
HAL Id: hal-00918226
https://hal.sorbonne-universite.fr/hal-00918226v2

Preprint submitted on 18 Dec 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A POSTERIORI ANALYSIS OF ITERATIVE
ALGORITHMS FOR A NONLINEAR PROBLEM

Christine Bernardi, Jad Dakroub, Gihane Mansour, Toni Sayah

To cite this version:
Christine Bernardi, Jad Dakroub, Gihane Mansour, Toni Sayah. A POSTERIORI ANALYSIS OF
ITERATIVE ALGORITHMS FOR A NONLINEAR PROBLEM. 2013. �hal-00918226v2�

https://hal.sorbonne-universite.fr/hal-00918226v2
https://hal.archives-ouvertes.fr


❆ P❖❙❚❊❘■❖❘■ ❆◆❆▲❨❙■❙ ❖❋ ■❚❊❘❆❚■❱❊ ❆▲●❖❘■❚❍▼❙

❋❖❘ ❆ ◆❖◆▲■◆❊❆❘ P❘❖❇▲❊▼

❈❍❘■❙❚■◆❊ ❇❊❘◆❆❘❉■ †✱ ❏❆❉ ❉❆❑❘❖❯❇ †‡✱ ●■❍❆◆❊ ▼❆◆❙❖❯❘ ‡✱ ❚❖◆❨ ❙❆❨❆❍ ‡✳

❆❜str❛❝t✳ ❆ ♣♦st❡r✐♦r✐ ❡rr♦r ✐♥❞✐❝❛t♦rs ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ r❡❝❡♥t ②❡❛rs ♦✇✐♥❣ t♦ t❤❡✐r r❡♠❛r❦❛❜❧❡
❝❛♣❛❝✐t② t♦ ❡♥❤❛♥❝❡ ❜♦t❤ s♣❡❡❞ ❛♥❞ ❛❝❝✉r❛❝② ✐♥ ❝♦♠♣✉t✐♥❣✳ ❚❤✐s ✇♦r❦ ❞❡❛❧s ✇✐t❤ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r
❡st✐♠❛t✐♦♥ ❢♦r t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❛ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✳ ❋♦r ❛ ❣✐✈❡♥ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥
❝♦♥s✐❞❡r✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥ts ✇❡ s♦❧✈❡ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✉s✐♥❣ t✇♦ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s ✐♥✈♦❧✈✐♥❣ s♦♠❡
❦✐♥❞ ♦❢ ❧✐♥❡❛r✐③❛t✐♦♥✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡♠✱ t❤❡r❡ ❛r❡ ❛❝t✉❛❧❧② t✇♦ s♦✉r❝❡s ♦❢ ❡rr♦r✱ ♥❛♠❡❧② ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞
❧✐♥❡❛r✐③❛t✐♦♥✳ ❇❛❧❛♥❝✐♥❣ t❤❡s❡ t✇♦ ❡rr♦rs ❝❛♥ ❜❡ ✈❡r② ✐♠♣♦rt❛♥t✱ s✐♥❝❡ ✐t ❛✈♦✐❞s ♣❡r❢♦r♠✐♥❣ ❛♥ ❡①❝❡ss✐✈❡
♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳ ❖✉r r❡s✉❧ts ❧❡❛❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦♠♣✉t❛❜❧❡ ✉♣♣❡r ✐♥❞✐❝❛t♦rs ❢♦r t❤❡ ❢✉❧❧
❡rr♦r✳
❙❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ♣r♦✈✐❞❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♦✉r ✐♥❞✐❝❛t♦rs✳

❘és✉♠é✳ ▲❡s ✐♥❞✐❝❛t❡✉rs ❞✬❡rr❡✉r ❛ ♣♦st❡r✐♦r✐ ♦♥t été ❜❡❛✉❝♦✉♣ ❝♦♥s✐❞érés ❛✉ ❝♦✉rs ❞❡s ❞❡r♥✐èr❡s ❛♥♥é❡s
à ❝❛✉s❡ ❞❡ ❧❡✉rs ❝❛♣❛❝✐tés r❡♠❛rq✉❛❜❧❡s à ❛♠é❧✐♦r❡r ❧❛ ✈✐t❡ss❡ ❡t ❧❛ ♣ré❝✐s✐♦♥ ❞❛♥s ❧❛ rés♦❧✉t✐♦♥ ✐tér❛t✐✈❡
❞❡s ♣r♦❜❧è♠❡s✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦tr❡ ❜✉t ❡st ❞✬❛♣♣❧✐q✉❡r ❝❡tt❡ ♠ét❤♦❞❡ ♣♦✉r ✉♥ ♣r♦❜❧è♠❡ ♥♦♥ ❧✐♥é❛✐r❡✳
◆♦✉s ♣r♦♣♦s♦♥s ❛❧♦rs ❞❡✉① ❛❧❣♦r✐t❤♠❡s ✐tér❛t✐❢s ❞❡ rés♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❡t ♥♦✉s ét✉❞✐♦♥s ❧❛ ❝♦♥✈❡r✲
❣❡♥❝❡ ❞❡ ❝❡s ❛❧❣♦r✐t❤♠❡s ✈❡rs ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞✐s❝r❡t✳ ❯♥❡ ét❛♣❡ ✐♠♣♦rt❛♥t❡ ❝♦♥s✐st❡ à ❞é♠♦♥tr❡r
❞❡s ❡st✐♠❛t✐♦♥s ❞✬❡rr❡✉r ❛ ♣♦st❡r✐♦r✐ ❡♥ ❞✐st✐♥❣✉❛♥t ❧❡s ❡rr❡✉rs ❞❡ ❧✐♥é❛r✐s❛t✐♦♥ ❡t ❞❡ ❞✐s❝rét✐s❛t✐♦♥✳
◆♦✉s ♣rés❡♥t♦♥s ✜♥❛❧❡♠❡♥t q✉❡❧q✉❡s rés✉❧t❛ts ❞✬❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s✳

❑❡②✇♦r❞s ✿ ❆ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t✐♦♥✱ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✱ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞s✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

▼❛♥② r❡s❡❛r❝❤ ✇♦r❦s ❞❡❛❧ ✇✐t❤ t❤❡ ❛ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ❛❞❛♣t✐✈❡ ♠❡s❤✲r❡✜♥❡♠❡♥t ❢♦r ✜♥✐t❡ ❡❧❡✲
♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ❬✶✶❪✳ ❋✐rst✱ ❛ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s ❝♦♥tr♦❧s t❤❡ ♦✈❡r❛❧❧ ❞✐s❝r❡t✐③❛t✐♦♥
❡rr♦r ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ✐t ♣r♦✈✐❞❡s ❡rr♦r ✐♥❞✐❝❛t♦rs ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❝♦♠♣✉t❡❞ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❣✐✈❡♥ ❞❛t❛ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❖♥❝❡ t❤❡s❡ ❡rr♦r ✐♥❞✐❝❛t♦rs ❛r❡ ❝♦♥str✉❝t❡❞✱ ✇❡ ♣r♦✈❡ t❤❡✐r
❡✣❝✐❡♥❝② ❜② ❜♦✉♥❞✐♥❣ ❡❛❝❤ ✐♥❞✐❝❛t♦r ❜② t❤❡ ❧♦❝❛❧ ❡rr♦r✳ ❚❤✐s ❛♥❛❧②s✐s ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ■✳ ❇❛❜✉š❦❛
❬✷❪✱ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❜② ❘✳ ❱❡r❢ürt❤ ❬✶✶❪✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r
♣r♦❜❧❡♠✳

▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ ♣♦❧②❣♦♥ ♦❢ IRd, d = 2, ✇❡ ❝♦♥s✐❞❡r

−∆u+ λ|u|2pu = f ✐♥ Ω, ✭✶✳✶✮

u = 0 ♦♥ ∂Ω, ✭✶✳✷✮

✇❤❡r❡ λ ❛♥❞ p ❛r❡ t✇♦ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ f ❜❡❧♦♥❣s t♦ H−1(Ω)✱ t❤❡ ❞✉❛❧ ♦❢
t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1

0 (Ω)✳ ❯s✐♥❣ P1 ▲❛❣r❛♥❣❡ ✜♥✐t❡ ❡❧❡♠❡♥ts✱ t❤❡ ❞✐s❝r❡t❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ❛♠♦✉♥ts
t♦ ❛ s②st❡♠ ♦❢ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s t❤❛t ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❛♥ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ✐♥✈♦❧✈✐♥❣ s♦♠❡ ❦✐♥❞ ♦❢
❧✐♥❡❛r✐③❛t✐♦♥✳ ❚❤✉s✱ t✇♦ s♦✉r❝❡s ♦❢ ❡rr♦r ❛♣♣❡❛r✱ ♥❛♠❡❧② ❧✐♥❡❛r✐③❛t✐♦♥ ❛♥❞ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧
♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❜❛❧❛♥❝❡ t❤❡s❡ t✇♦ s♦✉r❝❡s ♦❢ ❡rr♦r✳ ■♥ ❢❛❝t✱ ✐❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❞♦♠✐♥❛t❡s t❤❡♥ t❤❡
♥♦♥❧✐♥❡❛r s♦❧✈❡r ✐t❡r❛t✐♦♥s ✐s r❡❞✉❝❡❞✳ ❚❤❡r❡❢♦r❡✱ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❝❛❧❝✉❧❛t❡ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡s

❉❡❝❡♠❜❡r ✶✷✱ ✷✵✶✸✳
† ▲❛❜♦r❛t♦✐r❡ ❏❛❝q✉❡s✲▲♦✉✐s ▲✐♦♥s ✲ ❈✳◆✳❘✳❙✳ ❡t ❯♥✐✈❡rs✐té P❛r✐s ❱■✱ ❋r❛♥❝❡✳
‡ ❉é♣❛rt❡♠❡♥t ❞❡ ▼❛t❤é♠❛t✐q✉❡s ✲ ❯♥✐✈❡rs✐té ❙❛✐♥t✲❏♦s❡♣❤✱ ▲❡❜❛♥♦♥✳
❜❡r♥❛r❞✐❅❛♥♥✳❥✉ss✐❡✉✳❢r✱ ❥❛❞✳❞❛❦r♦✉❜❅✉s❥✳❡❞✉✳❧❜✱ ♠❣✐❤❛♥❡❅❢s✳✉s❥✳❡❞✉✳❧❜✱ ts❛②❛❤❅❢s✳✉s❥✳❡❞✉✳❧❜✳

✶



✷ ❇❊❘◆❆❘❉■✱ ❉❆❑❘❖❯❇✱ ▼❆◆❙❖❯❘ ❆◆❉ ❙❆❨❆❍

❞✐st✐♥❣✉✐s❤✐♥❣ ❧✐♥❡❛r✐③❛t✐♦♥ ❛♥❞ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦rs ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛♥ ❛❞❛♣t✐✈❡ ♣r♦❝❡❞✉r❡✳ ❚❤✐s t②♣❡ ♦❢
❛♥❛❧②s✐s ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❆✳✲▲✳ ❈❤❛✐❧❧♦✉ ❛♥❞ ▼✳ ❙✉r✐ ❬✹✱ ✺❪ ❢♦r ❛ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ❝❤❛r❛❝t❡r✐③❡❞
❜② str♦♥❣❧② ♠♦♥♦t♦♥❡ ♦♣❡r❛t♦rs✳ ■t ❤❛❞ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ▲✳ ❊❧ ❆❧❛♦✉✐✱ ❆✳ ❊r♥ ❛♥❞ ▼✳ ❱♦❤r❛❧í❦ ❬✻❪
❢♦r ❛ ❝❧❛ss ♦❢ s❡❝♦♥❞✲♦r❞❡r ♠♦♥♦t♦♥❡ q✉❛s✐✲❧✐♥❡❛r ❞✐✛✉s✐♦♥✲t②♣❡ ♣r♦❜❧❡♠s ❛♣♣r♦①✐♠❛t❡❞ ❜② ♣✐❡❝❡✇✐s❡
❛✣♥❡✱ ❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡❧❡♠❡♥ts✳ ■♥ ❢❛❝t✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ✇♦r❦s ✐s t❤❛t ✐♥ ❬✻❪ t❤❡②
❝♦♥s✐❞❡r❡❞ ❛♥ ✐t❡r❛t✐✈❡ ❧♦♦♣ ❢♦r t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❤✐❧❡ ✐♥ ❬✹✱ ✺❪ t❤❡② r❡♣❧❛❝❡❞ t❤❡ ♥♦♥❧✐♥❡❛r
♣r♦❜❧❡♠ ❜② ❛ s✐♠♣❧✐✜❡❞ ❧✐♥❡❛r ♠♦❞❡❧ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ ❛♥② ❛❞❛♣t✐✈❡ ♣r♦❝❡❞✉r❡✳

❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t t✇♦ ❞✐✛❡r❡♥t str❛t❡❣✐❡s ❢♦r t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♣r♦❝❡ss✱ ♥❛♠❡❧② ✜①❡❞✲
♣♦✐♥t ❛❧❣♦r✐t❤♠ ❛♥❞ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✳ ❇♦t❤ str❛t❡❣✐❡s ❛r❡ ✐t❡r❛t✐✈❡ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ♦✉t❧✐♥❡❞
❛s ❢♦❧❧♦✇s ✿

✭✶✮ ❖♥ t❤❡ ❣✐✈❡♥ ♠❡s❤✱ ♣❡r❢♦r♠ ❛♥ ✐t❡r❛t✐✈❡ ❧✐♥❡❛r✐③❛t✐♦♥ ✉♥t✐❧ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✐s s❛t✐s✜❡❞
✭✷✮ ■❢ t❤❡ ❡rr♦r ✐s ❧❡ss t❤❛♥ t❤❡ ❞❡s✐r❡❞ ♣r❡❝✐s✐♦♥✱ t❤❡♥ st♦♣✱ ❡❧s❡ r❡✜♥❡ t❤❡ ♠❡s❤ ❛❞❛♣t✐✈❡❧② ❛♥❞ ❣♦

t♦ st❡♣ (1)✳

❚❤❡♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡s❡ t✇♦ ❛❧❣♦r✐t❤♠s✳ ❆❝t✉❛❧❧②✱ t❤❡ ◆❡✇t♦♥ ✐t❡r❛t✐♦♥ ✈❡rs✐♦♥ ❤❛s ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡
r❛t❡s t❤❛♥ t❤❡ ✜①❡❞✲♣♦✐♥t ✐t❡r❛t✐♦♥ ✈❡rs✐♦♥ ❜✉t ✐s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s✳

❆♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ 2✱ ✇❡ ♣r❡s❡♥t t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ (1.1)✲
(1.2)✳ ❲❡ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ 3 t❤❡ ❞✐s❝r❡t❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✇✐t❤ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡✳ ❚❤❡ t✇♦
❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ❛r❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ 4✳ ❚❤❡ ❛ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❜♦t❤ ✜①❡❞✲
♣♦✐♥t ❛❧❣♦r✐t❤♠ ❛♥❞ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❙❡❝t✐♦♥ 5✳ ❙❡❝t✐♦♥ 6 ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts✳

✷✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ♠♦❞❡❧

❲❡ ❞❡s❝r✐❜❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ (1.1)✲(1.2) t♦❣❡t❤❡r ✇✐t❤ ✐ts ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✳
❋✐rst ♦❢ ❛❧❧✱ ✇❡ r❡❝❛❧❧ t❤❡ ♠❛✐♥ ♥♦t✐♦♥ ❛♥❞ r❡s✉❧ts ✇❤✐❝❤ ✇❡ ✉s❡ ❧❛t❡r ♦♥✳ ❋♦r ❛ ❞♦♠❛✐♥ Ω✱ ❞❡♥♦t❡ ❜② Lp(Ω)
t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s s✉♠♠❛❜❧❡ ✇✐t❤ ♣♦✇❡r p✳ ❋♦r v ∈ Lp(Ω)✱ t❤❡ ♥♦r♠ ✐s ❞❡✜♥❡❞ ❜②

‖ v ‖Lp(Ω)=

(∫

Ω

|v(x)|pd①

)1/p

.

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥st❛♥t❧② ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡

Wm,r(Ω) =
{
v ∈ Lr(Ω); ∀|k| ≤ m, ∂kv ∈ Lr(Ω)

}
,

✇❤❡r❡ k = (k1, k2) ✐s ❛ 2✲t✉♣❧❡ ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t |k| = k1 + k2 ❛♥❞

∂kv =
∂|k|v

∂xk1

1 ∂x
k2

2

.

Wm,r(Ω) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s❡♠✐✲♥♦r♠

|v|m,r,Ω =



∑

|k|=m

∫

Ω

|∂kv|rd①




1/r

,

❛♥❞ t❤❡ ♥♦r♠

‖ v ‖m,r,Ω=

(
m∑

ℓ=0

|v|rℓ,r,Ωd①

)1/r

.

❋♦r r = 2✱ ✇❡ ❞❡✜♥❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ Hm(Ω) =Wm,2(Ω)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡

H1
0 (Ω) = {v ∈ H1(Ω), v|∂Ω

= 0},

❛♥❞ ✐ts ❞✉❛❧ s♣❛❝❡ H−1(Ω)✳

❲❡ r❡❝❛❧❧ t❤❡ ❙♦❜♦❧❡✈ ✐♠❜❡❞❞✐♥❣s ✭s❡❡ ❆❞❛♠s ❬✶❪✱ ❈❤❛♣t❡r 3✮✳

▲❡♠♠❛ ✷✳✶✳ ❋♦r ❛❧❧ 1 ≤ j <∞ ❛♥❞ d = 2✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t Sj s✉❝❤ t❤❛t

∀v ∈ H1
0 (Ω), ‖ v ‖Lj(Ω)≤ Sj |v|1,Ω. ✭✷✳✶✮
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❘❡♠❛r❦ ✷✳✷✳ ❋♦r d = 3✱ ✐♥❡q✉❛❧✐t② (2.1) ✇✐t❤ st❛♥❞❛r❞ ❞❡✜♥✐t✐♦♥ ♦❢ H1
0 (Ω) r❡♠❛✐♥s ✈❛❧✐❞ ♦♥❧② ❢♦r j ≤ 6✱

✇❤❡♥❝❡ t❤❡ ✐♥t❡r❡st ♦❢ ✇♦r❦✐♥❣ ✐♥ ❞✐♠❡♥s✐♦♥ d = 2.

❚❤❡ ♠♦❞❡❧ ♣r♦❜❧❡♠ (1.1)✲(1.2) ❛❞♠✐ts t❤❡ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✿

❋✐♥❞ u ∈ X s✉❝❤ t❤❛t

∀v ∈ X,

∫

Ω

∇u∇vd①+

∫

Ω

λ|u|2puvd① = 〈f, v〉, ✭✷✳✷✮

✇✐t❤ X = H1
0 (Ω).

❚❤❡♦r❡♠ ✷✳✸✳ Pr♦❜❧❡♠ (2.2) ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ X.

Pr♦♦❢✳ ❲❡ ❛ss♦❝✐❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ ♣r♦❜❧❡♠ (2.2) ✿

E(u) =
1

2

∫

Ω

∇u(x)2d①+
λ

2p+ 2

∫

Ω

|u(x)|2pu(x)2d①− 〈f, u(x)〉,

✇❡ t❤❡♥ ❤❛✈❡ t❤❡ ❡st✐♠❛t✐♦♥

E(u) ≥
1

2

∫

Ω

|∇u(x)|2dx+
λ

2p+ 2

∫

Ω

|u|2p+2− ‖ f ‖−1,Ω‖ u ‖1,Ω .

❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡♥❡r❣② ♠✐♥✐♠✐③❛t✐♦♥ ❝♦r♦❧❧❛r② ✭s❡❡ ❬✾❪✱ ❈❤❛♣t❡r 3✮✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ▲❡♠♠❛ ✿

▲❡♠♠❛ ✷✳✹✳ ▲❡t ❛✱ ❜ ❛♥❞ ♣ ❜❡ t❤r❡❡ r❡❛❧ ♥✉♠❜❡rs✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥
∣∣|a|p − |b|p

∣∣ ≤ p|a− b|
(
|a|p−1 + |b|p−1

)
.

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❛♣♣❧②✐♥❣ t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠ t♦ f(x) = xp ✇✐t❤ x > 0✳

❘❡♠❛r❦ ✷✳✺✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ ❜② C✱ C ′✱✳✳✳ ❣❡♥❡r✐❝ ❝♦♥st❛♥ts t❤❛t ❝❛♥ ✈❛r② ❢r♦♠ ❧✐♥❡ t♦ ❧✐♥❡ ❜✉t
❛r❡ ❛❧✇❛②s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛❧❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs✳

✸✳ ❋✐♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡

❚❤✐s s❡❝t✐♦♥ ❝♦❧❧❡❝ts s♦♠❡ ✉s❡❢✉❧ ♥♦t❛t✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣ ❛♥❞ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡✳

▲❡t (Th)h ❜❡ ❛ r❡❣✉❧❛r ❢❛♠✐❧② ♦❢ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ Ω✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t✱ ❢♦r ❡❛❝❤ h ✿
• ❚❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ Th ✐s ❡q✉❛❧ t♦ Ω✳

• ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ❞✐✛❡r❡♥t ❡❧❡♠❡♥ts ♦❢ Th✱ ✐❢ ♥♦t ❡♠♣t②✱ ✐s ❛ ✈❡rt❡① ♦r ❛ ✇❤♦❧❡ ❡❞❣❡ ♦❢ ❜♦t❤
tr✐❛♥❣❧❡s✳
• ❚❤❡ r❛t✐♦ ♦❢ t❤❡ ❞✐❛♠❡t❡r hK ♦❢ ❛♥② ❡❧❡♠❡♥t K ♦❢ Th t♦ t❤❡ ❞✐❛♠❡t❡r ♦❢ ✐ts ✐♥s❝r✐❜❡❞ ❝✐r❝❧❡ ✐s s♠❛❧❧❡r
t❤❛♥ ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳
❆s ✉s✉❛❧✱ h st❛♥❞s ❢♦r t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❞✐❛♠❡t❡rs hK ✱ K ∈ Th✳

▲❡t Xh ⊂ H1
0 (Ω) ❜❡ t❤❡ P1 ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Th, ♠♦r❡ ♣r❡❝✐s❡❧②

Xh =

{
vh ∈ H1

0 (Ω), ∀K ∈ Th, vh|K
∈ P1(K)

}
,

✇❤❡r❡ P1(K) st❛♥❞s ❢♦r t❤❡ s♣❛❝❡ ♦❢ r❡str✐❝t✐♦♥s t♦ K ♦❢ ❛✣♥❡ ❢✉♥❝t✐♦♥s ♦♥ IR2.

❲❡ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✜♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ Pr♦❜❧❡♠ (2.2)✱ ♦❜t❛✐♥❡❞ ❜② t❤❡ ●❛❧❡r❦✐♥
♠❡t❤♦❞ ✿

❋✐♥❞ uh ∈ Xh s✉❝❤ t❤❛t

∀vh ∈ Xh,

∫

Ω

∇uh∇vhd①+

∫

Ω

λ|uh|
2puhvhd① = 〈f, vh〉. ✭✸✳✶✮

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ (3.1)✱ ❧❡t ✉s r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s ❞✉❡ t♦ ❇r❡③③✐✲❘❛♣♣❛③✲❘❛✈✐❛rt t❤❡♦r❡♠ ❬✸❪✳ ◆❡①t✱ ✇❡
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❛♣♣❧② t❤❡♠ t♦ ♣r♦❜❧❡♠ (3.1)✳ ▲❡t V ❛♥❞W ❜❡ t✇♦ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ C1 ♠❛♣♣✐♥❣ G : V →W

❛♥❞ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ S ∈ L(W,V )✳ ❲❡ s❡t ✿

F (u) = u− SG(u). ✭✸✳✷✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ s♦❧✉t✐♦♥ u ∈ V ♦❢ t❤❡ ❡q✉❛t✐♦♥ F (u) = 0 ✿

❋♦r h > 0✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ Vh ♦❢ t❤❡ s♣❛❝❡ V ❛♥❞ ❛♥ ♦♣❡r❛t♦r Sh ∈ L(W ;Vh).
❲❡ s❡t ❢♦r uh ∈ Vh :

Fh(uh) = uh − ShG(uh).

❚❤❡ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜❧❡♠ ❝♦♥s✐sts ♦♥ ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ uh ∈ Vh ♦❢ t❤❡ ❡q✉❛t✐♦♥

Fh(uh) = 0. ✭✸✳✸✮

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✭s❡❡ ❬✸❪✱ ❙❡❝t✐♦♥ 3 ♦r ❬✼❪✱ ❈❤❛♣t❡r 4✮ ✿

❚❤❡♦r❡♠ ✸✳✶✳ ❆ss✉♠❡ t❤❛t G ✐s ❛ C1 ♠❛♣♣✐♥❣ ❢r♦♠ V ✐♥t♦W ✇✐t❤ DG ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✱ SDG(u) ∈
L(V ) ✐s ❝♦♠♣❛❝t ❛♥❞ DF (u) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ V ✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ v ∈ V

lim
h→0

‖ v −Πhv ‖V = 0, ✭✸✳✹✮

❢♦r s♦♠❡ ❧✐♥❡❛r ♦♣❡r❛t♦r Πh ∈ L(V ;Vh) ❛♥❞

lim
h→0

‖ Sh − S ‖L(W,V )= 0. ✭✸✳✺✮

❚❤❡♥✱ t❤❡r❡ ❡①✐st h0 > 0 ❛♥❞ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ O ♦❢ t❤❡ ♦r✐❣✐♥ ✐♥ V s✉❝❤ t❤❛t✱ ❢♦r ❛♥② h ≤ h0 ✱ ♣r♦❜❧❡♠
(3.3) ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ uh s✉❝❤ t❤❛t uh − u ❜❡❧♦♥❣s t♦ O✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❢♦r s♦♠❡ ❝♦♥st❛♥t M > 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ h

‖ uh − u ‖V ≤M

(
‖ u−Πhu ‖V + ‖ (Sh − S)G(u) ‖V

)
. ✭✸✳✻✮

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ ❇r❡③③✐✲❘❛♣♣❛③✲❘❛✈✐❛rt t❤❡♦r❡♠ ❬✸❪ t♦ ♣r♦❜❧❡♠ (3.1) ✇❡ t❛❦❡ V = H1
0 (Ω) ❛♥❞

W = H−1(Ω)✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣

S : W → V

f 7→ Sf = w,

✇❤❡r❡ w ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠
{

−∆w = f ✐♥ Ω,
w = 0 ♦♥ ∂Ω.

