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Analysis of a Discontinuous Finite Element Method
for the Coupled Stokes and Darcy Problems
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The coupled Stokes and Darcy flows problem is solved by the locally conser-
vative discontinuous Galerkin method. Optimal error estimates for the fluid
velocity and pressure are derived.

KEY WORDS: Surface and subsurface flow; error estimates; interface condi-
tions

1. INTRODUCTION

Modeling the interaction between surface and subsurface flow is a chal-
lenging environmental problem. One such example is the simulation of
transport of contaminants through rivers into the aquifers. Mathemati-
cally, this complex problem can be modeled by the coupled system of
Stokes and Darcy equations.

The aim of this paper is to formulate and analyze a discontinuous
finite element method for the coupled Stokes and Darcy problems. The
physical domain is decomposed into two regions: the region filled with
an incompressible fluid modeled by the Stokes equations and the porous
medium region modeled by Darcy’s law. The interface conditions consist
of the Beavers—Joseph—Saffman condition, the continuity of flux and the
balance of forces. The matching condition of meshes at the interface can
be relaxed. The unknowns, namely the fluid velocity and pressure in the
fluid region, and the fluid pressure in the porous medium, are approxi-
mated by totally discontinuous polynomials of different order. The dis-
continuous Galerkin (DG) methods considered here, are based on the
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Fig. 1. Example of domain.

Non-symmetric Interior Penalty Galerkin (NIPG) method [18,19] and the
Symmetric Interior Penalty Galerkin (SIPG) method [2]. DG methods are
attractive methods because they are element-wise conservative, they are
high-order methods, and they are easily implementable on unstructured
meshes. A few algorithms for the coupling of Stokes and Darcy can be
found in the literature. In a paper by Layton et al. [15], the existence and
uniqueness of a weak solution to the coupled system is proved and the
proposed scheme combines the continuous finite element method for the
Stokes problem with the mixed finite element method for the Darcy equa-
tions. The study of continuous finite element methods for both regions can
be found in the work of Discacciati et al. [8,9]. In a more recent work [20],
the DG method is used in the Stokes region while the mixed finite element
method is used for Darcy region. Finally, the reader can refer to [4,10,16,
17] for analysis of similar coupled models.

The outline of the paper is as follows. Section 2 contains the model
problem and notation. The numerical scheme is introduced in Sec. 3. The
a priori error estimates are proved in Sec. 4 and followed by some con-
cluding remarks.

2. MODEL PROBLEM AND NOTATION

Let £2 be a polygonal domain in R?, subdivided into two subdomains
£21, §2o, with interface I'1p =082 N 382> (see Fig. 1). Define I'; =082; — '}
for i =1,2. The physical quantities are the fluid velocity # and pressure
p. Denote u; =u|g, and p; = p|g,. We assume that the flow satisfies the
Stokes equations on €21 and the single phase equations on £2;.

—V-QuD@w)—p1DH=f, in £, (1)
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V-uy=0 in £, (2)
u=—KVpy in £, 3)
Veuy=1f, in 2. 4)

Here, f, and f, are external forces acting on the fluid, u > 0 is the
constant fluid viscosity, D(u) is the strain tensor defined by D(u) =
(1/2)(Vu+VuT) and K is the permeability tensor. We assume that K is
symmetric, positive definite tensor, bounded below and above uniformly,
and that the force satisfies the solvability condition |, @, /2=0. The bound-
ary conditions are

u1=0 on F], (5)
—KVp, -n=0 on I, (6)

where n is the outward normal to the boundary 9£2. As the pressure is
unique up to an additive constant, we assume that

/ﬂ p=0. )

Let n» (respectively 717) be the unit normal (respectively tangential) vec-
tor to I';p outward of £21. The conditions at the interface I' are

up-npp=up-ny, ®)
p1—2u(Dmy)nyp) -nip=po, ©
ur-to=—2G(D(u)n) 112 (10)

