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THE ENRICHED CROUZEIX-RAVIART ELEMENTS ARE EQUIVALENT
TO THE RAVIART-THOMAS ELEMENTS

JUN HU* AND RUI MA'

ABSTRACT. For both the Poisson model problem and the Stokes problem in any
dimension, this paper proves that the enriched Crouzeix—Raviart elements are ac-
tually identical to the first order Raviart—Thomas elements in the sense that they
produce the same discrete stresses. This result improves the previous result in liter-
ature which, for two dimensions, states that the piecewise constant projection of the
stress by the first order Raviart—Thomas element is equal to that by the Crouzeix—
Raviart element. For the eigenvalue problem of Laplace operator, this paper proves
that the error of the enriched Crouzeix—Raviart element is equivalent to that of the
Raviart—-Thomas element up to higher order terms.

1. INTRODUCTION

The aim of this paper is to prove the enriched Crouzeix—Raviart (ECR hereafter)
elements by Hu, Huang and Lin [21] are equivalent to the first order Raviart—Thomas
elements (RT hereafter). The first main result proves that ECR elements are identical
to RT elements for both the Poisson and Stokes problems in any dimension. More
precisely, for the Poisson problem imposed a piecewise constant right—hand function f,
it is proved that

(1.1) orT = VNcugcr and urt = Hpugcr,

where ugcr and (orr,urr) denote the finite element solutions by the ECR and RT
elements, respectively; while for the Stokes problem imposed a piecewise constant right—
hand function f, it is established that

(1.2) orT = VNCUECR + PECR id and ugrt = yugpcr + LUECR,

where (ugcr, pEcr) and (orr, urr) denote the finite element solutions by the ECR and
RT elements, respectively. Herein and throughout this paper, Il denotes the piecewise
constant L? projection with respect to a shape-regular partition 7 of Q consisting of
n-simplices, and £ is some linear operator. The second main result proves that for the
eigenvalue problem of Laplace operator

(1.3) IVNc(u — ugcr)| = ||[Vu — orr]| + h.o.t.
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where the constants involved in the high order term depend on the corresponding
eigenvalue. Throughout this paper, ||v| denotes (v, v)i/f(m, for any v € L?(Q). See the
next two sections for more details of the notations.

The history perspective justifies the novelty of both (L)) and (L2). For general

right—hand function f

(1.4) Vnc(u — ugcr)|| = [[Vu — orr||

hold up to data oscillation. Indeed, it is the first time that the RT elements are proved
in such a direct and simple way to be identical to nonconforming finite elements in any
dimension while the previous results state some relations between the two dimensional
Crouzeix-Raviart (CR hereafter) and RT elements; see below and also [3 11l 26] for
more details. These results imply that the RT element can not be equivalent to the
CR element in general, which gives a negative answer to an open problem in [15].

The study on the relations between nonconforming finite elements and mixed finite
elements can date back to the pioneer and remarkable work by Arnold and Brezzi in
1985 [3]. In particular, for the two dimensional biharmonic equation, it was proved that
the first order Hellan-Herrmann-Johnson element [19] 20, 25] is identical to the modi-
fied Morley element which differs from the usual Morley element [29] only by presence
of the interpolation operator in the right—hand side; while for the two dimensional Pois-
son problem, it was shown that the L? projection onto the first order RT element space
of the stress by the CR element, enriched by piecewise cubic bubbles, is identical to the
stress by the RT element. By proposing initially a projection finite element method,
Arbogast and Chen [I] generalized successfully the idea of [3] to most mixed meth-
ods of more general second order elliptic problems in both two and three dimensions.
In particular, they showed that most mixed methods can be implemented by solving
projected nonconforming methods with symmetric positive definite stiff matrixes, and
that stresses by mixed methods are L? projections of those by nonconforming methods.
Let orr be the discrete stress by the RT element, and ucr be the displacement by the
CR element of the two dimensional Poisson equation. Suppose that f is a piecewise
constant function with respect to 7. Marini further explored the relation between the
RT and CR elements of [3] to derive the following relation [26]:

