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Examples of inconsistency in optimization by expected
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Abstract

We consider the 1D Expected Improvement optimization based on Gaussian pro-
cesses having spectral densities converging to zero faster than exponentially. We give
examples of problems where the optimization trajectory is not dense in the design
space. In particular, we prove that for Gaussian kernels there exist smooth objective
functions for which the optimization does not converge on the optimum.
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1 Introduction
The optimization problem. Consider a global “black-box” optimization problem

f(z) — min (1)
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For the moment, suppose that D is a compact metric space, and f a continuous real-valued
function on D, so that the minimum f* = min,ep f(x) exists. Consider an optimization
procedure seeking this minimum. In black-box optimization, such a procedure consists of a
sequence of iterations; each iteration suggests for evaluation a new point of the set D based
on the already observed values of the objective function f. More precisely, we can say that,
algorithmically, optimization is defined by the initial point ;1 € D and a family of mappings

Ax : (DxR* =D, K=12,....

The optimization trajectory {zy }%_; is then determined by relations

Tr41 = AK({xkaf(xk)}gzl)v K=12... (2)

Any practical optimization is terminated at some step K, and the approximate minimum
fF is then defined by

kL :
fic =, min_f(wy).

It is then natural to call optimization consistent if
lim fj = f"

The following proposition is a very simple but important criterion of consistency on the
space of continuous functions [16].

Proposition 1. An optimization algorithm defined by mappings Ak is consistent for all
f € C(D) if and only if for any continuous f the trajectory {xi}5_, generated by (2) is
dense in D.

The sufficiency is clear; the necessity follows since any continuous function can be modi-
fied, preserving its continuity, in any open set so as to make the function attain its optimum
in this open set.

In many practical applications, the objective function f is expensive to evaluate, and
the mappings A can then be quite complex and resource—intensive; in particular they often
involve solving auxiliary optimization problems. A popular modern approach to global black-
box optimization is stochastic Bayesian optimization where these auxiliary problems are
stated using some prior assumptions of probabilistic nature. In this paper we will consider
one of the most natural and well-known methods of this type — optimization by Expected
Improvement [4-6,10,11,14,15]

The Expected Improvement algorithm (EI). In this method, we think of the opti-
mized function f as a realization of a stochastic process (§;)zep. Assuming the probability
measure associated with the process is known, we define the mappings Ax by maximizing
the expectation of the improvement in the best known value of the objective function result-
ing from its additional evaluation, conditioned on the set {&,, = f(zx)}r ;. Precisely, we
define

Ax (‘{xk, f(Ik)}l[c{:1> = argmax T o panyi, (%), (3)
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where
Itsgon piaopic, (@) = E(fic = min(fie, &) [{&a, = @) Hoy).

In practice, the stochastic process &, is usually Gaussian, which allows one to numerically
solve the optimization problem

for moderate values of K. Namely, assume that &, is a centered Gaussian process with the
covariance

G(z,y) = B(&&y)-

Then &, conditioned on {&,, = f(zx)}, is also a Gaussian random variable:
gm‘{gfﬂk = f(xk)}f;l ~ N(mx,{xk,f(:ck)}i{:l ) ai?{xk}§:1)7

where m and o2 denote the conditional mean and variance. Note that since the process
is Gaussian, the variance depends on {z;}2, but not on {f(zx)}X,. A straightforward
calculation shows that

ot -1
M (e f @)}, = 8k Grx TK (5)
Oy, = Gl@,2) — gk ,Gi'8Ka, (6)

where

Throughout the paper, we will assume that the kernel G(z,y) is strictly positive definite,
which in particular ensures that Gg in (5),(6) is invertible.

If G is continuous, then the conditional mean and variance continuously depend on z,
which implies existence of the maximum in (4). The maximum can be attained at more
than one point; any of them can be taken as xx.;. Up to this ambiguity, the EI algorithm
is completely determined by the kernel G.

Note that if the kernel G is strictly positive definite, then

= 0, x € {xk}szl,

IK' xp, f(xn) K (I)
7{ kf( k)}kzl {> 0’ x ¢ {zk}§:1’
so that the maximizer xx 1 ¢ {z,}X,, i.e., all the points of the trajectory {x;}3°, are
different.

Consider the Hilbert space L?(€2, P), where (€, P) is the probability space on which the

process &, is defined. Then one can geometrically interpret the conditional variance ai_ ()5
; k=1



as the squared distance between the vector &, and the linear span of the vectors {&;, }/; in
L3(Q,P).