Interface conditions (8) and (9) represent the mass conservation and the
balance of forces, respectively, across the interface. The Beaver—Joseph—
Saffman law (10) is the most accepted condition [3,14,21] and includes a
friction constant G > 0 that can be determined experimentally. The exis-
tence of a unique weak solution of (1)-(10) was shown in [15]. We assume
here that the solution (u, p) is regular enough, and is a strong solution of
(1)—(10). _

We now define the functional spaces. For i =1,2, let £ be a non-
degenerate quasi-uniform subdivision of £2;, let I ’h be the set of inte-
rior edges and let i; denote the maximum diameter of elements in Efl.
We assume that the meshes at the interface are non-matching in the fol-
lowing sense: any edge ¢ = dE! N> where E! belongs to &), belongs
to one element E? e Si and one only. For any non-negative integer
k and number r > 1, the classical Sobolev space [1] on a domain O
is denoted by WX (0) ={ve L"(O) : D™v e L"(0), V|m|<k}, where
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D™y are the partial derivatives of v of order m. The associated Sobo-
lev norm (respectively, semi-norm) is denoted by | - ||k, (respectively,
| - lkro), of by | - |lx.o (respectively, |- [x.o) if r =2. We use the
usual notation H¥(©) for Wk2(©) and L(Z)(O) for the space of square-
integrable functions with zero average. The L? inner-product will be
denoted by (-,-). Throughout the paper, C will denote a generic pos-
itive constant whose value may vary but will be independent of the
mesh sizes h; and hy. Our scheme requires that the trace of p; and
the trace of the normal derivatives of u; and p, are well defined,
and are square-integrable. Therefore, we define the following functional
spaces:

X'= (e @) VEeE, wlpecWHBENY, A1)

={q1el?(2): VEe&, qlpeW' 3 (E)), (12)
= {pel’($): VEeE, qlpeW* (E)). (13)
We associate to these spaces the following norms |- ||x1, || [l5,1 and semi-
norm || - || 2:
o3 = IVoilid g+ Y. 2 | G+ Z Iv1- 712113 ..
eeF}lUFI €€F12
g1 13,0 =lla11l5,c,
lg2113,2 = 1V 25 o, + Z ||[qz]||0 .
eth

Here, |e| denotes the measure of each edge e, the parameters o,
and o3, are positive constants that may vary on each edge, and that will
be defined in Sec. 3. Finally, the || - || norm is the usual “broken” norm:
|||w|||m o _ZEEgl ||w||m g for i=1,2 and for w any scalar or vector func-

tion. Given a ﬁxed normal vector n, on each edge e—aE ﬁaE2 pointing
from EL1 to Ef, the average {w} and jump [w] of function w are uniquely
defined

1 1
(W)= @lg)+3 g, wl=wlg) - W),

(wh=wlg, [wl=wlg.

The aim of this paper is to formulate an algorithm that uses totally dis-
continuous approximating spaces. Let ki, k» be two positive integers and
let the finite-dimensional subspaces X ,ll cXx!, M,% cM! and M;% C M?, with
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the induced norms, be defined as follows:

X ={vex': VEe&!, vie®,(E),
M} ={qeM': VEeE&., q ePy_1(E),
M} ={g:eM*: VEeE. qePy(E)).

We assume that the discrete spaces satisfy the optimal approximation
properties. In particular, there exists an operator R; € L(H 1(91)2§X}1:)
such that for any E €&},

Voe H'(21)?, Vg1 €Py_1(E), quN-(Rh(w—v):o, (14)