■t ✐s r❡❛❞✐❧② ❝❤❡❝❦❡❞ t❤❛t S ✐s t❤❡ ❘✐❡s③ ✐s♦♠♦r♣❤✐s♠✱ ❤❡♥❝❡ ❛♥ ✐s♦♠❡tr② ❜❡t✇❡❡♥ H−1(Ω) ❛♥❞ H1
0 (Ω).

▲❡♠♠❛ ✸✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛❜✐❧✐t② ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛♥② f ✐♥ H−1(Ω)

|Sf |1,Ω ≤‖ f ‖−1,Ω .

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ C1 ♠❛♣♣✐♥❣

G : V → W

w 7→ G(w) = f − λ|w|2pw

❛♥❞ ♦❜s❡r✈❡ t❤❛t ♣r♦❜❧❡♠ (2.2) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

u− SG(u) = 0.

▲❡♠♠❛ ✸✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ r❡❛❧ ♥✉♠❜❡r L > 0✱ ❛♥❞ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V ♦❢ u ✐♥ H1
0 (Ω) s✉❝❤ t❤❛t t❤❡

❢♦❧❧♦✇✐♥❣ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ❤♦❧❞s

∀w ∈ V, ‖ S
(
DG(u)−DG(w)

)
‖L(H1

0
(Ω))≤ L|u− w|1,Ω.

Pr♦♦❢✳ ❲❡ ❤❛✈❡

‖ S
(
DG(u)−DG(w)

)
‖L(H1

0
(Ω))≤‖ DG(u)−DG(w) ‖L(H−1(Ω)) . ✭✸✳✼✮
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❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② z ∈ H1
0 (Ω),

DG(u).z −DG(w).z = 2λp
(
|w|2p−1w − |u|2p−1u

)
z − λ

(
|w|2p − |u|2p

)
z. ✭✸✳✽✮

❯s✐♥❣ ❧❡♠♠❛ 2.4 ❛♥❞ ❝♦♠❜✐♥✐♥❣ (3.7) ✇✐t❤ (3.8) ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt②✳

❙✐♥❝❡ t❤❡ ♦♣❡r❛t♦r SDG(u) ∈ L(V ) ✐s ❝♦♠♣❛❝t✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❋r❡❞❤♦❧♠✬s ❛❧t❡r♥❛t✐✈❡ t❤❛t DF (u) ✐s
❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ V ✐❢ t❤❡ ❡q✉❛t✐♦♥

DF (u).w = 0 ✇✐t❤ w ∈ V

❤❛s ♦♥❧② t❤❡ ③❡r♦ s♦❧✉t✐♦♥✳ ❚❤✉s✱ s✐♥❝❡

DG(u).w = −
(
2λp|u|2p−1uw + λ|u|2pw

)
,

✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠
{

−∆w + 2λp|u|2p−1uw + λ|u|2pw = g ✐♥ Ω,
w = 0 ♦♥ ∂Ω,

✭✸✳✾✮

✇✐t❤ g ∈ H−1(Ω), λ > 0.

✇❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t❤❛t ♣r♦✈❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ w = 0.

▲❡♠♠❛ ✸✳✹✳ ❚❤❡ ❡q✉❛t✐♦♥
(
I − SDG(u)

)
.w = 0 ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ w = 0.

Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ (3.9) ✐s ❡❛s✐❧② ❡st❛❜❧✐s❤❡❞ ❞✉❡ t♦ ▲❛①✲▼✐❧❣r❛♠
t❤❡♦r❡♠✳ ❚❤❡♥✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t w = 0 ✐s ♦❜✈✐♦✉s❧② ❛ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ (3.9).

❲❡ ❞❡♥♦t❡ ❜② Sh t❤❡ ♦♣❡r❛t♦r ✇❤✐❝❤ ❛ss♦❝✐❛t❡ ✇✐t❤ ❛♥② f ✐♥ W t❤❡ s♦❧✉t✐♦♥ uh ♦❢ t❤❡ ❞✐s❝r❡t❡ ❧✐♥❡❛r
♣r♦❜❧❡♠✱

Sh : W → Vh
f 7→ Shf = wh,

✇❤❡r❡ wh s❛t✐s✜❡s✱

∀vh ∈ Vh,

∫

Ω

∇wh∇vh d① =

∫

Ω

fvh d①. ✭✸✳✶✵✮

❲❡ ❛r❡ ♥♦✇ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✇❤✐❝❤ r❡❧✐❡s ♦♥ ❚❤❡♦r❡♠ 3.1 ❛♥❞ ♣r♦✈✐❞❡s t❤❡ ❛
♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡ ✿

❈♦r♦❧❧❛r② ✸✳✺✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ (2.2)✳ ❚❤❡r❡ ❡①✐st ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥ ✐♥ V ❛♥❞ ❛ r❡❛❧
♥✉♠❜❡r h0 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ h ≤ h0✱ ♣r♦❜❧❡♠ (3.1) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ uh ✇✐t❤ uh − u ✐♥ t❤✐s
♥❡✐❣❤❜♦r❤♦♦❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡ ❤♦❧❞s

‖ uh − u ‖V ≤M

{
‖ u−Πhu ‖V + ‖ (Sh − S)G(u) ‖V

}
,

✇❤❡r❡ M ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳

■♥ ❛❞❞✐t✐♦♥✱ ✐❢ u ∈ H2(Ω)✱ ✇❡ ❤❛✈❡

‖ uh − u ‖1,Ω≤ Ch ‖ u ‖2,Ω .

✹✳ ■t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ ♦✉r ♥♦♥❧✐♥❡❛r ❞✐s❝r❡t❡ ♣r♦❜❧❡♠✱ ✇❡ ♣r♦♣♦s❡ t✇♦ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s✱
♥❛♠❡❧② t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ✜①❡❞✲
♣♦✐♥t ❛❧❣♦r✐t❤♠ ✐s t❤❛t ✐t ❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❢♦r ❛♥② st❛rt✐♥❣ ♣♦✐♥t✳
❍♦✇❡✈❡r✱ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❣✉❡ss ✐s s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ s♦❧✉t✐♦♥✱ ◆❡✇t♦♥ ✐t❡r❛t✐♦♥ ✈❡rs✐♦♥ ❧❡❛❞s
t♦ ♠✉❝❤ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s t❤❛♥ t❤❡ ✜①❡❞✲♣♦✐♥t ✐t❡r❛t✐♦♥ ✈❡rs✐♦♥✳ ❲❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡
✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠✳
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✹✳✶✳ ❋✐①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠✳ ▲❡t u0h ❜❡ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss✳ ❲❡ ✐♥tr♦❞✉❝❡✱ ❢♦r i ≥ 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦✲
r✐t❤♠ ✿

❋✐♥❞ ui+1
h ∈ Vh s✉❝❤ t❤❛t

∀vh ∈ Vh, (∇ui+1
h ,∇vh) + λ(|uih|

2pui+1
h , vh) = 〈f, vh〉. ✭✹✳✶✮

■t ✐s r❡❛❞✐❧② ❝❤❡❝❦❡❞ t❤❛t ♣r♦❜❧❡♠ (4.1) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t❤❛t ❞❡♣❡♥❞s ❝♦♥t✐♥✉♦✉s❧② ♦♥ f ✿

|ui+1
h |1,Ω ≤‖ f ‖−1,Ω . ✭✹✳✷✮

❚❤❡ ♣r♦♦❢ ♦❢ ✐ts ❝♦♥✈❡r❣❡♥❝❡ r❡❧✐❡s ♦♥ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠✳

❚❤❡♦r❡♠ ✹✳✶✳ ✭❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✮✳ ▲❡t ui+1
h ❛♥❞ uh ❜❡ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❜❧❡♠

❛♥❞ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥

|ui+1
h − uh|1,Ω ≤ C−1

1 C2|u
i
h − uh|1,Ω,

✇❤❡r❡✱

C1 = 1− λS2S4S
2p
8p ‖ f ‖2p−1,Ω,

C2 = 4λpS2S4S8S
2p−1
8(2p−1) ‖ f ‖2p−1,Ω .

▼♦r❡♦✈❡r✱ (uih)i ❝♦♥✈❡r❣❡s ✐❢ C1 > 0 ❛♥❞ C−1
1 C2 < 1.

Pr♦♦❢✳ ❋✐rst✱ t❛❦✐♥❣ vh = uh ✐♥ (3.1) ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥

|uh|1,Ω ≤‖ f ‖−1,Ω . ✭✹✳✸✮

❲❡ st❛rt ♥♦✇ ❜② s✉❜tr❛❝t✐♥❣ (4.1) ❢r♦♠ (3.1)✳ ❲❡ ♦❜t❛✐♥✱ ❢♦r ❛❧❧ vh ∈ Xh✱

(∇(ui+1
h − uh),∇vh) = λ(|uh|

2puh − |uih|
2pui+1

h , vh). ✭✹✳✹✮

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ✿

λ
(
|uh|

2puh − |uih|
2pui+1

h , vh
)
= λ

(
(|uh|

2p − |uih|
2p)uh, vh

)
+ λ

(
|uih|

2p(uh − ui+1
h ), vh

)
. ✭✹✳✺✮

❋r♦♠ ▲❡♠♠❛ 2.4✱ ✇❡ ❤❛✈❡
∣∣|uh|2p − |uih|

2p
∣∣ ≤ 2p

(
|uih|

2p−1 + |uh|
2p−1

)
|uih − uh|. ✭✹✳✻✮

❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ t✇♦ t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ (4.5)✳

✭✐✮ ❚❤❡ ✜rst t❡r♠ ✐s ❜♦✉♥❞❡❞✱ ✉s✐♥❣ (2.1)✱ (4.6) ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ❛s ❢♦❧❧♦✇s
∫

Ω

(|uh|
2p − |uih|

2p)uhvhd① ≤ 2p

∫

Ω

(
|uih|

2p−1 + |uh|
2p−1

)
|uih − uh||uh||vh|d①

≤ 2p ‖ |uih|
2p−1 + |uh|

2p−1 ‖L8(Ω)‖ u
i
h − uh ‖L8(Ω)‖ uh ‖L4(Ω)‖ vh ‖L2(Ω)

≤ 2pS2S4S8 ‖ |uih|
2p−1 + |uh|

2p−1 ‖L8(Ω) |u
i
h − uh|1,Ω|uh|1,Ω|vh|1,Ω.

❯s✐♥❣ (4.2) ❛♥❞ (4.3)✱ ❧❡❛❞s t♦

λ
(
(|uh|

2p − |uih|
2p)uh, vh

)
≤ 4λpS2S4S8S

2p−1
8(2p−1) ‖ f ‖2p−1,Ω |uih − uh|1,Ω|vh|1,Ω. ✭✹✳✼✮

✭✐✐✮ ❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ (4.5)✳ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❣✐✈❡s
(
|uih|

2p(uh − uh
i+1), vh

)
≤ ‖ uih

2p
‖L4(Ω)‖ u

i+1
h − uh ‖L4(Ω)‖ vh ‖L2(Ω)

≤ ‖ uih ‖2pL8p(Ω)‖ u
i+1
h − uh ‖L4(Ω)‖ vh ‖L2(Ω) .