Practical implementations of the EI algorithm often use somewhat more complex mod-
elling than described above, based on kriging [6]. This approach includes additional poly-
nomial trends in the model; also, the covariance function is assumed to depend on a few
parameters which are adjusted at each iteration using cross-validation or maximum likeli-
hood estimates. We will not consider these complications in this paper.

We will fix a kernel G and will treat the EI algorithm described above as ideally imple-
mented with this kernel, in the sense that the auxiliary problem (4) is assumed to be exactly
solved at each iteration K. We will then be interested in the convergence properties of the
resulting sequences xx and f(xg).

Previous rigorous results. EI is a popular approach to global optimization in modern
engineering applications, but not much has been proved about it rigorously. If &, is the
Wiener process or its stationary version, the Ornstein-Uhlenbeck process, on a segment in
R, then, using the Markov property, it is not hard to check that the EI optimization is
consistent for continous objective functions, see [9]. In [17,18], Vazquez and Bect considered
the general case of compact subsets of R” and proved the convergence of the EI algorithm for
sufficiently “rough” stationary processes &,, on objective functions f from the reproducing-
kernel Hilbert space (RKHS) associated with &,.

As an intermediate step in their proof, these authors consider what they call the No-
Empty-Ball (NEB) property of the process &:

Definition 1. The process &, is said to have the NEB property if for all sequences {x;}32,
(not necessarily given by 2) and all points x in D the following two conditions are equivalent:

1. x belongs to the closure of {xk}3,;

2. the conditional variance o> —0as K — .

wi{ze} i,

The first condition clearly implies the second for processes with a continuous covariance
function, but the opposite direction is more subtle. In particular, Vazquez and Bect prove
that the NEB property is violated by Gaussian processes with a Gaussian covariance function.
They show, however, that the NEB property holds for a stationary process provided its
spectral density goes to zero sufficiently slowly, namely if its inverse is polynomially bounded.
Additionaly, they show that if a Gaussian process has the NEB property and the objective
function is from the corresponding RKHS, then the optimization trajectory is dense in D,
and hence optimization is consistent on this space.

Vazquez and Bect also show that for Gaussian processes with the NEB property the
optimization trajectory is dense almost surely, if the optimized function is a realization of
the process.

Recently, Bull [1] has obtained rigorous convergence rates for objective functions from
the RKHS of the process.



Some rigorous results are also available for certain stochastic optimization algorithms
different from but closely related to EI, see, e.g., Gutmann [3].

Finally, though in this article we don’t consider covariance functions with adaptively
adjusted parameters, we mention that these more general kinds of EI optimization are known
to be inconsistent in some cases [1,9].

2 Results

As discussed above, the existing rigorous results about convergence of the EI optimization
are mostly proofs of convergence under certain assumptions, namely when the NEB property
holds and/or the objective function belongs to the RKHS associated with the process. At
the same time, little is known rigorously about (in)consistency of the EI optimization when
these assumptions are violated, though, for example, the Gaussian kernel is one of the most
common kernels used in practical modelling [2], while in engineering applications one rarely
expects strong regularity of the objective function.

Vazquez and Bect [17,18] conjecture consistency for all continuous objective functions
provided the process has the NEB property. The result of Locatelly [9] confirms this in the
case of the Wiener process.

The goal of this paper is to examine convergence of the EI algorithm for analytic Gaussian
processes. More precisely, we will consider kernels with spectral densities which very rapidly
converge to 0; this property is related to analyticity by Paley-Wiener—type theorems (see,
e.g., [7], page 209). Our main result is a class of examples demonstrating some lack of
consistency of the EI optimization in this case, for objective functions which are not analytic.
We thus show, in particular, that the EI optimization cannot be fully consistent if both the
NEB and RKHS assumptions are dropped.

We will consider only 1D models in this paper and let D = [—1,1]. We consider a
translation invariant covariance G, i.e.

G, 2") =G —2",0) =G — 2"),

and assume that it has a spectral density G(t),t € R:

G) = [ G, Glr) = % [ Gy

Since G is real and even, such is G: G(t) = G(—t) € R. We assume that G(t) > 0 for all ¢,
so that the kernel G is strictly positive definite.
We start by showing, as a preparation for the main result, that if

G(t) < coe™e, (7)

with some cg, ¢ > 0, then the process &, does not have the NEB property. Condition (7)
implies, in particular, that G is analytic in the strip | Im(z)| < c.