Ywe H'(21)%,  Veel), Vg ePy_i(e)* /ql.[Rm)]:o,
e

(15)
Voe H (2%,  Veed2), Vg ePi_i1(e), /ql-Rhw):o,
e
(16)
Voe H'(21)%,  Veel'ur'uri,, /(Rh(v)—v)zo, (17)
e
Yoe Hy(21)%,  lv—Ry@llx1 <CIV@—Ry(@)llo.0, (18)
Voe W (21)%, Vs e[l ki + 1], m=0, 1, |v = Ry(0) s, £ < CHS ™ |vl5z,ap»
(19)

where Ap is a suitable macro-element containing E. Note that property
(18) is an easy consequence of (17) (see Ref. [12]). There exists also an
operator rj, € L(L?*(£2); M}i X M}%) such that for s =k; — 1, k; and for any
ze L2 (2)NHTI(2)

qu]PS(E),/q(rh(z)—z)zo, VEeELUEE,  (20)
E

Iz =rn@lme <CHS ™ zls16, VEEEUEL, m=0,1. (21)

Note that the existence of R;, for k; =1,2 or 3 follows from the noncon-
forming elements of Crouzeix et al. [7,6] and Fortin et al. [11], and the
operator ry, is the well-known L2 projection operator.

We recall a result proved in Ref. [12] that generalizes a Sobolev
imbedding. For any real number s €[2, 00), there is a constant C indepen-
dent of & such that

VoeX), lvillzs2p < Cllvillixr. (22)



484 Riviére

We now finish this section with some trace and inverse inequalities
needed for the analysis. Let £ be a mesh element with diameter #g. Then,
there exists a constant C independent of hg such that

VoeH'(E),  YeCIE,  [l§,<Chg oI5z +heldlf p).
(23)
Voe HY(E),  VeCIE, |V n|f,<Clhp' 1o} z+helol3 p).
(24)
Vo EePr(E),  VeCOIE, IV -nelo.<Chy gl k.
(25)

3. SCHEME

We introduce the following bilinear forms aj: X s X' SR, b: X! x
M!' SR and ar : M2 x M? > R:

a(u,v) =2 /ED(u1):D(v1)+ > Olyle’le /[ull'[vll

Eeg;{ CEF;U[‘]
2 Y [wwom)wi2e Y [Dom) )
ecllur, "¢ ecllur, "¢
1
+s > /(”1'712)(1)1'7712)"'Z/”l'vl» (260
e e
e€F12 eerl

by(v1, p1) = — ZfEmV'vH- > /{pl}[vll'ne, 27

EcE) eelhur, "¢
02.¢
ax(pr.q) =Y / KVpy-Var+ ) |7|L/[p2][@]
Eee2’t eel ¢

=Y [&Ipndelre 3 [1Kg nalp. @)
eel’; ¢ eel’; ¢
By introducing the parameters €1, €, that take the value +1, we allow for

non-symmetric or symmetric bilinear forms a; and a;. Throughout the
paper, we assume that:

Hypothesis A: we assume that the parameter o1 , is bounded below by
a sufficiently large positive value. For the parameter o ., if € =1, then one
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can choose 0y, =1, but if ¢ =—1, 02, must be bounded below by a suffi-
ciently large positive value.

The constraint on the parameters o1, and oy, is standard for the
SIPG method, but here necessary for the NIPG (for o1,) because of the
generalized Korn’s inequality (see Lemma 3.2).

We next define a bilinear form A: M? x X! - R acting on the inter-
face I'js.

Alga, o)=Y fénvl-nlz, V(g2 v1)eM* x X" (29)

e
eEFlz

With these forms, we propose the following variational problem of
(1)~(10): Find (uy, p1, p2) € X' x M' x M?, solution of

pay (uy, v1) +by, p1)+ A(pa, v1) =(f,v1), VvieXp, (30)
b(uy,q1)=0, Vqie€M,, 31)
ax(p2, q2) — Alqa, u1) = (f2,q2), Vg2 € M, (32)

[ o[ =0 o
2 2

Lemma 3.1. If (uy, p1, pp) is the solution of the coupled Stokes-
single phase flow problem (1)-(10), then (u;, p1, p2) is the solution of
(30)—(33).

