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Abstract
When multiple followers are involved in a bilevel decision problem, the leader’s decision
will be affected, not only by the reactions of these followers, but also by the relationships
among these followers. One of the popular situations within this framework is where
these followers are uncooperatively making decisions while having cross reference of
decision information. This situation is called a referential-uncooperative situation in this
paper. The well-known Kuhn-Tucker approach has been successfully applied to a one-
leader-and-one-follower linear bilevel decision problem. This paper extends this
approach to deal with the above-mentioned linear referential-uncooperative bilevel multi-
follower decision problem. The paper first presents a decision model for this problem. It
then proposes an extended Kuhn-Tucker approach to solve this problem. Finally, a

numeric example illustrates the application of the proposed Kuhn-Tucker approach.

Keywords: bilevel programming, bilevel multi-follower decision, Kuhn-Tucker approach,

optimization

1. Introduction

In a bilevel programming (BLP) problem, the leader cannot completely control his/her
follower but is influenced by the reaction of his/her follower. Such a situation is
appearing in decision making of many decentralized organizations. BLP was motivated
by the game theory of Von Stackelberg [1] in the context of unbalanced economic
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markets [2]. The majority of research on BLP has centered on the linear version of the
problem in which only one follower is involved. There have been nearly two dozen
algorithms, such as, the K™ best approach [3, 4], Kuhn-Tucker approach [5-7],
complementarity pivot approach [8], penalty function approach [9-13], proposed for
solving linear BLP problems since the field being caught the attention of researchers in
the mid-1970s. Kuhn-Tucker approach has been proven to be a valuable analysis tool

with a wide range of successful applications for linear BLP [2, 6, 7, 14-16].

Although much research has been carried out in the area, the existing bilevel technology
has mainly limited to a specific situation comparing one leader and one follower.
However, in a real-world bilevel decision problem, the lower level of a bilevel decision
may involve multiple decision units. For example, the dean of a faculty is the leader, and
all the heads of departments in the faculty are the followers in making a faculty annual
budget. The leader (the dean, for example)’s decision will be affected, not only by the
reactions of the multiple followers (these heads of departments in the faculty), but also by
the relationships among these followers. Each of the leader's possible decisions is
influenced by the various reactions of his/her followers who may have had a share in
decision information, objectives and constraints. Hence, a bilevel multi-follower (BLMF)
decision problem is a common case in any organizational decision practice, and involves

various different decision situations.

Our previous work [17-20] presented overcame some fundamental deficiency of existing
linear BLP theory. Based on that, we have recently generalized a framework for BLMF
decision problems, and identified nine main kinds of relationships amongst these
followers [21]. The uncooperative model is the most popular situation for BLMF decision
problems. This model handles the case in which there is no shared decision variable
among the followers. Under this uncooperative model, the most basic situation is that any
follower also doesn’t make any reference to other followers’ decision. For a model and
related approaches in finding an optimal solution for this particular decision situation, the
reader is referred to [21-23]. Another such uncooperative situation is that though these
followers are uncooperative (no sharing of decision variables) but have cross reference of

information by considering other followers’ decision results in each of their own decision



objective and constraint. We call this case as a referential-uncooperative situation, and

this paper will particularly focus on this situation.

Following the introduction, this paper proposes a model for linear BLMF decision
making in a referential-uncooperative situation in Section 2. An extended Kuhn-Tucker
approach for solving this model is presented in Section 3. A numeric example for this

approach is illustrated in Section 4. Further remarks are concluded in Section 5.

2. The linear BLMF decision model in a referential-uncooperative situation

Under the BLMF framework, if two followers don’t have any shared decision variable, it
is called an uncooperative relationship. But if one of them has a reference of another
follower’s decision information in his/her objective or constraint, the two followers are
defined having a referential-uncooperative relationship. When there is a referential-
uncooperative relationship in a BLMF model, this model is called a referential-
uncooperative BLMF model. We present this model as follows.

Forxe X cR",y, €Y, cR™, F: X xY, x...xY, >R, and f,: X xY, x...xY, = R,

i=12,...,K, alinear BLMF decision problem where K(>2) followers are involved and

there are not shared decision variables, but shared information in objective functions and

constraint functions among the followers is defined as follows:

K
I’Qi)[]F(X,yl,...,yK)=CX+stys (13.)
s=1
K
subject to Ax+ > By, <b (1b)
s=1
- K
min f, (x, yl,...,y,<):cix+Szzl:eisyS (1c)
K
subject to Ax+ ZCisys <b, (1d)
s=1



where ceR", ¢, eR", d,eR™, e, eR™, beR?, b eR%, AecR", B, eR"™™ ,

A eRY C,eRY™ is=12..,K.