Theorem 1. Let (& )ze[-1,1) be a centered stationary Gaussian process defined on a prob-
ability space (§2,P). Suppose that the spectral density G of the process satisfies condition
(1) with some co,c > 0. Let A be any infinite subset of the segment [—1,1]. Then all the

random variables (&;)qc(-1,1) belong to the closed linear span of the random variables (&,)yea
in L*(Q,P).

We next indicate a class of optimization problems where the EI optimization trajectory
is provably not dense in [—1, 1].

In proving this result, we have found especially useful a pair of asymptotic bounds for
the conditional variance, which we will state now as a separate theorem.

Suppose that the spectral density is represented in the form

G(t) = e 5t = =T(nlt) (8)
with some functions S € C*(Ry),T € C?*(R). We will assume that
S'(t),S"(t) >0 fort >0, 9)
and
S'(t) = 400 ast — +oo. (10)
Condition (9) implies, in particular, that 7" is convex, since
T"(s) = (S(e*))" = e*S'(e®) + e*8"(e*) > 0. (11)
Also,
T'(s) —» 400 as s — +oo, (12)
since
T'(s) =e°S'(e”). (13)

Let T be the Legendre transform of 71"
T"(q) = max(gs — T(s)).

Then, by (12), T*(q) is finite for all sufficiently large ¢; the point s* where the maximum is
attained satisfies the condition 7"(s*) = g.

Theorem 2. Suppose that the spectral density of the covariance function G is represented
in the form (8) so that conditions (9),(10) hold. Then, for sufficiently large K, the following
inequalities hold for any K + 1 different points x,xy,...,ox € [—1,1]:

2

K Tai{ar < 2K (14)

T PO o — o

(&

where
FIK)=T"2K+1)—(2K+1)InK.

Furthermore, F(K) monotonically decreases for sufficiently large K, and
F(K)

o T ooas K — 4o0. (15)



An example of a family of spectral densities covered by this theorem is
G(t) = e’ (16)
with a > 0,b > 1. In particular, with b = 2 this gives the Gaussian covariance functions

1 o2

G(z) = 2\/ﬁe_ﬂ. (17)

Spectral densities (16) correspond to

S(It]) = alt|",
T(s) = ae”,

so that conditions (9),(10) hold for all @ > 0,b > 1. We find in this case

« q q
T(Q)ZE<IH%—1>,

2K +1 2K +1
- (m

F(K) —ban—l).

a

We state now our main result on the EI optimization. Recall that if G is a positive
definite kernel, then G(0) = max,cg G(z).

Theorem 3. Under assumptions of Theorem 2, consider optimization problem (1) on D =
[—1, 1] with the objective function
f=-G.

Suppose that the EI optimization with the kernel G starts from the point x1 = 0 (i.e., the
point where the minimum is already attained). Then the optimization trajectory {zg}2,
converges to 0; in particular the trajectory is not dense in [—1,1]. Moreover, for sufficiently
large K

€2KF(K) < |$K+1‘ < €F(K)/3, (18)

where F' is as defined in Theorem 2.

As pointed out in Proposition 1, Theorem 3 implies that there are continuous objective
functions for which the EI optimization is inconsistent. Such functions can be obtained by
modifying the objective function —G on a set not containing points of the corresponding
trajectory {xp}r2,. Recall that under assumptions of Theorems 2 and 3 the kernel G is
analytic. We cannot modify —G preserving its analyticity, but can modify it preserving
its infinite smoothness. Recalling the family of examples discussed above, we obtain, in
particular, the following corollary regarding the Gaussian covariance function.

Corollary 1. For any Gaussian covariance function (17), there exists an objective function
f € C>([—-1,1]) such that the EI optimization of f starting with x; = 0 is not consistent.



We briefly discuss now practical implications of these results.

On the one hand, there are certain caveats to their practical interpretation. First, we
consider only the simplest version of the EI optimization in 1D, while real applications
are mostly higher-dimensional. Second, realistic optimization budgets may be too low in
many problems for the indicated asymptotic behavior to be relevant. Third, the theoretical
consistency, as such, may in principle be restored by trivial adjustments of the algorithm,
e.g., by occasionally alternating the EI trajectory with a fixed dense sequence in D.