Proof.  Multiply the Stokes equation (1) by v, integrate by parts
over one element E eé‘,%, and sum over all elements in 5,}

Y /E(—p11+2uD(u1)):Vv1— y /[(—p11+2uD<u1))ne.v1]
1 e
h

EeS,i ecl’

-3 /(—p11+2uD(u1))n12-v1— > f(—p1l+2MD(u1))n-v1

e e
ecl'|» eel’|

= fio
21
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Noting that D(u;) : Vvy = D(u;) : D(vy) and I : Vv =V -v;, we can
rewrite the equation

Z f(Z,uD(ul)lD(vl)—PlV'vl)
Eef,i E
-y /{(—p11+2MD(ul))ne}'[vl]
eeF,l,Url ‘
= Y [tepir+2up@m o)
eer,ll ¢
- Z /(—p11+2/LD(u1))n12'U1

e
eerlz

=(f1,v1)-

By regularity of the true solution and with the boundary condition (5), we
have

> [enpwn:pw-nv-o+ Y [imivin

e

Eeg) eelul'
2w Y [paon-pir2ea Y [0won )
ecllur' ¢ eellur "¢
-y /(—P11+2MD(M1))H12~1)1=(f1,vl)- (34)
eEFlz ¢

By decomposing v; and 2uD(uj)n|, into their normal and tangential
components, the interface integral is reduced to

— Z /(—p11+2MD(u1))n12-v1

e
eEFlz

=> /(Pl —2u(D(ui)ni2) -n12)(vy-np2)

e
e€F|2

- /ZM(D(ul)nlz)-le(vl-112)-

e
eeF12



Analysis of a Discontinuous Finite Element 487

With the interface conditions (9) and (10), the integral becomes

— Z /(—pll +2uD(uy))nyz vy

e
eEFlz

=y /Pz(vl -n12)+% > [ @rTirT). (35)

e e
E€F12 e€F12

The continuity of u, the boundary condition (5), and Egs. (34) and (35)
yield:

mai(uy, v1) +by, p1)+A(p2, v)=(f1, v1).

Equation (31) is a consequence of (2), (5) and the fact that [u]-n,=0 on
each edge e. Now for the single phase flow part, we repeat the process
with (4): multiply by a test function ¢, and integrate by parts and sum
over all elements in 5}%. Definition (3) of u;, the regularity of p, and the
boundary condition (6) give

> /EKVPTVCD— > /{Kszwe}[qz]

e
Eeg} eelMul,

v 3 [KVand (p+ 0 7 [(oalla

2 V€ 2
eel’; eel’,

-y /(UZ'nIZ)Q2:(f21412)-

e
E€F12

Using the interface condition (8) in the equation above, gives (32). Finally,
Eq. (33) is just condition (7). |

The discrete scheme is: Find (U, P, Py) € X}l X M,% X M,% such that

pai(Uy, v1) +b (i, P+ APy, v) = (f1.v1), Yo €X), (36)
b(U1,q1)=0, Vg €M}, (37)
ay(Py, q2) — Alq2, U1) = (f2,q2), Vqa €M}, (38)

/Pl-l-/ P, =0. (39)
21 2y

Before addressing the existence and uniqueness of a solution to the numer-
ical scheme, we recall the fact that the bilinear forms a; and ap are coer-
cive with respect to |- |y1 and || -||,,2, respectively.
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Lemma 3.2. Under Hypothesis A, there exist two positive constants
C; and C, such that

ai(vy,v), VvieX), (40)
ax(q2,q2),  Vqr € M}, (1)

2
Cillvr 1,

NN

Callgal,.

Proof.  Inequality (40) is easily derived from the Korn’s inequality
(1.19) in [5] for piecewise H! functions, obtained by Brenner. The proof
of (41) is straightforward for the nonsymmetric bilinear forms, and is stan-
dard for the symmetric bilinear forms (Wheeler [22]). U

Lemma 3.3. The discrete scheme has a unique solution.

Proof. Since (36)-(39) is a square system of linear equations
in finite dimension, it suffices to prove that (f, f») = (0,0) implies
(Uq, P1, Py)=(0,0,0). We choose vi=U; in (36), gy =P; in (37) and ¢, =
P, in (38). Adding the resulting equations gives

nai(Uy,Uy) +ax(Pa, Pr)=0.

