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Abstract

In this paper, we discuss the statistical properties of the ¢, optimiza-
tion methods (0 < ¢ < 1), including the ¢, minimization method and
the ¢, regularization method, for estimating a sparse parameter from
noisy observations in high-dimensional linear regression with either a
deterministic or random design. For this purpose, we introduce a gen-
eral g-restricted eigenvalue condition (REC) and provide its sufficient
conditions in terms of several widely-used regularity conditions such as
sparse eigenvalue condition, restricted isometry property, and mutual
incoherence property. By virtue of the ¢-REC, we exhibit the stable
recovery property of the £, optimization methods for either determin-
istic or random designs by showing that the 5 recovery bound O(e?)
for the £, minimization method and the oracle inequality and ¢, recov-
ery bound O(/\Z%q s) for the ¢, regularization method hold respectively
with high probability. The results in this paper are nonasymptotic.
The numerical results verify the established statistical property and
demonstrate the advantages of the ¢, regularization method over the
classical Lasso.
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1 Introduction

In various areas of applied sciences and engineering, a fundamental problem
is to estimate an unknown parameter 5* € R" of a linear regression model

y=XpB"+e, (1)

where X € R™*™ is a design matrix, e € R is a vector containing random
measurement noise, and thus y € R™ is the corresponding vector of the
noisy observations. According to the context of practical applications, the
design matrix could be either deterministic or random.

The curse of dimensionality always occurs in the high-dimensional regime
of many application fields. For example, in magnetic resonance imaging
[9], remote sensing [2], systems biology [30], one is typically only able to
collect far fewer samples than the number of variables due to physical or
economical constraints, i.e., m < n. Under the high-dimensional scenario,
estimating the true underlying parameter of model (1) is a vital challenge in
contemporary statistics, whereas the classical ordinary least squares (OLS)
does not work well in this scenario because the corresponding linear system
is seriously ill-conditioned.

1.1 ¢, Optimization Problems

Fortunately, in practical applications, a wide class of problems usually have
certain special structures, employing which could eliminate the nonidentifia-
bility of model (1) and enhance the predictability. One of the most popular
structures is the sparsity structure, that is, the underlying parameter 5*
in the high-dimensional space is sparse. One common way to measure the
degree of sparsity is the £, norm, which for 0 < ¢ <1 is defined as

n 1/‘1
18llg = (ZW) :
=1

while || 3o is defined as the number of nonzero entries of 5. We first review
the literature of sparse estimation for the case when the design matrix X is
deterministic. Considering a bounded noise (i.e., |le||2 < €), it is natural to
solve the following (constrained) ¢y minimization problem

(CPoe)  min [|Bllo st [ly—Xp|2<e

Unfortunately, it is NP-hard to compute its global solution due to the non-
convex and combinational natures [28].



To deal with this obstacle, a common technique is to use the (convex) ¢;
norm to approach the ¢y norm:

(CPre)  min [|Blli st [ly—XBl2 <e

which can be efficiently solved by several standard methods; see [14, 21]
and references therein. The stable statistical properties of (CP;.) have
been explored under the regularity conditions. One of the most important
stable statistical properties is the fs recovery bound property, which is to
estimate the upper bound of the error between the optimal solution of the
optimization problem and the true underlying parameter in terms of the
noise level e. More specifically, let s < n and 8* be an s-sparse parameter
(i.e., [|6*|lo < s) satisfying the linear regression model (1). The ¢5 recovery
bound for (CP; () was provided in [18] and [9] under the mutual incoherence
property (MIP) or the restricted isometry property (RIP)!, respectively:

1B1e = 8712 = OC(e),

where (. stands for the optimal solution of (CP1 ).
Motivated by the computational issue, another popular technique for s-
parse estimation is to solve the (unconstrained) ¢; regularization problem:

. 1
(RP1))) min %Hy—XﬁHg‘i‘)\HﬂHl,

where A > 0 is the regularization parameter, providing a tradeoff between
data fidelity and sparsity. The ¢; regularization model, also named the
Lasso estimator [37], has attracted a great deal of attention in parameter
estimation in the high-dimensional scenario, because its convexity structure
is beneficial in designing exclusive and efficient algorithms and gaining wide
applications; see [3, 15] and references therein. For the noise-free case, the
¢y recovery bound for (RP; ) was provided in [39] under the RIP or the
restricted eigenvalue condition (REC)?:

1615 = B7[13 = O(Ns),

where Bl, » denotes the optimal solution of (RP; y). Furthermore, assuming
that the noise in model (1) is normally distributed e ~ 4(0,0%L,;,), it

Tt was claimed in [7] that the RIP [10] is implied by the MIP [19], while the restricted
isometry constant (RIC) is more difficult to be calculated than the mutual incoherence
constant (MIC).

Tt was reported in [4] that the REC is implied by the RIP, and in [32] that a broad
class of correlated Gaussian design matrices satisfy the REC but violate the RIP with
high probability.



was established in [4, 6, 44] that the following /5 recovery bound with high
probability
5 N logn
I~ 5718 =0 (255" ).
m

when the regularization parameter is chosen as A = o

10% and under

the RIP, REC or other regularity conditions, respectively. However, the ¢;
minimization and regularization problems suffer several dissatisfactions in
both theoretical and practical applications. In particular, it was reported
by extensive theoretical and empirical studies that the £; minimization and
regularization problems suffer from significant estimation bias when param-
eters have large absolute values; the induced solutions are much less sparse
than the true parameter, they cannot recover a sparse signal with the least
samples when applied to compressed sensing, and that they often result in
sub-optimal sparsity in practice; see, e.g., [12, 20, 41, 40, 45]. Therefore,
there is a great demand for developing the alternative sparse estimation
technique that enjoys nice statistical theory and successful applications.

To address the bias and the sub-optimal issues induced by the ¢; norm,
several nonconvex regularizers have been proposed such as the smoothly
clipped absolute deviation (SCAD) [20], minimax concave penalty (MCP)
[41], ¢y norm [43], ¢; norm (0 < ¢ < 1) [22], and capped ¢; norm [27];
specifically, the SCAD and MCP fall into the category of folded concave
penalized (FCP) methods. It was studied in [43] that the global solution of
the FCP sparse linear regression enjoys the oracle property under the sparse
eigenvalue condition; see Remark 4(iii) for details.

It is worth noting that the ¢, norm regularizer (0 < ¢ < 1) has been
recognized as an important technique for sparse optimization and gained
successful applications in various applied science fields; see, e.g., [12, 30,
40]. In the present paper, we focus on the statistical property of the ¢,
optimization method, which is beyond the category of the FCP. Throughout
the whole paper, we always assume that 0 < ¢ < 1 unless otherwise specified.

1.2 /, Optimization Problems

Due to the fact that lim, o+ [|3]|§ = [|8]|0, the £; norm has also been adopted
as another alternative sparsity promoting penalty function of the ¢y and
¢1 norms. The following ¢, optimization problems have attracted a great
amount of attention and gained successful applications in a wide range of
fields (see [12, 30, 40] and references therein):

(CPge)  min [|Blly st ly = XBl2 <e,



and )
(RPg»)  min o[y — X515+ AlIB]§.

In particular, [12] and [40] showed that the ¢, minimization and the ¢ 1
regularization admit a significantly stronger sparsity promoting capability
than the ¢; minimization and the ¢; regularization, respectively; that is, they
allow to obtain a more sparse solution from a smaller amount of samplings.
[30] revealed that the ¢ 1 regularization achieved a more reliable biological
solution than the ¢; regularization in the field of systems biology.

The advantage of the lower-order optimization problem has also been
shown in theory that it requires a weaker regularity condition to guarantee
the stable statistical property than the classical ¢; optimization problem.
In particular, let Bq,e and ﬂAq,)\ denote the optimal solution of (CPy¢) and
(RPy,»), respectively. The ¢ recovery bound for (CP, ) was established in
[16] and [36] under MIP and RIP respectively:

1Bg.e = B7ll2 = OC(e), (2)

where the MIP or RIP is weaker than the one used in the study of (CPy).
[24] established an ¢5 recovery bound for (RP, ) in the noise-free case:

1Bar — B713 = O(AT1s) (3)

under the introduced ¢-REC, which is strictly weaker than the classical
REC. However, the theoretical study of the ¢, optimization problem is still
limited; particularly, there is still no paper devoted to establishing the sta-
tistical property of the £, minimization problem when the noise is randomly
distributed, and that of the ¢, regularization problem in the noise-aware
case.

1.3 Contributions of This Paper

The main contribution of the present paper is the establishment of the s-
tatistical properties for the ¢, optimization problems, including (CP, ) and
(RPg,»), in the noise-aware case; specifically, in the case when the linear
regression model (1) involves a Gaussian noise e ~ .4#°(0,02L,;,). For this
purpose, we extend the ¢-REC [24] to a more general one, which is one of
the weakest regularity conditions for estimating the ¢y recovery bounds of
sparse estimation models, and provide some sufficient conditions for guaran-
teeing the general ¢-REC in terms of REC, RIP, MIP (with a less restrictive



constant); see Propositions 1 and 2. Under the general ¢-REC, we show that
the 3 recovery bound (2) holds for (CP ) with high probability, and that

1
- . logn \ 2-4
Ban— 8 ||%=0((02 e )

as well as the estimation of prediction loss and the oracle property, hold for
(RP, ) with high probability; see Theorems 1 and 2, respectively. These
results provide a unified framework of the statistical properties of the ¢, op-
timization problems, and improve the ones of the ¢, minimization problem
[16, 36] and the ¢; regularization problem [4, 6, 44] under the ¢-REC; see
Remark 4. They are not only of independent interest in establishing sta-
tistical properties for the lower-order optimization problems with randomly
noisy data, but also provide a useful tool for the study of the case when the
design matrix X is random.

