)A/X,K (Alv C) S nx,K (Al 7Ca oo)

Since g4, ¢,k (Q) is easy to compute, 50 1, x (A1, C, o) is easy to compute.
Further, from (24) we have

n
maxZTilcixi <max{<Ax,0>+y<x,v>: 0. <B,[|V|]e <1}
TEP = 0,v

=max{<Ax,0 > [[0]]. < B} +vllxlli}-

Thus, v satisfies that
5
max izzlri cix — max <A, 0 > 0] < B |x)1 <1p <7

Note that ¥ x (A, ¢, B) is the infimum of 7, hence,

n
fix(A;c,B) = max Tl —max < Apx,0 >: |0 < B, x|l <1 p.
TePy x>0 i—1 [?]
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For any matrix Q = [q1,--+ ,ga] € R with ATQ <0, ||g||« < B for all i,
and QTAx = 0, we can get

%k (A c,B)

n
1 .
= Ig]:})g( Z’L’icix,'fmélx<A]x,9 > |9||*§ﬁ}
x>0 i=1

[l <1

n
< max { Y tlomi— < Ax,qi >t gl sB,QTA,xo,Aggso}

TEPs —1

x>0
Il <1

n

m+n n

= max 9,7 (ewi— ) _quyiae,jxj):lqil*gﬁ,QTAlx0,A§Q30}
x>0 i=1 (=1 j=1

[+l <t

= max {='"(Cx—Q"A1x) :|lqi||« < B,Q"A1x=0,AT0 <0}
et
< max {7'"(C—Q"A)x:lgi. < B,A7Q <0},

x>0
[l <1

where ¢;, i = 1,...,n, is the i-th column of matrix Q, as, £ = 1,...,n, is the /-th
column of matrix A;.
Similar to (26), we can solve the following problem
max {7'7(C—Q"Ap)x: [lxlli <1, ]lgill < B,A7Q <0}
xz(‘)g
Moreover, it is easy to change the above upper bound of ¥ x (A, ¢, B) to Ns x(A1,C, B).

which is defined as

. C—0TA el
QOonlgxn [(C—0 Ar)ejlls k1

st ||gill« < B, 0<i<n, 27
A7Q <0,

where ¢ is the ¢-th column of matrix Q.

Obviously, problem [@27) is a convex programming and is solvable. Similar to the
properties of ¥ x(A’, ¢, B), Ns.x(A1,C,B) is a nondecreasing function of s, and is a
nonincreasing function of 8. Thus we can get an upper bound on ¥ x(A’,c, ), by
calculating the least upper bound of g, sk (Q) with respect to Q, i.e., Eq. @7).

In addition, according to the definition of || - ||5 .1, given positive integers s and ,
we have || - ||lg¢x1 <] -s.k,1, and

N5k (A1,C,B) <sn1k(A1,C,B). (28)

So, the upper bound 1 x (A1,C, B) of #; k (A", ¢, B) can be replaced by sn; x(A’,C, B).
This property allows us to reduce the calculation of 1, x(A;,C) to Ny g (A;,C), which
greatly reduces the amount of calculation.
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Let Q={Q: ||gill+ < B.,i=1,....n, ATQ < 0}. According to the definition of
Ns.kx(A1,C, ), we have

M x(A1,C, ) = min max H(C—QTAl)eij

0€Q0<j<n
ler—qlail, |—dqlaal, ..., |—qla
T T T
. | —gqyail, lea—qraz], ..y | —qyaul
= min max ] ej
0€Qo<j<n .
_ |7q7r?;al|7 | —qraal, . len—dqha -
= min max [[(C—AjQ)ej--
|Cl 7Ta{ql |7 |7a{q]2w|a LX) |7aqu175|
. |*a26]1|7 |627a2q2|7 LR |7alqn|
= min max . ej
0€Q0<j<n .
|_'a£QIL - |__aSQZL sy |Cn__a£QH| .
0 aquj
0 aqj
= min max : -7
0e€Qo<j<n Cj ajqj
0/ anqi/) .,
=min max ||C;—A] gl
QEQO<j§XnH J 1‘1]” )

which is equivalent to solve n convex optimization problems of dimension n:
4 . -
N/ = min ||C; —A{ qj||c-
quQH J il (29)

Obviously, here 1y (A, ¢, ) = max /.
0<j<n

In Theorem[8] the sufficient condition for nonnegative partial s-goodness is ; x (A’,

o<1 Omjg c;. Note that, §; x (A’, c) takes the value of ; x(A’, ¢, B) for a large enough
<i<n : :