Nevertheless, our results suggest that, in general, EI algorithms with analytic kernels are
not reliable beyond a narrow class of very smooth functions — at least hard to justify theo-
retically. Moreover, they may be prone to early ill-conditioning and numerical instabilities
due to excessive accumulation of trajectory points (see also the numerical example below).
It appears that for practical numerical optimization of generic objective functions, if EI is to
be applied, then a more reliable choice for the covariance would be a rough kernel with an
inverse polynomial falloff of the spectral density, for example from the Matérn family (see,
e.g., [L3]).

In the next section we report a numerical test of Theorem 3. Then, in sections 4-6 we
provide the proofs of Theorems 1-3.

3 A numerical example

To confirm Theorem 3, we report direct numerical results of the EI optimization of the
objective function f(z) = —e™*" performed with the kernel G(z) = e=*".

In short, our numerical procedure is as follows. At each iteration, for any trial point x we
compute the parameters m,, o2 of the associated posterior Gaussian variable by explicitly
using formulas (5),(6). We then compute the expected improvement at z using the well-
known formula (see [5])

(@) = (Fi = ma) 0 (L) o g (HE2 ),
O-I O-I
where 1 and ¥ and the standard normal density and cumulative distribution function,
respectively. To optimize [k (z) over x, we simply sample x uniformly on a logarithmic
scale: precisely, we try @ = +e~'¢, where ¢ = 0.02 and [ = 0,1,...,10%

We should point out that this numerical procedure is quite unstable for our kernel and
objective function. As the posterior variance of the process rapidly converges to 0 and the
trajectory {zx} to 1 = 0, computation of the expected improvement involves, in several
places, subtraction of almost equal quantities, in particular in (6). Also, the matrices Gg
quickly get ill-conditioned. As a result, precision of, for example, the usual “double” floating
point format, which has the 53-bit significand (approximately 16 decimal digits), is exhausted
very soon during this optimization. For this reason, we perform our test with the extended
precision of 300 decimal digits, using the free library MPMATH [12] for that purpose.

The first 10 elements of the trajectory appear then to be reasonably reliably computed,
and are shown in Table 1, together with the corresponding expected improvements. This



result confirms Theorem 3, also suggesting the actual asymptotic of xx is closer to the lower
rather than upper bound in (18).

K TK IK—1§{xk7f(xk)}1}::711 ()
1 0 o

2 -0.63 0.16
3 077 0.13
4 0.23 0.025
5 01 0.0013
6  0.0036 3.4e-06
7 -7.3e-06 1.4e-11
8  2.8e-11 2.20-22
9 -4.1e-22 4.5e-44
10 7.9e-44 1.7e-87

Table 1: The first 10 elements of the EI optimization trajectory with the respective expected
improvements, for the kernel G(z) = e~*" and the objective function f = —G.

4 Proof of Theorem 1

Let the Hilbert space H be the closed span of the Gaussian random variables (£;)ze[-1,1] in
L?*(92,P). We use the canonical isometry between H and L*(R,G):

& € H— ¢, € L*(R,G), (19)

where

so that o
(€ o) = Glo = ') = [ e Glt)dt = (62,0 12

In terms of this isometry, the claim of Theorem 1 is that for any x € [—1, 1] the function ¢,
can be approximated in L*(R, G) by finite linear combinations of functions (¢, )yea-.
We first prove the following

Lemma 1. Let x be any point in [—1,1], and {zx}32, any infinite sequence of points in
[—1,1] such that x, # x; for k # 1 and |x — x| < § for all k, where c is from (7). Then,
assuming (7), ¢, can be approrimated in L*(R, @) with arbitrary accuracy by finite linear
combinations of ¢y, .



Proof. By the theory of polynomial interpolation (see, e.g., [8]), for any positive integer K

we can choose coefficients Ak 1, ..., Ag x such that for any polynomial p with degp < K we
have
K
x) =Y Axwp(ar), (20)
k=1
namely,
K
Tr — T
Mk =] :
=1 Tk — 21
1#k

The r.h.s. of (20) is a polynomial in x of degree < K. If a function p(z) is not a polynomial
of degree < K, then the difference between the left and right sides of (20) can be interpreted
as the error of polynomial interpolation and written in terms of divided differences of p:

K
S epl) = plo e TL — )
k=1

k=1

By the Hermite-Genocchi formula,

dp
dx® conv(z,T1,...,Tx)
|p[flﬁ',$1,...,$’]{]‘§ K| - = )
where || ||conv(z,z1,...ex) denotes the maximum over the convex hull of the points z, x4, ..., k.
In particular, if p(z) = e with some ¢ € R, then
tK
|p[$,$1,..., ”<K|
Accordingly,
K K
_ Z )\K’ Z(Ekt S H T — xk|
k=1 k=1
and hence
K 2 2K K
2
- dats| < /RWG(t)dt I1 le — il (21)
k=1 L2(R,G) k=1

Now recall that G(t) < coe=°" with some co, ¢ > 0, and |z — 2| < 5. Then

2

K 2K
Gw — ) Ak kP < s s (—) / s“te %ds
| kZ::l K w) ARH(K1)2 \ 4 0
200(2K)'
~ A?K(K!)?
= 0272 =%,
where we used Stirling’s formula in the last step. O
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Now, let B denote the set of all those points z in [—1, 1] for which ¢, can be approximated
by linear combinations of (¢,),ca. We prove that B = [—1, 1] in several steps.
Statement 1. B has a non-empty interior.

Indeed, since A C [~1,1] is infinite, we can find an interval of length § in [~1,1] that
contains infinitely many points of A. Then, by the above lemma, any point of this interval
belongs to B.

Statement 2. If x belongs to the interior of B and |2’ — x| < { for some 2’ € [~1, 1], then 2’
also belongs to the interior of B.

Indeed, it follows from the hypothesis that we can find infinitely many distinct points
7 in B such that |2' — 23| < § for all of them. By the above lemma, ¢,» can then be
approximated by finite linear combinations of ¢,,. But, since x; € B, any ¢,, can in
turn be approximated by finite linear combinations of (¢,)yca. It follows that ¢, can be
approximated by finite linear combinations of (¢, ) ea, i.e., 2’ € B.

Now, in the above argument, z’ could be replaced by any z” sufficiently close to x’ so
that 2" — 2| < § still holds, and we would get 2” € B. It follows that 2" belongs not only
to B, but even to the interior of B.

Statement 3. B = [—1,1].
This follows immediately from statements 1 and 2.
This completes the proof of Theorem 1.

5 Proof of Theorem 2

We use again the canonical isometry (19) to express the conditional variance ai_ (2} 8BS
’ k=1

2

G(t)dt.

K
ezxt o Z Akelmkt
k=1

2 .
g_. K = 1min
O ALy AK /]R

We start now with the proof of the upper bound in (14). We already know from the
proof of Theorem 1 that (see (21))

1 K .
2 2 [ 2K
Ta{a} I, < (K1)2 kl;Il |z — ] /Rt G(t)dt. (22)
We substitute t = 4e” in the integral on the r.h.s.:
/ *KG(t)dt = 2 / pCEF)s=T(5) g (23)
R R

We can now derive an upper bound for this integral using a basic form of the Laplace method.
Consider the function Tk (s) := (2K + 1)s — T'(s) which is concave by (11). Let

sh = argmax T (s). (24)
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Using Ty (s%) = 0 and T, = —T", we can write

Ti(s) = Tr(s%) + Tr(s) (s — s%) —|—/ (/ Ty (s, ds2> ds

= TK(S}) — /; (LK T”(SQ)d52> ds,

< TK(S}) — / (/ X" (s — S*K)d52> dsy

= Tx(s%) — x(s — sk)
=T"2K+1)— x(s —sk), forallseR, (25)

for any C? function y such that x(0) = x’(0) = 0 and
X'(s) <T"(s} +s) foralls. (26)
It follows then from (25) that

)

/€(2K+1)3—T(s)d8 < coel" K+
R

where ¢y = [ e X()ds. By (10),(11), T"(s) *=5° 400, so we can choose a x such that ¢y =
while (26) and hence (25) hold for all sufficiently large K; for example

682 - S4a |S| S 1a
X(s) =c1-
8ls| =3, |s| > 1,

with the appropriate constant ¢;. Using Stirling’s formula, we then get from (22),(23), for
sufficiently large K,

K
< oT*(K+1)-(2K+1) ln K+2K H Iz

2 2
Uw;{mk}szl — xk| ’

k=1

which is the upper bound in (14).
To prove the lower bound in (14), we will use the following lemma.