From Lemma 3.2, this implies |U1llx1 = || P2ll2 =0, which means that
=0 and P, is a global constant over £2;. Equation (36), with (39)
becomes

1
b(v1,P1)—ﬁ(/ 1) Z /vl-nu:O, Vo e X}
eeF12 ¢

We now write P; = P; + P;, where P| = (1/|521|)f:21 P;. The equation
above becomes

b(vl,P1)+b(vl7P1)—ﬁP1 > /vl ‘np=0, Vv eX).
eerlz
Note that
by, P)=—P Y _ /v1~n12.
L’GFIZ ¢
So that, we have

b(vl,ﬁl)—(l >P1 Z /vl -npp =0, VvleXh. (42)

eeF12



Analysis of a Discontinuous Finite Element 489

Since P belongs to L(Z)(.Ql) and the spaces HOI(SZI)Z,L%(.Ql) satisfy the
exact inf-sup condition (see for example [13]), there exists ¥ € HO1 (£21)2

such that —V -9 = P|. Choose v; = R,(¥) in (42), then we have from prop-
erties (14)—(16)

D112
”Pl”()’_Q] =0.

This implies that P; =0, and from (42), we have that P; =0, which also
means that P, =0.

Remark . The approximation U; of the Darcy velocity u; is a dis-
continuous piecewise polynomial vector of degree k, — 1 and is directly
obtained from the discontinuous approximation P,, by the formula U, =
—KVP,.

4. ERROR ESTIMATES

In this section, we derive first optimal error estimates in the energy
norm for the Stokes velocity and in the L2 norm for the Darcy pressure.
A second estimate gives an optimal convergence rate for the L? norm of
the pressure in the Stokes region.

Theorem 4.1. Let (u, p) be the solution of the coupled problem (1)—
(4), such that u|g, € H"*1(2)), ple, € HM(2)) and plo, € HRH1(2y).
The discrete solution (U, P) of (36)—(39) satisfies the error estimate:
lur —=Uilixi +lp2 = Pallp2 < Ch]f1 (lu1l 1,2, + 1Pl .21)

k —1/2,1/2
+ CHE (1417 0)) 1p2lig1.2,
where C is a constant independent of 4 and h;.

Proof. Let uy=Ry(uy1), pr =rn(p1) and pr =ry(p2) be interpolants
of u1, p1 and py, respectively. Define x =U; —u; and & = P, — p>. From
(30)—(32) and (36)—(38), the error equations are
nai(x,v1) +b(y, Py —p1)+ AE, vy) = pay(wy — g, vy)

+b(vy1, p1— p1) + A(p2— p2, v1),
Vo e X}, (43)
b(X,q1) = bui—@1,q1), Yg1eM,, (44)
ax (&, q2) — Algq2, X) = a2(p2 — P2, q2) — Alg2, uy —uy),
Vgr € M. (45)
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Choosing vy =x in (43), g1 = P; — p; in (44), g =& in (45) and summing
the resulting equations gives

pmai(x, x)+ax,&) = pay(uwy —uy, x)+ax(p2— p2,6) +b(x, p1 — p1)
—b(uy —uy, Py —p1)+ A(p2— p2, X)
A&, uy—uy). (46)

We now bound each of the terms on the right-hand side of (46). We first
rewrite aj(u; —uy, x)

pay g — iy, ) =2p Y /ED(UI —uy) : D(x)

EEE}{
2 Y [pan i (x
eellur, ¢
+2ue; Z /{D(X)}ne'[ul—fll]
eel'lor, "¢
o1, ~
oy Iele [ — ] [x]
e}l ¢
u -
+5 2 [ (@i—a) T )
ecl'}y ¢
+MZ/(u1—ﬁ1)'X=Tl+“'+T6-
EEFI ¢

