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Symmetric coupling of LDG-FEM and DG-BEM *

NORBERT HEUER! SALIM MEDDAHI!
and
FRANCISCO-JAVIER SAYAS!

Abstract

We analyze a discontinuous Galerkin FEM-BEM scheme for a second order el-
liptic transmission problem posed in the three-dimensional space. The symmetric
variational formulation is discretized by nonconforming Raviart-Thomas finite el-
ements on a general partition of the interior domain coupled with discontinuous
boundary elements on an independent quasi-uniform mesh of the transmission in-
terface. We prove (almost) quasi-optimal convergence of the method and confirm
the theory by a numerical experiment. In addition we consider the case when con-
tinuous rather than discontinuous boundary elements are used.

1 Introduction

Discontinuous Galerkin (DG) methods are known to be flexible and efficient solvers for
a wide range of partial differential equations. Among their advantages, when applied to
second order elliptic problems, we emphasize that they are locally conservative, they can
handle general meshes with hanging nodes and they allow the use of different polynomial
degrees in each element.

DG methods can be coupled with the boundary element method (BEM) in different
ways [3]. In [6] it was shown that it is possible to benefit from the features highlighted
above when approximating non-homogeneous (and even nonlinear [5]) exterior elliptic
problems if a local discontinuous Galerkin method (LDG) is used as an interior solver in
combination with the BEM.
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The symmetric LDG-BEM formulation is obtained by rewriting locally the elliptic
problem in mixed form and considering a Calderén identity on the boundary. In this way,
one ends up with a system of two variational equations in the interior domain (involving
both the potential and the flux as independent variables) and a system of two boundary
integral equations relating the Cauchy datum of the problem on the coupling interface. In
the first LDG-BEM formulation [6], the coupling between the two systems is performed by
using Costable’s approach. From the DG point of view, this amounts to using the normal
derivative of the solution on the coupling boundary as a Neumann datum when defining
the numerical fluxes for the LDG method. In the resulting coupled scheme, the normal
derivative becomes an independent unknown and the other BEM variable (the discrete
trace) must match the discrete potential that comes from the LDG method. The problem
is that these unknowns are of different nature: the restriction of the LDG approximation
of the potential to the coupling interface is discontinuous while the BEM discretization
is conforming and produces a continuous and piecewise polynomial approximation of this
variable. This inconvenience is addressed in [6] by introducing a further unknown that acts
as a Lagrange multiplier and enforces weakly the imposition of the missing transmission
condition. A later paper [5] eliminated the need of the Lagrange multiplier by demanding
that the discontinuous piecewise polynomial functions that approximate the potential in
the LDG method be continuous at the coupling interface. Here, the normal derivative
is the only boundary unknown, which reduces the number of unknown functions by two
with respect to the first version. However, in order to deal properly with this formulation
in practice a Lagrange multiplier must come again into play. Moreover, this formulation
imposes for the BEM the mesh inherited from the interior partition of the domain, which
reduces much of the flexibility provided by the discrete Galerkin method near the coupling
boundary. Finally, we point out that recently non-symmetric couplings of DG with BEM
have also been studied, cf. [0] and the references therein.

In this paper, following [I1], we take advantage of the fact that the flux variable is
an LDG active unknown (as in the traditional mixed formulation) and consider a dual
approach: we define the numerical fluxes by considering the trace of the solution on
the coupling boundary as Dirichlet datum. Hence, as opposed to the former strategy,
the trace of the solution is an independent variable while the LDG normal flux and the
normal derivative must be merged on the coupling boundary. Notice that in this case both
variables are (naturally) nonconforming and no Lagrange multiplier or special restriction
is needed to match them. Consequently, the resulting numerical scheme enjoys all the
good properties of a typical DG method and allows for using an independent boundary
mesh. Moreover, one can employ both a conforming or a nonconforming approximation
on the boundary.

In this paper, we take advantage of the results from [7] to deal with a DG finite
element method on the boundary, the resulting scheme will be referred to as the LDG-
FEM/DG-BEM method. To our knowledge, this is the first FEM-BEM scheme that
combines DG approximations on the boundary and in the interior. Technical difficulties
that already arose in [7], oblige us to consider conforming and quasi-uniform families of
triangulations on the coupling boundary. Following the technique from [2], this can be



relaxed to meshes that are conforming and quasi-uniform on planar sub-surfaces of the
coupling interface. However, for simplicity, the technical details for such an extension
are omitted here and we will consider globally conforming and quasi-uniform boundary
meshes. Fortunately, restrictions on the boundary mesh have no negative impact on the
triangulation of the interior domain since the two meshes are related by a mild local
condition, see below. Finally, we analyze the scheme that is obtained by using a
conforming rather than non-conforming BEM on the interface. The resulting scheme will
be referred to as the LDG-FEM/BEM method.

The paper is organized as follows. In Section[2]we present our model problem and recall
some basic properties of boundary integral operators. For simplicity of exposition we will
restrict our interest to a three-dimensional problem posed in the whole space. In Section
we derive the LDG-FEM /DG-BEM scheme and prove that it admits a unique solution.
Stability and a priori error estimates are proved in Section [l In Section [5] we show that
the same technical arguments provide (without the quasi-uniformity requirement for the
meshes on the coupling boundary) a convergence result for the LDG-FEM/BEM scheme.
Finally, numerical experiments are reported in Section [6]

Given a real number r > 0 and a polyhedron O C R¢, (d = 2, 3), we denote the norms
and seminorms of the usual Sobolev space H"(O) by || - ||,0 and | - |0 respectively (cf.
[10]). We use the convention L?(O) := H®(O) and let (-,-)o be the inner product in
L?(0). We recall that, for any ¢ € [—1, 1], the spaces H'(OO) have an intrinsic definition
(by localization) on the Lipschitz surface 9O due to their invariance under Lipschitz
coordinate transformations. Moreover, for all 0 < ¢t < 1, H *(00) is the dual of H*(0O)
with respect to the pivot space L?(00). Also, (-,-)so denotes both the L*(0O) inner
product and its extension to the duality pairing of H*(00) x H'(9O).