❆♣♣❧②✐♥❣ (2.1) ❛♥❞ (4.2)✱ ✇❡ ♦❜t❛✐♥

λ
(
|uih|

2p(uh − uh
i+1), vh

)
≤ λS2S4S

2p
8p ‖ f ‖2p−1,Ω |ui+1

h − uh|1,Ω|vh|1,Ω. ✭✹✳✽✮

❈❤♦♦s✐♥❣ vh = ui+1
h − uh ❛♥❞ ❝♦❧❧❡❝t✐♥❣ (4.7) ❛♥❞ (4.8) ♣r♦✈❡ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡✳
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✹✳✷✳ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss u0h✱ ❝♦♥str✉❝t t❤❡ s❡q✉❡♥❝❡ (uih) ✐♥ Xh s✉❝❤
t❤❛t✱ ❢♦r i ≥ 0✱ ✇❡ ❤❛✈❡

ui+1
h = uih − [DFh(uh)]

−1.F (uih). ✭✹✳✾✮

❆♣♣❧②✐♥❣ (4.9) t♦ ♣r♦❜❧❡♠ (3.3)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

❋✐♥❞ ui+1
h ∈ Xh s✉❝❤ t❤❛t

∀wh ∈ Xh (∇ui+1
h ,∇wh) + λ(2p+ 1)

(
(uih)

2pui+1
h , wh

)
= 2λp

(
(uih)

2p+1, wh

)
+ 〈f, wh〉. ✭✹✳✶✵✮

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ (4.10) ✐s ❡st❛❜❧✐s❤❡❞ ❞✉❡ t♦ t❤❡ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠ ✇❡ ❛♣♣❧② ❬✼❪✱ ❈❤❛♣t❡r 4✱ ❚❤❡♦r❡♠ 6.3✱ ✇❤✐❝❤
❣✐✈❡s

❚❤❡♦r❡♠ ✹✳✷✳ ✭❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✮✳ ❚❤❡r❡ ❡①✐st α > 0 s✉❝❤ t❤❛t ❢♦r h ≤ h0 ❛♥❞ ❛♥ ✐♥✐t✐❛❧
❣✉❡ss u0h✱ ✐♥ t❤❡ ❜❛❧❧ ✇✐t❤ ❝❡♥tr❡ uh ❛♥❞ r❛❞✐✉s α t❤❡ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠ (4.10) ❞❡t❡r♠✐♥❡s ❛ ✉♥✐q✉❡
s❡q✉❡♥❝❡ (uih) ✐♥ t❤✐s ❜❛❧❧ t❤❛t ❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ uh ♦❢ ♣r♦❜❧❡♠ (3.3)✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
✐s q✉❛❞r❛t✐❝ ✿

‖ ui+1
h − uh ‖X≤ C ‖ uih − uh ‖2X .

✺✳ ❆ ♣♦st❡r✐♦r✐ ❡rr♦r ❛♥❛❧②s✐s

❲❡ st❛rt t❤✐s s❡❝t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥ ✇❤✐❝❤ ✐s ♥❡❡❞❡❞ ❢♦r ❝♦♥str✉❝t✐♥❣ ❛♥❞
❛♥❛❧②③✐♥❣ t❤❡ ❡rr♦r ✐♥❞✐❝❛t♦rs ✐♥ t❤❡ s❡q✉❡❧✳

❋♦r ❛♥② tr✐❛♥❣❧❡ K ∈ Th ✇❡ ❞❡♥♦t❡ ❜② E(K) ❛♥❞ N (K) t❤❡ s❡t ♦❢ ✐ts ❡❞❣❡s ❛♥❞ ✈❡rt✐❝❡s r❡s♣❡❝t✐✈❡❧② ❛♥❞
✇❡ s❡t

Eh =
⋃

K∈Th

E(K) ❛♥❞ Nh =
⋃

K∈Th

N (K).

❲✐t❤ ❛♥② ❡❞❣❡ E ∈ Eh ✇❡ ❛ss♦❝✐❛t❡ ❛ ✉♥✐t ✈❡❝t♦r n s✉❝❤ t❤❛t n ✐s ♦rt❤♦❣♦♥❛❧ t♦ E✳ ❲❡ s♣❧✐t Eh ❛♥❞ Nh

✐♥ t❤❡ ❢♦r♠

Eh = Eh,Ω ∪ Eh,∂Ω ❛♥❞ Nh = Nh,Ω ∪ Eh,∂Ω

✇❤❡r❡ Eh,∂Ω ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s ✐♥ Eh t❤❛t ❧✐❡ ♦♥ ∂Ω ❛♥❞ Eh,Ω = Eh \ Eh,∂Ω✳ ❚❤❡ s❛♠❡ ❣♦❡s ❢♦r Nh,∂Ω✳

❋✉rt❤❡r♠♦r❡✱ ❢♦r K ∈ Th ❛♥❞ E ∈ Eh✱ ❧❡t hK ❛♥❞ hE ❜❡ t❤❡✐r ❞✐❛♠❡t❡r ❛♥❞ ❧❡♥❣t❤ r❡s♣❡❝t✐✈❡❧②✳ ❆♥
✐♠♣♦rt❛♥t t♦♦❧ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t♦t❛❧ ❡rr♦r ✐s ❈❧é♠❡♥t✬s ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r
Rh ✇✐t❤ ✈❛❧✉❡s ✐♥ Xh✳ ❚❤❡ ♦♣❡r❛t♦r Rh s❛t✐s✜❡s✱ ❢♦r ❛❧❧ v ∈ H1

0 (Ω)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧ ❛♣r♦①✐♠❛t✐♦♥
♣r♦♣❡rt✐❡s ✭s❡❡ ❘✳ ❱❡r❢ürt❤✱ ❬✶✶❪✱ ❈❤❛♣t❡r 1✮ ✿

‖ v −Rhv ‖L2(K) ≤ ChK |v|1,∆K
,

‖ v −Rhv ‖L2(E) ≤ Ch
1/2
E |v|1,∆E

,

✇❤❡r❡ ∆K ❛♥❞ ∆E ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts ✿

∆K =
⋃ {

K ′ ∈ Th; K ′ ∩K 6= ∅

}
❛♥❞ ∆E =

⋃ {
K ′ ∈ Th; K ′ ∩ E 6= ∅

}
.

❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✭s❡❡ ❘✳ ❱❡r❢ürt❤✱ ❬✶✶❪✱ ❈❤❛♣t❡r 1✮ ✿

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ▲❡t r ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❋♦r ❛❧❧ v ∈ Pr(K)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞

C ‖ v ‖L2(K) ≤ ‖ vψ
1/2
K ‖L2(K) ≤ ‖ v ‖L2(K) , ✭✺✳✶✮

|v|1,K ≤ Ch−1
K ‖ v ‖L2(K) . ✭✺✳✷✮

✇❤❡r❡ ψK ✐s t❤❡ tr✐❛♥❣❧❡✲❜✉❜❜❧❡ ❢✉♥❝t✐♦♥ ✭❡q✉❛❧ t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ♥♦❞❡s ♦❢ K✮✳
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❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡ ❜② [vh] t❤❡ ❥✉♠♣ ♦❢ vh ❛❝r♦ss t❤❡ ❝♦♠♠♦♥ ❡❞❣❡ E ♦❢ t✇♦ ❛❞❥❛❝❡♥t ❡❧❡♠❡♥ts K,K ′ ∈ Th✳
❲❡ ❤❛✈❡ ♥♦✇ ♣r♦✈✐❞❡❞ ❛❧❧ ♣r❡r❡q✉✐s✐t❡s t♦ ❡st❛❜❧✐s❤ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t♦t❛❧ ❡rr♦r✳ ▲❡t ui+1

h ❛♥❞ u ❜❡
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡② s❛t✐s❢② t❤❡ ✐❞❡♥t✐t②

∫

Ω

∇(ui+1
h − u)∇vd① =

∫

Ω

∇ui+1
h ∇vd①+ λ

∫

Ω

|u|2puvd①−

∫

Ω

fvd①. ✭✺✳✸✮

❲❡ ♥♦✇ st❛rt t❤❡ ❛ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s ♦❢ t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠✳

✺✳✶✳ ❋✐①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ❡rr♦r✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ fh ♦❢ t❤❡ ❞❛t❛ f ✇❤✐❝❤ ✐s ❝♦♥st❛♥t ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t K ♦❢ Th✳ ❚❤❡♥✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ ❧✐♥❡❛r✐③❛t✐♦♥ ❡rr♦rs✳ ❲❡ ✜rst ✇r✐t❡ t❤❡ r❡s✐❞✉❛❧ ❡q✉❛t✐♦♥∫

Ω

∇u∇vd①+ λ

∫

Ω

|u|2puvd①−

∫

Ω

∇ui+1
h ∇vd①− λ

∫

Ω

|uih|
2pui+1

h vd①

=

∫

K

(f − fh)(v − vh)d①+
∑

K∈Th

{∫

K

(fh +∆ui+1
h − λ|uih|

2pui+1
h )(v − vh)d① ✭✺✳✹✮

−
1

2

∑

E∈Eh,Ω

∫

E

[
∂ui+1

h

∂n
](v − vh)dτ

}
,

✇❤❡r❡ τ ❞❡♥♦t❡s t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♦r❞✐♥❛t❡ ♦♥ ∂K✳

❲❡ ❧❡t t❤❡ ∆ui+1
h ❤❡r❡ ❛♥❞ ❛❢t❡r✇❛r❞s ❢♦r ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ❛❧s♦ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❡①t❡♥s✐♦♥ t♦

❤✐❣❤❡r ♦r❞❡r ✜♥✐t❡ ❡❧❡♠❡♥ts ❜✉t ✐t ✈❛♥✐s❤❡s s✐♥❝❡ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s✳

❇② ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ λ

∫

Ω

|ui+1
h |2pui+1

h vd①✱ ✇❡ ♦❜t❛✐♥

∫

Ω

∇u∇vd①+ λ

∫

Ω

|u|2puvd①−

∫

Ω

∇ui+1
h ∇vd①− λ

∫

Ω

|ui+1
h |2pui+1

h vd①

=

∫

K

(f − fh)(v − vh)d①+
∑

K∈Th

{∫

K

(fh +∆ui+1
h − λ|uih|

2pui+1
h )(v − vh)d① ✭✺✳✺✮

−
1

2

∑

E∈Eh,Ω

∫

E

[
∂ui+1

h

∂n
](v − vh)dτ

}
+ λ

∫

Ω

(
|uih|

2p − |ui+1
h |2p

)
ui+1
h vd①.

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧ ❧✐♥❡❛r✐③❛t✐♦♥ ✐♥❞✐❝❛t♦r η
(L)
K,i ❛♥❞ t❤❡ ❧♦❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥❞✐❝❛t♦r η

(D)
K,i ❜② ✿

η
(L)
K,i = |ui+1

h − uih|1,K ,
(
η
(D)
K,i

)2
= h2K ‖ fh +∆ui+1

h − λ|uih|
2pui+1

h ‖2L2(K) +
∑

E∈Eh,Ω

hE ‖ [
∂ui+1

h

∂n
] ‖2L2(E) .

❆ss✉♠♣t✐♦♥ ✺✳✷✳ ❚❤❡ s♦❧✉t✐♦♥ ui+1
h ♦❢ ♣r♦❜❧❡♠ (4.1) ✐s s✉❝❤ t❤❛t t❤❡ ♦♣❡r❛t♦r Id + SDG(ui+1

h ) ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ ♦❢ H1

0 (Ω)

❘❡♠❛r❦ ✺✳✸✳ ❖✇✐♥❣ t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ 4.1✱ ✇❤❡r❡ C1 > 0 ❛♥❞ C2C
−1
1 < 1✱ ❆ss✉♠♣t✐♦♥ 5.2 ✐s

❡❛s✐❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t Id+ SDG(u) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✇❤❡♥ h ✐s s♠❛❧❧ ❡♥♦✉❣❤✳

❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ ✜rst r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✿

❚❤❡♦r❡♠ ✺✳✹✳ ❯♣♣❡r ❜♦✉♥❞✳ ▲❡t ui+1
h ❛♥❞ uh ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❜❧❡♠ (4.1) ❛♥❞ t❤❡

❞✐s❝r❡t❡ ♣r♦❜❧❡♠ (3.1) r❡s♣❡❝t✐✈❡❧②✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ui+1
h s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ 5.2✳ ❚❤❡♥✱ t❤❡r❡

❡①✐sts ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ O ♦❢ u s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ui+1
h ✐♥ O s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r

❡st✐♠❛t❡

|ui+1
h − u|1,Ω ≤ C

(
∑

K∈Th

(
(
η
(D)
K,i

)2
+ h2K ‖ f − fh ‖2L2(K))

)1/2

+

(
∑

K∈Th

(
η
(L)
K,i

)2
)1/2

.
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Pr♦♦❢✳ ❖✇✐♥❣ t♦ ▲❡♠♠❛ 3.3 ❛♥❞ ❆ss✉♠♣t✐♦♥ 5.2✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❬✶✵❪ t❤❛t✱ ❢♦r ❛♥② ui+1
h ✐♥ ❛ ❛♣♣r♦♣r✐❛t❡

♥❡✐❣❤❜♦✉r❤♦♦❞ O ♦❢ u

|ui+1
h − u|1,Ω ≤ C ‖ ui+1

h + SG(ui+1
h ) ‖−1,Ω . ✭✺✳✻✮

❇② ✐♥tr♦❞✉❝✐♥❣ F (u) ✐♥ (5.6)✱ ❛♥❞ ❢r♦♠ ❡q✉❛t✐♦♥ (5.5)✱ ✇❡ ♦❜t❛✐♥

|ui+1
h − u|1,Ω ≤ C

(
sup

v∈H1

0
(Ω)

inf
vh∈H1

0,h
(Ω)

〈f − fh, v − vh〉+ 〈J , v − vh〉

|v|1,Ω

+ sup
v∈H1

0
(Ω)

λ

∫

Ω

(
|uih|

2p − |ui+1
h |2p

)
ui+1
h v d①

|v|1,Ω

)
✭✺✳✼✮

✇❤❡r❡ 〈J , v − vh〉 =
∑

K∈Th

{∫

K

(fh +∆ui+1
h − λ|uih|

2pui+1
h )(v − vh) d①

−
1

2

∑

E∈Eh,Ω

∫

E

[
∂ui+1

h

∂n
](v − vh) dτ

}
.

