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1 Introduction

Fractional differential equations (FDEs) have become nam@ more popular in applied
science and engineering field recently. The history and emadttical background of frac-
tional differential operators are given in_[25] with defioits and applications of fractional
calculus. This kind of equations has been used increasingtyany fields, for example,
in Nature [16] fractional operators applied in fractal atrechemistry and its implications
for contaminant transport in catchments,[inl[19] the fiaml calculus motivated into bio-
engineering, and its application as a model for physicahpheena exhibiting anomalous
diffusion, Lévy motion, turbulence [1]2,28], etc.

Let us briefly review the development of numerical methodstfe fractional convection-
diffusion equations. Several authors have proposed atyariénigh-order finite difference
schemes for solving time-fractional convection-diffusiquations, for examplz [10,117]29,
31], and solving space-fractional convection-diffusiauations([6,18]. In[[20,2L,23], W.
Mclean and K. Mustapha have used the piecewise-constanpiandwise-linear discon-
tinuous Galerkin (DG) methods to solve the time-fractiodiffusion and wave equations,
respectively. But these methods require more computdtawss. In order to tackle those
problems, in[[22] W. Mclean has proposed an efficient scheaflect fast summation by
interval clustering to reduce the implementation memorgremrecent works on this issue
can been in]9,24]. Furthermore, [n[11] Deng and Hesthawe ldeveloped DG methods
for fractional spatial derivatives and given a fundamefrahe to combine the DG methods
with fractional operators. Ir_[30] Xu and Hesthaven haveliagpthe DG methods to the
fractional convection-diffusion equations in one dimensiln the two dimensional case,
Ji and Tangl[15] have applied the DG methods to recast th&dread diffusion equations
in rectangular meshes with the numerically optimal consrog ordew’(h**1). However,
there are no theoretical results. So far very few literataeal with the fractional problems
in triangular meshes, besidés [26]. This motives us to dens successful DG method for
solving the fractional problems in triangular meshes.

Here, we consider the time-dependent space-fractionakection-diffusion problem

dtu+b~Du—@—@= f, (xyt)eQxJ,

xT T GyB
u(x,y,0) = Uo(x,), (xy) € Q, (1.1)
u(x,y,t) =0, (x,y,t) € 0Q xJ,

in the domainQ = (a,b) x (c,d) andJ = [0,T] with the superdiffusion operators which

are defined by the left Riemann-Liouville fractional detivas % and%, l<a,B<2.

The functionf € L?(J;L?(Q)) is a source term; the convection coefficiéris supposed to
satisfyb € L*(J;W*(Q)?), and the initial functioru € L?(Q).

In this work, we shall design a stable and accurate DG mettiod ). The stability and
convergence are proved in multi-dimensional case. Thigldpment is built on the exten-
sion of the previous DG works found in [{L1)30], where a ga#ile study of the high-order
local DG methods was discussed and some theoretical regetts offered in one space
dimension. In order to perform the error analysis, the astldefined some projection op-
erators to prove the convergence results. Unfortunateydéfined projection operators can
not be easily extended to two dimensional case (see [11,36fjce, to avoid this difficulty,
a different DG method is designed in this paper by carefutigasing the numerical fluxes
and adding penalty terms. The presented hybridized diszants Galerkin (HDG) method
has the following attractive properties: 1) The HDG methad be used for other fractional
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problems, for example, fractional diffusion equationsit2j)as excellent provable stability,
i.e., the stability can be proved in any space dimensionEhapretically, the error analysis
can be more easily performed with the general analyticahautst in any space dimensions.

The outline of this paper is as follows. In Section 2, we idtroe some basic definitions,
notations and review a few lemmas which are useful for thievighg analysis. In Section
3, we present the computational schemes and give some siisesisin Section 4, we per-
form the stability and convergence analysis for the 2D sfiezional convection-diffusion
equations. In Section 5, we make the numerical experimemtshow some simulation re-
sults to verify the theoretical results and illustrate teef@rmance of the proposed schemes.
We conclude the paper with some remarks in the last section.

2 Preliminaries

In the following we give some definitions of fractional intats, derivatives, and their prop-
erties.

Definition 1 ([25]) For any > 0, the left and right Riemann-Liouville fractional integsal
of function x) defined or(a, b) are defined by

X [y -1
o= [ %u(é)ds,

and

bz -1
aguog = [ B —uede.