2 The model problem

Let Q C R? be a bounded polyhedral domain with a Lipschitz boundary I'. We denote
by n the unit normal vector on T' that points towards Q¢ := R3 \ 2. For the sake of
simplicity, we assume that €2¢ is connected. We consider the transmission problem

—Au = f in €2
u = u*+gg onl
ou  Ou° r
I - on + g1 on (1)
—Au® = 0 in Q°
1
u* = O(—) as|z|— oo,
|z|

where f € L?(Q), go € H/*(I') and g, € L*(T") are given functions.



We can write the problem in 2 by introducing the flux o as a new variable:
o = Vu in (),
—dive = f in Q.
With the notation

ous

A= o

and ¢ = u‘|r,
the transmission conditions are
u = Y+go onl
o-n = A+g onl.
Using the integral representation of the harmonic function u® in Q¢ gives
u® =V¥pr () — Ugr(A) in Q°
where

IE(|lz — y|)
on(y)

are the single and double layer potentials, respectively, and E(|x|) := ﬁ%' is the funda-
mental solution of the Laplace operator. The jump properties of the single and double
layer potentials across I' provide the following integral equations relating the Cauchy data

on this boundary:

W (6) () = / E(lz — y)E()dS(y) and Wpy(p)(x) = / o(y) dS(y)

U= (5 +K)p—VA 3)
A= —Wi+ (% — K")A (4)

where V', K, K’ are the boundary integral operators representing the single, double and
adjoint of the double layer, respectively, and W is the hypersingular operator.

Let us recall some important properties of the boundary integral operators, see [10]
for details. The boundary integral operators are formally defined at almost every point
x €I by

V)= [ Ble - alew sty Ko@) [ P50 o) asiy)
Kea) = [ P emasy). Wele) = s [ L5 o asw)

They are bounded as mappings V : H~Y/2(I') — HY*(T'), K : HY*(I') — HY?(T") and
W : HY? — H=Y2(I'). The single layer operator is coercive, there exists Cy > 0 such
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that
Ve = CollxIPypr Vx € HVA(I) (5)

and )
(W, ohr + ( / 90) > CollolBar Yo € HY(D). (6)

Moreover, V : H*"YT) — H*(T') is bounded for any 0 < s < 1. We recall that the
operators V and W are related by

W = curlpVcurlr

where curlr is the surface curl operator and curly is its adjoint operator, cf. [12]. Conse-
quently,
(W, ) = (curlpy, Veurlpp)r, Vi, o € HV2(T).

3 The LDG-FEM/DG-BEM formulation

We denote by 7, a subdivision of the domain € into shape regular tetrahedra K of
diameter hyx and unit outward normal to K given by myx. We point out that the
partition 7, is not necessarily a conforming mesh of Q. We also introduce a shape regular
conforming quasi-uniform triangulation G, := {T'} of the interface I into triangles T" of
diameter hp. The set of edges of G, is denoted by &,. The parameter h represents the
mesh size, i.e., h 1= maxger,. reg, {hx, hr}-

Henceforth, given any positive functions A; and B, of the mesh parameter h, the
notation A, < By, means that A, < CBj, with C' > 0 independent of h and A, ~ By
means that A, < By, and By, < Ay,.

We say that a closed subset F € § is an interior face if ' has a positive 2-dimensional
measure and if there are distinct elements K and K’ such that F' = K N K’'. A closed
subset F' € Q is a boundary face if there exists K € T, such that F is a face of K and
F = KNT. We consider the set F} of interior faces and the set F? of boundary faces
and introduce

fh:ngfl?.

For any element K € T}, we introduce the set
F(K):={FeF,;, FCOK}
of faces composing the boundary of K. Similarly, for any T € Gj,, we introduce the set
E(T):={ec&; ecdT}.
We also consider for any T € Gy,

F(T):={FeF); FNT+#0}.



In what follows we assume that 7, U G, is locally quasi-uniform, i.e., there exists § > 1
independent of h such that =% < hK < ¢ for each pair K, K’ € T, sharing an interior

face and 571 < hK < ¢ for each pair K € Tn, T € G, with KNT # (). This assumption
implies that the sets F(K) and F(T) have uniformly bounded cardinalities and that there
exists a constant C' > 0 independent of A such that

where hp stands for the diameter of the face F.
For any s > 0, we consider the broken Sobolev spaces

=[] #°(x)., B (T) =[] H(K)

KeTy KeTy,
=[] 7@, ®BG):= ][] B (T)?
Tegh Tegh

For each v := {vk} € H*(Tp), 7 := {7x} € H*(Tx) and ¢ = {pr} € H*(G,), the
components vk, Tx and @ represent the restrictions v|g, 7|k and ¢|r. When no confu-
sion arises, the restrictions of these functions will be written without any subscript. The
spaces H*(T,) and H*(T}) are endowed with the Hilbertian norms

loliz = > loxlie  I7lin = > ITlix
KeTy KeTh
The corresponding seminorms are denoted by

Wi =D el ITEg = ) Irklix

KeTy, KeTy,

Similarly, the norms and the seminorms on H*(G;) are given by

lellsg, = D lerliz  lelig, = D lerlis

TeGy Tegy,

Identical definition for the norms and the seminorms are considered on the vectorial
counterpart of H*(G,). We use the convention H°(T;,) = L*(T,) for all the spaces defined
previously.