Another contribution of the present paper is to explore the o recovery
bounds for the ¢, optimization problems with a random design matrix X
and random noise e, which is more realistic in the real-world applications;
e.g., compressed sensing [8], signal processing [9], statistical learning [1].
As reported in [32], the key issue for studying the statistical properties
of a sparse estimation model with a random design matrix is to provide
suitable conditions on the population covariance matrix % of X, which can
guarantee the regularity conditions with high probability; see, e.g., [9, 32].
Motivated by the real-world applications, we consider the standard case
when X is a Gaussian random design with i.i.d. A47(0,%) rows and the
linear regression model (1) involves a Gaussian noise, explore a sufficient
condition for ensuring the ¢-REC of X with high probability in terms of the
¢-REC of ¥, and apply the preceding results to establish the ¢y recovery
bounds (2) for (CP,.), and (3), as well as the predication loss and the
oracle inequality, for (RP, ), respectively; see Theorems 3 and 4. These
results provide a unified framework of the statistical properties of the ¢,
optimization problems with a Gaussian random design under the ¢-REC,
which cover the ones of the ¢; optimization problems (see [46, Theorem
3.1]) as special cases; see Corollaries 3 and 4. To the best of our knowledge,
most results presented in this paper are new, either for the deterministic or
random design matrix.

We also carry out the numerical experiments on the standard simulated
data. The preliminary numerical results verify the established statistical
properties and show that the ¢, optimization methods possess better re-
covery performance than the ¢; optimization method, which coincides with




existing numerical studies [24, 40] on the ¢, regularization problem.

The remainder of this paper is organized as follows. In section 2, we in-
troduce the lower-order REC and discuss its sufficient conditions. In section
3, we establish the ¢5 recovery bounds for (CP, ) and (RP, ) with a deter-
ministic design matrix. The extension to the linear regression model with a
Gaussian random design and preliminary numerical results are presented in
sections 4 and 5, respectively.

We end this section by presenting the notations adopted in this paper.
We use Greek lowercase letters «, 3,9 to denote the vectors, capital letters
J, T to denote the index sets, and script captical letters o/, %, € to denote
the random events. For § € R™ and J C {1,2,...,n}, we use 3; to denote
the vector in R™ that (87); = §; for i € J and zero elsewhere, |J| to denote
the cardinality of J, J¢:= {1,2,...,n} \ J to denote the complement of .J,
and supp(p) to denote the support of 3, i.e., the index set of nonzero entries
of 8. Particularly, I,,, stands for the identity matrix in R, and P(</) and
P(o/| %) denote the probability that event </ happens and the conditional
probability that event <7 happens given that event 2 happens, respectively.

2 Restricted Eigenvalue Conditions

This section aims to discuss some regularity conditions imposed on the de-
sign matrix X that are needed to guarantee the stable statistical properties
of (CPy,) and (RPg ).

In statistics, the ordinary least squares (OLS) is a classical technique for
estimating the unknown parameters in a linear regression model and has
favourable properties if some regularity conditions are satisfied; see, e.g.,
[31]. For example, the OLS always requires the positive definiteness of the
Gram matrix I'(X) := X " X, that is,

BTXOBYE | XBe
min —_— = min
BER™:3:£0 18112 BeR™:340 || 8|2

> 0. (4)

However, in the high-dimensional setting, the OLS does not work well; in
fact, the matrix I'(X) is seriously degenerate, i.e.,

o I XBl2
1n =
Berm:8£0 |||

To deal with the challenges caused by the high-dimensional data, the Lasso
(least absolute shrinkage and selection operator) estimator was introduced
by [37]. Since then the Lasso estimator has gained a great success in the



sparse representation and machine learning of high-dimensional data; see,
e.g., [4, 38, 44] and references therein. It was pointed out that Lasso requires
a weak condition, called the restricted eigenvalue condition (REC) [4], to
ensure the nice statistical properties; see, e.g., [39, 26, 29]. In the definition
of REC, the minimum in (4) is replaced by a minimum over a restricted set
of vectors measured by an ¢; norm inequality, and the norm ||3||2 in the
denominator is replaced by the ¢ norm of only a part of 3. The notion of
REC was extended to the group-wised lower-order REC in [24], which was
used there to explore the oracle property and f5 recovery bound of the ¢, ,
regularization problem in a noise-free case.

Inspired by the ideas in [4, 24], we here introduce a lower-order REC for
the ¢, optimization problems, similar to but more general than the one in
[24], where the minimum is taken over a restricted set of vectors measured by
an {, norm inequality. To proceed, we shall introduce some useful notations.
For the remainder of this paper, let a > 0 and (s,t) be a pair of integers
such that

1<s<t<n and s+t<n. (5)

For § € R™ and J C {1,2,...,n}, we define by J(J;t) the index set corre-
sponding to the first ¢ largest coordinates in absolute value of § in J¢. For
X € R™*™ its g-restricted eigenvalue modulus relative to (s, ¢, a) is defined

by

X2

¢q¢(s,t,a,X) := min {
107056 ll2

< s [1dgellg < allfMlZ}- (6)

The lower-order REC is defined as follows.

Definition 1. Let 0 < ¢ < 1 and X € R™". X is said to satisfy the
g-restricted eigenvalue condition relative to (s,t,a) (¢-REC(s,t,a) in short)
if

d)Q(S?tva:X) > 0.
Remark 1. (i) Clearly, the ¢-REC(s,t,a) provides a unified framework of
the REC-type conditions, e.g., it includes the classical REC in [4] (when
g =1) and the ¢-REC(s,t) in [24] (when a = 1) as special cases.

(ii) The restricted eigenvalue modulus (with ¢ = 1) defined in (6) is slightly
different from the one for the classical REC in [4], in which the factor
vm appears in the denominator there. For example, if the matriz X has
i.i.d. Gaussian entries, the restricted eigenvalue modulus in [4] scales as
a constant independent of s, m, and n and thus ¢q4(s,t,a, X) given by (6)
scales as \/m, whenever =-logn is bounded.



It is natural to study the relationships between the ¢-RECs and other
types of regularity conditions. To this end, we first recall some basic prop-
erties of the £, norm in the following lemmas; particularly, Lemma 1 is taken
from [23, Section 8.12] and [24, Lemmas 1 and 2].

Lemma 1. Let o, 8 € R™. Then the following relations are true:

11
1Bllgz < 1Bllgy < msr 2 ||Bllg,  for any 0 < g1 < g2 < +o00,  (7)
lally = 181§ < llee+ Bl < lleell§ + 18]l for any 0 <g<1.  (8)
Lemma 2. Letp > 1, ny,n2 € N, a € R}, B € R? and ¢ > 0 be such that

ni no
1= j_
Then . .
1 2
Sar<es s a0
i=1 =1

Proof. Let amax := 1r<nax o; and Bin 1= . min ;. Then it holds that

<i<m <j<na
ni ni n2 n2
D P g
Qmax g a, < aﬁlax E (67 and ﬁmin E Bj < /Bmin g Bj- (11)

Without loss of generality, we assume that amax > 0; otherwise, (10) holds
automatically. Thus, by the first inequality of (9) and noting p > 1, we have
that
0< aglaxﬂmin < amaxﬂﬁlin‘ (12)
no ni
Multiplying the inequalities in (11) by Bmin Y 8 and amax Y a; respec-
i=1 i=1

J
tively, we obtain that

ni ng ni n2
p
O'maxBmin E 6% § 6]’ < Oézr?nax/Bmin g &7} E Bj
=1 j=1 =1 =1

n1 ng
P
< Oémax/Bm'm § «; § ﬁj
=1 =1

n1 no

4

< O‘maxﬁmin E Q; § ij
=1 j=1

where the second inequality follows from (12). This, together with the sec-
ond inequality of (9), yields (10). The proof is complete. O



Extending [24, Proposition 5] to the general ¢-REC, the following propo-
sition validates the relationship between the ¢-RECs: the lower the ¢, the
weaker the ¢-REC. However, the inverse of this implication is not true; see
[24, Example 1] for a counter example. We provide the proof so as to make
this paper self-contained, although the idea is similar to that of [24, Propo-
sition 5.

Proposition 1. Let X € R™ "™ a > 0, and (s,t) be a pair of integers
satisfying (5). Suppose that 0 < q1 < g2 < 1 and that X satisfies the
g2-REC(s,t,a). Then X satisfies the g1-REC(s,t,a).

Proof. Associated with the ¢-REC(s,t, a), we define the feasible set
Cy(s,a) :={0 € R" : [|0¢||Z < all0s]|] for some |J] < s}. (13)

By Definition 1, it remains to show that Cy (s,a) € Cg,(s,a). To this
end, let § € Cy, (s,a), and let Jy denote the index set of the first s largest
coordinates in absolute value of 4. By the assumption that 6 € Cy, (s, a) and
by the construction of Jy, one has [[d¢||q; < al|dzlldi. Then we obtain by
Lemma 2 (with g2/q; in place of p) that |65 < alldz[|d; consequently,
d € Cy,(s,a). Hence, it follows that Cy, (s,a) C Cy,(s,a), and the proof is
complete. ]

It is revealed from Proposition 1 that the classical REC is a sufficient
condition of the lower-order REC. In the sequel, we will further discuss
some other types of regularity conditions: the sparse eigenvalues condition
(SEC), the restricted isometry property (RIP), and the mutual incoherence
property (MIP), which have been widely used in the literature of statistics
and engineering, for ensuring the lower-order REC.