B. Similarly, 1, x(A1,C) takes the value of 1, x(A1,C, B) for the above large enough
B.

Given A’, ¢ and s, suppose f; x(A’,c) < %Omig ¢i, such that for every pair of
' <i<n

vectors z' € R" and 72 € R™*"_ where z' € R" has s nonzero entries, each is equal to
1, there exists a vector 8 € R™1" such that

) =0, if 27 #0;
H(AITG)_COZ]HOQS%,K(A/ac)v and (Age)i{<0 i?zlzio
=Y, ] :

Next, we negd to show that unde_r the assumptions the solution of 6 is bounded, i.e.,
there exists 3 such that || 6], < B.

Proposition 2 Suppose {u : |lul|; < p,u € R"*"} C Z(Ay), where (A1) = {Ad :
ld||1 <1,d €R"}. Foreverys<n,if f > = %(max ci+4 min ¢;) and % k(A c) <
0<i<n 0<i<n

3 min ¢;, then § x(A',¢) = %k (A’ c, B).
0<i<n
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Proof According to the definition of % x(A’,c,B), we have [|AT6]. < [nax ci +
<i<n

% min ¢;. Hence,
0<i<n

max ¢; + 4 min ¢; > ||AT 6]«
0<i<n 0<i<n
= m;x{dTAlTG Sld|ly <1,d € R}
=max{u’0:u=Ad,|d|, <1,d €R"}
> max{u’ 0 : [Jul < p}
= pll6]]s-
Then

1 L.
101k = g g e 5 o, o)

and we define

B == (max i+ min c)
= —(max ¢; — min ¢;).
p 0<i<n ' 20<i<n |

The proposition is proven. O

According to Proposition 2l if we could find a lower bound B of B such that
Hix (A e, B) < %Omgl cirthen %k (A, ¢, B) < fsx(A',c,B) < %Omjg ciforall B >3,
' <i<n ' <i<n

since §; x (A’, ¢, B) is a nonincreasing function of 8. The same applies to 1, x (A1,C, B).

5 Heuristic algorithm and examples

In this section, we give three examples to illustrate the proposed non-negative partial
s-goodness condition for the equivalence between the integer programming prob-
lem () and the weighted linear programming problem (). To this aim, according to
Theorem [8 first we should verify that (A’,c) is nonnegative partially s-good. Then,
according to Definition[I] the partially weighted linear programming problem (9) has
the unique optimal solution. Further, according to Theorem[3or Theorem[G] the opti-
mal solution of problem (@) is also the optimal solution of the /p-norm minimization
problem (8). Meanwhile, according to Theorem [3] it is also an optimal solution of
problem ().

The main idea of verifying the nonnegative partial s-goodness of (A’,c) is as fol-
lows. Given the B in Proposition[2] for § = f3 and an arbitrary s, combining Theorem
8 and the definition of 1,k (A1,C,B), it is obvious that 1, x (A} ,C,B) < %Orgljgnci is

a sufficient condition for (A’,¢) to be nonnegative partially s-good. B
Let s*(A’,c) be a lower bound on the largest s such that 1, x (A1,C, ) < 1 Omjg ci,
: <i<n

which will be obtained from Eqgs. 28) and (29). In other words, given s*(A’,¢) and

B > B, the value of Ny’ ¢).k (A1,C, B) must be less than %Oril_ig ci.
o i<n

According to Theorems[]and[f] the partially weighted linear programming prob-
lem (9) must have a unique optimal solution. However in some cases, the optimal
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solution of problem (@) may not be unique, and we need to adjust c, such that prob-
lem (9) has a unique optimal solution.

To better understand the role of the weight c, let us divide a non-negative optimal
solution (x*,y*)” with ||x*|¢ < s of problem (9) into the following three cases:

Case 1 : problem (9) has the unique optimal solution (x*,y*)7 with ||x*||o < s;

Case 2 : problem (@) has multiple optimal solutions (x*,y*) with ||x*||o < s, and
the vectors x* have the same sparsity;

Case 3 : problem (@) has multiple optimal solutions (x*,y*)” with ||x*||¢ <'s, and
the vectors x* have different sparsity.

Clearly, by Definition[I] it is natural that (A’, ¢) is nonnegative partially s-good in
Case 1. Example[T]in this section will illustrate this case.