We will also need the spaces given on the skeletons of the triangulations 7, and Gy by

ol | Rt R | RO R AR | R0

FeFy, Fe}'g ec&y
= I 22®?°, R =[] r°(F)?, &) =[] L)
FeF, FG]‘—S ecly,



Similarly, the components pr and By of u = {ur} € L*(F,) and B := {Br} € L*(Fy)
coincide with the restrictions p|r and B|r and the components ¢, and 1, of p == {p.} €
L3(&,) and ¥ = {1} € L*(&,) are given by the restrictions ¢|. and )|, respectively.
We introduce the inner products

<>\7/'L>]:h = Z <>‘F7NF>F7 </\7:u>]-"2 = Z </\F7/~LF>F and <¢790>5h = Z<¢eagpe>e'

FeF, Fe_/—-g eely,

and the corresponding norms
lells 7, = (e mmn ellor = (e mr and Jelge, = (@ 0,

on L?(Fy,), L*(F) and L*(&,) respectively.
Given v € H'(Ty,), we define averages {v} € L*(F}) and jumps [v] € L?(F?) by

{v}r :=1/2(vk +vir) and [v]p :=vgng +vgmng VF e F(K)NF(K').

For vector valued functions 7 € H'(Ty,), we define {7} € L*(F}) and [r] € L*(F?) by
{t}r=1/2(txk +Tr) and [7T]r =7k ng+7Tr  ng VF e F(K)NF(K').
Similarly, given ¢ € H'(G;,), we define averages {¢} € L*(&?) and jumps [¢] € L?(&,) by
{o}e = 1/2(pr + o) and  [¢]e = @rte + orte Ve e E(T)NE(T).

Here, t. is the tangent unit vector along the edge e given by t. = (n X nsg)|., where
nyr is the outward unit normal vector to the boundary of the face F' in the hyperplane
defined by n|p.

Hereafter, given an integer k& > 0 and a domain D C R3, P,(D) denotes the space of
polynomials of degree at most £ on D. We consider the linear spaces

Po(Fn) == [ Po(F) and Po(F}):= [] Po(F).

FeFy, FG}—}?

and for any m > 1, we introduce the finite element spaces

Vii= [[ Pu(K) and %, := ] RT.(K),
KeTy KeTy,

where

RT,,(K) = {Pn_1(K)* + P,,_1(K)}

is the finite element of Raviart-Thomas of order m — 1.
We consider the following formulation in the bounded domain Q: find (o, us) €
>, X V3, such that for each K € 7T;, there holds

(Uh,T)K—(Vuh,T)K+<uh—ﬂ,T"nK>aK =0 V1 e Xy ( )
8

(O'h,VU)K — <5’ . nK,v>3K = (f,’U)K Yv € V).

7



Before defining the numerical traces @ and & let us consider the finite element approxi-
mation of the boundary integral equations and .
We consider the operator T defined for any ¢ € H'(Gy) by

(Tp)|e := (Veurlyp)le (e € &),
where curl, stands for the element-wise curl operator:
(curl,p)|r := curlp(¢|F), VE € Gp.
We consider two sequences of boundary element spaces

Ap={rn;, T7eX,}C H_I/Q(F),
o= [ Pu(T) O LYT) © H(Gn) i= HY2(Ga) 0 LY(T)

TeGH

with L3(T) := {p € L*I'); (1,¢)r =0}. We then replace (3], by the Galerkin
equations: find i, € ¥y, A\; € A, such that

(. 7-n)p = (8 +EK)p,7-n)r—(V(\, —q1),7-n)r VT €,
(()‘Z —q1),o)r = —d(n, ) + <(§ - K’)(/\Z — 1), ¢)r Vi € Wy,

Here we used the transmission condition for A, , and A; will be an approximation to
A+ g1 = 0 - n. Furthermore,

d(% 90) = <chr1h¢v CllI'lh(,D>F + <T7v/}7 [[90]]>5h - <[[77D]]7TQ0>5}L + <V[[77D]]7 [[(ID]]>5h (1())

and v € [[ ¢, Pole) is a piecewise constant function such that

9)

v~l. (11)
Let a € Py(Fp), and B € Py(F7)? be given piecewise constant functions satisfying

max |Bp| <1 and hra~1, (12)
FeF?
where hx € Py(F},) is defined by hz|p := hp ,VF € F.
We substitute u and & given by

{unyr + Bp - [un]r if F € F
iy =

and
{owtr — [on)rBr — arlun]r if F € F
or =
ounlr — ap(uplr —¥n — go)n|p it F e F
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in and add the equations over K € T, to obtain the following LDG formulation of the
problem in Q: find (o, up) € Xy X Vj, such that

(oh: T = {(Vhun, 7)o — S(un, 7)} — (Y, 7 m)r = (g0, 7 -M)r 13)
{(Viv,on) = S(v,0n)} + ao(un, v) + (a(up — ¥n),v)r = (f,v)a + (ago, v)r,
for all 7 € ¥, and v € V},, where V), stands for the element-wise gradient and
S(u, 1) = ([u] {7} = [7]B) 5 + (w, 7 -m)r,  Vue H'(T,), V1 € H'(Th),

ap(u,v) = (afu], [[v]]>;2 Yu,v € H'(Ty),

In order to simplify the notations, let us denote by @y = (uy,¥y,) and v := (v, ) couples
of elements from Vj, x ¥;. We also consider

if F e Fy if e Fy
[an] == [unlr 1 < i; and [0] := [v]F 1 < }é .
(up — Yn)n|p if F € Fy (v—p)nlp if FeF
We now couple @ and by identifying A} = o, - n and by approximating the trans-
mission condition for the traces in by
(aun — ¥n), p)r = {ago, p)r Vi € Uy,