(1.5) orr|k = Vucr|x — %(ﬂj —mid(K)) z€ K forany K € T,

where fx := f|x denotes the restriction on K of f and mid(K’) denotes the centroid of
K. This important identity was exploited by Brenner [§] to design an optimal multigrid
method for the RT element, and by Carstensen and Hoppe to establish, for the first
time, quasi—orthogonality and consequently convergence of both the adaptive RT and
CR elements in [13] and [12], respectively. For the two dimensional Stokes equation, a
similar identity was first accomplished in [11]:

( ) O'RT|K = Vucr — fTK ® (l‘ — mid(K)) —I—pCR|K id,
1.6

wrrlie = Moo + 4 To(dev(fic @ (& — mid(K)) (e — mid(K)),
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x € K for any K € T. Here (ucr,pcr) and (orr, urr) are finite element solutions by
the CR and RT elements, respectively, and fx is the restriction on K of the piecewise
constant function f. Given two vectors @ € R? and b € R?, a® b := ab’ defines a 2 x 2
matrix of rank one. See also [24] for a similar relation between the CR and RT elements
for the two dimensional Stokes—like problems. Such a beautiful identity is also used to
prove convergence and optimality of the adaptive pseudostress method in [11].

There is another direction for the study on the relations between nonconforming
finite elements and mixed finite elements, which may start with the remarkable work
by Braess [6]. A recent paper on the two dimensional Poisson model problem due to
Carstensen, Peterseim, and Schedensack [15] states more general and profound com-
parison results of mixed, nonconforming and conforming finite element methods

(1.7) IVu —orr| < CllVxe(u —ucr)|| = [[V(u = uc)|l;

hold up to data oscillation and up to mesh-size independent generic multiplicative con-
stants, where C' is a generic constant independent of the meshsize, and uc is the finite
element solution by the conforming Courant element. See [I8], 27] for some relevant
results in this direction. By a numerical counterexample, it was also demonstrated in
[15] that the converse estimate

(1.8) [Vne(u —ucr)|| < C||Vu — orr|

does not hold. In Subsection 3.3, we give an example where the right hand side of the
above inequality vanishes while the left hand side is nonzero, which implies that the
converse of (L.8]) is not valid.

This paper is organised as follows. Section 2 presents the Poisson equation, Stokes
equation and their mixed formulations. This section also introduces the ECR and RT
elements. Section 3 proves the equivalence between the ECR and RT elements for the
Poisson equation and Stokes equation respectively. Section 4 proves the equivalence
between the ECR and RT elements for the eigenvalue problem of Laplace operator.
Section 5 shows some numerical results by ECR elements. In the end, the appendix
presents the basis functions and convergence analysis of ECR elements.

2. POISSON EQUATION, STOKES EQUATION AND NONCONFORMING FINITE ELEMENT
METHODS

We present the Poisson equation, stokes equation and their nonconforming finite
element methods in this section. Throughout this paper, let 2 C R™ denote a bounded
domain, which, for the sake of simplicity, we suppose to be a polytope.

2.1. The Poisson equation. Given f € L?(Q,R), the Poisson model problem finds
u € H}(Q,R) such that

(2.1) (Vu, Vo) = (f,v) for all v € H}(Q,R).

By introducing an auxiliary variable o := Vu, the problem can be formulated as the
following equivalent mixed problem which seeks (o, u) € H(div,Q,R") x L?(Q, R) such
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that
(0,7) + (u,divr) =0 for any 7 € H(div,Q,R"),
2.2
(2:2) (dive,v) = (—f,v) for any v € L*(Q,R).

2.2. The stokes equation. Given f € L?(2,R"), the Stokes problem models the mo-
tion of incompressible fluids occupying 2 which finds (u, p) € H(Q,R") x L3(Q,R) :=

{q € L*(,R), [, qdz = 0} such that
(23) (Vu, Vo) + (dive, p) = (f,v) for any v € Hy(Q,R"),
. (divau,q) = 0 for any q € LE(, R).

where u and p are the velocity and pressure of the flow, respectively. Given any n x n
matrix—valued function 7, its divergence div 7 is defined as

i 87—1’j
= Oz

n OTk 5
. 0y J
divr = | > oz; | -

while its trace reads
n
tr7 = E Tii-
i=1

Let id € R™*™ be the n x n identity matrix. This allows to define the deviatoric part
of T as

devr:=7—1/n tr(r)id.
The definition of the pseudostress o := Vu + pid yields the equivalent pseudostress
formulation [4} @, 10, 11 14, 24]: Find (o, u) € f[(div,Q,R”X") x L?(£2,R™) such that

(devo,dev ) + (u,divr) =0 for any 7 € H(div,Q, R™*"),

(2.4)
(dive,v) = —(f,v) for any v € L*(Q,R").