The SEC is a popular regularity condition required to guarantee the nice
properties of sparse representation; see [4, 17, 43] and references therein.
For A € R™™ and s € N, the s-sparse minimal eigenvalue and s-sparse
maximal eigenvalue of A are respectively defined by

BTAB BTAB
Omin(s, A) := in ————,  Omax(S,4Q) = ax .
(. 4) Berm:1<[Blo<s BT A (s 4) perm:1<|Blo<s BT
(14)

The SEC was first introduced in [17] to show that the optimal solution of

(CPy,) well approximates that of (CP¢ ) whenever o, (2s,I'(X)) > 0.
The RIP is another well-known regularity condition in the scenario of

sparse learning, which was introduced by [10] and has been widely used

10



in the study of the oracle property and f» recovery bound for the high-
dimensional regression model; see [4, 9, 34] and references therein. Below,
we recall the RIP-type notions from [10].

Definition 2. Let X € R™*" and let s,t € N be such that s+t <n.

(i) The s-restricted isometry constant of X, denoted by ns(X), is defined to
be the smallest quantity such that, for any f € R"™ and J C {1,...,n}
with |J]| <s,

(L= nsO)NB13 < X813 < (L +0s(X)) 1813 (15)

(ii) The (s,t)-restricted orthogonality constant of X, denoted by 6,+(X),
is defined to be the smallest quantity such that, for any B € R™ and
J,TCA{1,...,n} with |J| < s, |T| <t and JNT =0,

(X B, XBr)| < 05 (X) B 2187 |2- (16)

The MIP is also a well-known regularity condition in the scenario of sparse
learning, which was introduced by [19] and has been used in [4, 7, 17, 18]
and references therein. In the case when each diagonal element of the Gram
matrix I'(X) is 1, 6;1(X) coincides with the mutual incoherence constant;
see [19].

The following lemmas are useful for establishing the relationship between
the ¢-REC and other types of regularity conditions; in particular, Lemmas
3 and 4 are taken from [10, Lemma 1.1] and [39, Lemma 3.1], respectively.

Lemma 3. Let X € R™*" and s,t € N be such that s+t <n. Then
0,0 (X) < Ms1(X) < 05,(X) + max{n, (X), ne(X)}.

Lemma 4. Let a,3 € R" and 0 < 7 < 1 be such that —(a, B) < 7lla|3.
Then (1 —7)[lall2 < fla + Bll2-

For the sake of simplicity, a partition structure and some notations are
presented. For a vector 4 € R™ and an index set J C {1,2,...,n}, we
use rank(d;; J¢) to denote the rank of the absolute value of §; in J¢ (in a
decreasing order) and Ji(d;t) to denote the index set of the k-th batch of
the first ¢ largest coordinates in absolute value of § in J¢. That is,

Ji(05t) :={i € J°: rank(d;; J¢) € {kt +1,...,(k+ 1)t}} for each k € N.
(17)

11



Lemma 5. Let X e R™*" 0 < ¢ <1,a>0, and (s,t) be a pair of integers
satisfying (5). Then the following relations are true:

1

ba(5,t, 0, X) > /omin(s + £, T(X)) — as (;)T§ Tma(LT(X)),  (18)

N|=

S

a(5,1,0,X) < \/Omax(s + £, (X)) + as (ﬁr Tmax(HT(X)). (19)

Proof. Fix ¢ € Cy(s,a), as defined by (13). Then there exists J C {1,2,...,n}
such that
|[J|<s and |6 < allds]G. (20)

Write 7 := [“7*] (where [u] denotes the largest integer not greater than
u), Ji := Jx(9;t) (defined by (17)) for each k € N and J, := J U Jy. Then

it follows from [24, Lemma 7] and (20) that

1_1

r 1_1 11 1 1 /78\>—35

i_2 L 21 1 2
>0l < 2700y < avtafoslly < ar (3)7 T ol D)
k=1

(due to (7)). Noting by (17) and (20) that |Ji| < s+t and |J;| <t for each
k € N, one has by (14) that

Vomin(s + 6, LX) 0, 12 < 1X65. 12 < Vomax(s + £, T(X)) |6, 12,
1 X075, |l2 < vomax(t, T(X))||ds,||2 for each ke N.

These, together with (21), imply that

r

1X5]2 > X650z = 1 X052
k=1
1

> (VoG ET00) 0k ()7 VoI ) o

Since § and J satisfying (20) are arbitrary, (18) is shown to hold by (6) and
the fact that J, = JUJ(6;¢). One can prove (19) in a similar way, and thus,
the details are omitted. O

The following proposition provides the sufficient conditions for the ¢-REC
in terms of the SEC, RIP and MIP; see (a), (b) and (c) below respectively.

Proposition 2. Let X € R™*" 0 < ¢ <1, a > 0, and (s,t) be a pair
of integers satisfying (5). Then X satisfies the g-REC(s,t,a) provided that
one of the following conditions:

12



2

(@) Tmin(s + 6, T(X)) > a (%) 7" omax(t, [(X)).
(%)

-1
(c) each diagonal element of T'(X) is 1 and 61 1(X) < ((1 + 2a (%)%71> (s+ t)) .

[N
Q=
N[

(b) ne(X) +654(X) +a O s1+¢(X) < 1.

Proof. Tt directly follows from Lemma 5 (cf. (18)) that X satisfies the ¢-
REC(s, t,a) provided that condition (a) holds. Fix § € Cy(s,a), and let J,
r, Ji (for each k € N) and J, be defined, respectively, as in the beginning
of the proof of Lemma 5. Then (21) follows directly and it follows from [24,
Lemma 7] and (17) that

T 1
11 191 1 /8\7 !
1= Y sl < s ldselly < avt T ol <an (3)" 11l
k=1

167

(22)
Suppose that condition (b) is satisfied. By Definition 2 (cf. (16)), one has
that

(X6, X85)| < D 1X60, X65)| < Orsre(X) 65,112 Y N6 ]l2-
k=1 k=1

Then it follows from (21) that

1/8\; 3
(X0 X85 < an (3)7 7 s (X100 2l1ds 2
F(5)1 ()
at (§)¢ t,s+t 2
< ; X6, 23
1— ns—i-t(X) H HQ ( )

(by (15)). Since s < t (by (5)), one has by Definition 2(i) that ns(X) <
n(X), and then by Lemma 3 that ns1+(X) < 654(X) + m(X). Then it
follows from (b) that

1 1 1 1 1 1
qa(8)qa 2 q ($)a 2
0 < a4 (t) ‘9t,s+t(X) < ad (t) 9t,s+t(X) <1 (24)
1 — s (X) 1= (7e(X) + 65(X))

This, together with (23), shows that Lemma 4 is applicable (with Xd;,,
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[N

Q=
Q=

X e, 2 (%1)_77 j(t;)rt(x) in place of «, 8, 7) to concluding that

2

1 1 1
as (2)772 0 44 4(X)
IXs5 > [1- (2) : 1X6,.13

- 1 — Neye(X)

2

1 1_1
872 0 sye(X) 5
167, 112

av (
> (L=nsp(X)) |1 - 1 —ns14(X)

(due to (15)). Since 6 and J satisfying (20) are arbitrary, we derive by (6)
and (24) that

1 11
a4 (§)q 20 s41(X)
s,t,a, X) > /1 —mea(X) | 1= L . > 0;
¢Q( ) n +t( ) 1— 775+t(X)

consequently, X satisfies the ¢-REC(s,t, a).
Suppose that (c) is satisfied. Then we have by (22) and Definition 2 (cf.
(16)) that
10113 = 11X 07113 + 2(X s, X8e) + | X013
> /X8, 13 - 20(X0,., X2)]
> (18,13 — 2602 (X) 0. 1 e (25)

1 /s5\:-1
> |1 X013 207 (3)7 610006 .

Separating the diagonal and off-diagonal terms of the quadratic form 6£ XTXs;,,
one has by (7) and (c¢) that

1X6,. 115 = Z(XTX)i,i((SJ*)i@J*)i + Z(XTX)j,k(%*)j@J*)k
i—1 Ak
= 118,113 + > (X5(85.)5 Xa(8.)x)

7k
> 162,113 = 01.1(X) 10,13
> (1= (s+t)01,1(X))16., II5-

Combining this inequality with (25), we get that

1

101 > (1 (1428 (3)) (5 08000 ) o B

14



Since 0 and J satisfying (20) are arbitrary, we derive by (6) and (c) that
L1
ba(s,t,a, X) > 1 — <1 + 2a7 (;) 0 ) (5 +)011(X) > 0;

consequently, X satisfies the ¢-REC(s,t,a). The proof is complete. O

Remark 2. It was established in [4, Lemma 4.1(ii)], [39, Corollary 7.1 and
3.1] and [4, Assumption 5] that X satisfies the classical REC under one of
the following conditions:

(2)) omin(s+t,T(X)) > 2a’omax(t,T(X)).

1
(b) 7e(X) + 054(X) + (3) 2 af,s44(X) < 1.
(¢’) each diagonal element of T'(X) is 1 and 61 1(X) < ((1+ 2a)(s + 1))~ L.

Proposition 2 extends the existing results to the general case when 0 < g <1
and partially improves them; in particular, each of conditions (a)-(c) in
Proposition 2 required for the ¢-REC is less restrictive than the correspond-
ing one of conditions (a’)-(c’) required for the classical REC in the situation
when t > as, which usually occurs in the high-dimensional scenario (see,
e.g., [4, 9, 46]). Moreover, by Propositions 1 and 2, we achieve that the
q-REC(s,t,a) is satisfied provided that one of the following conditions:

(2°) Fmin(s + 1, T(X)) > min {1, (%)3‘2} 2020 (1, T (X)).