A combination of (9) and then yields our LDG-FEM/DG-BEM coupling: find
(G'h,lAth) € Xy X (Vh X \I/h) such that

a(on, ) +b(T,4,) = (90,7 -n)r+ Vg, T n)r VreXx,

—b(O'h,IA)) + C(ﬂh,@) = (f, U)Q + <Oégo,U - (,0)1“ + <(§ + K’)gl, gO)r Vo € Vi, X Uy,
(14)
Here,
CL(O’h, T) = (O'h, T)Q + <T n, V(O’h . ’n)>p, C(ﬁh, f)) = <Oé[[’&h]], [[f)]]>]:h + d(@/]h, (,0)
and

b(r,0) == =(Vav, 7)o + (T -, (% — K)p)r +([v], {7} = [718) 7y + ([0], 7)r-

Problem can be rewritten in the more compact form as follows: Find o) € ¥; and
Uy, = (uh,¢h) € Vj, x ¥, such that

Aoy, up; T,0) = F(1,0), (15)

by setting
Aoy, up;T,0) == alop, T) + b(T,4p) — b(op, 0) + c(ap, ) (16)

and

. id ,
F(r,0) = (f,v)a+ Vg1 + g0, 7 - n)r + (go, v — o)1 + <(5 + K" g1, ¢)r.



Proposition 3.1. The LDG-FEM/DG-BEM method defined by provides a unique
approximate solution (o, (up, ¥p)) € By X (Vi x Up,).

Proof. 1t suffices to prove that if f = 0, g0 = 0 and ¢g; = 0, then admits only the
trivial solution. Taking 7 = o, and 0 = 4y, in (15]) yields

a(op, o) + c(tp, up) =0,

which proves that o, = 0, [uy] = 0, curlyyy, = 0 and [¢p]c = 0 for all e € &,.
Consequently, 1, is constant on I' and, as it has zero mean value, it must vanish identically.
Now, 15, = 0 and [u,] = 0 implies that u, = 0 on I'. On the other hand, it follows from

b(‘l’,ﬂh) = —(thh,T)Q =0 VT € Zh

and the fact that Vj(V},) C 3, that V,u, = 0. We can now conclude that u;, = 0 since
it is constant in each 7', it has no jumps across the interior faces of T, ([un]r = 0 for all
F € F})) and it vanishes on T O

We end this section by proving that our LDG-FEM/DG-BEM scheme is consistent.

Proposition 3.2. Let u be the solution of in Q, o :=Vu and ¢ := ulr — go. Under
the regularity assumptions u € H*(Q2) and Wi € L*(T') we have that

Ao, (u,¥); T, (v, ) = F(7,(v,9)) VT €3y, V(v,0) € Vi x Uy,
ou

Proof. Taking into account that A .= o -n —g¢g; = o g1, it is straightforward to show
n
that

A, (u,9): 7, (0,9)) = {71190+ Vgrhr + (ago, v — @) + (2 + K)gu, @)

2
+ {1t -n,VA+ (%1 — K))r + ((%i + K"\, o)r + (Veurlpy, curl,p)r + (T, [¢])e,
+ 3 (Vu, o)k — (V [u]) 7 — <§—Z7”>r-

KeTh

Taking into account the integration by parts formula
<VCUI'1F¢, CllI'th0>F + <T77Z)7 IIQO]]6>5}L =

Z (Veurlpy, curlre)r + (tor - Veurlpy, p)or = (W, @),
Tegy,

we deduce the result from , and from the fact that

> (Vu, Vol = 3 (i + (Vu [elg + (o e

KeTy KeTy
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4 Convergence analysis

In this section, we develop the error analysis of the LDG-FEM/DG-BEM scheme .
We first introduce a series of technical results that are used in the proof the Céa’s error
estimate provided by Theorem. Then, we use well-known interpolation error estimates
to obtain the main convergence result stated in Theorem [£.2]

4.1 Technical results
The following discrete trace inequality is standard, [4].

Lemma 4.1. For all K € Ty, all integer k > 0, and all v € Py(K),

hicllvllgox < 110116« (17)

Proposition 4.1. For allv € H'(Ty),

H[[U]]H?),]—'g S Z ||UH(2),8K-

KeTh

Proof. The proof relies on the local quasi-uniformity of 7. Indeed,

Iollgz = D MG F <2 > IIUIIOF,

FeF? KeT, FeF(K

and the result follows from the fact that the cardinality of the set F(K) is uniformly
bounded. O

The H'/?(G,)-ellipticity of the bilinear form (Vecurl,y, curl,o)r in ¥y, is essential for
the stability of our method. The main difficulty that we had to deal with in our analysis is
that this bilinear form is not uniformly bounded on W, with respect to this broken-norm.

Lemma 4.2. There holds

(Veurl,p, curl,o)r 2 |90|%/2,gh’ Yo € Uy,
Proof. The result is a consequence of (5) and the fact that (cf. [9])

|<Pﬁ/2,gh S Z ||curng0H271/27T < ‘|Curlh¢||%1/2,r Vo € Uy, (18)
TeGy

]

The following estimate is a Poincaré-Friedrichs inequality for piecewise polynomial
functions.

Lemma 4.3. There holds

lellor S (Hoghlleli g, + Ilell6e,) Vo € Un. (19)
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Proof. We know from [8, Theorem 8] that

2

loller S e el areg, + 2 ke
eelp

/e[[so]]erL‘/Fso

for all p € HY/?*<(G},) and for all € € (0,1/2). The inverse inequality

lorl1/orer S Ryt lorlier Yor € Pu(T),

/e []e

for all p € W), and for all € € (0,1/2). The result follows now by choosing & = $(log1/h)~!
and applying the Cauchy-Schwarz inequality. m

and the fact that G, is quasi-uniform yields

2

lol3r S e b0l g, +h72 D B!

ec&y,

Finally, the following bound for T' can be found in [7, Equation (4.27)].
Lemma 4.4. We have that,

_ 1/2
ITelloe, S (WM el2r + hlelie) ', for allp € HY(T).