Definition 1 A compact set is compact if every open cover of the entire space has a finite

subcover. For example, [a,b] is compact in R (the Heine-Borel theorem) [24].
Corresponding to (1), we give following basic definition.

Definition 2

(@) Constraint region:

K
S={(X, ¥y,.-,Y) € X ><Y1><.,,><Yk,Ax+Z:BSy'S <b,

s=1

K
AX+> Cuy, <b,i=12,...,K}.
s=1

The constraint region refers to all possible combinations of choices that the leader
and followers may make.

(b) Projection of S onto the leader’s decision space:

K K
S(X)={xe X :3y, eY;, AX+ > By, <b Ax+D Cyy, <b,i=12...,K}.

s=1 s=1

(c) Feasible set for each follower Vx e S(X):

S;(x)={y, €Y, : (X, ¥y,-.., Y) €S}.
The feasible region for each follower is affected by the leader’s choice of x, and
the allowable choices of each follower are the elements of S .
(d) Each follower’s rational reaction set for X € S(X):
P(x)={y; €Y, y, eargmin[f;(x, ¥;,y¥;, ] =12,...,K, j#i) 1 ¥; € S;(X)]},
where i=12,...,K, agmin[ f,(x, ¥;,y;, ] =12,...,K, j#i) 1 §; € 5,(X)] =

i eSO (X YY) < Fi( 9Ly, 1 =12, K, j=1), Y, € 5,(X)}. The
followers observe the leader’s action and simultaneously react by selecting Y,
from their feasible set to minimize their objective functions.

(e) Inducible region:
IR={(X, Y, Y) 1 (X, Vph-- V) €S, Y, € P(X),1=12,...,K}.

Thus in terms of the above notations, (1) can be written as



min{F(X, Y;,---» Y ) : (X Yih---, Y ) € IR} )
We propose the following theorem to characterize the condition under which there is

an optimal solution for (1).

Theorem 1 If S is nonempty and compact, there exists an optimal solution for a linear
BLMFP problem.

Proof: Since S is nonempty, there exist a point (x',y;,...,Y«) € S. Then, we have
X eS(X) %4,
by Definition 2(b). Consequently, we have
S(xX)#g,i=12,...,K,
by Definition 2(c). Because S is compact and Definition 2(d), we have
P(X)={y, eY;:y, eargmin[ f,(x", §;,y;, i =12,....K, j=i): §; e S;(xX)]}
={y, €Y, :y, e{y, €S, (x):
fOC, Yo V) < KOG 90 Y0 =120, K, j#0), 9, € Si(X)} = ¢,
where i =1,2,...,K. Hence, there exists y° e P(x"), i =12,...,K such that

(X, y.,...,y2) €S . Therefore, we have

IR={(X Y- Y) (X Yph- YD) €S, Y, € P(X),1=12,...,K}# 9,

by Definition 2(e). Because we are minimizing a linear function

K
mixn F(X Yy.e0y Vi) =CX +styS over IR, which is nonempty and bounded, an optimal
Xe )

solution to the linear BLMFP problem must exist. So the proof is completed.

3 An extended Kuhn-Tucker approach
Let write a linear programming (LP) as follows.
min f (X) = cx
subjectto Ax>b
x>0,
where ¢ is an n-dimensional row vector, b an m-dimensional column vector, A an

mxn matrix with m<n, and xeR".



Let 2eR™ and xeR" be the dual variables associated with constraints Ax >b and

x >0, respectively. Bard [2] gave the following proposition.

Proposition 1 A necessary and sufficient condition that (x”) solves above LP is that

there exist (row) vectors A°, x~ suchthat (x", A", ") solves:
AA—u=—-
Ax—b>0
A(AX—b) =0
X =0
x>0,A>0,u>0.
Proof: (See reference [2] PP. 59-60)

Let u, e R?, v, e R*™*™ "% and w. e R™ (i =1,2,...,K) be the dual variables associated
K K

with constraints (Ax+ Y By, <b), (Ax+> C.y,<b) and y,>0 (i=1...,K),
s=1 s=1

respectively, where A =(A,A,,...,A)", C, =(C,,C,,,....C,)", b =(b,b,,...,b)".