(6°) () + 0o (X) + min {1, (2) 7} (5)* ahere(X) < 1.

(c®) each diagonal element of I'(X) is 1 and 61 1(X) < <<1 + 2a min {1, (%) a

3 Recovery Bounds for Deterministic Design

This section is devoted to establishing the ¢5 recovery bounds for (CPg)
and (RP, ) in the case that X is deterministic. Throughout this paper, we
assume that the linear regression model (1) involves a Gaussian noise, i.e.,
e~ A4 (0,0%,,), and adopt the following notations:

let 5* be a solution of (1), J := supp(8*), s :=|J|, and let t € N satisfy (5).

The ¢5 recovery bound of the ¢; regularization problem (i.e., Lasso esti-
mator) was established in [4] under the assumption of the classical REC.

15
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The deduction of the £5 recovery bound is based on an important property
of the optimal solution. More precisely, let Bl,e and BL » be the solutions
of the ¢; minimization and the ¢; regularization problems, respectively. It
was reported in [9, Eq. (2.2)] and [4, Corollary B.2] that the corresponding
residuals satisfy the following dominant properties, with high probability,

1(Bre = B%)gells < (Bre = B)allx

and R R
[(Bra = B%) el < 3[[(Bixr — 8%l

for the /1 minimization and the ¢; regularization problems, respectively.

In the study of the ¢, minimization and the ¢, regularization problems,
a natural question arises whether the residuals of solutions of (CP,.) or
(RP,,») satisfy such a dominant property on the support of the true under-
lying parameter of linear regression (1) with high probability. Below, we
provide a positive answer for this question in Propositions 3 and 4. To this
end, we present some preliminary lemmas to measure the probabilities of
random events related to the linear regression model (1), in which Lemma
6 is taken from [46, Lemma C.1].

Lemma 6. Let 0 <0 <1 and b > 0. Suppose that

max || X[z < (14 0)vm. (26)
1<j<n

Then

-1

P (”XT@H"O > o (1 + 6) 2(1+b)logn) < <nb\/7Tgn)

m m

Lemma 7. Letd > 5. Then
d—1
P (|lell3 > dmo?) < exp <_4m> ‘

Proof. Recall that e = (eq,...,em)" ~ A(0,0%L,). Let u; := %ei for
i = 1,...,m. Then one has that u,...,u,, are i.i.d. Gaussian variables
with u; ~ A47(0,1) for i = 1,...,m. Let u := (u1,...,uy,) . Clearly,
|lul|2 = U%He”% is a chi-square random variable with m degrees of freedom
(see, e.g., [35, Section 5.6]). Then it follows from standard tail bounds of
chi-square random variable (see, e.g., [33, Appendix I]) that

— —1
P <|u||2 mn >d— 1) < exp (—d m)
m 4

16



(as d > 5). Consequently, we obtain that

P (lel3 = dmo?®) = P (JJul > dm) < exp (—d41m> |

The proof is complete. O

Recall that §* satisfies the linear regression model (1).

Lemma 8. Let B%,\ be an optimal solution of (RP, ). Then
1 * 5 2 *||q 2 q 14 * T
5= IXB" = XByal3 < N IE ~ ABgalls + 1B — 11X el
Proof. Since BA% A is an optimal solution of (RPy ), it follows that
! X By l2+ MBoall? < — XB*|I3 + M| g*||¢
%Hy— Ballz + AllBgalld < %Hy— B3 + Al B2
This, together with (1), yields that
A * 1 * (12 1 2 2
M Bgalld = MB*1E < %Hy - Xp%5 — %Hy — XBgall3
1 A * 1 * A
— (X(Bga = B")v€) = 5-IXB" = XByal}

]_ I T 1 A 2
< g = B IIX Tello — 51X 8* — X Byl

The proof is complete. O

Below, we present some notations that are useful for the following discus-
sion of the ¢3 recovery bounds. Recall that §* is a solution of (1). Through-
out the remainder of this paper, let

a>1, 0<60<1, b>0, (27)
unless otherwise specified, and let » > 0 be such that
r 2> |8 lq- (28)
Let

502 1/q
e:=o0VvVbm and p:= (2)\ + rq) , (29)

and select the regularization parameter in (RPy ) as

L a+1 1—q n=e [2(1+Db)logn 5 ,
A= max{a_10(1+9)2 (I1+7r)"a 0 (- (30)

17



Define the following two random events relative to linear regression model
(1) by

o =1{e: lels < ¢} (31)
and
a+1 _
B = {6 : m@p)l X Tello < )\}. (32)

The following lemma estimates the probabilities of events &7 and .

Lemma 9. The probability of event o/ satisfies
P(«/) > 1 — exp(—m). (33)

Moreover, suppose that (26) is satisfied. Then

P(B) > 1— (nb\/@)fl, (34)
P/ NAB) > 1—exp(—m) — (nﬂ/@)il . (35)

Proof. By (29) and (31), Lemma 7 is applicable (with d = 5) to showing
that P(«7¢) < exp(—m), that is, (33) is proved. Then it remains to show
(34) and (35). For this purpose, we have by (30) that A > 252, and noting
that 0 < ¢ <1,

1—q

a+1 1o {50? e [2(14+0b)logn
> 1 T — 4+ _
)\_a_la( +0)2 (2)\ +r) -

a+1 1—o [2(140)logn
- 1+ 0)(2p)lm0y ) 22108

o1+ 0)(20) b

(due to (29)). Then one has by (32) that

P(#) < P((‘“<2p>1-qrxTe||oo>“+1a<1+a><zp>1-q “”l’”g")

a—1)m a— m
X7 2(1 1
_ P(H clloo 5 1 4 gy, 20ED) ogn>'
m m

Hence, by assumption (26), Lemma 6 is applicable to ensuring (34). More-
over, it follows from the elementary probability theory that

P NAB)>P()—P(HB°) >1—exp(—m) — (nb\/wlogn>_1 .

The proof is complete. O
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We show in the following two propositions that the optimal solution B
of the ¢, minimization problem (CP,.) or the ¢, regularization problem
(RP,,») satisfies the following dominant property on the support of the true
underlying parameter of (1) with high probability:

18 = B)e M8 < ell(B = B)1¢ (36)
with ¢ =1 or ¢ = a, respectively.

Proposition 3. Let BQ,E be an optimal solution of (CPy.) with € given by
(29). Then it holds under the event </ that

1(Bg.c = B7)ellg < 1(Bg.e = B%).sllg- (37)

Proof. Let e € o/. Recall that 5* satisfies the linear regression model (1),
one has that ||y — X3*||2 = ||e]|]2 < € (under the event ), and so, 5* is a
feasible vector of (CPg.). Consequently, by the optimality of 3, . for (CP,.),
it follows that ||Bg.ellq < [|8*|lg- Write 6 := B, — 8*. Then we obtain that

1B¥MG = 18" + 611G = 18" + 67 + dellg = 16" + 050G + losellg, — (38)

where the last equality holds because 3%. = 0. On the other hand, one has
by (8) that ||3* + ds||la > ||8*||& — ||6s]|2. This, together with (38), implies
(37). The proof is complete. O

Proposition 4. Let qu)\ be an optimal solution of (RP4 ) with A given by
(30). Suppose that (26) is satisfied. Then

1Bgx = B*Il1 < (20)'9(1Bg.n — B*I (39)
under the event <, and
1By = B7)relld < all(Bor = B%).1 112 (40)

under the event o/ N A.

Proof. Let e € . Since ﬁA% » is an optimal solution of (RPg ), one has that

1 A 2 A 1 * (12 *
%Hy — XByallz + MBgalld < %Hy = X85+ AlB*E-

Then, by (1) and (28), it follows that

5 1 \ \ 1
1BeallE < 5 lly = XB715 + 18711 < lel|3 + 7 < p?

9= 2m\ 97 2mA
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ue to an . Write 6 := f3 A — B en, we obtain by an
d 29) and (31)). Write § := §,, — #*. Th btain by (7) and
(28) that

1611 < 1Bgall + 1871 < [Bgallg + 157Mg < p+ 7 < 2p.
q
Consequently, noting that 0 < ¢ < 1, one sees that % < (%) , and
then, by (7) that
811 < (2p)' 701811 < (20)' 71812 (41)
This shows that (39) is proved. Then it remains to claim (40). To this end,
noting that 3%. = 0, we derive by Lemma 8 that
1
—EH5H1HXT€Hoo < ABTIG = AllB* + 41l

= MIB7NG = AllBT + 001G = Alldsellg

< A (116118 = N10se117)
(by (8)). This, together with (41), yields that

1 _
A (181§ = 1072018) = =—(20) (16§11 X " elloo-
Then, under the event &/ N %, we obtain by (32) that
(a+1) (111§ = llsell§) = —(a = D0llF = —(a = 1)(os11§ + Nl [19),
which yields (40). The proof is complete. O

Remark 3. By Lemma 9, Propositions 3 and 4 show that (37) holds with
probability at least 1 — exp(—m), and (40) holds with probability at least

1 —exp(—m) — (nb 7 log n)fl if (26) is satisfied, respectively.

By virtue of Lemma 9 and Proposition 3, one of the main theorems of
this section is as follows, in which we establish the ¢ recovery bound for the
¢, minimization problem (CP,.) under the ¢-REC. This theorem provides
a unified framework to show that one can stably recover the underlying
parameter with high probability via solving the ¢, minimization problem
when the design matrix satisfies the weak ¢-REC.