4.2 Stability of the LDG-FEM /DG-BEM method

For all K € Ty, we introduce the L?(K)-orthogonal projector I onto P,,(K). Moreover,
we consider on each T' € G, the usual triangular Lagrange finite element of order m
(m > 1) and denote by 77 : C°(T) — P,,(T) the corresponding Lagrange interpolation
operator. We will also use the Raviart-Thomas interpolation operator Ilx in RT,,(K),
see [I3]. The global operators 1T : L*(7,) — V, II : HY(T;,) — ¥, and 7 : C(T) —
U, NCYT) are given by

(HU)|K = HK(UK), (HT)’K = HK(’TK) VK €7, and (7?90)’7* = ﬁT(QDT) VT € G,

respectively.
For all 7 € HY(T,) and ¢ := (v, ) € H'(T;) x H'(G),), we introduce the semi-norms

. . 1/2
I o)l = (ITl5e + 17 - 22 jor + 01 g, + lla?[0115 5, + V2[5 e,)

9

107, 0) [l = (HTHg,Q + 7 -l o+l 2[0]15 £, +

/
leurlyl® o0 + 712 ¢] ”(2),5h>
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and for all 7 € H(7) and ¢ := (v, ) € H'(T;,) x H(T'), we introduce

(7, 9)]] := (||(T,@)II2 + ) o P nglf ok + I mlg e+ ) o8 ot
KeT, KeTy,

Il e+ Bl + blolir)
It is clear that
I o) < [I(m. 0l V(7,9) € H(Tp) x (H'(Th) x HY(I")). (20)
Moreover, taking into account , we deduce that
I DI S Nl Vr,0) € H(Th) x (H'(Th) x H'(Ga). (21)
In the following we abbreviate
e =0 —Mo, m,:=u—1u, 7y:=¢—7¢Y and my:= (u—Iu, ¢ —7Y).

Lemma 4.5. Let us assume that o € HY*™(Q)3 with ¢ > 0 and ¢ € H'(T). Then, there
exists a constant C' > 0 independent of h such that

Ao, ma; 7, 0)| < Cllog |2 || (7, ma) (T, 0)ll4 - ¥(7,0) € Ty x (Vi x Uy
Proof. First of all, the definition of A(-,-) and the triangle inequality yield
|A(To, ma; 7,0)| < |a(mo, T)| + |c(ma, 0)| + |b(7g, 0)| + |b(T,7a)| = Th + To + T3 + T}

for all (7,0) € 3), x (Vj, x ¥},). Using Cauchy-Schwarz’s inequality it is straightforward
to see that

1/2 1/2
TS (Hm,HgQ + || - n||2—1/2,r) (HTH%)Q + - nHQ—l/z,r)

S (e, ma) [l (7, )] (22)

Applying Lemma [£.4) and the Cauchy-Schwarz inequality we deduce that

T < [{efmal, [0]) 7| + |d(7y, )| < Kalma], [0]) 7, [+
[(Veurly 7y, curlyp)r| + (T7y, [¢])e, | + [([Fo]. To)e, | + [(v[Fo], [#]e, ]
= [alma], [0]) 7, | + [(Veurlp @y, curlyp)r| 4+ [(T7y, [¢])e, |
S et lmallozlla (8] o,z + lleurlomy|| 1o r|lcurlyell 1o+

12Ty lo.g, |1 [eDllo.g-
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Taking advantage of the fact that curlp : HY?(I') — H~Y/2(I')3 is bounded we conclude
that
Ty < [(mor ma) |+ [ (7, 0) |- (23)

By definition of the Raviart-Thomas interpolation operator, (7, Vv)x = 0 for all v € V},
which implies that

7, = |(me ., (S~ K)ohe + (B, {mo} — [ro1B)sp + (], moe|

We apply the Cauchy-Schwarz inequality and hypothesis on « to deduce that
~1/2 2 2 \/?
T 5 (la™2({mo} = [m18) - mll3 zy + max{L hr} o - )

id 2 /2747112 2
(15 = K)ol + 1B, )
Hypothesis ((12)) on 8 and Proposition [4.1| yield

Ha_l/z({ﬂ'a} = [7]B) - n”o FO Z ||a To - nKH%,aK-

KeTy

Moreover, the boundedness of & — K : L*(T") — L*(T') and the fractional order discrete
Poincaré inequality imply the estimate

id
(5 — K)elgr S [oghl (Ief: 26, + 1]l e,)

2
< [logh| ([leurlug |2 o + 1V [] 3, ) -
This yields the following estimate,

1/2
Ty < |logh|'? (H(%,m)l\Z + e nlgr + D lla™ P - nKH?),aK> (7, 0) ]l (24)
KeTy,

To bound the last term T}, we begin by using integration by parts and the character-
ization of the L?(K)-orthogonal projection onto P,,(K),

(T, divr)g =0 V7 € X,

to deduce that

T, = [([rd Blr) + () + 7o m (5 + K

14



Now, from the Cauchy-Schwarz inequality, the boundedness of K : HY?(I') — H'?(T),
the boundedness of 3 and Proposition [4.1] it follows that

1/2
s (HT nfZpr+ D a7 nKH%,aK)
KeTp

1/2
(Hﬁ-dJH%/Q,F + > IIal/Qﬂullg,aK> -

KeTh

Finally, by virtue of (7)), and (17),

lo™ 7 nlone = 3 (hwcor) bl nclie £ 3 hxliTl
FeF(K) FeF(K)

which means that

1/2
Ty < |l(7,9)] (II%¢I|?/2,F+ > ||041/27ru|\3,az<> : (25)

KeTy

The result follows now directly from , , and . O

Let us introduce the errors
Co =0 —0Op, €, =U—uUy, ep:=1—1, and ez;:= (u—up Y — ).