❯s✐♥❣ ❧❡♠♠❛ 2.4✱ ✇❡ ♠❛❥♦r❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ (5.7) ❜② ηL. ❍❡♥❝❡✱ t❛❦✐♥❣ vh
❡q✉❛❧ t♦ t❤❡ ❈❧é♠❡♥t ♦♣❡r❛t♦r Rhv ✐♥ (5.7)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡✳

❲❡ ❛❞❞r❡ss ♥♦✇ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❞✐❝❛t♦rs✳

❚❤❡♦r❡♠ ✺✳✺✳ ▲♦✇❡r ❜♦✉♥❞✳ ❋♦r ❡❛❝❤ K ∈ Th✱ t❤❡r❡ ❤♦❧❞s

η
(L)
K,i ≤ ‖ uih − u ‖1,ωK

+ ‖ ui+1
h − u ‖1,ωK

,

η
(D)
K,i ≤ C

(
‖ uih − u ‖1,ωK

+ ‖ ui+1
h − u ‖1,ωK

+
∑

κ⊂ωK

hκ ‖ f − fh ‖L2(κ)

)
,

✇❤❡r❡ ωK ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ tr✐❛♥❣❧❡s s❤❛r✐♥❣ ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ✇✐t❤ K✳

Pr♦♦❢✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ✐♥❞✐❝❛t♦r ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❜② ✐♥tr♦✲

❞✉❝✐♥❣ u ✐♥ η
(L)
K,i. ❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥❞✐❝❛t♦r η

(D)
K,i . ❲❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s ✿

✭✐✮ ❲❡ st❛rt ❜② ❛❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ λ

∫

Ω

|uih|
2pui+1

h vd① ❛♥❞ λ

∫

Ω

|ui+1
h |2pui+1

h vd① ✐♥ (5.3)✳ ❯s✐♥❣ t❤❡

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✇❡ ❣❡t
∑

K∈Th

∫

K

(fh +∆ui+1
h − λ|uih|

2pui+1
h )vd① =

∫

Ω

∇(ui+1
h − u)∇vd①−

∑

K∈Th

∫

K

(f − fh)vd①

+
1

2

∑

E∈Eh,Ω

h
1/2
E

∫

E

[
∂ui+1

h

∂n
]vdτ + λ

∫

Ω

(|u|2pu− |ui+1
h |2pui+1

h )vd①+ λ

∫

Ω

ui+1
h (|ui+1

h |2p − |uih|
2p)vd①.

✭✺✳✽✮
❲❡ ❝❤♦♦s❡ v = vK s✉❝❤ t❤❛t

vK =

{
(fh +∆ui+1

h − λ|uih|
2pui+1

h )ψK s✉r K
0 s✉r Ω \K

✇❤❡r❡ ψK ✐s t❤❡ tr✐❛♥❣❧❡✲❜✉❜❜❧❡ ❢✉♥❝t✐♦♥✳

❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ (2.1)✱ (5.1) ❛♥❞ (5.2) ✇❡ ♦❜t❛✐♥

‖ fh +∆ui+1
h − λ|uih|

2pui+1
h ‖2L2(K)

≤ (1 + λC ‖ f ‖2p−1,Ω) ‖ u− ui+1
h ‖1,K |vK |1,K+ ‖ f − fh ‖L2(K)‖ vK ‖L2(K)

+λC ‖ f ‖2p−1,Ω‖ u
i
h − ui+1

h ‖1,K |vK |1,K . ✭✺✳✾✮

❚❤❡r❡❢♦r❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦❢ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❧♦❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❡st✐♠❛t♦r η
(D)
K,i

hK ‖ fh +∆ui+1
h − λ|uih|

2pui+1
h ‖L2(K)≤ C(‖ u− ui+1

h ‖1,K +hK ‖ f − fh ‖L2(K)) + C ′η
(L)
K,i ✭✺✳✶✵✮
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✇❤❡r❡ C ′ = λC ‖ f ‖2p−1,Ω .

✭✐✐✮ ◆♦✇ ✇❡ ❡st✐♠❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ηD,K ✳ ❙✐♠✐❧❛r❧②✱ ✉s✐♥❣ (5.8) ✇❡ ✐♥❢❡r

1

2

∑

E∈Eh,Ω

h
1/2
E

∫

E

[
∂ui+1

h

∂n
]v dτ =

∫

Ω

∇(u− ui+1
h )∇vd①+

∑

K∈Th

∫

K

(fh +∆ui+1
h − λ|uih|

2pui+1
h )vd① ✭✺✳✶✶✮

−

∫

Ω

(f − fh)vd①− λ

∫

Ω

(|ui+1
h |2pui+1

h − |uih|
2pui+1

h )vd①− λ

∫

Ω

(|u|2pu− |ui+1
h |2pui+1

h )vd①.

❲❡ ❝❤♦♦s❡ v = vE s✉❝❤ t❤❛t

vE =





LE,κ

([
∂ui+1

h

∂n

]
ψE

)
κ ∈ {K,K ′}

0 s✉r Ω \ (K ∪K ′)

✇❤❡r❡ ψE ✐s t❤❡ ❡❞❣❡✲❜✉❜❜❧❡ ❢✉♥❝t✐♦♥✱ K ′ ❞❡♥♦t❡s t❤❡ ♦t❤❡r ❡❧❡♠❡♥t ♦❢ Th t❤❛t s❤❛r❡ E ✇✐t❤ K ❛♥❞ LE,κ

✐s ❛ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r ❢r♦♠ E ✐♥t♦ κ ❝♦♥str✉❝t❡❞ ❜② ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❛ ✜①❡❞ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r ♦♥
t❤❡ r❡❢❡r❡♥❝❡ ❡❧❡♠❡♥t✳

❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ (2.1)✱ (5.1) ❛♥❞ (5.2) ✇❡ ❣❡t

h
1/2
E ‖

[∂ui+1
h

∂n

]
‖2L2(E)

≤ (1 + λC ‖ f ‖2p−1,Ω) ‖ u− ui+1
h ‖1,K∪K′‖ vE ‖L2(E) +hE ‖ f − fh ‖L2(K∪K′)‖ vE ‖L2(E) ✭✺✳✶✷✮

+hE ‖ fh +∆ui+1
h − λ|uih|

2pui+1
h ‖L2(K∪K′)‖ vE ‖L2(K∪K′) +C

′η
(L)
K,i|vE |1,K∪K′ .

❈♦❧❧❡❝t✐♥❣ t❤❡ t✇♦ ❜♦✉♥❞s ❛❜♦✈❡ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥

η
(D)
K,i ≤ C

(
‖ u− ui+1

h ‖1,ωK
+
∑

κ⊂ωK

hκ ‖ f − fh ‖L2(κ)

)
+ 2C ′η

(L)
K,i.

❙✐♥❝❡
η
(L)
K,i = |ui+1

h − uih|1,K ≤ |ui+1
h − u|1,K + |uih − u|1,K ,

✇❡ ♦❜t❛✐♥ t❤❡ ✜♥❛❧ r❡s✉❧t

η
(D)
K,i ≤ C

(
‖ u− uih ‖1,ωK

+ ‖ u− ui+1
h ‖1,ωK

+
∑

κ⊂ωK

hκ ‖ f − fh ‖L2(κ)

)
.

❚❤❡s❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❧♦❝❛❧ ❧✐♥❡❛r✐③❛t✐♦♥ ❛♥❞ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥❞✐❝❛t♦rs ❛r❡ ❢✉❧❧② ♦♣t✐♠❛❧✳

✺✳✷✳ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✳ ❍❡r❡✱ ♦✉r ♣✉r♣♦s❡ ✐s t♦ ❛♥❛❧②③❡ t❤❡ ❛ ♣♦st❡r✐♦r✐ ❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ ◆❡✇t♦♥
❛❧❣♦r✐t❤♠✳

❲❡ ✜rst ✇r✐t❡ t❤❡ r❡s✐❞✉❛❧ ❡q✉❛t✐♦♥

∫

Ω

∇u∇vd①+ λ(2p+ 1)

∫

Ω

|u|2puvd①− 2λp

∫

Ω

u2p+1vd①

−

∫

Ω

∇ui+1
h ∇vd①− λ(2p+ 1)

∫

Ω

|uih|
2pui+1

h vd①+ 2λp

∫

Ω

(uih)
2p+1vd①

=
∑

K∈Th

∫

K

(f − fh)(v − vh)d①+
∑

K∈Th

{∫

K

(fh +∆ui+1
h − λ(2p+ 1)|uih|

2pui+1
h + 2λp(uih)

2p+1)(v − vh)d①

−
1

2

∑

E∈Eh,Ω

∫

E

[
∂ui+1

h

∂n
](v − vh)dτ

}
. ✭✺✳✶✸✮

❆❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ λ(2p+ 1)

∫

Ω

|ui+1
h |2pui+1

h vd① ❛♥❞ 2λp

∫

Ω

(ui+1
h )2p+1vd①✱ ✇❡ ♦❜t❛✐♥
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∫

Ω

∇u∇vd①+ λ(2p+ 1)

∫

Ω

|u|2puvd①− 2λp

∫

Ω

u2p+1vd①

−

∫

Ω

∇ui+1
h ∇vd①− λ(2p+ 1)

∫

Ω

|ui+1
h |2pui+1

h vd①+ 2λp

∫

Ω

(uhi+ 1)2p+1vd①

=
∑

K∈Th

∫

K

(f − fh)(v − vh)d①+
∑

K∈Th

{∫

K

(fh +∆ui+1
h − λ(2p+ 1)|uih|

2pui+1
h + 2λp(uih)

2p+1)(v − vh)d①

−
1

2

∑

E∈ΥK

h
1/2
E

∫

E

[
∂ui+1

h

∂n
](v − vh)dτ

}
+ 2λp

∫

Ω

((uih)
2p+1 − (ui+1

h )2p+1)vd① ✭✺✳✶✹✮

+λ(2p+ 1)

∫

Ω

ui+1
h (|ui+1

h |2p − |uih|
2p)vd①.

❲❡ ❞❡✜♥❡ ♥♦✇ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ❡st✐♠❛t♦r ηL,K ❛♥❞ t❤❡ ❧♦❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥❞✐❝❛t♦r η
(D)
K,i

η
(L)
K,i = |ui+1

h − uih|1,K ,
(
η
(D)
K,i

)2
= h2K ‖ fh +∆ui+1

h − λ(2p+ 1)|uih|
2pui+1

h + 2λp(uih)
2p+1 ‖2L2(K) +

∑

E∈Eh,Ω

hE ‖ [
∂ui+1

h

∂n
] ‖2L2(E)

❘❡♠❛r❦ ✺✳✻✳ ❉❡s♣✐t❡ t❤❡✐r ❝♦♠♣❧❡① ❛s♣❡❝t✱ ❛❧❧ t❤❡s❡ ✐♥❞✐❝❛t♦rs ❛r❡ ❡❛s② t♦ ❝♦♠♣✉t❡✳

❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ C1 ♠❛♣♣✐♥❣

G̃ : V → W

w 7→ G̃(w) = f − λ(2p+ 1)|w|2pw + 2λpw2p+1,

❛♥❞ ✇❡ s❡t

F̃ (u) = u− SG̃(u). ✭✺✳✶✺✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ s♦❧✉t✐♦♥ u ∈ V ♦❢ t❤❡ ❡q✉❛t✐♦♥ F̃ (u) = 0.

▲❡♠♠❛ ✺✳✼✳ ❚❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V ❛♥❞ ❛ r❡❛❧ ♥✉♠❜❡r L̃ > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ▲✐♣s❝❤✐t③
♣r♦♣❡rt② ❤♦❧❞s

∀w ∈ V, ‖ S
(
DG̃(u)−DG̃(w)

)
‖L(H1

0
(Ω))≤ L̃|u− w|1,Ω.