Lemma 2. Let 2 € C and {2}, C C. Let
= (1,2, 2%,...,2%) e CF L

Similarly, let
vp = (1,20, 22,...,28) e CKE* . k=1,... K.

Then the standard 1 distance p in CE*1 between v and the linear span of {v,}_ | equals

Hszl |2 — 2|

K q
(1 + Zqzl ’ El§k1<...<kq§K [Ti=1 2,

. (27)
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Proof. We have

2 g(v>vl>"'>'UK)

p-= ; 28
g(vy,...,vK) (28)
where g(-) denotes the Gram determinant of the given system of vectors. Since v and v
are (K + 1)-dimensional, g(v,vq,...,vx) can be computed simply from the Vandermonde

determinant for z, zq, ..., zk:
g(v,vy,...,0K) = H e (29)

0<k<I<K

where we have denoted zy = z. In order to compute g(vy, ..., vk), we note first that it can

be expressed, by the Cauchy-Binet formula, as

K
g(v1,. .., vK) :Z|AK,5|2> (30)

s=0

where A  is the K x K minor of the K x (K + 1) matrix (z}) f:’[f,t:o obtained by removing

the row (27),. Note that A is the usual Vandermonde determinant, and Ag, =

Ak k [1X., 2z,. We can compute Ak, for any s in a way similar to the usual inductive
evaluation of the Vandermonde determinant. Namely, define for brevity

t, t < s;
IUS(t) =
t+1, t>s.

Then for 0 < s < K we have, performing linear transformations with rows and columns,

AK,S = det <Z£S(t)>

1<k<K
0<t<K-1
ps () ps ()
z —z k< K
= det k K )
<{Z}?(t)> k=K) 1<i<k
0<t<K -1
= (—1)"""det <zk 2K )1<k<K_1
1Zt<K -1
ps(t)—1 . K-1
= det zt zf;(s(t)_ o (zr — 21)
=0 1<k<K—1 k=1
1<t<K -1

Tt:us(t—l)

ps(t)—1 K
t
= det, {Zk ’ 7 | | (zx — 21)

~1
2y 2kt 25, 1=5)1<h<i—1 k=1
1<K -1

<
<
s (1) =1 K-1
= det > zg’fzf(s(t)_l_n (zr — 21)

13



K-
= (2xAg—1,s + D151 H 2K — k). (31)

Similar identities hold if s = 0 or s = K, but with one of the terms Ax_1 1, 2kAxg_15
missing:

K-1 K-1
Agpo=2x0k-10 [[ (2x — ), Arx = Ax_1,5-1 [] (25 — 2)- (32)
k=1 k=1

Iterating identities (31),(32) K times, we get

AK,s = H (Zl — Zk) Z l:f oy -

1<k<I<K 1<ki1<..<kg_s<K t=1

Substituting this equality in (30) and combining with (28) and (29), we get (27) with ¢ =
K —s. O

To derive now the lower bound in (14), fix a ¢, = to(K) > 0, to be chosen later. Using
monotonicity of G(t) for t > 0, which follows from (9), we write:

K 2
2 . . . 2 : 1xt
Twifan}l, = Alr,I.l..l,&lK R e Gt)dt

2
-~ K + 1 K+1)t 1Tt
2 G ( ) K+1)t Z )\ e g
(K 1)t0 K 2
-~ K + 1 ixt zlmt izt ilxgt
=G < ) >\1m )\K _ (K+Dtg Z ’ Z ApeH et dt
[RRET) P} :0 k=1
(K- 1)t0 K K 2
~ K + 1 it i(zp—x)t jilzgt
2 G( ) K+1)t )\1 Z 0 Z )\ke k elTkto | gt
=0 k=1
2
_ é < K + 1 ) to ml zlxto Z Ak@ilwkto

I
()

(K+ 1)t :
9 0p7

where p is the distance defined as in Lemma 2 for z = e z; = e+ Since |z| = |z;] = 1,
the denominator in (27) is bounded from above by 2%. Therefore,

(K + 1)t

2 it ixito |2
Ux;{xk}§_12G< 9 )22KH| ¢ et

Let us assume that

m
ty) < 5 (33)

14



In this case, since x, x € [—1, 1], we have % < 7, hence
il _ gimito] — 9.gin |z — x4lto > 4|z — mlto _ 2|ty e — 2.
2 s 2 s