Theorem 1. Let 3, be an optimal solution of (CPy.) with € given by (29).
Suppose that X satisfies the ¢-REC(s,t,1). Then, with probability at least
1 — exp(—m), we have that

PP PREIOLE (42)
e 2—¢2< LX)
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Proof. Write § := B, — 3%, and let J, := J U Jo(d;t) (defined by (17)). Fix
e € o/. Then it follows from [24, Lemma 7] and Proposition 3 that

2 2
1—2 1—-2 s\ ;1 s\ ;1
10513 < o2 < #7002 < (5)" s < (5)" 163
(by (7)), and so

16113 = [16.1.

s\ 2-1
ol (14 (3 ) Ionlg @

Recalling that g* satisfies the linear regression model (1), we have that
ly — XB*[|l2 = |lell2 < € (by (31)), and then

IX0ll2 = X Bge = XB"l2 < [ XBge —ylla + | XB" —ylla < 2. (44)

On the other hand, Proposition 3 is applicable to concluding that (37) hold-
s, which shows § € Cgy(s,1) (cf. (13)). Consequently, we obtain by the
assumption of the ¢-REC(s,¢,1) that

X0
6.l < 1202
¢q(57 t7 17 X)
This, together with (43) and (44), implies that (42) holds under the event <.
Noting from Lemma 9 that P(.7) > 1 —exp(—m), we obtain the conclusion.
The proof is complete. O

In the special case when the underlying data is noise-free, Theorem 1
shows that (CPg ) can exactly predict the parameter for the deterministic
linear regression with high probability under the lower-order REC. For the
realistic scenario where the measurements are noisy-aware, Theorem 1 illus-
trates the stable recovery capability of (CP, ) in the sense that its solution
approaches to the true sparse parameter within a tolerance proportional to
the noise level with high probability. Moreover, Theorem 1 establishes the
{5 recovery bound ||3,.c — 5*||2 = O(€) under a weaker assumption than the
RIP-type or MIP-type condition used in [16, 36], respectively.

As a special case of Theorem 1 when g = 1, the following corollary presents
the ¢3 recovery bound of the ¢; minimization problem (CP; ) as

1B1e = B2 = O(e) (45)

under the classical REC. This result improves the ones in [7, 9] under a
weaker assumption, in which the ¢5 recovery bound (45) was obtained under
the RIP-type conditions.
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Corollary 1. Let B be an optimal solution of (CP1 ) with € given by (29).

Suppose that X satisfies the 1-REC(s,t,1). Then, with probability at least
1 — exp(—m), we have that

o) * (|2 1+ % 2

11~ B8 < gyt

The other main theorem of this section is as follows, in which we exploit

the statistical properties of the ¢, regularization problem (RP, ») under the

¢-REC. The results include the estimation of prediction loss and recovery

bound of parameter approximation, and also the oracle property, which

provides an upper bound on the prediction loss plus the violation of false

parameter estimation.

Theorem 2. Let Bq)\ be an optimal solution of (RP, ) with A given by
(30). Suppose that X satisfies the g-REC(s,t,a) and that (26) is satisfied.
Then, with probability at least 1 — exp(—m) — (nb mlog n)_l, we have that

2

2a\ )2—q .
(¢q(s,t,a, X)/v/m)1 ’

1 .
X~ x5l < (46)

2% a) =
(%(s,t,a,X)/m)q) s, (47)

1 - . .
%ﬁwmA—Xﬂ%+wwm»ﬁws<

_2

A 2 2-1 2aA 2-q
A< (14ar (2)" !
== (140 ()7 ) (Grrasorme) @
Proof. Write ¢ := B%)\ — [* and fix e € &/ N A. Note by (39) and (32) that

1 a—1
EI|5|!1||XT6||<>O < Allo]1g.

“a+1
This, together with Lemma 8, implies that

1 - N N - a—1
o X Ba = X8 < NIB*IE = Ml + S NI o
49
A a—1
< A1 = M By + S A

(noting that 8%. = 0 and by (8)). Let J, := J U Jy(0;t). One has by (40)
and (7) that

a—1
a+1

Aldsllg + MSllg < aX[ds]1g < ars'2]as]3,
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and by the assumption of the ¢-REC(s, ¢, a) that

o lixdls
o (bq(sata a7 X)

These two inequalities, together with (49), imply that

16712 < |65+

b

1 N N als' "z A
— || X — XB*2+ A\ el < ——7— || X — X B4
s 1K = X884 Al el < gt | X~ X578
This yields that
(46) and (47) hold under the event &/ N A. (50)

Furthermore, it follows from [24, Lemma 7] that

2
1_2 2 q_2 2 /85\ g1
0513 < ¢ 6sel2 < at' 0,12 < ai (3)* 3.

(by (40) and (7)). By the assumption of the ¢-REC(s, t,a), one has by (46)
that

2

) |IX3)3 << 2a\ )
27 @2(s,ta, X) — \(@g(s,t,a,X)//m)? '

Hence we obtain that

16.7.

2

2 75\ 51
6l < (1+aF (5)7) 1w I3

= (l +at (33_1) <(¢q(s,t, 2?0/\/@)

(48) holds under the event &7 N A. (51)

1Bgx = 87115 = 114

This shows that

By assumption (26), Lemma 9 is applicable to concluding that

-1

P(o/ NAB)>1—exp(—m) — (nbm>

This, together with (50) and (51), yields that (46)-(48) hold with probability
at least 1 — exp(—m) — (nb 7 log n)fl. The proof is complete. O

23



Remark 4. (i) It is worth noting that each of the estimations provided
in Theorem 2 (cf. (46)-(48)) involves the term ¢q4(s,t,a,X)/y/m in the
denominator, which scales as a constant if X has i.i.d. Gaussian entries;
see Remark 1(ii).

(ii) Theorem 2 provides a unified framework of the statistical properties
of the £y regularization problem under the weak q-REC that is one of the
weakest reqularity conditions in the literature, in which each of the obtained
estimations depends on the noise amplitude and sample size. In particular,

for the regularization parameter scaling as A =< max (a\/loi”, 02> (cf.

(30) ), Theorem 2 indicates the prediction loss and the ly recovery bound for
(RPg.») scale as

1
1 . . logn \ 2-a
| X Bgr — XP \I%—O<(02g ) s>,
m m

Bar— B3 =0 ((ﬂﬁi“) o ) . (52)

(iii) It was shown in [43] that the global solution of the FCP sparse linear
regression, including the SCAD and MCP as special cases, has an £y recovery
bound O(A\?s) under the SEC. Though the recovery bounds are slightly better
than (52), the condition required is substantially stronger than the ¢-REC. In
[43], the authors also established the oracle property for the £y reqularization
method under the SEC; while its o5 recovery bound cannot be guaranteed
in their work. We shall see in section & that the ¢, regularization method
performs better in parameter estimation than either the SCAD/MCP or the
Ly regularization method via several numerical experiments.

and

Remark 5. Recently, some works concerned the statistical property for the
local minimum of some nonconver regularization problems; see [25, 27].

(i) Loh and Wainwright [27] studied the {2 recovery bound for the local
minimum of a general regularization problem:

min L (8; X) + Y pa(8;), (53)
j=1

where Ly, : R™ x R™*™ — R is the loss function, and py : R — R is the
(possibly nonconvex) penalty function. In [27], the penalty function py is
assumed to satisfy the following assumptions:
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(a) pA(0) =0 and is symmetric around zero;

(b) px is nondecreasing on Ry ;

(c) Fort >0, the function t — pAT(t) is nonincreasing in t;

(d) px is differentiable for each t # 0 and subdifferentiable at t = 0, with

lim p;\(t) =AL;
t—0+
(e) There exists p > 0 such that py . (t) := pa(t) + 5¢* is convex.

Loh and Wainwright established in [27, Theorem 1] the {5 recovery bound for
the critical point satisfying the first-order necessary condition of (53) under
the restricted strong convexr condition, which is a variant of the classical
REC.

The L4 norm can be reformulated as the penalty function px(5;) := A|5;|9,
however, it does not satisfy assumptions (d) or (e); in particular, assumption
(e) plays a key role in the establishment of oracle property and Ly recovery
bound for the local minimum. Therefore, the result in [27] cannot be directly
applied to the £, regularization problem, and the oracle property for the gen-
eral local minimum of the {4 regularization problem is still unsolved at this
moment.

(i) Liu et al. [25] studied the statistical property of the FCP sparse linear
regression and presented the oracle property and fo recovery bound for the
certain local minimum, which satisfies a subspace second-order mecessary
condition and lies in the level set of the FCP regularized function at the true
solution, under the SEC. Although the {; regularizer is beyond the FCP,
our established Theorem 2 provides a theoretical result similar to [25] in
the sense that the oracle property and fo recovery bound are shown for the
local minimum within the level set of the £, regularized function at the true
solution.

As an application of Theorem 2 to the case when ¢ = 1, the following
corollary presents the statistical properties of the ¢; regularization problem
under the classical REC, which covers [4, Theorem 7.2] as a special case when
a=3,0=0and b=0. The same /5 recovery bound rate O(c?slogn/m)
was reported in [42] under the sparse Riesz condition, which is comparable
with the classical REC; while the same oracle inequality rate O(o?slogn/m)
was established in [39] under the compatibility condition, which is slightly
weaker than the classical REC but cannot guarantee the £2 recovery bound.