Case 2 shows that there are multiple optimal solutions of problems (§) and (©).
At this point, we may adjust ¢ to a suitable value, such that one of the optimal solu-
tions of problem (@) is a unique optimal solution. Then we go to verify that (A’,c) is
nonnegative partially s-good. ExampleRlin this section will illustrate this case.

Note that in Case 2, all optimal solutions of problem (9) are optimal solutions of
problem (8).

Case 3 is a very special case, in which problem (9) has multiple optimal solutions
(x*,y*)7, and the vectors x* have different sparsity. Firstly, suppose that 1, x (A;,C, B)

< % min ¢;, we can obtain s*(A’, ¢). Next, we choose one of the optimal solutions of
0<i<n

problem (@), which satisfies ||x*||o < s*(A’,¢). If such solution cannot be found, then
we should find another s*(A’, ¢); otherwise, we may adjust ¢ to a suitable value, such
that this solution is unique, and then we continue to verify that (A’,¢) is nonnegative
partially s-good. Example[Blin this section will illustrate this case.

The above idea of verifying the nonnegative partial s-goodness of (A’,c) can be
organized in the following steps. Initially, let ¢; = 1, i =1,2,...,n and let B = B =

1 (max ¢; + 1 min ¢;) according to Proposition 2]
0<i<n 0<i<n

Step 1: According to Eq. (29), we calculate the value of 1y x (A1, C, B).If 01 (A,
C,B)< % Omjg ci, then go to Step 2; otherwise (this will happen in Cases 2 or 3), we
<i<n

should use Step 5 to update c, such that 1y g (A1,C, B) < % Omig ¢i, and go to Step 2.
’ <i<n

Step 2: Since s is not known at present, we suppose 1 x (A ,C,B) < %Omjg Ci.
: <i<n
Then according to 28),
L min o
2 Olllt'lgn € J
M.k (A1,C,B)

Step 3: Consider an optimal solution (x*,y*) of problem (@). If the solution of
problem (9) is unique and ||x* || = s, then we compare s with s*(A’,c). If s = 5*(A’, ¢),
then we verify whether s*(A’,¢)n x(A1,C, B) < %Omjg c¢;. When it holds, go to

<i<n
Step 4. B

Otherwise, such as Case 3, not all solutions satisfy sn; x(A1,C,B) < %Omjg ci.

<i<n

s* (A e)=|

So we choose a solution with ||x*||o = s*(A’,c), and use Srep 5 to update ¢, such
that this optimal solution of problem (@) is the unique optimal solution. Next, we
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verify that whether s*(A’,c)n; g (A1,C,B) < %Om_ig c¢i. When it holds, go to Step 4;
<i<n

otherwise, update ¢ again.

Step 4: According Theorem [§] it implies that (A’,c) is nonnegative partially s-
good. Stop the algorithm.

Step 5: Update c as follows: for the maximum component x; in Step 3, select
¢; such that 0 < ¢; < B For the minimum component x* in Step 3, select ¢; from

(B3 5 B). The other components in ¢ are randomly selected from [c;, ¢ j] i.e., ciandc;

are the minimum and maximum components of ¢ respectively. Let B = F( max c¢; +
0<i<n

1
> min ¢;
2O<1<rz )

Below are three examples we provide. Example [Il does not comply with TUM,
Example 2] does not comply with TDI, and Example [ is neither TUM nor TDI
compliant.

Example 1 Let

120 1
102

For ¢ = 1, given 8 = 0.563, according to Eq. (@) we can calculate the value of
M x(A1,C, [3) is 0.2188. Suppose 1, x(A1,C, B) < mm c;, then according to (28),

s (A 0) = | goig ] =2 For ¢ =1, problem (9) has an optlmal solution (x',y )

((0,4, 2) (0,0,0,1, 5, 2)) and ||x'[|o < 2. According to @8), ns x(A1,C,B) <2m1 x
(A1,C,B) =0.4376 < J. Then, by Theorem[§] (A’, ¢) is nonnegative partially s-good.
Hence, according to Deﬁnitionl]l (x!,y1)T is the unique optimal solution of problem
@. Next, according to Theorem[@] (x!,y") is an optimal solution of problem (§). So
by Theorem[3] (0, 1,1)7 is an optimal solution of problems () and (@) respectively.

It must be remarked that, sometimes problem () has multiple nonnegative opti-
mal solutions when ¢ = 1, and the vectors x have the same sparsity. This situation is
contradict to Definition [l So the coefficient ¢ must be adjusted, such that problem
() has a unique optimal solution. The following Example 2] shows that this can be
achieved.