Using the Cauchy-Schwarz inequality, and the approximation result (19),
we have

~ nw ~
71 < Cu Y V@ —anloelVlos < GIVXIG g, +CIV @ —anli g
EeE,i

Hn 2k
< IV, +Ch a4 o, @7)

Let Lj(u) denote the standard Lagrange interpolant of degree k; defined
in £21 and let us insert it in the second integral term. For e¢ a segment of
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F}lUFI, we have
/e{D(ul —upin.-[x] = /e{D(ul —Lp(u)}ne-[x]
+/;{D(Lh(u1)_l~ll)}”e’[)(]~
Expanding the first integral, we obtain from the trace inequality (24) and
from the fact that the Lagrange interpolant satisfies the optimal approxi-

mation result (19)

wo Y [ - Ly

e

eeF,l,UFI
01/2 le |1 /2
< Y inldioe 7 11D = Lyl
eel,ull,
Sle 2 eI+ Chianlf g,
ecl'yul,

Similarly, if we denote by E!?> the elements sharing the edge e, and we
use the trace inequality (25), a triangle inequality and the approximation
results, then we have

woy fD(Lh(ul)—ul)}ne 16 > 2

e

eel' Ul ethUFI

>

LGFhUF|

162

eEFhUFI

2ky
+ChY 4 g,

XI5,

—1y,~ 2
|ll] _Lh(ul)ll’EKIZ

XI5,

Therefore,

1% ol 2k
n<g ) ||e||[x]IIOe+Ch Nt I g1, (48)
ecl,ul,

The third term vanishes because of the properties (15), (16) satisfied by u.
T5=0. (49)
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Using the Cauchy—Schwarz inequality, the jump term 74 is bounded by
virtue of (23) and (19)

Ty <

o=

o1, O¢,1 ~
> oG +C Yo e|||[u1—u1]||5,e

le] le
eel Ul eeljul

O¢,1 2k
> ; | XS+ Chy |74y o, - (50)
ecl'yul

o=

The fifth term is bounded using the trace inequality (23) and the bound
19)

% -
Ts <= )l —aloelx Tl

eeFl
M - nd ~
< G Z ||X'le||%ye+C Z(he 1””1_"1||(2),E+he|ul—u1|%,E)
eel’p ecl’|
e 2%
<3 2 e Tnl+Ch g, (51)
eEFlz

Finally the last term is bounded using the property (19) and (22).

ki+1/2 —1/2
T < CHY T2l vr0h T Pl o,y
k
< Chy'ugl 41,0, 11X I x1

1 2k
< gl +Chy il g, (52)

Combining (47)—(52), we have

3p

. 3u o,
a =, DS LIV o+ X |e|e 101115,
ecl Ul
M 2k
t3g 2 X Tl +Chi g, (53)

eerlz
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Let us now expand ay(py — p2, &).

(=i ®= ¥ [ K92 ve+ T 2 [1p2 -l

EeE} eth
=Y [KIGa )
eeF2 ¢
+e2 Y [{KVE -n.)[pa— pa).
eel’? ¢

Clearly, these terms are bounded in a similar fashion as the terms
T1, ..., T4, using in particular the approximation result (21).

2k
ar(py— p2, §) < 5 |||vs|||092+ Z 113, +Ch32 P2l 1 -

eth
(54)

Using property (20) of the operator rj, the third term on the right-hand
side of (46) reduces to

b(X.pr—p= Y /{Pl—ﬁﬁ[x]'ne,
ecllur, ¢

which is bounded using the Cauchy-Schwarz inequality, trace inequality
(23) and the estimate (21) by

o1, 2
b(x.p1— m)\E > Me X3 . +Ch{ pIE, o, (55)
eelul
The term b(u; —uy, P — p1) vanishes because of the properties (14)—(16)
of u;. It suffices then to bound the interface terms A(p> — ps, x) and

A(&,u; —uy) in (46). Using the trace inequality (23), the approximation
result (21) and the bound (22), we obtain