Herein and throughout this paper, the space H (div, Q,R™ ™) is defined as
H(div, Q,R™") := {T € H(div,Q,R™") : / tr 7dx = 0}.
Q

2.3. Triangulations. The simplest nonconforming finite elements for both Problem
(21) and Problem (2.3)) are the CR elements proposed in [16] while the simplest mixed
finite elements for Problem (2.2]) and Problem (2.4]) are the first order RT element due
o [30] and [4, @, 10, 11, 14} 24], respectively. Suppose that Q is covered exactly by
shape-regular partitions 7 consisting of n-simplices in n dimensions. Let £ denote the
set of all n — 1 dimensional subsimplices of T, and £(Q2) denote the set of all the n — 1
dimensional interior subsimplices, and £(952) denote the set of all the n—1 dimensional
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boundary subsimplices. Given E € &, let vy be unit normal vector and [-] be jumps of
piecewise functions over E, namely

0] := vl —vlk-

for piecewise functions v and any two elements K+ and K~ which share the common
sub-simplice E. Note that [-] becomes traces of functions on E for boundary sub-
simplices FE.

2.4. The enriched Crouzeix—Raviart elements for both the Poisson and Stokes
equations. Given w C Q and an integer m > 0, let P, (w) denote the space of polyno-
mials of degree < m over w. The Crouzeix-Raviart element space Vor over T is defined
as

Ver = {v € L*(Q,R) : v|g € Pi(K) for each K € T, [,[v]dE = 0,
for all E € £(), and [,vdE =0 for all E € £(09) }.

To obtain a nonconforming finite element method that is able to produce lower bounds
of eigenvalues of second order elliptic operators, it was proposed in [2I] to enrich the

n
shape function space P (K) by span{y_ x2} on each element. This leads to the following
i=1

shape function space
(2.5) ECR(K) := P;(K) + span { Zx?} for any K € T.
i=1

The enriched Crouzeix-Raviart element space Vgcr is then defined by

Vicr = {ve L*(QLR): v|x € ECR(K) for each K € T, [,[v]dE =0,
for all E € £(Q), and [pvdE =0 for all E € £(09) }.

The enriched Crouzeix—Raviart element method of Problem (ZII) finds ugcr € Vicr
such that

(2.6) (VNCUECRy Vch) = (f,’U) for all v € VEcr.

In order to construct a stable finite element method for the Stokes problem, we
propose the following finite element space for the pressure

(2.7) Qrcr := {q € L3(Q,R), q|x € Py(K) for each K € T}.

The enriched Crouzeix—Raviart element method of Problem (2.3)) seeks (upcr, prcr) €
(VEcr)™ X Qucr such that
(VNcugcr; Vnev) + (divne v, pecr) = (f,v)  for any v € (Vecr)",

2.8 .
(28) (divNc ugcR, ¢) = 0 for any ¢ € QgcR.

Since Vocr C VEcr, the well-posedness of Problem (2.8]) follows immediately from that
for the Crouzeix—Raviart element method of Problem (2.3]), see [16] for more details.
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2.5. The Raviart—Thomas elements for both the Poisson and Stokes equa-
tions. For the Poisson equation, one famous mixed finite element is the first order
Raviart—-Thomas element whose shape function space is

RT(K) := (Py(K))" + zPy(K) for any K € T.
Then the corresponding global finite element space reads
(2.9) RT(T) :={r € H(div,Q,R") : 7|x € RT(K) for any K € T}.
To get a stable pair of space, the piecewise constant space is proposed to approximate
the displacement, namely,
(2.10) Urr == {v € L*(Q,R) : v|x € Py(K) for any K € T}.