We notice that, under the regularity hypothesis of Proposition we have the following
Galerkin orthogonality

Aleg,eq;7,0) =0 Y(7,0) € )y x (Vi x Up,). (26)
Lemma 4.6. There exists C > 0 such that

Ao, t;T,0)
Sllp —
(r)eSax (Vixwy) (T, 0) |4

Cll(e, @)l (27)
for all (o,0) € p, x (Vi x Uy,).
Proof. Tt follows straightforwardly from (j5)) and that, for all (7,0) € 3, x (Vj, x ¥},),
A(T,0;7,0)
= |7l3q + (T V(T -n)r + o 2[0]]5 £ + (Veurlyp, curlyp)r + [2[4]|[3 g,
2 (Il + 7 - nl2yor + o' [0005 7, + leurlupl2y o r + [ [€]15,)

= (. 0% 2 (T )T, )l

which proves the result. O

15



Theorem 4.1. Under the hypothesis of Proposition

C
I{eo ea)ll < (1 + -7)[log B2 (g, ma) -

Proof. The Galerkin orthogonality and yield

Cll(on — o, (up — Hu, iy — 7)) || <

A(Uh - HO’, (uh - Hu7 wh - 77'7?), T, ﬁ)
sup - =
(7,0) €S % (Vi X 0),) (7,9 4

A(ﬂ-a'a Ta, T, @)

sup =
(T, 0)EDR X (Vi x¥p,) H(TvU)H#

Applying Lemma [4.5] we deduce that

(o — Mo, (un — Tu, ¢y, — 7))|| < <[ log hV2[| (g, a) | (28)

Il Q

and the result follows from triangle inequality

I(eas ea) | < [(mo, ma) | + [[(on — Tler, (up — Tu, P — 7)) |-

4.3 Asymptotic error estimates

In this section we need to handle functions that are piecewise smooth on the boundary
[ of the polyhedron Q. Let {T'y,---,T'y} be the open polygons, contained in different
hyperplanes of R3, such that I' = Uj»vzlfj. For any ¢ > 0, we consider the broken Sobolev
space Hy(T') := [, HY(T';) endowed with the graph norm

N
lelZor =D llellew,.
Jj=1

Let us recall some well-known approximation properties related with the (local and global)
projection and interpolation operators.

Lemma 4.7. For all K € Ty, if w € H™™(K) with r > 0, then

hi||V (w — Tgw) ok + [w — Tgwllo e < A ™ wl]41,x
and .
lw — Mrewlloor S he ™2 |41,

16



Lemma 4.8. For all K € Ty, if 7 € H"(K)* with r > 1/2, then

min{r,m}

I = Mg llor S b 17l

and

hiin{r,m}—l/Q

(7 —TgT) - nilloox S 7| -

Proof. The first estimate is standard (cf. [L3]), we only prove the second one. Let us
denote by K the reference tetrahedron and consider the Piola transformation

1

e —B -
det(Bg) KT

T

where By is the matrix associated with the affine map from K onto K. We consider a
face F' of T and we denote by F' the corresponding face in 7" under the affine map. It is
easy to show that

FlllT - npli e = FIIT nels . ¥7 € H(K).

Let us denote by IT the Raviart-Thomas interpolation in RT,,(K). It follows from the
trace theorem in H™"{"} () and the Bramble-Hilbert theorem that
17 =107) - npllo p S 1T lwingrmy i

where | - | i stands for the semi-norm in H™™{"}(K). Combining the last two

min{r,m},

estimates and recalling that ﬁK\T = II+ we obtain
I = Tkrllor S 11217 iy i
and transforming back to K this gives
I7 = Ticrlloe S 1F1V2IE| 2 det(Bi) |2 B B ™ 0 |1 e
The result follows now from the shape regularity of the partition 7j,. m
Lemma 4.9. Assume that ¢ € H;H/Q(F) N HYT) with r > 1/2, then

min{T—l—l/Q,m-i—l} || (’0 ||

¢ — 7rellor S by r+1/27 VI € Gy

and
o —Toller S hmin{?ﬂm’mﬂ}%H§0Hr+1/2,br, t€{0,1/2,1}.

Proof. See [14, Proposition 4.1.50] O
Lemma 4.10. Assume that A € H-Y*(T') N H{(T) for some v > 0 and let
Ap ={pe L*D); plr € Pui(T) VT € Gy} .

Then, .
1A = gl —ep S RN r € {0,172},

where py, the best L*(T) approzimation of X in Ay,.

17



Proof. See [14, Theorem 4.3.20]. O

Theorem 4.2. Assume that that the solution of (1)) satisfies u € H*T2(Q2), 1 € H§+3/2(F)
NHYT) and o -n € HIT(T) for some s > 0. Then,

(o = o, (u—un, o — )| S [log A|'/? printstim)
(lullss2.0 + [¥lls4s/200 + llo - nflsap,r).
Proof. Let us first notice that, thanks to @, and Proposition
lo [0 5, < (Z i lollan + 3 h;lusoH%,T) V(v,¢) € H'(Tu) x H'A(T).
KeTy, TEG