Pr♦♦❢✳ ❲❡ ❤❛✈❡

‖ S
(
DG̃(u)−DG̃(w)

)
‖L(H1

0
(Ω))≤‖ DG̃(u)−DG̃(w) ‖L(H−1(Ω)) . ✭✺✳✶✻✮

❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② z ∈ H1
0 (Ω),

DG̃(u).z −DG̃(w).z = 2λp(2p+ 1)
(
|w|2p−1 − |u|2p−1

)
z − 2λp(2p+ 1)

(
|w|2p − |u|2p

)
z. ✭✺✳✶✼✮

❈♦♠❜✐♥✐♥❣ (5.16)✱ (5.17) ✇✐t❤ ▲❡♠♠❛ 2.4 ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt②✳

❆ss✉♠♣t✐♦♥ ✺✳✽✳ ❚❤❡ s♦❧✉t✐♦♥ ui+1
h ♦❢ ♣r♦❜❧❡♠ (4.10) ✐s s✉❝❤ t❤❛t t❤❡ ♦♣❡r❛t♦r Id+ SDG̃(ui+1

h ) ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ ♦❢ H1

0 (Ω) ✭ s❡❡ ❘❡♠❛r❦ 5.3✮✳

❲❡ ❝❛♥ ♥♦✇ st❛t❡ t❤❡ ✜rst r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✿

❚❤❡♦r❡♠ ✺✳✾✳ ❯♣♣❡r ❜♦✉♥❞✳ ▲❡t u ❛♥❞ ui+1
h ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✐t❡r❛t✐✈❡

♣r♦❜❧❡♠ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥

|ui+1
h − u|1,Ω ≤

(
∑

K∈Th

((
η
(D)
K,i

)2
+ h2K ‖ f − fh ‖2L2(K)

)
)1/2

+

(
∑

K∈Th

(
η
(L)
K,i

)2
)1/2

,

✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t t❤❛t ❞❡♣❡♥❞s ♦♥ λ✱ p✱ f ❛♥❞ u0✳

Pr♦♦❢✳ ❖✇✐♥❣ t♦ ▲❡♠♠❛ 5.7 ❛♥❞ ❆ss✉♠♣t✐♦♥ 5.8✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❬✶✵❪ t❤❛t✱ ❢♦r ❛♥② ui+1
h ✐♥ ❛ ❛♣♣r♦♣r✐❛t❡

♥❡✐❣❤❜♦✉r❤♦♦❞ O ♦❢ u

|ui+1
h − u|1,Ω ≤ C ‖ ui+1

h + SG̃(ui+1
h ) ‖−1,Ω . ✭✺✳✶✽✮
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❇② ✐♥tr♦❞✉❝✐♥❣ F̃ (u) ✐♥ (5.18)✱ ❛♥❞ ❢r♦♠ ❡q✉❛t✐♦♥ (5.14)✱ ✇❡ ♦❜t❛✐♥

|ui+1
h − u|1,Ω

≤ C

(
sup

v∈H1

0
(Ω)

inf
vh∈H1

0,h
(Ω)

〈f − fh, v − vh〉+ 〈J̃ , v − vh〉

|v|1,Ω
+ sup

v∈H1

0
(Ω)

λ(2p+ 1)

∫

Ω

(
|uih|

2p − |ui+1
h |2p

)
ui+1
h v d①

|v|1,Ω
✭✺✳✶✾✮

+ sup
v∈H1

0
(Ω)

2λp

∫

Ω

(
|uih|

2p+1 − |ui+1
h |2p+1

)
v d①

|v|1,Ω

)

✇❤❡r❡ 〈J̃ , v − vh〉 =
∑

K∈Th

{∫

K

(fh +∆ui+1
h − λ(2p+ 1)|uih|

2pui+1
h + 2λp(uih)

2p+1)(v − vh)d①

−
1

2

∑

E∈Eh,Ω

∫

E

[
∂ui+1

h

∂n
](v − vh) dτ

}
.

❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ ❧❛st t✇♦ t❡r♠s ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ (5.19)✳

❆s ♣r❡✈✐♦✉s❧②✱ λ(2p+ 1)

∫

Ω

ui+1
h (|ui+1

h |2p − |uih|
2p)vd① ✐s ❡st✐♠❛t❡❞ ❛s ❢♦❧❧♦✇s

λ(2p+ 1)

∫

Ω

ui+1
h (|ui+1

h |2p − |uih|
2p)vd① ≤ λ(2p+ 1)S′C|ui+1

h − uih|1,Ω|v|1,Ω ✭✺✳✷✵✮

✇✐t❤ S′ = 4pS2S4S8S
2p−1
8(2p−1).

❆s ✇❡❧❧✱ ✉s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ▲❡♠♠❛ 2.4 ❛♥❞ ✐♥❡q✉❛❧✐t② (2.1) ②✐❡❧❞

2λp

∫

Ω

((uih)
2p+1 − (ui+1

h )2p+1)vd① ≤ 2(2p+ 1)CλpS2S
2
4 |u

i+1
h − uih|1,Ω|v|1,Ω. ✭✺✳✷✶✮

❍❡♥❝❡✱ t❛❦✐♥❣ vh ❡q✉❛❧ t♦ t❤❡ ❈❧é♠❡♥t ♦♣❡r❛t♦r Rhv ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡✳

❖✉r ♣✉r♣♦s❡ ♥♦✇ ✐s t♦ ♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♦✉r ✐♥❞✐❝❛t♦rs✳

❚❤❡♦r❡♠ ✺✳✶✵✳ ▲♦✇❡r ❜♦✉♥❞✳ ❋♦r ❡❛❝❤ K ∈ Th✱ t❤❡r❡ ❤♦❧❞s

η
(L)
K,i ≤ ‖ uih − u ‖1,ωK

+ ‖ ui+1
h − u ‖1,ωK

,

η
(D)
K,i ≤ C

(
‖ uih − u ‖1,ωK

+ ‖ ui+1
h − u ‖1,ωK

+
∑

κ⊂ωK

hκ ‖ f − fh ‖L2(κ)

)
,

✇❤❡r❡ ωK ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ tr✐❛♥❣❧❡s s❤❛r✐♥❣ ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ✇✐t❤ K✳

Pr♦♦❢✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ✐♥❞✐❝❛t♦r ❢♦❧❧♦✇s ❡❛s✐❧② ❜② ✐♥tr♦❞✉❝✐♥❣ u ✐♥ η
(L)
K,i.❲❡ ♥♦✇ st❛rt

❜② ❡st✐♠❛t✐♥❣ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥❞✐❝❛t♦r η
(D)
K,i . ❲❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s ✿

✭✐✮ ❆❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ 2λp

∫

Ω

|uih|
2p+1vd①✱ λ(2p+1)

∫

Ω

|uih|
2pui+1

h vd① ❛♥❞ λ(2p+1)

∫

Ω

|uih+1|2pui+1
h vd①

✐♥ (5.3) ❛♥❞ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❧❡❛❞s t♦

∑

K∈Th

∫

K

(fh+∆ui+1
h +λ(2p+1)|uih|

2pui+1
h −2λp(uih)

2p+1)vd① =

∫

Ω

∇(ui+1
h −u)∇vd①−

∑

K∈Th

∫

K

(f−fh)vd①

−
1

2

∑

E∈Eh,Ω

h
1/2
E

∫

E

[
∂ui+1

h

∂n
]vdτ+λ

∫

Ω

(|u|2pu−|ui+1
h |2pui+1

h )vd①+λ(2p+1)

∫

Ω

ui+1
h (|ui+1

h |2p−|uih|
2p)vd①

✭✺✳✷✷✮

+2λp

∫

Ω

(
(uih)

2p+1 − (ui+1
h )2p+1

)
vd①.



❆ P❖❙❚❊❘■❖❘■ ❆◆❆▲❨❙■❙ ❖❋ ■❚❊❘❆❚■❱❊ ❆▲●❖❘■❚❍▼❙ ❋❖❘ ❆ ◆❖◆▲■◆❊❆❘ P❘❖❇▲❊▼ ✶✸

❲❡ ❝❤♦♦s❡ v = vK ✐♥ (5.22) ✇❤❡r❡

vK =

{
(fh +∆ui+1

h + λ(2p+ 1)|uih|
2pui+1

h − 2λp(uih)
2p+1)ψK s✉r K

0 s✉r Ω \K

❛♥❞ ψK ✐s t❤❡ tr✐❛♥❣❧❡✲❜✉❜❜❧❡ ❢✉♥❝t✐♦♥✳

❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ (2.1)✱ (5.1) ❛♥❞ (5.2) ✇❡ ♦❜t❛✐♥

‖ (fh +∆ui+1
h + λ(2p+ 1)|uih|

2pui+1
h − 2λp(uih)

2p+1) ‖2L2(K)

≤ (1 + λC) ‖ u− ui+1
h ‖1,K |vK |1,K+ ‖ f − fh ‖L2(K)‖ vK ‖L2(K)

+λC(4p+ 1) ‖ uih − ui+1
h ‖1,K |vK |1,K . ✭✺✳✷✸✮

❍❡♥❝❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❧♦❝❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❡st✐♠❛t♦r η
(D)
K,i

hK ‖ (fh +∆ui+1
h + λ(2p+ 1)|uih|

2pui+1
h − 2λp(uih)

2p+1) ‖L2(K)

≤ C(‖ u− ui+1
h ‖1,K +hK ‖ f − fh ‖L2(K)) + λC(4p+ 1)η

(L)
K,i. ✭✺✳✷✹✮

✭✐✐✮ ❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ η
(D)
K,i ✳ ❙✐♠✐❧❛r❧②✱ ✉s✐♥❣ (5.22) ✇❡ ✐♥❢❡r

1

2

∑

E∈Eh,Ω

h
1/2
E

∫

E

[
∂ui+1

h

∂n
]vdτ

=

∫

Ω

∇(u− ui+1
h )∇vd①+

∑

K∈Th

∫

K

(fh +∆ui+1
h + λ(2p+ 1)|uih|

2pui+1
h − 2λp(uih)

2p+1)vd① ✭✺✳✷✺✮

−

∫

Ω

(f − fh)vd①− λ

∫

Ω

(|u|2pu− |ui+1
h |2pui+1

h )vd①+ λ(2p+ 1)

∫

Ω

ui+1
h (|ui+1

h |2p − |uih|
2p)vd①

+2λp

∫

Ω

((uih)
2p+1 − (ui+1

h )2p+1)vd①.

❲❡ ❝❤♦♦s❡ v = vE

vE =





LE,κ

([
∂ui+1

h

∂n

]
ψE

)
κ ∈ {K,K ′}

0 s✉r Ω \ (K ∪K ′)

✇✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ 5.5.

❯s✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ (2.1)✱ (5.1) ❛♥❞ (5.2) ✇❡ ❣❡t

h
1/2
E ‖ [

∂ui+1
h

∂n
] ‖2L2(E) ≤ (1 + λC) ‖ u− ui+1

h ‖1,K∪K′‖ vE ‖L2(E) +hE ‖ f − fh ‖L2(K∪K′)‖ vE ‖L2(E)

✭✺✳✷✻✮

+hE ‖ (fh +∆ui+1
h + λ(2p+ 1)|uih|

2pui+1
h − 2λp(uih)

2p+1) ‖L2(K∪K′)‖ vE ‖L2(K∪K′)

+λC(4p+ 1)η
(L)
K,i|vE |1,K∪K′ .

❈♦❧❧❡❝t✐♥❣ t❤❡ t✇♦ ❛❜♦✈❡ ❜♦✉♥❞s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t✐♦♥

η
(D)
K,i ≤ C

(
‖ u− ui+1

h ‖1,ωK
+
∑

κ⊂ωK

hκ ‖ f − fh ‖L2(κ)

)
+ 2λC(4p+ 1)η

(L)
K,i.

❙✐♥❝❡
η
(L)
K,i = |ui+1

h − uih|1,K ≤ |ui+1
h − u|1,K + |uih − u|1,K ,

✇❡ ♦❜t❛✐♥ t❤❡ ✜♥❛❧ r❡s✉❧t

η
(D)
K,i ≤ C

(
‖ u− uih ‖1,ωK

+ ‖ u− ui+1
h ‖1,ωK

+
∑

κ⊂ωK

hκ ‖ f − fh ‖L2(κ)

)
.
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✻✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❢♦r ♦✉r ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✳ ❚❤❡s❡ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥
♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❝♦❞❡ ❋r❡❡❋❡♠✰✰ ❞✉❡ t♦ ❋✳ ❍❡❝❤t ❛♥❞ ❖✳ P✐r♦♥♥❡❛✉✱ s❡❡ ❬✽❪✳ ❚❤❡② ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦
✜✈❡ ♠❛✐♥ ❝❛t❡❣♦r✐❡s ✿

✭✶✮ ❛ ♣r✐♦r✐ ❛♥❞ ❛ ♣♦st❡r✐♦r✐ ❡st✐♠❛t❡s ❢♦r t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠

✭✷✮ ❛ ♣r✐♦r✐ ❛♥❞ ❛ ♣♦st❡r✐♦r✐ ❡st✐♠❛t❡s ❢♦r t❤❡ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠

✭✸✮ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s

✭✹✮ ♠✐①❡❞ ❛❧❣♦r✐t❤♠

✭✺✮ ❝♦♥❝❧✉s✐♦♥✳

✻✳✶✳ ❋✐①❡❞ ♣♦✐♥t ❛❧❣♦r✐t❤♠✳

✻✳✶✳✶✳ ❆ ♣r✐♦r✐ ❡st✐♠❛t✐♦♥✳ ❆ ✜rst t❡st ❝❛s❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥ Ω =]0, 1[2✱ ❡❛❝❤ ❡❞❣❡ ✐s ❞✐✈✐❞❡❞
✐♥t♦ N ❡q✉❛❧ s❡❣♠❡♥ts s♦ t❤❛t Ω ✐s ❞✐✈✐❞❡❞ ✐♥t♦ N2 ❡q✉❛❧ sq✉❛r❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ t❤❡♦r❡t✐❝❛❧ s♦❧✉t✐♦♥
u = x(x− 1)y(y − 1)(x2 + y2)❡xy ❛♥❞ t❤❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ 4.1✳

❲❡ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ errL ≤ 10−7✱ ✇❤❡r❡ errL ✐s ❞❡✜♥❡❞ ❜②

errL =
|ui+1

h − uih|1,Ω

|ui+1
h |1,Ω

.