The Raviart—Thomas element method of Problem (2.2]) seeks (orr, urr) € RT(7T)XUgrT
such that

(orT,T) + (urr,divr) =0 for any 7 € RT(T),

(2.11) (divogrr,v) = (—f,v) for any v € Urr.
Define
(2.12) (RT(T))" := (RT(T))" N H(div, Q, R™™).

The Raviart—Thomas element method of Problem (2:4]) searches for (ogr,urr) €
(RT(T))™ x (Ugr)™ such that
(2.13) (dev orr,devT) + (upp,divr) =0 for any T € (ﬁ"\f(T))",
. (divogr,v) = —(f,v) for any v € (Ugr)".
3. EQUIVALENCE BETWEEN THE ECR AND RT ELEMENTS

In this section we assume that both f and f are piecewise constant with respect to

T.

3.1. Equivalence between the ECR and RT elements for the Poisson equa-
tion. Given any K € T, let F;,i = 1,2,--- ,n+ 1, be its n — 1 dimensional sub-
simplices. Let ¢;,7i = 1,2,--- ,n + 1, and ¢x be basis functions of the shape function
space ECR(K), so that

/qﬁjdE—aJ {1 ifi=j ,and/¢jd$:0,i,j:1,...7n+1,

otherwise

/¢Kd$—1 and/qbKdE—Oz—l n+ 1.
See the appendix for the specific expressions.
Lemma 3.1. Let ugcr be the solution of Problem [2%). There holds that
VNCuECR S H(div, Q, Rn).

Remark 3.2. Since ugcr is nonconforming in the sense that ugcr € H'(Q,R), it is
remarkable that Vncugcr s H(div) conforming.
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Proof. Let (ogrr,urr) the solution of Problem (2.I1]). Since ogy - vp are a constant
and | plv]ldE =0 for any E € £ and v € Vgcr, an integration by parts plus the second

equation of (2.I1]) yield

(orT, VNCU) = Z / oRt - VEVAE — (div ogr,v) = (f,v).
Bee’ ¥

This and (2.6]) lead to
(3.2) (VNCUECR — ORT, Vch) =0 for any v € VECR-

Given F € £(Q0), let vg € Vgor such that

/ vpdE = 1,/ vpdE = 0 for any E’ other than F, and / vdr =0 for all K € T.
E / K

Since z-vg is a constant on F, VNcugcr-VE is a constant on E. Since divne(VNcurcr—
oRr) 18 a piecewise constant function, since both the average {(VNCUECR — URT)} “VE
and the jump [(Vncurcr — orr)] - ¥E are a constant on F, an integration by parts
derives

0 = (VNCUECR — ORT; VNCUE)
= [(VNncurcr — orr)] - VE/ vpdE + {(Vncunc — orr) } - VE/ [vEldE
. E

= [(VNcugcr — orr)] - VE-
Hence Vncugcr € H(div,Q,R™), which completes the proof. O
Theorem 3.3. Let ugcr and (orr, urr) be the solutions of problems (2.0)) and (2.11]),
respectively. Then there holds
orr = VNcugcr and ugr = Houpcr,
where Iy is the piecewise constant L? projection operator.

Proof. By Lemma [B1], we only need to prove that (Vncugcr, [lougcr) is the solution
of Problem (ZTT)). In fact, given any 7 € RT(7), an integration by parts yields

(VNcukcr, T) = —(urcr, div ) + Z / [ugcr]T - vEAE = —(ugcRr, divT).
pee’E

Hence

(VNCchRa 7) + (Ilpugcr, div T) =0,
which is the first equation of Problem (2.I1]). To prove the second equation of Problem
(2110, given any K, let v = ¢ in (2.0]), an integration by parts leads to

(f,¢x) = (Vncuncr, Vncok) = —(div Vnouscr, ¢x)+ Y / VNCUECR " VEPK AE.
Ecork’E
Since VNCUECR - VE 1s a constant on E and f g ¢rdE =0, this yields
div Vncuecr (1, ¢x) = —fx (1, ¢x) = div Vncuecr = — [k,

which completes the proof. O
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3.2. Equivalence between the ECR and RT elements for the Stokes equation.