Corollary 2. Let Bl,)\ be an optimal solution of (RPy ) with

1
A=20(1406) Q(Jr:jlog”.
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Suppose that X satisfies the 1-REC(s,t,3) and that (26) is satisfied. Then,
with probability at least 1 — (nb 7 log n)_l, we have that

288(1+b)(1 + 9)202810gn
2(s,t,3,X)/m m

1 A N
— | XBix— X8B3 <
m

144(1 4+ b)(1 + 6)* 4 logn
oS
3(s,t,3,X)/m m
288(1+b)(1+6)% (1+92) 2 l08m
#1(s,t,3,X)/m?2 m

1o . .
Sl XBua = X513+ Al (Bia)sell <

1813 = 8715 <

4 Recovery Bounds for Random Design

In practical applications, it is a more realistic scenario that the design matrix
X is random. In this section, we consider this situation and present the /o
recovery bounds for (CP,¢) and (RP, ) by virtue of the results obtained
in the preceding section. In particular, throughout this section, we shall
assume that the linear regression model (1) involves a Gaussian noise, i.e.,
e~ A (0,0%,,), and

X € R™" is a Gaussian random design with i.i.d. .47(0, %) rows,

that is, Xi.,..., X, are i.i.d. random vectors with each X; ~ .A47(0,%).
Recall that a, 6, and b are given by (27), and let (s,?) be a pair of integers
satisfying (5).

To study the statistical properties of (CP,.) and (RP, ) with a random
design X, we first provide some sufficient condition for the ¢-REC of X iIll
terms of the population covariance matrix . For this purpose, we use 2
to denote the square root of ¥ and ((X) := maxi<;<n 3, to denote the
maximal variance. Let a > 0, and two random events related to the linear
regression model (1) with X being a Gaussian random design are defined as

follows
> \/ﬁ

€, = {qsq(s,t,a,X) Yo als.ta. z%)} : (54)

and

9D = { max [|X.ll2 < (1+ 0)@} . (55)

1<j<n

The following lemma is taken from [1, Supplementary, Lemma 6], which
is useful for providing a sufficient condition for the ¢-REC of X.
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Lemma 10. There exist universal positive constants (c1,c2) (independent
of m,n,¥) such that it holds with probability at least 1 — exp(—com) that,
for each § € R"

logn

1513
S I61. (56)

1

SIS0 — ()2

The following lemma calculates the probabilities of events &, and &, which
is crucial for establishing the £5 recovery bounds of (CPy ) and (RP, ) with
a random design X. In particular, part (i) of this lemma shows that the
Gaussian random design X satisfies the g-REC with high probability as long
as the sample size m ils sufficiently large and the square root of its population
covariance matrix 32 satisfies the ¢-REC; part (ii) of this lemma presents
that each column of the Gaussian random design X has an FEuclidean norm
scaling as y/m with an overwhelming probability.

Lemma 11. (i) Let a > 0. Suppose that %3 satisfies the ¢-REC(s,t,a).
Then, there exist universal positive constants (c1,ce) (independent of m,n,q, s, t,a,%)
such that, if

ms ) (m +avs (%) 3‘1)2 log, (57)
(Z)%(s,t,a,Ei) t

then
P(%,) > 1 — exp(—cam). (58)

(ii) Suppose that X;; =1 for all j = 1,...,n. Then, there exist universal
positive constants (cs,cq) and T > 1 (independent of m,n, 0,3 ) such that, if

4
c3T
m > :;T logn, (59)
then
P(2) > 1 — 2exp(—cs6*m/7). (60)
Proof. (i) We first claim that
¢q(s7t7 CL,X) > \/2m¢q(87t7a7 Z%)a (61)

whenever (56) holds for each § € R™. To this end, we suppose that (56) is
satisfied for each 6 € R™. Fix § € Cy(s,a), and let J, r, Jj, (for each k € N)
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and J, be defined, respectively, as in the beginning of the proof of Lemma
5. Then (22) follows directly, and one has that

611 = 0.7, M1 + 1d7¢]1

as\ g1

<Vs+t)0s 2+ avs (7> 16.]]2 (62)
11

< (vt avs () ) 1ol

By the assumption that Y2 satisfies the ¢-REC(s,t,a), it follows that
122303 > 63(s,t, 0. 2%) 10, 13-
Substituting this inequality and (62) into (56) yields

1013

2
m 2

1 i 21
> <;¢g<s,t,a,zz> — o) (Vi ravs (2)7) °,i”) 6.

This, together with (57), shows that

X503 _ 1 ,
Tz > 1¢3(37t7a722)”5J*”%-

Since § and J satisfying (20) are arbitrary, we derive by (6) that (61) holds,
as desired. Then, Lemma 10 is applicable to concluding (58).

(ii) Noting by the assumption that 3; ; = 1forall j =1,...,n, [46, Theorem
1.6] is applicable to showing that there exist universal positive constants
(c1,¢2) and 7 > 1 such that

P (Mo {1 = 0)vm < [Xjlla < (14 0)v/m}) > 1= 2exp(—eaf’m/ ),
whenever m satisfies (59). Then it immediately follows from (55) that
P(27) = PN {IIXjll2 < (1+ 0)v/m})
> 1 — 2exp(—c260?m/74),
that is, (60) is proved. O

Remark 6. (i) As a direct application of Lemma 11(i), the classical REC
1s satisfied by X with high probability if ok satisfies the classical REC (s,t,a)
and

m > ¢2(le(2)§]1) (\/s+t+a\/§)210gn,
1 S, ,CL, 2
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which covers [32, Corollary 1] as a special case when t = 0.

(ii) Recall from Remark 1 that ¢4(s,t,a,X) given by (6) usually scales
as /m independent of s and n for the Gaussian random design X. Then
Lemma 11(i) is applicable to indicating that ¢q4(s,t, a, Z%) usually scales as
a constant independent of s, m and n.

Below, we consider the dominant property (36) in the situation when X is
a Gaussian random design. For the ¢, minimization problem (CP, ), Propo-
sition 3 is still applicable for the case when X is a Gaussian random design
since it does not rely on the assumption of X, and thus, (37) holds with
the same probability for the random design scenario; see Remark 3. In the
following proposition, we show the dominant property (40) for the ¢, regu-
larization problem (RP, ) with a random design by virtue of Proposition
4. Recall that €, A\, p and the events &/ and # are given in the preceding
section; see (29)-(32) for details.

Proposition 5. Let Bq)\ be an optimal solution of (RP4 ) with A given by
(30). Suppose that ¥;; =1 for all j =1,...,n. Then, there exist universal
positive constants (c1,c2) and T > 1 (independent of m,n,q,a,0,b,¢,7,\, %)

such that, if
4

C1T
m > ;—2 log n, (63)

then (40) holds with probability at least (1—(n®/7 log n)_l)(1—2 exp(—cof?m /1)) —
exp(—m).

Proof. By (55), one sees by Proposition 4 that (40) holds under the event
o NANZ. Then it remains to estimate P(«Z N #A N Z). By Lemma 11(ii),
there exist universal positive constants (c1,c2) and 7 > 1 such that

P(2) > 1 — 2exp(—cz6?m/7),
whenever m satisfies (63). From Lemma 9 (cf. (34)), we have also by (55)
e P(#|2) > 1 - (n"y/mlogn)~".
Then, it follows that
P(#N2D) =P(B|2)P(2)
> (1= (ny/mlogn) 1) (1 — 2exp(—ca6Pm/rY)),
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and then by the elementary probability theory and (33) that,

P(d NBND)=P(BND)—P(BNDN I
>P(ABND)+P() -1

> (1 — (nb\/ﬂ'log n) _1> (1 — 2exp(—c26?m/7")) — exp(—m),

whenever m satisfies (63). The proof is complete. O

Now we are ready to present the main theorems of this section, in which
we establish the £y recovery bounds for (CP,.) and (RP,)) when X is a
Gaussian random design. The first theorem illustrates the stable recov-
ery capability of the ¢, minimization problem (CP,.) (within a tolerance
proportional to the noise) with high probability when the design matrix is
random as long as the vector 8* is sufficiently sparse and the sample size m
is sufficiently large.

Theorem 3. Let 3, be an optimal solution of (CPy.) with € given by (29).
Suppose that N3 satisfies the g-REC(s,t,1). Then, there ezist universal pos-
itive constants (c1,c2) (independent of m,n,q, s, t,e,%) such that, if (57) is
satisfied, then it holds with probability at least (1—exp(—m))(1—exp(—cam))
that
2

16(1+(3)e ) ,

€.
me3 (s, t,1,57)

1Bg.c = 6113 < (64)

Proof. To simplify the proof, corresponding to inequalities (42) and (64),
we define the following two events

2
A (3)
6 1= e - < 20 J s

2(s.,1,X) [
16(1+ (2)77Y
— 21)q
8= e~ BB < —o " e
maea(s,t,1,%2)

Then, by the definition of %} (54), we have that €3 N &1 C &, and thus
IP((%) > IP((oﬁl N 651) = P(gﬂ%)[@(%), (65)
Note by Theorem 1 that

P(&1|%1) > 1 — exp(—m). (66)
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By Lemma 11(i) (with @ = 1), there exist universal positive constants (c1, c2)
such that (57) ensures (58). Then we obtain by (65) and (66) that

P(8) > (1 — exp(—m))(1 — exp(—cam)),
whenever m satisfies (57). The proof is complete. O

As a direct application of Theorem 3 to the special case when ¢ = 1, the
following corollary presents the ¢ recovery bound of the ¢; minimization
problem (CP; ) with a Gaussian random design as

1B1.e — B*[l2 = OCe)
under the classical REC.

Corollary 3. Let 31 be an optimal solution of (CP1.) with € given by (29).