Therefore, assuming (33),

(K + D)t 25+ K
T, 2 G( 7 ) e o =il (34)
k=1

Now let us choose ¢y so that

(K-;l)to _ 68;(,

where s%- is given by (24). Then, if (33) holds, we get from (34)

(5 ( ) 22K+1 K
2 > —T(s%) ,(2K+1)s}
Uf;{xk}le = € €

H |z — xk|2
(K + 1)2K+12K 1L

1) 21y i) 225
_ T (2K+1)—(2K+1) In(K+1 2
e T [T 1z — =

k=1

This implies the lower bound in (14), since % > % We have to check, however, that condition
(33) is fulfilled. The value s} satisfies the condition 2K + 1 = T'(s%) = ek S’(ex). Since
S'(t) — 400 as t — +o0, it follows that

e’k = 02K +1) as K — oo. (35)

Therefore t) — 0 as K — o0, so (33) is fulfilled for sufficiently large K.
We now prove (15). Since T'(s};) > 0 for sufficiently large K, we have

F(K T"2K+1) - (2K +1)InK T'(s7 0o
(K) _TEE+D QKT DMK L T(s5) el s

OK +1 9K + 1 KoK 41

where we used (35) in the last step.
It remains to prove that F'(K) monotonically decreases for sufficiently large K. We want

to show that
dF(K)

dK
It suffices to show that

2K +1

= 2(T*) (2K +1) —2In K — <0.

(T*) (2K +1) —In(2K + 1) = —o0, as K — 400.
By duality of the Legendre transform, this is equivalent to
s —1In(T'(s)) = —o0, as s — +o0,

which follows from (13),(10).
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6 Proof of Theorem 3

In this section, {z}}72, denotes the optimization trajectory obtained by (2),(3) with x; = 0.

We start proving Theorem 3 by first noting that, under the hypotheses of the theorem,
the mean expected value of the objective function f = —G at each point of [—1, 1] is exactly
equal to its actual value, throughout the whole optimization process:

mx;{xkvf(:vk)}f:l = f(l’), Vx € [—1, ]_],\V/K Z 1.

Indeed, by (5), My(e, f(zyyi, 15 the unique interpolant of the function f at the points

o)
r1,...,Tx having the form S5 | A\.G(x — ;) with some coefficients \,. But f(z) = —G(z —
x1) is of this form, so it is equal to the interpolant.

Since f attains its minimum at x; = 0, we have f} = f* = —G(0) for all K, hence the

expected improvement can be written as

T fayic, (#) = E( = G(0) = min(—G(0), &) [{&, = Flan) Hey)

B 1 —G(0) (t + G(z))?
— m/—w exp {—ﬁ} (—G(0) — t)dt

zi{xk 1

2
Oi{ap}, [ 1 G(0) — G(x))
= —F—=" ——|lvw+ ———— d
Nor exp { 5 <w e wdw (36)

Lemma 3. For any h > 0

2

1 ;2 0 (wth)? n2
§€_h < / e 2 wdw<e 2.
0

Proof. On the one hand,
o0 (w h)2 o0 w2 2 2
/ e : wdw < / 6_76_%wdw = e_hT,
0 0
where we have used hw > 0. On the other hand,

0 (wth)? o0 2 32 1 .2
/ e 2 wde/ e“’ehwdwzieh,
0 0

2 2
where we have used hw < % O

In the sequel, we shorten the notation for the expected improvement to Ix(x).

Lemma 4. Under the assumptions of Theorem 3, there exist constants c¢1,co > 0, depending
only on the kernel G, such that the following assertions hold for K large enough.

1. For all x € [—1,1]

e(a) { Ker__ & }“F(K)_K)/Q\ Tlee—2f (37
klx) > expy —cre” ™ T Tp — T
! Hllfzz |$k - xP 2V27m k=2
Ix(z) < exp{ s z}eF(KL/Mm ﬁ o —a]  (38)
[Tr— |$k - x\ 27 k=2
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2. If, additionally,

1 .
o] <5, min |z, (39)
then

72 6F(K)/2(46)_K/2 K
I (x >exp{—c 4e)K e~ FE) } T T, 40
(z) 1(4e) T o NGE I\kf:[zl | (40)

3e\ 2K 72 eF(K)/2(@)K K
Ig(x) <expl —c (—) e F(K) 2 x x 41
o) <o - o e el

Proof.