Lemma 3.4. Let (upcr,PEcr) be the solution of Problem (2.8]). There holds that
VNcugcR + PEcr id € H (div, Q,R™*").

Proof. The proof is actually similar to that of Lemma Bl Let (ogrr,urr) be the
solution of Problem (2.I3]). Given any v € (Vgcog)"™, it follows from an integration by
parts and the second equation of Problem (2.I3]) that

(orr, VNow) = (£,0) + ) /EO'RTVE[’U]dE = (f,v).

Eeg
This and the first equation of Problem (Z38) give

(VNcugcr + pEcr id —orT, VNev) = 0 for any v € (VEcor)".

Given any F € £(Q2), let vg be defined as in the proof of Lemma 31l Define vp =
(vg,--- ,vg)T, this yields

0 = — (divne(VNcurcr + pEcr id —oRT), VE)

+ / [VNCUECR + PECR id —ORT|VE - VEAE
E
= / [VNCUECR + PECR 1d —ORT|VE - VEAE
E

=[VNcugcr + pecr id —ORrT)VE - / vpdE.
E
Since orr € H(div,Q, R™ ™), this proves the desired result. O

Theorem 3.5. Let (ugcr, PECR) be the solution of Problem ([2.8), and let (R, URT)
be the solution of Problem ([213)). Then there holds that

orT = VNCUECR + PECR id and urr = llpugcr + LugcR,
where Lupcr € (Urt)" is defined by
(Lugcr, div 1) = (divNe ugcr, tr 7/n) for any T € (R/T(T))"

Remark 3.6. Since Iy divncugcr = 0 and divT = 0 implies that T is a piecewise
constant matriz—valued function, the operator L is well-defined.

Proof. We prove that (VNcugcr+pecr id, lyugcr +Lugcr) is the solution of Problem
213]). We start with a simple but important property of the deviatoric operator dev
as follows

(deve,devT) = (0,devT) = (dev o, ) for any o, 7 € H(div, Q,R"*").
Hence, any T € (R/T(T))" admits the following decomposition:
(dev(Vncugcr + pecr id), dev T) = (dev Vncugcr, T) = (VNcUECR, dev T)

(3.3)

= (VNCUECRa T) — (diVNC UECR, tT T/n)
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After integrating by parts, the first term on the right—hand side of (3.3)) can be rewritten
as
(VNcugcr, T) = —(ugcr, div ) = —(Ilpugcr, div )

since Y [plupcr] - TvedE = 0. This proves that
EeE

(dev(VNncugrcr + pecr id), dev ) + (lpugcr + Lugcr, divT) = 0,

which is the first equation of Problem (213]). Given any K, define vg = (¢x, - , ¢K).
Let v = vg in (Z4]). After integrating by parts, we derive as

—(f,vk) = (div(VNncurcr + pecr id), vk ) = div(VNncugcr + pecr id) = — f.

Since it is obvious that fQ divnc ugcrder = 0, VNCURECR + PECR 1d € (fﬁ‘('r))” This
completes the proof. O

3.3. Comments on the Poisson problem with the pure Neumann boundary.
Given a bounded domain Q C R™ with n > 2 and f € L?(Q,R), the Poisson model
problem with the pure Neumann boundary condition finds u € H'(Q,R) := {v €
HY(Q,R) : [,vdz = 0} such that

(3.4) (Vu, Vo) = (f,0)+ < g,v > forallv e H(Q,R).

where glgq = %]ag € H-Y/2(09,R). Suppose that (f,v)+ < g,v >= 0, this problem
admits a unique solution. For this problem, the equivalent mixed formulation seeks
(o,u) € Hy(div,R™) x L?(Q, R) such that

(o,7) + (u,divr) =0 for any 7 € Hp(div, 2, R"),

(3.5) ) )
(divo,v) = (—f,v) for any v € L“(Q,R).

Here
Hp(div,R") = {r € H(div,Q,R") : 7-v =D on 9Q} with D =0 or g.