Apr—p2.x) < Y Ip2—palloellXlloe
eEFlz

CIIxII 0.2,h
Xl +Ch

pla+/2)

< 5 / |P2|k2+1 2
% +1

< — : 1 |P2|k2+1,92~ (56)
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We now associate for each edge e=I'1oNJE!, for some E! 65}1, the con-
stant c, :(1/|e|)fe$. From the property (17) and (19), we can write

A€ —i))= Y /(s—ca(ul—mnu

e
eEFlz

< Y lE—celloellur —illo.e

eEFlz

ki+1/2,1/2
< Chy"" " hy 7 IIVE N0, 2, w11k +1,0,

1 2
< gl +Ch il o g, (57)
Collecting the bounds (53)—(57) and using Lemma 3.2 yields

2 2 2k 2 2
I3+ 1612 < ChI (1 4y o, + P11, o)

5 _
+Ch2k2(1 +h 1h2)|p2|1%2+1,.(22'

The final result is obtained with a triangle inequality and approximation
results.

Remark . Clearly, Theorem 4.1 gives an estimate of the error in the
L? norm of the Darcy velocity. The convergence rate is optimal.

Theorem 4.2. Under the assumptions and notation of Theorem 4.1,
we have

k
Ip1— Pillo,@, < Chy' (Jurlk 41,2, + 1P1lk.2))

k —1/2,1/2
+CR2 A +07 PR paliy 1.0,

where C is a constant independent of 4 and h;.
Proof.  Subtracting (30) from (36) gives
pay(Uy —uy, v1) +b(vy, Pl — p1)+ A(Py— p2, v1)=0, Vv €X}.

As in Theorem 4.1, let py=rp(p1), po=rn(p2), ¢=P—p; and E=P, —
p>. The error equation becomes

—b(v1,¢) =par(Uy —uy,v1)+ AE, vy)
—A(pa— p2,v1) —b(v1, p1 —p1), Vv €X}.
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If we decompose ¢ =¢ + ¢, where E=(1/|.{21|)fQl ¢, and £ =& + &, where
E=(1/1$22) Jo, &, then (39) and (33) with property (20) yield

1211 + 182218 =0.
The error equation is then rewritten

—b(vy, C)+(1+ﬁ)§ > /”l niy = pay(Uy —uy, vy)
eeFlz

+AE, v1)— A(p2— P2, v1)
—b(vy, p1— 1), Vo1 € X}
(58)
Since ¢ belongs to L(z)(_Ql), there exists v eHol (£21)? such that —V-9=¢

and |9] o, <C||g:||o,gl. Choose vi = R, (9) in (58). From properties (14)—
(16), (58) is reduced to

12115, 2, = mar (U1 —uy, v1)+ AE, v1) — A(p2 — p2. v1)
—b(vy, p1 — p1). (59)

We expand and bound each term on the right-hand side of (59).

a(Uy—uy,v1) =2p Z/D(Ul—uo D))

Eeé&}
+ Z ||/U1—u1 [v1]
eEFhUF]
—2u Yy /{D(Ul—u1>ne}~[v1]
eellor, "¢
+oue Y /{D(vl)ne}~[U1—u1]
eelhor, "¢
+ Z /(Ul—ul) T12(vy - 112)+Z/(U1—u1) v
eerlz €€F1
=01+ + 0

The bounds for Q1, O, Q4, Q5 are easily obtained

01+ 02+ 04+ 0s<CIU 1 —uplxr vl x1-
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The remaining terms are bounded by introducing the interpolant #; =
Ry (uy).