It follows that

(7o a) [l S (II%H%,Q + > hillme il o + 176 - 02y or + 76 - nllg ot
KeT,

_ i B 5 1/2
Y b Imlliox +h M Il + !I?Twa/errh!m!ir) - (29)
KeT,

Using Lemma .8 we obtain

Imellda+ Y hxllme - nxlls o < Coh®™ EH0m )2, 6. (30)
KeT,

On the other hand, we recall that (by definition of the Raviart-Thomas interpolation
operator) (Ilo)|r - v is the best L?(T") approximation of o - i in Aj,. Consequently, by
virtue of the regularity assumption o -n € H, [}JFS(F) and Lemma m,

7o - nl|1jor S PRI o1 (31)

and
7o - llor S R ETE M o n| g pr (32)

Applying now the estimates given in Lemma [4.9| we deduce that

Z h;HdeJHaT“‘Hﬁwn%/z,r+h71H7~TwH3,F+hH7~TwH%,F S h2min{s+1’m+1/2}H¢’|§+3/2,b,r- (33)
TeGy

Finally, Lemma [£.7] proves that

> b Imallg o S R )2, 0. (34)
KeTy,
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Plugging (30), (32). and in and using that min{s +1,m +1/2} > min{s +
1,m} yield

hmin{s—i—l,m} (

1/2
(7o ma) [« S ||U|| 20t ||¢H s+3/2,6T T o - nl|1+st) . (35)

It follows now from Lemma [4.1] that

min{s m 1/2
(eo, €a)|] S |log A|'/? prin{stim} (lull2 g0 + 0112 +3/20r T o nlf sor)

]

Remark 4.1. We point out that if g9 = g1 = 0 and the solution is harmonic in a
neighborhood of T' then, the boundary reqularity assumption ¢ € Hs+3/2(F) N HYT) and
o-n e HSH(F) will hold true for any s > 0. This condition can always be fulfilled be
choosing £ big enough to contain the jumps of the solution.

5 Conforming approximation on the boundary

With little more effort we can provide the convergence analysis for a Galerkin scheme
based on a conforming BEM-approximation. To this end, we introduce

= ] Pu(T) 0 H/*(T) € HY*(D) == HY*(T) N L}(T)

Tegy,
and consider the problem: find (o, up) € Xy x (V}, X E/h) such that
CL(G’h,T>+b(T,ﬂh) = <go,7"'n>1"+<vgl,7"’n,>[‘ VTGE}L

—b(O’h, ’0) + C('&h,@) = (f, ’U)Q + <Oégo, UV — g0>1“ + <(§ + K')gl, g0>r Yo € Vh X \ih.
(36)
Note that the restriction of the bilinear form d(-,-), used in the definition of ¢(-,-) and
introduced in , reduces to

d(wa SO) = <VCUI'11"1/17 Curlf@)l—‘

for functions ¥ and ¢ in U,,. This will simplify considerably the analysis of the scheme.
All the other bilinear forms in (36)) remain unchanged. Apart from the fact that the shape
regular conforming triangulation Gy, := {T'} is no longer needed to be quasi-uniform, in
the sequel, we will use the same hypothesis on the triangulations and we will also use the
same notations introduced in previous sections.

The well-posedness and the consistency of the scheme . follow by straightforward
simplifications of the arguments used in the proofs of Propositions [3.1 and [3.2]

Proposition 5.1. The LDG-FEM/BE~M defined by (36) m ) provides a unique approximate
solution (op, (up,¥n)) € Zp X (Vi x Uy,). Moreover, if u is the solution of in €,
o :=Vu, Y :=ulr — go and u € H?*(Q) then,

Ao, (u,0); 7, (v,0)) = F(7,(v,9)) V7 €, V(v,) € Vi x .
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Reexamining carefully the proof of Lemma we obtain the following stability prop-
erty for scheme (36)).

Lemma 5.1. Let us assume that o € HY?*(Q)3 with ¢ > 0. Then,
A, 733 7,0)| S (o, ma)lI2 | (7,01 V(7,8) € Zh x (Vi x W),

where 12
1, 9)[1° = (I7lloq + 17 - nl2 1 jor + ol or + [l T01115 5,)

and

1/2
[(T, 2)[I5 == (H(T,@)||2+ ol P m o + Y ||a1/2v||§,aK> :

KeTy KeTy

It is straightforward to deduce from and @ that
A(r,iym,8) 2 (|[(m, 0)9? V7 e HY(TA), Vi = (v,9) € H'(Ty) x Hy*(T).  (37)
Combining with Lemma [5.1] yields the following error estimate.
Theorem 5.1. Under the hypothesis of Proposition |.1
1(eq; ea)[| S [[(mer, ma) |12

In the conforming BEM case, we can also provide an estimate of the error u —uy, in the
L?(Q)-norm. To this end, we follow [I] and use a duality argument. For any p € L*(Q)
we consider the exterior problem

Aw = p in R3,
1
w = O(—) as|z|— oo,
Ed
where p is the extension by zero of p outside §2. It is well known from the theory of
regularity of elliptic problems that w € H?(Q2) and there exists C,¢, > 0 such that

[wllz.0 < Cregllpllog: (38)
Proposition 5.2. Let us introduce T, := Vw and v, = (v,, ¢,) := (—w|q, —w|r). Then,
Alo, @57y, 0p) = (w,p)o Yo € HY(T,), Vi = (u,y) € H'(T,) x H/2(D).
Proof. The definition (16]) of the bilinear form A(-,-) yields

Al 57, 0) = (0, V), + {01, VS5 = (Vo Vo, + (5, (y = K)o
id
([ AV + (00w )5y~ (Vo) + o, (5 — Ky — (W, i
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Taking into account that
ow id id ow

P - — J— nN_ —
V8n+(2 K)w=0 and (2+K)an+Ww 0

we deduce that

R . ow
Al 70, 5,) = = 3 (Vo Vuy + ([l (V) + (G )
KeTy,
= 3" Aw e — 342 whore + ([l IV} s + (2 ) o = (1)
- y WK on’ oK 5 A on’ ]—'}? =(p,u)a
KeTy, KeTy,
and the result follows. Il