Suppose that both f and g are a piecewise constant function. Then the result in (L.1])
holds equally for this case. Since the space for the CR element is a subspace of the
ECR element, this implies that the CR element can not be equal to the RT element.
In fact, for two dimensions, let the exact solution of Problem [@.4) be u = % + 23,
which yields that f = —4 and g is a piecewise constant on a polygonal domain. For this
problem, the RT element gives the exact solution while the error of the CR element
has the following lower bound

Bh < [|[VNe(u — ucr)|

for some positive constant § and the meshsize h of the domain, see [2I] for more details
of proof.
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4. EQUIVALENCE BETWEEN THE ECR AND RT ELEMENTS FOR EIGENVALUE
PROBLEM

First we introduce the eigenvalue problem for the Laplace operator and the finite
element method in this section. The eigenvalue problem finds (\,u) € R x H(Q,R)
such that

(4.1) (Vu, V) = Ay, v) for any v € L*(Q,R) and |ul| = 1.

By introducing an auxiliary variable ¢ := Vu, the problem can be formulated as the
following equivalent mixed problem which seeks (), o,u) € R x H(div, Q, R") x L?(Q, R)
such that

(0,7) + (u,divr) =0 for any 7 € H(div,Q,R"),

(dive,v) = —A(u,v) for any v € L*(Q,R) and |ju| = 1.

The ECR element method of (A1) seeks (Agcr, urcr) € R X Vicr such that

(4.2)

(4.3) (VNcugCR, VNev) = Agcr (urcr, v) for any v € Vicr and [lupcr|| = 1.

The RT element method of Problem (4.2]) seeks (Arr,orT,urT) € R X RT(T) X UpT
such that
(orr, T) + (urT,divr) =0  for any 7 € RT(T),

(1.4) !
(divogr,v) = —Arr(ugpr,v) for any v € Urr and ||urr|| = 1.

Assume, for simplicity, we only consider the case of A is an eigenvalue of multiplicity
1. We define T as the inverse operator of continuous problem, i.e. for any f € L*(Q,R),
Tf =us € H}(Q,R), where uy satisfies the Poisson equation (2., i.e.

(4.5) (Vauy, Vo) = (f,v) for any v € H)(Q,R).

Generally speaking, the regularity of u; depends on, among others, regularities of
f and the shape of the domain ). To fix the main idea and therefore avoid too
technical notation, throughout the remaining paper, without loss of generality, assume
that uy € Hi(Q,R) N H™*(Q,R) with 0 < s < 1 in the sense that

(4.6) lusllgesry S IFI-

Here and throughout the paper, the inequality A < B replaces A < C'B with some
multiplicative mesh—size independent constant C' > 0 that depends on the domain €2,
the shape of element, and possibly the eigenvalue A.

It follows from the theory of nonconforming eigenvalue approximation [21] and known
a priori estimate that,

(4.7) A = Agcr| + |u — uscrll + 2°| Ve (v — upcr) | S 2 |lull s or)
and the theory of mixed eigenvalue approximation [28] that

(4.8) A= Arr| +23(lo — prrll + [lu = urrl) S % (lul grvs o p)-
Using (4.0)), the bound for the eigenvalue A < 1 and ||u|| = 1, there holds that

HUHHHS(Q,R) S Al S 1.
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To analyze the equivalence, we introduce the following discrete problem: Find ¢rcr €
VEcr such that

(4.9) (VncoECR, Vev) = Arr(Ilogpcr, v) for any v € Vicr.

It follows from Theorem 3.3 that Problem (.4) is equivalent to (£9) in the sense that
they have the same eigenvalues Agr and the eigenvectors are related by orr = VNCPECR

and urr = IHoPrcr.
Similar to the analysis in [I7], applying to Problem (4.9)) the general theory developed
for example in [5] we can prove that

(4.10) |u — drcr| < A%,

where ¢pcr = drcr/|dEcr||. To present it clearly, we follow a similar argument in [17]
and give the proof of (£10]). Let T} be defined as the inverse operators of the following
discrete problem, i.e., for f € L?(2,R), T},f = wy, € Vecr where wy, satisfies

(4.11) (Vncwp, Vnev) = (I f,v) for any v € Vicr.
Let E denote the eigenspace corresponding to A. We have the following two results.
Lemma 4.1. Suppose T is defined in (L5) and T}, is defined in ([AI1l). Then,
(T = Th) el 2.2y S B>
Proof. We have to show that
ITf = Tufll < W*°|| | for any f € E.