We have a following theorem.

Theorem 2 A necessary and sufficient condition that (x7,y,,...,yx) solves the linear
BLMFP problem (1) is that there exist (row) vectors u,,us,...,Uy , V;,Vs,...,Vy and

W, ,W,,..., W, suchthat (X, Y, ,..., Ye, U,y U, Vy .., Vi, Wo L, W ) SOlVeS:

K
rQl)[]F(X, yl)---ny):CX+ZdSys (3a)
s=1
K
subjectto Ax+ Y By, <b (3b)
s=1
' K ' '
AX+> Cy, <b (3c)
s=1
uB, +Vv.C, —w,=—e, (3d)



K K
ui(b_AX_ZBsys)_'_vi(bl_A'X_Zcéys)_'_wiyi =0 (36)
s=1 s=1

x>0,y; 20,u; 20,v; 20,w; 20, j=12,...,K, (3f)
where i =12...,K.
Proof:
(1) Let us get an explicit expression of (2).
Rewrite (2) as follows:
min F(X, Y;,-.., Yx)
subjectto (X,V,,...,Y¥x) € IR.
We have
min F(X, Y,,..., Yg)
subjectto (X,Y,,...,Yx) €S
yi =R (%),
where i =12,...,K, by Definition 2(e). Then, we have
min F(X, Y,,..., Yg)
subjectto (X, Y,,...,Yx) €S
y; eargmin[ f.(x, ¥;,y;, 1 =12,...,K, j#i) 1y, € §(X)],
where i =1,2,...,K, by Definition 2(d). We rewrite it as:
min F(X, ¥y,-.-, Yx)
subjectto (X, Y,,...,Yx) €S
min f,(X, Yy,--+, Yi)
subject to y, € S;(x),
where i =1,2,...,K. We have
min F(X, Y;,-.., Yx)
subjectto (X,Y,,...,Yc) €S

min f,(X, Yy, Vi)
vieY

subjectto (X,Y,,...,Yc) €S,



where i =1,2,...,K, by Definition 2(c). Consequently, we can have

K
min F(x, Yireen Yi) = CX+ D d,y, (4a)
s=1
K
subjectto Ax+ Y By, <b (4b)
s=1
K -
AXx+> Cuy, <b,j=12..,K (40)
s=1
. K
TEIP fi (X, yi'-~~ayK)=CiX+SZ=1:eisys (4d)
K
subjectto Ax+ > By, <b (4e)
s=1
K
Ax+Y Cuy, <b,j=12,... K, (4f)
s=1

where i =12,...,K, by Definition 2(a).
This simple transformation has shown that solving the linear BLMFP (1) is
equivalent to solving (4a-f).
(2) Necessity is obvious from (4a-f).
(3) Sufficiency.

If (x,y;,...,Yx) is the optimal solution of (1a-d), we need to show that there exist (row)
Vectors u;,Uy,...,Ux, V;,V,,...,Ve and W, ,W,,...,W, such that(x",y,,..., Vi ,Us,...,Ug,

V,,..., Ve, W,,...,Wy ) to solve (4a-f). Going one step farther, we only need to proof that
there exist (row) vectors u,,u,,...,U. , V;,V,,...,V, and W, ,W,,...,w, such that

(X Y1 e Vi Us ooy U, Vo 4o, Vi, W, L, W ) satisfies the follows

uB +v.C —w,=—e, (5a)
ui(b—:’-\X—ngys):O (5b)
v.(b —A'x—SKZlC;ys)=0 (5¢)
wy; =0 (50)



where u, e R?, v, e R*™ ™% "w. e R™ | i=12,...,K and they are not negative

variables. Because (X', Y;,..., Y, ) is the optimal solution of (1a-d), we have

(XY ,... V) € IR,
by (2). Thus we have
y; e R(x),
where i =1,2,...,K, by Definition 2(e). Consequently,
(Y;,Y5s---» Y« ) is the optimal solution to the following problem
min(f.(X", Yy,..., Y )1 Y, €S,(XY)),
where i =12,...,K, by Definition 2(d). Rewrite it as follows
min f.(X, Yy, V)
subjectto y, € S;(X)
X=X
Y=Y i=12..,K, j=i,

where i =1,2,...,K. From Definition 2(c), we have

K
min £, (X, Yi,... Vi) = CX+ D&Y,

s=1

K
subjectto AX+ Y By, <b

s=1

K
AXx+Y C.y, <b;, j=12,.. K
s=1

y; =Y =12, K, j=i,

where i =1,2,...,K. Let us define:

A=(AA...A)" b =(,b,...0)", C =(Cy,,Cp,...Ci) L, i =12...

simplify (6c¢), we can have

(62)

(6b)

(6c)

(6d)
(6e)

(6f)



K
min £, (X, Y1,..., Y ) = Cix+zeisys
=1

K
subjectto Ax+ > By, <b

s=1

AX+ ic;ys <b

s=1

Y, =Y, i=12..,K, j#i,

where i =1,2,...,K. Thus simplify it, we can have

min f,(y;) =e;y; (72)

* K *

5 b- A - > By,
. i s=1,s#i

subject to _[C.']yi > - . (7b)

i b —AX — ) C.y,

s=1,s#i

y; 20 (7¢)

where i =1,2,...,K.
Now we see that y, is the optimal solution of (7) which is a LP problem. By

Proposition 1, there exists vector A,z , i=12,...,K that satisfy a system below

s

b— AX" — iBsy:

Bi s=1,5#i
A o |yt “ D=0
‘ b - AX = > C.y;
s=1,s#i
LY =0,

where A, e RP™®™0

eR™,i=12,..,K.

Let u, e R?, v, e R*"®""% "w. e R™ and define

10



A = (ui’vi)
W, = 4,
where i=12,...,K . Thus we have (X, ¥;,...,Ye Uy .oy U, V.., Vi, W, ..., W ) that
satisfy (8a-n). Our proof is completed.
Theorem 2 means that the most direct approach to solving (1a-d) is to solve the
equivalent mathematical program given in (7a-c). One advantage that it offers is that it

allows for a more robust model to be solved without introducing any new computational
difficulties.

4. A numeric example
Example 1
Consider a following linear BLMF problem with x,,x, eR', y,,y, eR", zeR'and
X={x,20,x,>20}, Y ={y, 20,y, >20,y, >0},
Xleryix?ex F(X,, X,, Yy, Y,,2) =—8X, —4X, —4y, +40y, +4y,
subjectto 2x, —y, +2y, —0.5y, <1
TLD fL (XX, Y0, Y0, 2) =2X + X, +2Y, — Y, — Vs
r&g f (X X0, Y1, Y2, 2) =X, +2X, = Y, +2Y, — Y,
ryr:eer! fo (X, X5, Y1, Y5, 2) =3X, +3X, + Y, +Y, — 2V,
subject to 2x, +2y, -y, —0.5y, <1
-y, +Yy,+Yy, <1
Let us give Example 1 to show how the Kuhn-Tucker approach works. According to our

approach, let us write all the inequalities but x;, >0,x, >0, y, >0 of the transferred form
of Example 1 as follows:

9o (X, X5, Y1, Y5, Y3) =1-(2%, -y, +2y, —0.5y,) =0

9y1 (X0 X0 Y10 Y20 Ys) =1-(2%, +2y; —y, —0.5y,) 20

gv,z(x1!X2' Y1, Yoo Y3) :1_(_y1 +Yy,+ Y3) >0

11



Ouas (X0 X5, Y1, Yor ¥a) = ¥, 20
Quz1 (X1 %05 Y1, Y2, ¥5) = ¥, 20
Ouar (X1 %20 Y1, Y2, Ys) = Y5 0.
From (3a-f), we have
min(—8x, —4x, —4y, +40y, +4y.)
subjectto 2x, -y, +2y, —0.5y, <1
2X, +2y, -y, —0.5y, <1
-y, +Yy,+Yy; <1
—U, +2V, =V, W, =2
2U,, =V, +V,, =W, =—2
—0.5u;, —0.5v,, +V,, —W,, =2
Qualy; +9,1Vis + 0y 5Vip + Gy Wy, =0
QuaUzs + 9y 1Var + 0y 5Vay + 04pa W, =0
0u1Usy + 0y 1Va + 0, 5Va, + 0,5, Wsy =0
X 20,x,>20,y,20,y,>20,y, 20
u,=0,v;, 20,v,, 20,w;, >0
u, =0,v,, 20,v,, 20,w,, >0

U, =0,v5, >0,v,, 20,w,, >0.