Suppose that 33 satisfies the 1-REC(s,t,1). Then, there exist universal
positive constants (c1,c2) (independent of m,n,q, s,t,€,%) such that, if

m > LZ)I(\/S +1++/s)logn,
$i(s,1,1,%2)

then it holds with probability at least (1 — exp(—m))(1 — exp(—cam)) that

16(1+ %) 2
mgb%(s,t, 1, E%)

181, = 87115 <

The other main theorem of this section is as follows, in which we exploit
the estimation of prediction loss, the oracle property and the /o recovery
bound of parameter approximation of the ¢, regularization problem (RP, )
with a Gaussian random design under the ¢-REC of the square root of its
population covariance matrix.

Theorem 4. Let BW\ be an optimal solution of (RPg ) with A given by
(30). Suppose that ¥;; = 1 for all j = 1,...,n and s satisfies the g-
REC(s,t,a). Then, there exist universal positive constants (c1,c2,c3,¢4)
and 7 > 1 (independent of m,n,q,s,t,a,0,b,e,7, X\, %) such that, if

m > max

1
a(Vs+t+aiy/s(
$2(s,t,a,%7
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then it holds with probability at least (1 —exp(—m) — (nb 7 log n)_l) (1-
exp(—com) — 2exp(—c40?m /7)) that

1 s . 20t 1g )\ a
— | XByr = XB3 < | ————1 8, (68)
m ¢Z(Sataa722)

1 . . 83a\ e
—|IXByr — XB|3+ A e < [ — 22224 s, 69
2mll Bax — XB 13+ Al (Bga) sellg < <¢g(s,t, a,zé)> (69)

o 2 3_1 S8al 2TQq
1Bg.x — B*|l5 < (1 +aa (%) ) <¢2(3taa§]§)> s. (70)
g\o b &,

Proof. To simplify the proof, we define the following six events

Z1 = {(46) happens}, Fy = {(47) happens}, F3 = {(48) happens},
% = {(68) happens}, % = {(69) happens}, % = {(70) happens}.

Fix i € {1,2,3}. Then, we have by (54) that ¢, N.%; C ¥ and thus
P(%) > P(%, 0 7). (71)

By Lemma 11, there exist universal positive constants (ci,ca,cs,cq4) and
7 > 1 such that, (67) ensures (58) and (60). Then it follows from (58) and
(60) that

P(6,N D) > P(€,) +P(2)—1>1—exp(—com) —2exp(—c40>m/74), (72)

whenever m satisfies (67). Recall from Theorem 2 that

-1
P(Z|6,NZ)>1—exp(—m) — (nb\/wlogn> .
This, together with (72), implies that
P(6. N F) > P(F|6.N2)P(6, N D)

> (1 —exp(—m) — (nb\/Trlog n)_1> (1 — exp(—cam) — 2exp(—c46?m/7)).
Then, one has by (71) that
P(¥;) > <1 —exp(—m) — <nbm)_l) (1—exp(—com)—2exp(—cs6?m/7)),

whenever m satisfies (67). The proof is complete. O
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As an application of Theorem 4 to the special case when ¢ = 1 and
a = 3, the following corollary presents the statistical properties of the ¢;
regularization problem with a Gaussian random design under the classical
REC. A similar ¢5 recovery bound was shown in [46, Theorem 3.1] by using
a different analytic technique.

Corollary 4. Let Bl,)\ be an optimal solution of (RPy ) with

1
A=20(1406) Q(Jr:jlog”.

Suppose that ¥ ; =1 forallj =1,...,n and s satisfies the 1-REC(s, t, 3).
Then, there exist universal positive constants (c1,ca,cs3,c4) and 7 > 1 (in-
dependent of m,n, s, t,0,b,%) such that, if

/s 1 2 4
m > max aVs+ +3\1/§) logn, %logn ,
91(s.t,3,52) o

then it holds with probability at least (1 — exp(—m) — (n’y/7log n)fl)(l -
exp(—com) — 2exp(—cy0?m /7)) that
1152(1 4+ b)(1 +0)? slogn 4
o
9i(s,1,3,52) ™

)

1 5 N
— || XBiA — XB*I3 <
m

576(1+b)(1 +6)2 slogn ,
¢%(s,t,3,2%) m
4608(1 4 b)(1 + 0)%(1 + 92) slognJQ
qﬁil(s,t,?),z ) m

1 . .
%!\Xﬁm — XB*I5 + Al (Bra) el <

)

1B — 8713 <

N

5 Numerical Experiments

The purpose of this section is to carry out the numerical experiments to
illustrate the stability of the ¢, optimization methods, verify the established
theory of the £5 recovery bounds in the preceding sections and compare the
numerical performance of the ¢, regularization methods with another two
widely used nonconvex regularization methods, namely the SCAD and MCP.
In particular, we are concerned with the cases when ¢ = 0, ¢ = 1/2, 2/3
and 1. To solve the ¢, minimization problems, we will apply the iterative
reweighted algorithm [11, 13] . To solve the ¢, regularization problems,
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we will apply the iterative hard thresholding algorithm [5] for ¢ = 0, the
proximal gradient algorithm [24] for ¢ = 1/2 and 2/3, and FISTA [3] for
g = 1, respectively. The proximal gradient algorithm proposed in [27] will be
used to solve the SCAD and MCP. All numerical experiments are performed
in MATLAB R2014b and executed on a personal desktop (Intel Core i7-4790,
3.60 GHz, 8.00 GB of RAM).

The simulated data are generated via a standard process; see, e.g., [1,
24]. Specifically, we randomly generate an i.i.d. Gaussian ensemble X €
R™*™ and a sparse vector $* € R™ with the sparsity being equal to s. The
observation y is then generated by the MATLAB script

y =X x 5% + sigma * randn(m, 1),

where sigma is the noise level, that is the standard deviation of Gaussian
noise. In the numerical experiments, the dimension of variables and the
noise level are set as n = 1024 and sigma = 0.01, respectively.

For each sparsity level (e.g., s/n = 5%,10%, 15%,20%), we randomly
generate the data X, 5*, y for 100 times and run the algorithms mentioned
above to solve the ¢, optimization problems for ¢ = 0, 1/2, 2/3 and 1 as well
as the SCAD and MCP. The parameter € in the ¢, minimization methods
(CP)q,e
is no more than €2 with overwhelming probability [9, 11]. The parameter
A in the ¢, regularization methods (RP, ) is chosen by 10-fold cross vali-
dation. To simplify the notations, the solution of different problems will all
be denoted as ,5’ In order to reveal the dependence of ¢ recovery bounds
on sample size and inspired by the established theorems in the preceding
sections (e.g., (67)), we report the numerical results for a range of sample
sizes of the form m = Q(slogn).

The first experiment is conduct to show the performance on parameter
estimation of the ¢, minimization methods. Figure 1 plots the estimated

is set as € = sigma x \/m + 2v/2m in order to guarantee that | ¢||3

error ”B — 5*|l2 along with different sample size m. From Figure 1, we
can see that the estimated error of each minimization method decreases
consistently as the sample size increases. In addition, we find that the lower
the ¢, the better the corresponding minimization method to achieve a more
accurate solution.

The second experiment is carried out to show the performance on parame-
ter estimation of the £, regularization methods and compare the performance
with the SCAD and MCP. The corresponding result is displayed in Figure
2, which plots the estimated error || — 3*||2 along with the sample size m.
As shown by Figure 2, the estimated error of each regularization method
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Figure 1: Boxplots of estimated error versus sample size for different con-

strained optimization methods.
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decreases consistently as the sample size increases, and that the lower-order
regularization method (e.g., when ¢ = 1/2,2/3) outperforms the ¢y/¢; reg-
ularization method in the sense that its estimated error decreases faster
when the sample size increases and achieves a more accurate solution than
the £y/¢1 regularization method. This is due to the fact that the ¢-REC
is satisfied when the sample size is larger than a certain level (see Lemma
11(i)) and the lower-order regularization method requires a weaker ¢-REC
to guarantee its nice statistical property (see Theorems 2 and 4). This re-
sult is consistent with the existing empirical studies on the ¢, regularization
methods as in [40, 24]. In addition, it is obvious that the lower-order regular-
ization methods perform much better than the SCAD and MCP to achieve
an accurate solution no matter whether the sparsity level is high or low.
The third experiment is implemented to study the performance on vari-
able selection of the /, regularization methods as well as the SCAD and
MCP. We use two criteria to characterize the capability of variable selec-

. cpis o true positive po. o
tion, namely the sensitivity = Sositive-+ false nogative and the specificity =
true negative

frue negative false posiive’ which respectively measures the proportion of posi-
tives and negatives that are correctly identified. The larger values of both
sensitivity and specificity mean the higher capability of variable selection.
The results are illustrated by averaging over the 100 random trials. Tables
1 and 2 respectively chart the sensitivity and specificity of these methods
at a sparsity level 10% corresponding to Figure 2(b). It is illustrated that
the sensitivity and specificity of all these methods increase as the sample
size grows, except for the specificity of Lasso, which is resulted from the fact
that there are many small nonzero coefficients estimated by Lasso. We also
note that the lower-order regularization method (e.g., when ¢ = 1/2,2/3)
outperforms the other regularization methods in the sense that it can almost
completely select the true model from a small number of samples.

Table 1: Sensitivity of different regularization methods.

Sample size
Method —=m——x¢ 532 710 | 887 | 976

q=0 0.3029 | 0.8931 | 0.9824 | 0.9873 | 0.9902 | 0.9912
q=1/2 | 0.2902 | 0.5108 | 0.9412 | 0.9873 | 0.9892 | 0.9941
q=2/3 | 0.3108 | 0.9333 | 0.9922 | 0.9931 | 0.9941 | 0.9971

q=1 0.5088 | 0.9980 | 1.0000 | 1.0000 | 1.0000 | 1.0000
SCAD | 0.2882 | 0.8471 | 0.9157 | 0.9363 | 0.9324 | 0.9422
MCP | 0.1373 | 0.4539 | 0.8461 | 0.9088 | 0.9353 | 0.9382
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Table 2: Specificity of different regularization methods.