Let up = Tf, un,y = T(Ilpf) and wy, = T}, f. First a standard argument for noncon-
forming finite element methods, see, for instance, [7], proves

(4.12) IT(Wof) = Tnfll = llunes — wnll S B*|Mofll S 2> f]-
Let e = uy — ugys and r € H} (S, R) be the solution of —Ar = e. Then a standard

duality argument gives,
(67 6) = (Ve, VT) = (f - H0f7T)
= (f — Hof,r —Tor).

Hence, the property of piecewise constant L? projection IIy implies that

(4.13)

lell < K*[IV £]]-

Since f € E, there exists a constant C depending on A such that ||V f|| < C||f|| and so
lell < KII£1.

This and (£I2]) complete the proof. O

Lemma 4.2. The sequence {Tj,}, converges uniformly to T in L(L?, L*) as h goes to
0.
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Proof. We show that for all f € L?(Q,R) we have
ITf = Tuf|l < R £

The proof follows the same lines as the previous lemma. The fact that f belonged to
the eigenspace E was used only once to estimate (4.I3]) with the desired order. When
f is taken in L?(Q,R) we can only obtain from the following bound, using similar
arguments as before

(e,e) = (Ve,Vr) = (f —1Ilof,r)
= (f —of,r —or)
Shlf =Tof|[[Vr|
S Rlf el
This and (£12]) imply the desired order. O
Since the sequence of operators {1},};, converges uniformly to 7" in £(L?, L?), well-

known results in the theory of spectral approximation yield the following error estimate
for eigenvectors, see e.g. [5]

(4.14) lu = drcrll S T = Th)lellzz2,r2)-
Then (AI0) is a consequence of (AI4)) and Lemma 4.1. In fact,

¢ecr|® = (I — o)¢rcrl* + [Hodrcr||®
=1+|/(I - o)drcr

This and the property of piecewise constant L? projection Iy yield 0 < ||¢pcr|| — 1 <
ArTh?, and so ¢pcRr satisfies

(4.15) lu — ¢ucrl S h*.

The equivalence result for the errors of the eigenfunction approximations is presented
as follows.

Theorem 4.3. For sufficiently small h < 1, the discrete eigenfunctions ugcr and oRrT
satisfy

[Vu = Vxcurcr| = [Vu — ogrr|| + hoo.t.
Proof. Using (£9) and some elementary manipulation yield
IVncuecr — orr||* =||VNcuscr — VNcdrcr |
=(AecruECcR — ARTHoPECR, UECR — PECR)
=(AECRUECR — ARTPECR; UECR — ®ECR)

+ Arr(( — Ip)¢ECR, (I — ) (uECR — PECR))

SIIAECcRUECR — ARTPECR||||UECR — PECR]|

(4.16)

+ Arrh? || Vneorcr ||| VNcurcr — orl)-
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The bound for the eigenvalues Agcr < 1,AgT < 1 and the normalisation |Jugcr|| = 1
yield
[AecruECR — ARTPECR| < [AECR — ART| + [[UECR — PECRI-
Therefore, the Young inequalities, (£.7)) and (dI5]) control the first term in (4.I0]) as

[AecruECR — ART¢ECR ||[[UBCR — PECR/|
< ecr = Arrl? + [luscr — ducr[? S h*.
The last term in (4.16]) can be absorbed. Hence it yields that
IVxcugcr — orrll S h*,

which is a high order term. O

5. NUMERICAL RESULTS

In this section, we present some numerical results, which show that ECR elements
have some good numerical properties.