(8a)
(8b)
(8c)
(8d)
(8e)
(8f)
(89)
(8h)
(8i)
(8))
(8K)

(8)

(8m)

(8n)

From (8e), (8f), (8g), (8l), (8m) and (8n), we can have following six possibilities.

Case 1: (Uyq, Vg, Vyoy Wy, Usyy Vo, Voo, Wy, Uy, Vas, Vs, Wy ) = (2,0,0,0,0,2,0,0,0,0,2,0)
Case 2: (Uyq, Vg, Vigs Wyp, Uy, Vo, Voo, Way, Uy, Vo, Vao, Wy ) = (0,0,2,0,0,2,0,0,0,0,2,0)
Case 3: (Uyq, Vg, Vigy Wypy Uy, Vo, Voo, Wy, Uy, Vo, Vao, Wy ) = (0,0,0,2,0,2,0,0,0,0,2,0)
Case 4: (Uyq, Vg, Vyoy Wy, Usyy Vo, Voo, Wy, Uy, Vas, Vs, Wy ) = (2,0,0,0,0,0,0,2,0,0,2,0)

Case 50 (Uyy, Vygs Vigy Wigs Uy, Vg, Vopy Wy, Usy, Vg, Vg, Way ) = (0,0,2,0,0,0,0,2,0,0,2,0)

12



Case 6: (Uyq, Vg, Viny Wy, Usyy Vo, Voo, Wy, Uy, Vas, Vs, Wy ) = (0,0,0,2,0,0,0,2,0,0,2,0)
From Casel, (8h), (8i), (8)) and (8k), we have
9o (X, %5, Y1, Y5, Y3) =1-(2%, -y, +2y, —0.5y,) =0
9ua (X0, %50 Y11 Y2, ¥5) =1= (2%, +2y, -y, —=0.5y;) =0
9u2 (X1 %00 Y1, Y2, ¥5) =1= (=Y, + Y, +¥5) =0.
Consequently, (8) can be rewritten as follows:
min(—8x, —4x, —4y, +40y, +4y,)
subjectto 2x, -y, +2y, —0.5y, =1
2X, +2y, -y, —0.5y, =1
—Yi+Y,+Yy; =1
X 20,%x,>20,y,20,y,2>0,2>0.
Using the simplex algorithm [2], we found that a solution occurs at the point
(X, %5, Y1, Y3, Ya) = (1.5,010,2) with F* =-8, f' =3, f; =-15and f; =15
By using the same way as that of Case 1, we have that a solution occurs at the point
(X2, X2,y2,¥5,y2)=(15010,2) with F?=-8, f*=3, f/=-15 and f? =15 for
Case 2; a solution occurs at the point (x7,%3,y?,ys,ys) =(0.75,0.75,0,0,1) with F® =5,
f?=125, f) =125 and f’=25 for Case 3; a solution occurs at the point
(X, %5, Y, Ys,Ya) =(1.5010,2) with F*=-8, f*=3, f,;)=-15 and f; =15 for
Case 4; a solution occurs at the point (x;,X3,Y;,Y5,Ys) = (1.5010,2) with F° =-8,
f>=3, f;=-15 and f =15 for Case 5; a solution occurs at the point
(X, %5, y.,ys,y9)=(0.750.75,0,0,0) with F°=-5, f°=125, f’=125 and
f2 =25 for Case 6.

By examining above procedure, we found that the solution occurs at the point
(%, %, Y:,Y,,2)=(50102) with F"=-8, f =3, f, =-15, f,; =15 for this

Example 1.
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5. Further remark

Different relationships among followers in a BLMF decision problem could cause
multiple different processes for deriving an optimal solution for the upper level’s decision
making. The referential-uncooperative situation is one of the popular cases in BLMF
decision practices. For solving such a BLMF decision problem, this paper extended the
Kuhn-Tucker approach from dealing with one leader and one follower to dealing with
referential-uncooperative multiple followers. This paper further illustrated the details of
the proposed approach by a numeric example. Initial experiment results showed this new
extended approach more effectively for solving the proposed BLMF decision problem.
Like most really powerful ideas, the basic notion of Nash equilibrium is very simple,
even obvious. Its mathematical extensions and implications are not, however. The idea of
this natural "sticking point" is that no single player can benefit from unilaterally changing
his or her move - a non-cooperative best-response equilibrium [25]. As a future research,
we are going to explore how use this concept into our BLMF research. Some practical
use of this extended algorithm also will be considered as our future research task for
BLMF decision making in the referential-uncooperative situation.