1. Since G is strictly positive definite, we have G(0) > G(x) for all  # 0, and hence there
exist constants ¢}, 5, > 0 such that

da® < G(0) — G(z) < cya?,  forallz € [-1,1].

Using Theorem 2, identity (36) and Lemma 3, we then get (37),(38) with ¢; =

(ch)? ca = (c])?/2. Note that the & = 1 factor is not present in the products over
k in the exponentials, as it equals 22 and has been cancelled with z? in the numerator.

2. From the inequalities
1 3
Slzel < fal = o] < o — 2] < Jau| + o] < 5l

we obtain
1\ K-1 K K

8).

and then substitute these latter inequalities in (37), (3

]
Lemma 5. Under the assumptions of Theorem 3, for all sufficiently large K :
a)
K
I(wcir) = O] fal?, (42)
k=2
b)
K
2| > T (43)
k=2

17



@] > 0O, (44)
ic(@psn)| = 700, (45)

d)
|wpa| < O, (46)

Proof.

a) Given K, let us choose z € [—1, 1] so as to make the expression in braces in (40) equal
to -1, i.e.,
—1/2 —K/2 _F(K)/2 s
|z = ¢ 7 (4e)" e [T [al.
k=2

By Theorem 2, F'(K)/K — —o0, so condition (39) holds if K is large enough, and we
can apply inequality (40):

I (z) > c3(de)” H |22, (47)
with some constant c3 depending on G. By definition of zxi1, Ix(zxs1) > Ix(x).

Finally, using again F'(K)/K — —oo, we arrive at (42).

b) Suppose that (43) is violated for infinitely many K € N. Then, for sufficiently large
such K, the value x4 satisfies condition (39) with z = zx 1, and we can apply bound
(41). It follows that for such K

65F(K)/2(§)K K

I < - 27 2=0o(I ,
k(Tr41) < 2/2n g\xk\ o(Ix(rr11))

where in the last equality we have used (42) and that F(K)/K — —oo. Therefore the
hypothesis that (43) is violated for infinitely many K is false.

c) To show (44), we continue inequality (43) by iteratively applying it to x4 with k =
K/ K—1,...,Ky+ 1, where Ky + 1 is the lowest value for which it is valid:

K
wgcr1| = T |l

k=2
K-1
> 62F(K)+2F(K—1) H ‘xk|2
k=2

K—2
> 2P (K)+2F (K —1)+4F (K -2) H |!L"k|4

k=2

18



K
K—1 K-k 0 _
> 62F(K)+Zk:KO2 F(k) H |xk|2K Ko

k=2

Ko
> 62K Ko+l p(K) <H |2 Ko)

k=2

_ 2NF(K) exp{ [ ~Kotl _ 1)F(K) 4+ In < ﬁ |$k|2KO>] },

k=2

2K

where we assumed without loss of generality that Ky > 2 and that monotonicity of
F (k) established in Theorem 2 holds for k£ > Kj. The second exponential factor in the
last expression is greater than 1 for sufficiently large K due to F(K) — —oo, which
implies (44).

Inequality (45) is proved in the same way, using (42) instead of (43) in the first step.

d) Suppose that (46) is violated for infinitely many K € N. First, observe that for
sufficiently large such K the bound (38), when applied to x = xx 1, implies

Ig(zrq1) < expf{—e 7MY (48)

Indeed, consider the first, exponential factor in (38). Using |vg.q| > eF5/3 the
inequalities |z — rx41| < 2, and F(K)/K — —o0, we can write:

2
X
—2K—F(K) - K+1 o< _02(26)—2K€—F(K)/3 <
szz |$k - SL’K+1‘

e ~F(K)/4

—e€

for K large enough. As for the remaining factor,

oF(K)/2+K 11_{{
|$K+1| |$k - SL’K+1\
V21 k=2 7

it is bounded by 1 for large K, again due to F'(K)/K — —oo. We thus conclude (48).
Now, combining (48) with (45), we see that
2T < Ig(vg41) < exp{—e T/},

This implies 25 (= F(K)) > e FE)/4 Since ¢ < e/® for sufficiently large ¢, we get 25 >
K)/8 But this inequality is violated for all K large enough, since F(K)/K — —oc.
Therefore our assumption that (46) is violated for infinitely many K € N was wrong.

O

Inequalities (44) and (46) form the statement (18) of Theorem 3. Since F(K)/K — —oo,
from (46) we conclude |zx| — 0, which completes the proof.
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