Example 2 Let

100 0
A=|110],b= %
011 I

For ¢ =1, given B = 0.5, according to Eq. (29), we can calculate the value of
mJ((A] ,C,B) is 0.5. For ¢ = 1, problem @) has two optimal solutions, which are

(') = ((1,3,0). (1000,51)) and (2, )" =((3:3:0).(3.0.5.4.5.1)",

cTx! = ¢Tx?, and both vectors x! and x? are 2-sparse.
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Next, let ¢ = (0.5,0.7,0.8). Given B = 0.7, we have n; K(Al, ,[3) 1. Sup-
pose Nsx(A1,C,B) < %Omig ¢;, then according to 28), s*(A’,c) = | & J = 2 For
<i<n

¢=1(0.5,0.7,0.8), problem () has an optimal solution (xl,yl) ((1, ;,0) (1,0,0,
0,4,1))", and |[x*]|o < 2. According to @8), N, x(A1,C,B) < 21 k(A1,C) =02 <

%Omlg ¢; =0.25. Then, by Theorem[8] (A’, ¢) is nonnegative partially s-good. Hence,
<i<n

according to Definition [l (x!,y")7 is the unique optimal solution of problem (D).
Furthermore, according to Theorem 3 (x',y!")7 is an optimal solution of problem
@®). Since ||x![jo = ||x*[o, it is natural that (x?,y*)T is also an optimal solution to
problem (8). So by Theorem[3 (1,1,0) is an optimal solution of problems (I)) and @)
respectively.

Different from Example 2] another situation to be aware of is that, problem ()
has multiple nonnegative optimal solutions, and the vectors x have different sparsities,
when ¢ = 1. This situation is also contradict to Definition[I} So the coefficient ¢ must
be adjusted too, such that problem (9) has a unique optimal solution. The following
Example[3|shows that this can be achieved.

Example 3 Let

120 0
A=(011], b= %
201 I

For ¢ =1, given B = 0.375, according to Eq. (]ZQI) we can calculate the value
of M1 x(A1,C,B) is 0.2917. Suppose 1, x(A1,C,B) < 1 mm  Cis then according to

@28), s*(A',c) = \_0(2)9517J = 1. For c =1, problem () has two optimal solutions,

they are: ( ,y ) = ((O,é,3) ( 0 O,l,g,%)) with ||x!||o = 2, and ( 2 2)
((0,0,4),(0,0, 11,1, 1)) with 2 [|g = 1, " x! = 722 Clearly, ||x![|o > s*(4",¢),
[1x*]|o = s* (A’ ¢)- _ _

Next, let ¢ = (0.5, O 35,0.3). Given 8 = 0.7, we have mK(Al,C,ﬁ) =0.1. Sup-
pose Nk (A1,C, ) < % mm ¢;, then according to (28), s*(A’,c) = | %22 | = 1. Forc =

(0.5,0. 7,TO.8), problem (E) has an optimal solution ( ,y_) = ((0,0, %) , E0,0, %,
1,1,3))" with [|x?[|o = 1. According to @8), N,k (A1,C, B) < 11.k(A1,C,B) =0.1<
%Omm ¢; = 0.15. Hence, by Theorem[8] (A’,¢) is nonnegative partially s-good, and

according to Definition[I] (x?,y*)7 is the unique optimal solution of problem (@). Fur-
thermore, according to TheoremIEI, (x2,y*)T is an optimal solution of problem (§). So
by Theorem[3] (0,0,1)7 is an optimal solution of problems (IJ) and @) respectively.

6 Conclusion

In this paper, we studied the equivalence of a 0-1 linear program to a weighted linear
programming problem. Firstly, we prove the equivalence between the integer pro-
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gramming problem and a sparse minimization problem. Next, we define the nonneg-
ative partial s-goodness of the constraint matrix and the weight vector in the objec-
tive function of the weighted linear programming problem. Utilizing two quantities
Yok (-) and %; k() of the nonnegative partial s-goodness, we propose a necessary and
a sufficient condition for the constraint matrix and weighted vector to be nonnegative
partial s-good. Since it is difficult to calculate the two quantities, we further provide
an efficiently computable upper bound of ; x (A, ¢, B), such that the above sufficient
condition is verifiable. It is worthy of mentioning that the objective coefficient ¢ of
the weighted linear programming problem is not fixed. When the weighted linear
programming problem has multiple optimal solutions, we may adjust ¢ so that the
weighted linear programming problem has only a unique optimal solution. At the
end, we provide three examples to illustrate the theory in this article.
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