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♦✉r ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ❞❡♣❡♥❞s ♦♥ t✇♦ ♣❛r❛♠❡t❡rs λ ❛♥❞ p✳ ■♥ ❢❛❝t✱ ❜✐❣ ✈❛❧✉❡s ♦❢ |u|2p

❛♥❞ λ ❧❡❛❞ t♦ ❛ ❞✐✈❡r❣❡♥❝❡ ♦❢ ♦✉r ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱ ❚❤❡♦r❡♠ 4.1 ❡♥s✉r❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❜❧❡♠ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ λ ❛♥❞ p✳

❋✐❣✉r❡ 1 ❝♦♠♣❛r❡s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❡st✐♠❛t❡❞ s♦❧✉t✐♦♥ ❢♦r N = 120, λ = 1 ❛♥❞ p = 1✳

❋✐❣✉r❡ ✶✳ ❊①❛❝t s♦❧✉t✐♦♥ ✭❧❡❢t✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✭r✐❣❤t✮ ❢♦r N = 120, λ =
1 ❛♥❞ p = 1✳

❋✐❣✉r❡ 2 ♣r❡s❡♥ts t❤❡ ❡rr♦r ❝✉r✈❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ h ✐♥ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡s✳ ❲❡ t❡st t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡
♥✉♠❜❡r ♦❢ s❡❣♠❡♥ts N ❣♦✐♥❣ ❢r♦♠ 80 t♦ 120 ✇✐t❤ λ = 1 ❛♥❞ p = 1✳ ❚❤❡ s❧♦♣❡ ✐s ❡q✉❛❧ t♦ 1.018✳
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❋✐❣✉r❡ ✷✳ ❊rr♦r ❝✉r✈❡ ❢♦r N ❣♦✐♥❣ ❢r♦♠ 80 t♦ 120 ✇✐t❤ λ = 1 ❛♥❞ p = 1✳

✻✳✶✳✷✳ ❆ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s✳ ❆ s❡❝♦♥❞ t❡st ❝❛s❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ t❡st ♦✉r ❛ ♣♦st❡r✐♦r✐ ❡rr♦r

❡st✐♠❛t❡s ♦♥ ♦✉r ♠♦❞❡❧ ♣r♦❜❧❡♠✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥ Ω =]−1, 1[2✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ u = ❡−100(x2+y2)

❛♥❞ t❤❡ s❛♠❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❛s ✐♥ t❤❡ ✜rst t❡st ❝❛s❡✳ ❲❡ ❞❡✜♥❡ t✇♦ ❞✐✛❡r❡♥t st♦♣♣✐♥❣ ❝r✐t❡r✐❛ ✿ t❤❡

❝❧❛ss✐❝❛❧ ♦♥❡ ❞❡✜♥❡❞ ♣r❡✈✐♦✉s❧② ❛♥❞ t❤❡ ♥❡✇ ❝r✐t❡r✐♦♥ errL ≤ γη
(D)
i , ✇✐t❤ γ ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r ❛♥❞

η
(D)
i ❞❡✜♥❡❞ ❜②

η
(D)
i =

( ∑

K∈Th

(
η
(D)
K,i

)2
)1/2

.

❲❡ ❣✐✈❡ ✐♥ ❋✐❣✉r❡ 3 ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❡st✐♠❛t❡❞ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦♥ ❛♥ ❛❞❛♣t✐✈❡❧②
r❡✜♥❡❞ ♠❡s❤ ❢♦r λ = 2 ❛♥❞ p = 1✳

❋✐❣✉r❡ ✸✳ ❊①❛❝t s♦❧✉t✐♦♥ ✭❧❡❢t✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✭r✐❣❤t✮ ❢♦r λ = 2 ❛♥❞ p = 1✳

❋✐❣✉r❡s 4 t♦ 7 s❤♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ✭s❡❡ ❬✶✶❪✱ ■♥tr♦❞✉❝t✐♦♥✮ ✉s✐♥❣ t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠
✇✐t❤ t❤❡ ♥❡✇ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥✳ ■♥ ❢❛❝t✱ ❛♥ ❛❞❛♣t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t ❝❛♥ ❜❡ ♦✉t❧✐♥❡❞ ❛s ❢♦❧❧♦✇s ✿

❋♦r i ≥ 0,

✭✶✮ ❈♦♥str✉❝t ❛♥ ✐♥✐t✐❛❧ ♠❡s❤ Ti
✭✷✮ ❙♦❧✈❡ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ♦♥ Ti
✭✸✮ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t K ✐♥ Ti ❝♦♠♣✉t❡ t❤❡ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡✳
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✭✹✮ ■❢ t❤❡ ❡st✐♠❛t❡❞ ❣❧♦❜❛❧ ❡rr♦r ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ t❤❡♥ ❙❚❖P✳ ❖t❤❡r✇✐s❡ r❡✜♥❡ t❤❡ ♠❡s❤ ❛♥❞
r❡t✉r♥ t♦ st❡♣ ✭✷✮✳

 

❋✐❣✉r❡ ✹✳ ▼❡s❤ r❡✜♥❡♠❡♥t ❢♦r
γ = 0.01 ✿ ✶✹✽ ✈❡rt✐❝❡s

 

❋✐❣✉r❡ ✺✳ ▼❡s❤ r❡✜♥❡♠❡♥t ❢♦r
γ = 0.01 ✿ ✸✸✹ ✈❡rt✐❝❡s

 

❋✐❣✉r❡ ✻✳ ▼❡s❤ r❡✜♥❡♠❡♥t ❢♦r
γ = 0.01 ✿ ✺✵✽✸ ✈❡rt✐❝❡s

 

❋✐❣✉r❡ ✼✳ ▼❡s❤ r❡✜♥❡♠❡♥t ❢♦r
γ = 0.01 ✿ ✾✾✻✸ ✈❡rt✐❝❡s

❋✐❣✉r❡ 8 ♣r❡s❡♥ts t❤❡ ❡rr♦r ❝✉r✈❡ ❢♦r ✉♥✐❢♦r♠ ✭r❡❞✮ ❛♥❞ ❛❞❛♣t✐✈❡ ✭❜❧✉❡✮ ♠❡s❤ r❡✜♥❡♠❡♥t ✉s✐♥❣ t❤❡ ♥❡✇
st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✇✐t❤ λ = 50 ✱ p = 10 ❛♥❞ γ = 10−3✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❡rr♦r ✉s✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ ♠❡s❤ ✐s
♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ❡rr♦r ✉s✐♥❣ ❛♥ ✉♥✐❢♦r♠ ♠❡s❤✳

❋✐❣✉r❡ 9 ✐❧❧✉str❛t❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ♥❡✇ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✇✐t❤ γ = 0.01 ❜② ❝♦♠♣❛r✐♥❣ ✐t t♦ t❤❡
❝❧❛ss✐❝❛❧ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ errL ≤ 10−5✳ ❲❡ ❝❛♥ ❝❧❡❛r❧② ♦❜s❡r✈❡ t❤❛t ♦✉r ♥❡✇ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ r❡❞✉❝❡s
t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳
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Number of vertices 

Lo
g

(E
rr

o
r)

 

Uniform Error 

Adapt Error 

❋✐❣✉r❡ ✽✳ ❊rr♦r ❝✉r✈❡ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ♥✉♠❜❡r
❢♦r λ = 50 ❛♥❞ p = 10✳ ❯♥✐❢♦r♠
❡rr♦r ✭t♦♣✮✱ ❛❞❛♣t✐✈❡ ❡rr♦r ✭❜♦t✲
t♦♠✮✳

New 

Class    

N
u

m
b

e
r 

o
f 

it
e

ra
ti

o
n

s 

Refinement level 

❋✐❣✉r❡ ✾✳ ■t❡r❛t✐♦♥s ♥✉♠❜❡r
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡✜♥❡♠❡♥t
❧❡✈❡❧ ❢♦r λ = 50 ❛♥❞ p = 10✳
❈❧❛ss✐❝❛❧ ❝r✐t❡r✐♦♥ ✭t♦♣✮✱ ♥❡✇
❝r✐t❡r✐♦♥ ✭❜♦tt♦♠✮✳

✻✳✷✳ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✳

✻✳✷✳✶✳ ❆ ♣r✐♦r✐ ❛♥❛❧②s✐s✳ ❆ ✜rst t❡st ❝❛s❡✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥ Ω =]0, 1[2 ✇✐t❤
t❤❡ t❤❡♦r❡t✐❝❛❧ s♦❧✉t✐♦♥ u = x(x− 1)y(y − 1)(x2 + y2)❡xy✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ (4.10) ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ errL =
|ui+1

h − uih|1,Ω

|ui+1
h |1,Ω

≤

10−7.

❋✐❣✉r❡ 10 ♣r❡s❡♥ts t❤❡ ❡rr♦r ❝✉r✈❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ h ✐♥ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡s✳ ❲❡ t❡st t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r N
❣♦✐♥❣ ❢r♦♠ 80 t♦ 120 ✇✐t❤ λ = 1 ❛♥❞ p = 1✳ ❚❤❡ s❧♦♣❡ ✐s ❡q✉❛❧ t♦ 0.999✳

L
o

g
(E

rr
o

r)
 

Error 

Log(h) 

❋✐❣✉r❡ ✶✵✳ ❊rr♦r ❝✉r✈❡ ❢♦r N ❣♦✐♥❣ ❢r♦♠ 80 t♦ 120 ✇✐t❤ λ = 1 ❛♥❞ p = 1✳

■♥ ❚❛❜❧❡ 1✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ❡rr♦r ❡st✐♠❛t❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❡s❤ N = 200✳
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❘❡♠❛r❦ ✻✳✶✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ ❜② ❞✐✈ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❝❤❡♠❡ ✭t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❡rr♦r ♦❢
t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❞❡❝r❡❛s❡✮✳

P
P

P
P

P
P
PP

λ

p
✶ ✷ ✸ ✹ ✺ ✶✵

10−2 ✵✳✵✶✸✶✵✻✷ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
10−1 ✵✳✵✶✸✶✶✹✺ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
✶ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✻ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
✺ ✵✳✵✶✸✶✵✺✽ ✵✳✵✶✸✶✵✻✾ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
✶✵ ✵✳✵✶✸✶✵✼✸ ✵✳✵✶✸✶✵✽✺ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
✺✵ ✵✳✵✶✸✶✵✺✽ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
102 ✵✳✵✶✸✶✵✾✺ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
103 ❞✐✈ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
104 ❞✐✈ ✵✳✵✶✸✶✵✺✺ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
105 ❞✐✈ ❞✐✈ ✵✳✵✶✸✶✷✼ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
106 ❞✐✈ ❞✐✈ ✵✳✵✶✺✸✶✽✺ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
107 ❞✐✈ ❞✐✈ ❞✐✈ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
108 ❞✐✈ ❞✐✈ ❞✐✈ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
109 ❞✐✈ ❞✐✈ ❞✐✈ ❞✐✈ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸
1010 ❞✐✈ ❞✐✈ ❞✐✈ ❞✐✈ ✵✳✵✶✸✶✵✺✸ ✵✳✵✶✸✶✵✺✸

❚❛❜❧❡ ✶✳ ❊rr♦r ❡st✐♠❛t❡s ❢♦r N = 200✳

✻✳✷✳✷✳ ❆ ♣♦st❡r✐♦r✐ ❛♥❛❧②s✐s✳ ❆ s❡❝♦♥❞ t❡st ❝❛s❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ t❡st ♦✉r ❛ ♣♦st❡r✐♦r✐ ❡rr♦r

❡st✐♠❛t❡s ♦♥ ♦✉r ♠♦❞❡❧ ♣r♦❜❧❡♠✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞♦♠❛✐♥ Ω =]−1, 1[2✱ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ u = ❡−100(x2+y2)

❛♥❞ t❤❡ s❛♠❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❛s ✐♥ t❤❡ ✜rst t❡st ❝❛s❡✳ ❲❡ ❞❡✜♥❡ t✇♦ ❞✐✛❡r❡♥t st♦♣♣✐♥❣ ❝r✐t❡r✐❛ ✿

ηL ≤ η∗,

ηL ≤ γη
(D)
i ,

✇✐t❤ γ ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r ❛♥❞ ✇✐t❤ t❤❡ s❛♠❡ ❞❡✜♥✐t✐♦♥ ❢♦r η
(D)
i ❛s ♣r❡✈✐♦✉s❧②✳