Lemma 5.2. It holds that

lewlon < 1(Tos mo)llun sup Lz Map)lee
perz@)  lpllog
where

1/2
17, )]s = ((H(T,@)Hi)“r >, HVUK”(Z),K> :

KeTh
Proof. We deduce from Proposition [5.2] that
A(ea'a €45 Tpy ﬁp) = (€u> p)Qa

and it follows from the definition of A(-,-) that

(ew, plo = Aleo, €a; Tr,, m5,) = A(lleq, (Lley, Tey); 77, w5, ) + A(Tor, Ta; Tr,), To,)
= A(—=7,,, m5,; —eg, (Iley, Tey)) + Al(7q, Mo Tr ), T, )-
Consequently, by virtue of Lemma [5.1] and Theorem [5.1}

elon < sup ACTr o Teo, e e - AT, Tair,, 1o )|
, _pEL2(Q) ”P”O,Q peL2(9) HPHO,Q

Tr,s T i
<o m)e sup NI TollE
peEL2(Q) HpHO,Q pEL2(Q) HPHU,Q

’A(ﬂ_a'a Tas TTr,, ﬂ-f)p)’

Moreover, it follows from the straightforward estimate

AT, Ta; Tr s T, )| S (T, Ta) [ | (77,5 75, ) [l
that

Tr. T
lewlloo < (o, ma) [l sup M
ez llellog

which proves the result. O
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Theorem 5.2. Assume that the solution of (1)) satisfiesu € H"*(Q) and ) € H§+3/2(F)ﬂ
HY(T') for some s > 0. Then,

lu = unllog + hll(o = on, (u—un, v — )| S P2 (Julgpa0 + [$llsrs/200).

Proof. Similar arguments to those used in the proof of Theorem yield

- 1/2
I(eos ea)ll® S A1 (Jlull2, 00 + 191345 2,0.r)

By virtue of and Lemma it is also true that

i 1/2
(o, ) e S R (flul| 2.0 + 11243 /260)

and
1@z, o, ) o S Rllwll2e S Allollog;
where the last estimate comes from . Consequently, using Lemma we conclude
that
< pmin{s+1m}+1 2 2 1/2
[w = unllog S (lully00 + ||¢||s+3/2,b,r)

and the result follows. O

6 Numerical results

In this section we present a numerical experiment confirming the theoretical error estimate
obtained for the LDG-FEM /DG-BEM scheme and the LDG-FEM/BEM scheme (36).
For simplicity we consider our model problem in two dimensions. The corresponding
theory and results from three dimensions apply with trivial modifications.

We choose 2 = (0,1)? and select the data so that the exact solution is given by

T+ a9 — 1
(.fCl — 05)2 + (iL’Q — O5>2

u(wy, x2) = sin(10x; + 3z2) in Q and  u®(xy,29) = in Q.

We consider uniform triangular meshes 7, on €2 and inherited meshes G, on I' (and for
simplicity denote h to be the length of the shortest edge). Lowest order discrete spaces
are taken, i.e. m = 1, so that

Vi= ] Pu(K), == ]] RT:(K),

KeTy, KeTy

U, ={p e LiT); ¢lre€ P(T) VT €Gy}

and
Uy, = {s@ € Hy*(); ¢lr € P(T) VT € gh} -

Moreover, we select 3 to be normal on the interior edges (in a certain direction) with
18] = 1, and @ = h7'. In this case Theorem [4.2] proves the behaviors ||[¢) — ¥y]|1 /26, =
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jump ---x---
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h™3/2} --------
0.01 2 . .
100 1000 10000

total number of unknowns

Figure 1: Errors and O(h), O(h*/?) versus total number of unknowns for the LDG-
FEM/DG-BEM method.

10 ¢ ; : :

0.1

0.01 |

0.001

100 1000 10000
total number of unknowns

Figure 2: Errors and O(h), O(h*?), O(h?) versus total number of unknowns for the
LDG-FEM/BEM method.
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O(h), |lo = aulloa + (6 — ar) - nl|—1/2r = O(h) and ||[@] o5, = O(h¥/?). In Figure
the errors ||[¢ — ¥nllj0,11,1/2,645 |6 — nlloe and [[[@n] o, 7, are labeled “psi”, “sigma” and
“jump” respectively and they are depicted versus the total number of unknowns on a
double-logarithmic scale. Here,
1/2
1,T>

which, by interpolation, is an upper bound for |[¢) — 9,||1/2,6, up to a constant factor.
The curves h and h%/? are also given multiplied by appropriate factors to shift them
closer to the corresponding curves. The numerical experiment confirms the convergence
rates ||o — aulloq = O(R), [[an]llor, = O(h*?) and suggests the stronger convergence
14 = ¥nllij2g, = OR?).
In Figure , the errors || — Ynllo111/20, |6 = arlloq, v — unlloe and [|[@n]]ox,
o

are labeled “psi”, “sigma”, “u” and “jump” respectively and they are represented again
versus the total number of unknowns on a double-logarithmic scale. Here,

1o = dullonamg, = (16 = w3+ 3 16 = enllorly — v

Tegy

/2
I~ nlloayyor = (1 = Gl + 6 = dalloxls — nlur )

which, by interpolation, is an upper bound for |[¢) — 9p|[1/2r up to a constant factor.
The numerical results are in agreement with the convergence rates ||o — o0 = O(h),
|u — unlloo = O(R?) and ||[@4]|lo.7, = O(h/?) obtained in Theorem and indicate the
stronger convergence ||1) — ¥y ||1/0r = O(h%/?).
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