Sample size
Method |—7= 355 532 710 837 976

q=0 0.9229 | 0.9882 | 0.9980 | 0.9986 | 0.9989 | 0.9990
q=1/2 | 0.8810 | 0.8119 | 1.0000 | 1.0000 | 1.0000 | 1.0000
q=2/3 | 0.8782 | 0.9999 | 1.0000 | 1.0000 | 1.0000 | 1.0000

q=1 0.8088 | 0.7454 | 0.7680 | 0.7473 | 0.7357 | 0.6120
SCAD | 0.9653 | 0.9900 | 0.9906 | 0.9908 | 0.9919 | 0.9925
MCP | 0.9466 | 0.9757 | 0.9909 | 0.9919 | 0.9925 | 0.9925

References

1]

A. Agarwal, S. Negahban, and M. J. Wainwright. Fast global con-
vergence of gradient methods for high-dimensional statistical recovery.
Annals of Statistics, 40(5):2452-2482, 2012.

S. Aronoff. Remote Sensing for GIS Managers. Environmental Systems
Research, Redlands, 2004.

A. Beck and M. Teboulle. A fast iterative shrinkage-thresholding algo-

rithm for linear inverse problems. SIAM Journal on Imaging Sciences,
2(1):183-202, 2009.

P. J. Bickel, Y. Ritov, and A. B. Tsybakov. Simultaneous analysis of
Lasso and Dantzig selector. Annals of Statistics, 37(4):1705-1732, 2009.

T. Blumensath and M. E. Davies. Iterative thresholding for sparse
approximations. Journal of Fourier Analysis and Applications, 14(5-
6):629-654, 2008.

F. Bunea, A. Tsybakov, and M. Wegkamp. Sparsity oracle inequalities
for the Lasso. Electronic Journal of Statistics, 64(3):330-2, 2007.

T. T. Cai, G. W. Xu, and J. Zhang. On recovery of sparse signals via ¢;
minimization. IEEE Transactions on Information Theory, 55(7):3388—
3397, 2009.

E. J. Candes, J. K. Romberg, and T. Tao. Robust uncertainty prin-
ciples: Exact signal reconstruction from highly incomplete frequency
information. IEEE Transactions on Information Theory, 52(2):489—
509, 2006.

38



[9]

[10]

[11]

E. J. Candes, J. K. Romberg, and T. Tao. Stable signal recovery from
incomplete and inaccurate measurements. Communications on Pure
and Applied Mathematics, 59(8):410-412, 2006.

E. J. Candes and T. Tao. Decoding by linear programming. [EEFE
Transactions on Information Theory, 51(12):4203-4215, 2005.

E. J. Candes, M. B. Wakin, and S. P. Boyd. Enhancing sparsity by
reweighted [ minimization. Journal of Fourier Analysis and Applica-
tions, 14(5-6):877-905, 2008.

R. Chartrand. Exact reconstruction of sparse signals via nonconvex
minimization. IEEE Signal Processing Letters, 14(10):707-710, 2007.

R. Chartrand and W. T. Yin. Iteratively reweighted algorithms for
compressive sensing. In IEEFE International Conference on Acoustics,
pages 3869-3872, 2008.

S. S. Chen, D. L. Donoho, and M. A. Saunders. Atomic decomposition
by basis pursuit. SIAM Review, 43(1):129-159, 2001.

I. Daubechies, R. Devore, and M. Fornasier. Iteratively reweighted least

squares minimization for sparse recovery. Communications on Pure and
Applied Mathematics, 63(1):1-38, 2010.

Z. L. Dong, X. Q. Yang, and Y. H. Dai. A unified recovery bound
estimation for noise-aware ¢, optimization model in compressed sensing.
arXw preprint arXiv:1609.01551, 2016.

D. L. Donoho. For most large underdetermined systems of linear equa-
tions the minimal ¢;-norm solution is also the sparsest solution. Com-
munications on Pure and Applied Mathematics, 59(6):797-829, 2006.

D. L. Donoho, M. Elad, and V. N. Temlyakov. Stable recovery of
sparse overcomplete representations in the presence of noise. IEFE
Transactions on Information Theory, 52(1):6-18, 2006.

D. L Donoho and X. M. Huo. Uncertainty principles and ideal atomic
decomposition. IEEE Transactions on Information Theory, 47(7):2845—
2862, 2001.

J. Q. Fan and R. Z. Li. Variable selection via nonconcave penalized
likelihood and its oracle properties. Journal of the American statistical
Association, 96(456):1348-1360, 2001.

39



[21]

22]

[23]

[24]

[25]

[28]

[29]

M. A T Figueiredo, R. D. Nowak, and S. J. Wright. Gradient projection
for sparse reconstruction: Application to compressed sensing and other

inverse problems. IEFE Journal of Selected Topics in Signal Processing,
1(4):586-597, 2007.

S. Foucart and M.-J. Lai. Sparsest solutions of underdetermined linear
systems via £,-minimization for 0 < ¢ < 1. Applied and Computational
Harmonic Analysis, 26(3):395-407, 20009.

J. Herman, R. Kucera, and J. Simsa. Fquations and Inequalities:
Elementary Problems and Theorems in Algebra and Number Theory.
Springer, Berlin, 2000.

Y. H. Hu, C. Li, K. W. Meng, J. Qin, and X. Q. Yang. Group sparse
optimization via £, ;, regularization. Journal of Machine Learning Re-
search, 18(30):1-52, 2017.

H. C. Liu, T. Yao, R. Z. Li, and Y. Y. Ye. Folded concave penal-
ized sparse linear regression: sparsity, statistical performance, and al-
gorithmic theory for local solutions. Mathematical Programming, 166(1-
2):207-240, 2017.

P.-L. Loh and M. J. Wainwright. High-dimensional regression with
noisy and missing data: Provable guarantees with nonconvexity. Annals
of Statistics, 40(3):1637-1664, 2012.

P.-L. Loh and M. J. Wainwright. Regularized M-estimators with non-
convexity: Statistical and algorithmic theory for local optima. Journal
of Machine Learning Research, 16(1):559-616, 2015.

B. K. Natarajan. Sparse approximate solutions to linear systems. STAM
Journal on Computing, 24(2):227-234, 1995.

S. Negahban, P. Ravikumar, M. J Wainwright, and B. Yu. A unified
framework for high-dimensional analysis of M-estimators with decom-
posable regularizers. Statistical Science, 27(4):538-557, 2012.

J. Qin, Y. H. Hu, F. Xu, H. K. Yalamanchili, and J. W. Wang.
Inferring gene regulatory networks by integrating ChIP-seq/chip and
transcriptome data via LASSO-type regularization methods. Methods,
67(3):294-303, 2014.

C. R. Rao and M. Statistiker. Linear Statistical Inference and Its Ap-
plications. Wiley New York, New York, 1973.

40



32]

[33]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

G. Raskutti, M. J. Wainwright, and B. Yu. Restricted eigenvalue prop-
erties for correlated gaussian designs. Journal of Machine Learning
Research, 11(2):2241-2259, 2010.

G. Raskutti, M. J. Wainwright, and B. Yu. Minimax rates of estimation
for high-dimensional linear regression over {,-balls. IEEE Transactions
on Information Theory, 57(10):6976-6994, 2011.

B. Recht, M. Fazel, and P. A. Parrilo. Guaranteed minimum-rank
solutions of linear matrix equations via nuclear norm minimization.
SIAM Review, 52(3):471-501, 2010.

S. Ross. A First Course in Probability. Pearson, London, 2009.

C. B. Song and S. T. Xia. Sparse signal recovery by ¢, minimization
under restricted isometry property. IEEFE Signal Processing Letters,
21(9):1154-1158, 2014.

R. Tibshirani. Regression shrinkage and selection via the Lasso. Journal
of the Royal Statistical Society, Series B, 58(1):267-288, 1996.

S. A. van de Geer. High-dimensional generalized linear models and the
Lasso. Annals of Statistics, 36(2):614-645, 2008.

S. A. van de Geer and P. Bithlmann. On the conditions used to prove
oracle results for the Lasso. Flectronic Journal of Statistics, 3:2009,
2009.

Z.B.Xu, X. Y. Chang, F. M. Xu, and H. Zhang. L, /; regularization: A
thresholding representation theory and a fast solver. IEEE Transactions
on Neural Networks and Learning Systems, 23(7):1013-1027, 2012.

C.-H. Zhang. Nearly unbiased variable selection under minimax concave
penalty. Annals of Statistics, 38(2):894-942, 2010.

C. H. Zhang and J. Huang. The sparsity and bias of the Lasso selection
in high-dimensional linear regression. Annals of Statistics, 36(4):1567—
1594, 2008.

C.-H. Zhang and T. Zhang. A general theory of concave regularization
for high-dimensional sparse estimation problems. Statistical Science,
27(4):576-593, 2012.

T. Zhang. Some sharp performance bounds for least squares regression
with £; regularization. Annals of Statistics, 37:2109-2144, 2009.

41



[45] T. Zhang. Analysis of multi-stage convex relaxation for sparse regular-
ization. Journal of Machine Learning Research, 11:1081-1107, 2010.

[46] S. H. Zhou. Restricted eigenvalue conditions on subgaussian random
matrices. arXiv preprint arXiw:0912.4045, 2009.

42