5.1. Poisson problem. We consider the poisson problem (2I). Define the bubble
function space

Brcr = {v € L*(Q,R) : v|x € span{¢x},VK € T},
where ¢ is defined in (B)). For any v € Vgcr, v € Vg is given by

/Hvds:/vds for all £ € €.
E E

Hence v — IIv has vanishing average on each F and v — IIv € Bgcgr. Let ugcr be the
solution to the discrete problem by the ECR element, then ugcr can be written as
upcr = Hugcr + u’, where Iupcr € Vog and u® € Brcr. In ([Z6), we choose

. (25[{ T € K,
o {0 v ¢ K.
This gives
(Vugcr, Vox )2y = (fs 0x) L2 (1)
Since fEl ¢oxdE = 0,i = 1,--- ,n + 1, an integration by parts leads to the following
important orthogonality:

(5.1) (VIMugcr, Vér ) 2 (k) = 0.

This leads to

(5.2) (VU Vor) 20y = (f, 0x) 20y VK €T,
and

(5.3) (VncHugcr, VNev) = (f,v) for all v € Vieg.

Consequently, IIugcg is the solution to the discrete problem by the CR element. Hence
we can solve the ECR element by solving (5.2]) on each K and (5.3]) for the CR element,
respectively.
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Remark 5.1. For general second order elliptic problems: Find u € H&(Q,R) such that
(AVu, Vo) = (f,v)  for allv € H} (S, R),

when A is a piecewise constant tensor-valued function, a similar orthogonality of (5.1I)
still holds

(5.4) (AVHUECR, V¢K)L2(K) =0 VKeT.

Hence, we can still use the same technique to solve the ECR element. For the more
general case, the orthogonality (5.4) does not hold. However, u® can be eliminated a
prior by a static condensation procedure.

We compute two examples which compare the errors of the ECR and CR elements.
The first example takes 2 = (0,1)? and the exact solution u(z,y) = sin(mwz) sin(my);
the second takes Q = (0,1)3 and the exact solution u(x,y, z) = sin(nz) sin(ry) sin(7z).
Both comparisons are illustrated in Figure [Il which indicates that ||Vnc(u —upcr)|| is
smaller than ||Vxc(u — ucr)||-

Rate of Convergence (2D)
T

—— [T U= Il

- 8- 0l

10° ¢

Error

10° 10" 10
1/h

(a) u(z,y) = sin(rz) sin(my)

Rate of Convergence (3D)
T

e 10y uug I

— - N0 uugell

Error

‘
10° 10" 10
1/h

(b) u(z,y, z) = sin(wzx) sin(wy) sin(7z)

FIGURE 1.
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5.2. Eigenvalue problem. We consider the eigenvalue problem (4I]). Since Vor C
VECR, the eigenvalues produced by the ECR element are smaller than those by the CR
element. When the meshsize is small enough, the ECR element has been proved to
produce lower bounds for eigenvalues, see [21]. When eigenfunctions are singular, the
CR element provides lower bounds for eigenvalues, see [2]; under some mesh conditions,
it also produces lower bounds for eigenvalues when eigenfunctions are smooth, see [22].

On the coarse triangulation of the square domain = (0, 1)? from Figure @ the CR
element produces a upper bound Acr = 24 for the first eigenvalue A = 272 ~ 19.7392
of the Laplace operator, while the ECR element gives a lower bound Agcr = 17.1429.

0,1) 1)

(0,0 (1,0)

FIGURE 2.

APPENDIX A. BAsis FUNCTIONS AND CONVERGENCE ANALYSIS OF THE ECR
ELEMENT

For any K € T, we give the basis functions of the shape function space ECR(K).
Suppose the coordinate of the centroid mid(K) is (My, My - -+, M,,). The vertices of K
are denoted by a;,1 < ¢ < n+ 1 and the barycentric coordinates by A1, Ao, -, Apt1.
Let H=>3,_,la; — a;|?, then the basis functions are as follows

n+2 nn+1)2n+2) < 5
Ok =5~ Vi > (@i — M),

i=1

(bj:l—n)\j— (ZﬁK, 1Sj§n+1

n+1

For any v € Vicr, by the definition of Vicr in (), [5[v]dE = 0 for all E € £(Q)
and [ vdE = 0 for all E € £(99). From the theory of [23], there holds that

[Vne(u = ugcr)|| S [Vu = o Vul| + osc(f),
where
1/2
osc(f) = W[ i |If = Fli§x
(1 -7
r > 0 is arbitrary. The convergence of the ECR element follows immediately.
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