0:=-2 Y [ib@-im) i
ecllur, "¢

—2u Z /{D(ﬂl—ul)ne}'[vll-
eel'lor, "¢

The first part vanishes because of (15) and (16) and the second part is
bounded like 75> in Theorem 4.1. Therefore, we have

k
ar(Uy—uy, v) <[|villxt (WU —uil g1+ Chy ug g +1,2,)-

Similarly, from (17) and (19), we have

Qs = Z/(Ul—ﬁ1)~v1+Z/(ftl—ul)'vl
eEFl ¢ eeFl ¢

- k
SCIUy —ayllo,2, + A 41,20 101y -
Let us denote by E, the element in 52 that shares the edge e of the inter-

face I';». Define also the constant ¢, = (1/|e|)fe§. From property (16) of
the operator R, we have

Z /évrnlz: Z /(g_ce)vl'"lz

e e
eEFlz e€F12

<C Y lel1VEllo.g N1,
eEFlz
1/2

1/2
< ChyPIVENoe, | Y llvild,
EEFIQ

By (21) and (23), we have

E /(pz—ﬁz)vl ‘npp < E lp2 — pP2lloellvillo.e
e
eeFlz eEFlz
172

ky+1/2 2
< Pipalig e, | D2 1013,
eeF12
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Now, since v; satisfies f . V1 =0 for any edge e in I';5, we have
1/2
2 1/2 1/2
Do lvilge | <ChZNIVillo.g, < ChyZllvil .

eEFlz

Therefore, the resulting bound is
AG 0D = Ap2=F2, 9D <Chy Rl x (I PPl + 15 P2l 1,2 )
Finally, the bound for b(vy, p; — p1) is similar to the one obtained in (55)
b(v1, p1 = p) < Clillxih [Pl 2 -
From properties (19) and (18), we have
o1l x1 < IRR (@) =Bl 1 + 1Bl x1 < Clol12, <ClIE o2

Combining all the bounds above gives

0,2, < CIU T —uilix1+ClIPy— pallye
k k
+Ch' (uiliy 41,0, +1P1lk.2) + Chy | p2lin+1,2,-  (60)

To finish the proof of the theorem, it remains to bound ||E||0, 2,- This is
accomplished by choosing a particular test function vy in (58). Let p be a
function in C2(£2)2, with compact support in 2 such that

Z /ﬂ'"u:l.
eEFlz ¢

Denote v = |.Q_1|Ep and choose v; = Ry (v). We first show that |v{]lx1 is
bounded by ||¢]lo,e,. By property (18) and (19), we have

lvillx1 < Rr(®) —vlix1 + 10l x1 < ClIVOllo.2, + 1Vl x1-
But,

|91| ¢?

=12 =n2
1813, = IV5 13 o, +

> [ernr <,
eEFlz

Thus,

o1l <CliZllo.g - (61)
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With that test function v, the error equation (58) becomes

(1 +@) 1215 2, = rar Uy —u1, v1)
2] el
+AE, v) = A(p2 = p2, 1)
—b(v1, p1— p1) +b(v1, ). (62)
Except for the last term, all the terms on the right-hand side of (62) are
bounded exactly as in (59). We now rewrite the last term.

b(v1,8) =b(. Ry() =) +b(®, 7).
Clearly,
b(®,0)=—|2117 Y / eV -p<Cli" 2102 I llo.2,-
Eeé&} £
And it is easy to check from (14) to (16) that
b(Ry(¥)—1,7)=0.
Finally, we obtain from (62) and the bounds above

IZll0.@, < CIU 1 —utlixt +ClIPy— pally2 + Clicllo. 2,
k k
+ChY (|l 41,2, + P11k, 2) + ChP | p2lky+1,2,-  (63)

The bounds (59), (63), (21) and Theorem 4.1 give the final result.

Remark . The results stated in Theorems 4.1 and 4.2 hold true in
the case, where k> >2 and the parameter o3, is equal to zero, for all edges
e in I'h UT'. In this case, the proof differs in the choice of the interpo-
lant p,, which now has to satisfy special flux properties (see [19] for fur-
ther details).

5. CONCLUSION

In this paper, a discontinuous Galerkin method is formulated for the
coupled Stokes and Darcy equations. Both symmetric and non-symmetric
cases are considered. Optimal convergence rates are obtained for the fluid
velocity and pressure.
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