References

[1] H. V. Stackelberg, The Theory of the Market Economy: Oxford University Press,
1952,

[2] J. Bard, Practical bilevel optimization: algorithms and applications: Kluwer
Academic Publishers, Boston, 1998.

[3] W. Candler and R. Townsley, "A linear twolevel programming problem,"
Computers and Operations Research, vol. 9, pp. 59-76, 1982.

[4] W. Bialas and M. Karwan, "Two-level linear programming,” Management
Science, vol. 30, pp. 1004-1020, 1984.

[5] J. Bard and J. Falk, "An explicit solution to the multilevel programming
problem," Computers and Operations Research, vol. 9, pp. 77-100, 1982.

[6] W. Bialas and M. Karwan, "Multilevel linear programming,” State University of
New York at Buffalo, Technical Report 781, 1978.

[7] P. Hansen, B. Jaumard, and G. Savard, "New branchandbound rules for linear
bilevel programming.,” SIAM Journal on Scientific and Statistical Computing,
vol. 13, pp. 1194-1217, 1992.

14



[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

W. Bialas, M. Karwan, and J. Shaw, "A parametric complementary pivot
approach for twolevel linear programming,” State University of New York at
Buffalo, Technical Report 802, 1980.

E. Aiyoshi and K. Shimizu, "Hierarchical decentralized systems and its new
solution by a barrier method,” IEEE Transactions on Systems, Man, and
Cybernetics, vol. 11, pp. 444-449, 1981.

D. White and G. Anandalingam, "A penalty function approach for solving bilevel
linear programs,” Journal of Global Optimization, vol. 3, pp. 397-419, 1993.

S. Scholtes and M. Stohr, "Exact penalization of mathematical programs with
equilibrium costraints,” SIAM J. Control and Optimization, vol. 37, pp. 617-652,
1999.

P. Marcotte and D. Zhu, "Exact and inexact penalty methods for the generalized
bilevel programming problem,” Mathematical Programming, vol. 74, pp. 142-
157, 1996.

J. J. Ye and D. L. Zhu, "Exact penalization and necessary optimality conditions
for generalized bilevel programming problems,” SIAM J. Optim., vol. 7, pp. 481-
507, 1997.

A. Migdalas, "Bilevel programming in traffic planning: Models, methods and
challenge," Journal of Global Optimisation, vol. 7, pp. 381-405, 1995.

A. Migdalas, P. M. Pardalos, and P. VVarbrand, Multilevel optimization-Algorithms
and application: Kluwer Academics, 1997.

P. Marcotte, "Network design problem with congestion effects: a case of bilevel
programming,” Mathematical Programming, vol. 34, pp. 142-162, 1986.

C. Shi, G. Zhang, and J. Lu, "On the definition of linear bilevel programming
solution,” Applied Mathematics and Computation, vol. 160, pp. 169-176, 2005.

C. Shi, J. Lu, and G. Zhang, "An extended Kth-best approach for linear bilevel
programming,” Applied Mathematics and Computation (in press), 2004.

C. Shi, J. Lu, and G. Zhang, "An extended Kuhn-Tucker approach for linear
bilevel programming,” Applied Mathematics and Computation, vol. 162, pp. 51-
63, 2005.

15



[20]

[21]

[22]

[23]

[24]

[25]

C. Shi, J. Lu, and G. Zhang, "An extended branch and bound algorithm for linear
bilevel programming,” (Submitted to )Applied Mathematics and Computation,
2004.

J. Lu, C. Shi, and G. Zhang, "On bilevel multi-follower decision-making (I):
general framework and solutions,” (Accepted by) Information Sciences, 2005.

C. Shi, G. Zhang, and J. Lu, "A Kth-best approach for linear bilevel multi-
follower programming,” Journal of Global Optimization (In press), 2004.

C. Shi, G. Zhang, and J. Lu, "A branch and bound algorithm for linear bilevel
multi-follower programming,” submitted to Journal of Computational
Optimization and Application, 2004.

"Heine-Borel theorem,” http://thesaurus.maths.org/dictionary/map/word/10037
2003.

"A  brief  Introduction to  non-  cooperative @ game  theory,"

http://www.rh.edu/~stodder/BE/IntroGameT.htm 2005.

16


http://thesaurus.maths.org/dictionary/map/word/10037
http://www.rh.edu/~stodder/BE/IntroGameT.htm