❋✐❣✉r❡ 11 ❝♦♠♣❛r❡s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❡st✐♠❛t❡❞ s♦❧✉t✐♦♥ ❢♦r λ = 10 ❛♥❞ p = 1✳

❋✐❣✉r❡ ✶✶✳ ❊①❛❝t s♦❧✉t✐♦♥ ✭❧❡❢t✮ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ✭r✐❣❤t✮ ❛❢t❡r t❤❡ ♠❡s❤ r❡✜♥❡✲
♠❡♥t ❢♦r λ = 10 ❛♥❞ p = 1✳
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❋✐❣✉r❡s 12 t♦ 15 s❤♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ✉s✐♥❣ t❤❡ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ♥❡✇ st♦♣♣✐♥❣

❝r✐t❡r✐♦♥ (ηL ≤ γη
(D)
i )✳

 

❋✐❣✉r❡ ✶✷✳ ▼❡s❤ r❡✜♥❡♠❡♥t ✿
✶✹✼ ✈❡rt✐❝❡s

 

❋✐❣✉r❡ ✶✸✳ ▼❡s❤ r❡✜♥❡♠❡♥t ✿
✸✷✵ ✈❡rt✐❝❡s

 

❋✐❣✉r❡ ✶✹✳ ▼❡s❤ r❡✜♥❡♠❡♥t ✿
✹✽✾✻ ✈❡rt✐❝❡s

 

❋✐❣✉r❡ ✶✺✳ ▼❡s❤ r❡✜♥❡♠❡♥t ✿
✾✺✾✾ ✈❡rt✐❝❡s

❋✐❣✉r❡ 16 ♣r❡s❡♥ts t❤❡ ❡rr♦r ❝✉r✈❡ ❢♦r ✉♥✐❢♦r♠ ✭r❡❞✮ ❛♥❞ ❛❞❛♣t✐✈❡ ✭❜❧✉❡✮ ♠❡s❤ r❡✜♥❡♠❡♥t ✉s✐♥❣ t❤❡ ♥❡✇
st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ✇✐t❤ λ = 10 ✱ p = 1 ❛♥❞ γ = 10−3✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❡rr♦r ✉s✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ ♠❡s❤ ✐s
♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ❡rr♦r ✉s✐♥❣ ❛♥ ✉♥✐❢♦r♠ ♠❡s❤✳

❋✐♥❛❧❧②✱ ❋✐❣✉r❡ 17 ✐❧❧✉str❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ♥❡✇ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ ◆❡✇t♦♥ ✐t❡r❛t✐♦♥ ❜②
❝♦♠♣❛r✐♥❣ ✐t t♦ ❛ ♠♦r❡ ❝❧❛ss✐❝❛❧ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥✱
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Lo
g

(E
rr

o
r)

 

Uniform Error 

Adapt Error 

Number of vertices 

❋✐❣✉r❡ ✶✻✳ ❊rr♦r ❝✉r✈❡ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ♥✉♠❜❡r
❢♦r λ = 10 ❛♥❞ p = 1✳ ❯♥✐❢♦r♠
❡rr♦r ✭t♦♣✮✱ ❛❞❛♣t✐✈❡ ❡rr♦r ✭❜♦t✲
t♦♠✮✳

N
u

m
b

e
r 

o
f 

it
e

ra
ti

o
n

s 

New 

Class 

Refinement level 

❋✐❣✉r❡ ✶✼✳ ◆✉♠❜❡r ♦❢ ✐t❡r❛✲
t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡✲
✜♥❡♠❡♥t ❧❡✈❡❧ ❢♦r λ = 10 ❛♥❞
p = 1✳ ❈❧❛ss✐❝❛❧ ❝r✐t❡r✐♦♥ ✭t♦♣✮✱
♥❡✇ ❝r✐t❡r✐♦♥ ✭❜♦tt♦♠✮✳

✻✳✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s✳ ■♥ t❤✐s s❡❝t✐♦♥ ♦✉r ♣✉r♣♦s❡ ✐s t♦ ❝♦♠♣❛r❡ t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦✲
r✐t❤♠ ✇✐t❤ t❤❡ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❛❞❛♣t✐✈❡❧② r❡✜♥❡❞ ♠❡s❤❡s✳ ❋✐❣✉r❡ 18 ✐❧❧✉str❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss u0h = 0.03✳ ❲❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ t✇♦ ♠❡t❤♦❞s✱ ◆❡✇t♦♥✬s
♠❡t❤♦❞ r❡q✉✐r❡s ♦♥❧② t✇♦ ✐t❡r❛t✐♦♥s ❢♦r ❛❧❧ ❝♦♥s✐❞❡r❡❞ r❡✜♥❡♠❡♥t ❧❡✈❡❧✱ ✇❤❡r❡❛s t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠
r❡q✉✐r❡s 10 ✐t❡r❛t✐♦♥s ✐♥ t❤❡ ✜rst r❡✜♥❡♠❡♥t ❧❡✈❡❧ ❛♥❞ ❞♦❡s ♥♦t ❣♦ ❜❡♥❡❛t❤ 4 ❢♦r t❤❡ r❡st ❧❡✈❡❧s✳ ■t ✐s ❝❧❡❛r
t❤❛t t❤❡ ♠❡t❤♦❞ ♦❢ ◆❡✇t♦♥ ❛✈♦✐❞s ♣❡r❢♦r♠✐♥❣ ❛♥ ❡①❝❡ss✐✈❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳
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u
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e
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o
n
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FPA 

NA 

Refinement level 

❋✐❣✉r❡ ✶✽✳ ◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r t❤❡ ♥❡✇ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ♦♥ ❛❞❛♣t✐✈❡❧② r❡✜♥❡❞
♠❡s❤❡s ✇✐t❤ γ = 0.001. ❋P❆ ❛❧❣♦r✐t❤♠ ✭t♦♣✮✱ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠ ✭❜♦tt♦♠✮✳

✻✳✹✳ ▼✐①❡❞ ❆❧❣♦r✐t❤♠✳ ❆s ✇❡ s❛✇ ✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠ ✐s
t❤❛t ✐t ❝♦♥✈❡r❣❡s ❢❛st❡r t❤❛♥ t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠✳ ❍♦✇❡✈❡r✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ ◆❡✇t♦♥✬s
♠❡t❤♦❞ ✐s q✉✐t❡ ✐♠♣♦rt❛♥t✱ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss u0h t❤❛t ✐s ♥♦t ❝❧♦s❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❧❡❛❞ t♦ t❤❡
❞✐✈❡r❣❡♥❝❡ ♦❢ ♦✉r ♣r♦❜❧❡♠✳ ❚❤✉s✱ ✐♥ ♦r❞❡r t♦ ❡❧✐♠✐♥❛t❡ t❤✐s ❞r❛✇❜❛❝❦ ✇❡ ♣r♦♣♦s❡ ❛ ♠✐①❡❞ ❛❧❣♦r✐t❤♠✳ ■♥
❢❛❝t✱ ✇❡ ❜❡♥❡✜t ❢r♦♠ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❜♦t❤ ❛❧❣♦r✐t❤♠s✳ ❲❡ st❛rt t❤❡ ✜rst ✐t❡r❛t✐♦♥ ❜② t❤❡ ✜①❡❞✲♣♦✐♥t
♠❡t❤♦❞ ❛♥❞ ✇❡ ❝♦♥t✐♥✉❡ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ✉s✐♥❣ t❤❡ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ♣r♦✈✐❞❡s
t❤❡ ❈P❯ t✐♠❡ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✳
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■♥✐t✐❛❧ ❞❛t❛ u0h ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ ❋✐①❡❞ ♣♦✐♥t ❛❧❣♦r✐t❤♠ ▼✐①❡❞ ❛❧❣♦r✐t❤♠
✵✳✺ ✸✳✸✸ s ✽✳✶✹✺ s ✹✳✽✻✻ s
✶✳✺ ❞✐✈ ✽✳✶✹✷ s ✹✳✽✶✷ s
✶✳✻ ❞✐✈ ✽✳✶✹✾ s ✹✳✽✶ s
✶✳✼ ❞✐✈ ✽✳✶✻✷ s ✹✳✼✽✼ s
✶✳✽ ❞✐✈ ✽✳✶✹✼ s ✹✳✼✾✻ s
✶✳✾ ❞✐✈ ✽✳✶✻✸ s ✹✳✼✾✼ s
✷ ❞✐✈ ✽✳✶✹✾ s ✹✳✼✾✾ s
✷✳✺ ❞✐✈ ✽✳✶✹✺ s ✹✳✼✽✹ s

❚❛❜❧❡ ✷✳ ❈P❯ t✐♠❡ ✐♥ s❡❝♦♥❞s ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✳

✻✳✺✳ ❈♦♥❝❧✉s✐♦♥✳ ❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦ ❛♥ ❛♣♣❧✐❡❞ tr❡❛t♠❡♥t ♦❢ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t✐♦♥
❢♦r ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ (1.1)✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✇❡
♣r♦♣♦s❡❞ t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✿ t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤✉s✱ t✇♦ s♦✉r❝❡s
♦❢ ❡rr♦r ❛♣♣❡❛r✱ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ❡rr♦r ❛♥❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r✳ ❇❛❧❛♥❝✐♥❣ t❤❡s❡ t✇♦ ❡rr♦rs ✐s ✈❡r②
✐♠♣♦rt❛♥t ❀ ✐♥ ❢❛❝t✱ ✐t ❛✈♦✐❞ ♣❡r❢♦r♠✐♥❣ ❛♥ ❡①❝❡ss✐✈❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✳ ❆s ✇❡❧❧✱ t❤✐s ❛♥❛❧②s✐s ❝❛♥ ❜❡
❛♣♣❧✐❡❞ ❢♦r ♠❛♥② ♦t❤❡r ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❝♦♠♣❛r❡❞ t❤❡ t✇♦ ❞✐✛❡r❡♥t ✐t❡r❛t✐♦♥
❛❧❣♦r✐t❤♠s ❀ ✐♥ ❢❛❝t✱ t❤❡ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ❢❛st❡r t❤❛♥ t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠✳ ❍♦✇❡✈❡r✱
t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✐s q✉✐t❡ ✐♠♣♦rt❛♥t✳ ❚❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡
2✳

❘é❢ér❡♥❝❡s

❬✶❪ ❆❞❛♠s ❘✳❆✳✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s✱ ❆❝❛❞❛♠✐❝ Pr❡ss✱ ■◆❈✱ ✶✾✼✽✳
❬✷❪ ❇❛❜✉š❦❛ ■✳✱ ❘❤❡✐♥❜♦❧❞t ❲✳❈✳✱ ❊rr♦r ❡st✐♠❛t❡s ❢♦r ❛❞❛♣t✐✈❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❝♦♠♣✉t❛t✐♦♥s✱ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳

✹ ✭✶✾✼✽✮✱ ✼✸✻✕✼✺✹✳
❬✸❪ ❇r❡③③✐ ❋✳✱ ❘❛♣♣❛③ ❏✳✱ ❘❛✈✐❛rt P✳✲❆✳✱ ❋✐♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✱ P❛rt ■ ✿ ❇r❛♥❝❤❡s

♦❢ ♥♦♥s✐♥❣✉❧❛r s♦❧✉t✐♦♥s✱ ◆✉♠❡r✳ ▼❛t❤✳ ✸✻ ✭✶✾✽✵✮✱ ✶✕✷✺✳
❬✹❪ ❈❤❛✐❧❧♦✉ ❆✳✲▲✳✱ ❙✉r✐ ▼✳✱ ❈♦♠♣✉t❛❜❧❡ ❡rr♦r ❡st✐♠❛t♦rs ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s ❜② ❧✐♥❡❛r✐③❡❞

♠♦❞❡❧s✱ ❈♦♠♣✉t❛❜❧❡ ▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ✶✾✻ ✭✷✵✵✻✮✱ ✷✶✵✕✷✷✹✳
❬✺❪ ❈❤❛✐❧❧♦✉ ❆✳✲▲✳✱ ❙✉r✐ ▼✳✱ ❆ ♣♦st❡r✐♦r✐ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ❡rr♦r ❢♦r str♦♥❣❧② ♠♦♥♦t♦♥❡ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs✱

❈♦♠♣✉t❛❜❧❡ ▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ✷✵✺ ✭✷✵✵✼✮✱ ✼✷✕✽✼✳
❬✻❪ ❊❧ ❆❧❛♦✉✐ ▲✳✱ ❊r♥ ❆✳✱❱♦❤r❛❧í❦ ▼✳✱ ●✉❛r❛♥t❡❡❞ ❛♥❞ r♦❜✉st ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t❡ ❛♥❞ ❜❛❧❛♥❝✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥

❛♥❞ ❧✐♥❡❛r✐③❛t✐♦♥ ❡rr♦r❡ ❢♦r ♠♦♥♦t♦♥❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠s✱ ❈♦♠♣✉t❛❜❧❡ ▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣
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