Definition 2 ([25]) For any g > 0,n—1 < u < n,n € N*, the left and right Riemann-
Liouville fractional derivatives of function u defined @mb) are defined by

_ A g

H -
DN =56 L TFo—m

u(é)dg,

and
p AP (E—xnHt

Dhu(x) = (—1) ol Fin—p)

u(é)d¢.

Definition 3 ([25]) Foranyu >0,n—1< p <n,ne NT, Caputo’s left and right fractional
derivatives of function (x) on (a,b) are defined by

c _ =M d(E)
aDgu(X) 7\/61 I_(nf[,l) dEn dEv

and

b _ y\P—u—=1 /_1\n4n
Colyyy — [ & =% (=1)"d"u($)
DEu(x) _/X — fe e,
Lemma 1 (Adjoint property [11]13l[30]) Foranyu > 0, the left and right Riemann-Liouville
fractional integral operators are adjoints for any funat®ux), v(x) € L?(a,b), i.e.,

b b
/alfu(x)v(x)dx:/ u(X)dE v(x)dx. (2.1)

a
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Lemma 2 ([11[30]) Suppose that() is a function defined ofa, b), u® (x) = 0when x=a
orx=hb,v0<k<n-1(n—-1<p<n),neN".Thereare
DY U(x) =Dy Hu(x) = oy (D"u(x)),
or
DEu(x) = (=D)"p Hu(x) =«Ip " ((—D)"u(x)).
Note that, from Definitiofl2, Definitionl 3 and Lemifnla 2 if thewadn u of (I.1)) satisfies
u(x,y) = 0 whenx =aor y = ¢, then for any 1< a, 3 < 2, the left fractional Riemann-

Liouville derivatives of functioru(x,y) on Q = (a,b) x (c,d) can be rewritten as (see |11,
30)):

v 9 , 4,0
na 5(a|x (&U(X’Y))» (2.2)
dPu -0 2-p, 0
W = {y—ycly (d—yu(x,y)). (2.3)

For the convenience, we use the notation

Ig = (™, dy®), (2.4)
where(a1,a2) = (2—a,2— ) andaz,az € (0,1).
Definition 4 (The left and right fractional spaces [11]) For 0 < u < 1, extend (x) out-
side ofJ := (a,b) by zero. Define the norms

[u HJ[“(R) = -w If'u HLZ(]R): (2.5)

|| u ||\]§“(R) :=||XI£u ||L2(]R) : (2.6)

Let the two spaced ¥(R) andJ;*(R) denote the closures @ (R) with respect to
[ - ||JL—u and| - ||J§u, respectively.

Lemma 3 ([11[13,30]) For i > 0, assume that () is a real function. Then
HuslHy) = 2 = 2
(ool Unxleu) = COS(UTT) || U |3 ) = COSHTT) [ Ul - 2.7)
Generally, we consider the case in which the problem is inumted domain instead of
R. Thus we restrict the definitions fo= (a,b).

Definition 5 ([11/30]) Define the space{@'(ﬁ) and {S(J) as the closures of§XJ) under
their respective norms.

Theorem 4 ([11[30]) If —pz < —pu < O, then J5*(3) and Fg'(J) are embedded into
J;gz(J) and \ESZ(J), respectively. Furthermore 2(3) is embedded into both of them.
Definition 6 ([11/30]) By Lemmall, Lemnid 3, Definitibh 4 and Definifidn 5, we obtain

d d
| ey ey =cosarn/2) [ Uy 2, d (28)
Cc Cc JR=0 (a,b)

b b
| (206,006 )z dx = cosaamy2) [ ux.) Py d @9

Let the spacesF;gl/z(a, b) and QSZ/Z(C,d) denote the closures offCa,b) and G (c,d)
under their respective norms, amd = 2— a,a, = 2— 3, ag, a2 € (0,1).
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3 Derivation of the numerical schemes

We first review some notations, and then focus on derivingfiilg discrete numerical
scheme of the 2D space-fractional convection-diffusionagion.

3.1 Notations

For the mathematical setting of the DG methods, we descdbeespaces and notations.
The domainQ is subdivided into elements. HereE is a triangle in 2D. We assume that
the intersection of two elements is either empty, or an ed®.(The mesh is called regular
if

h
VE € &, —= <C,
PE

whereé;, is the subdivision of2, C a constanthg the diameter of the elemeBt andpg the
diameter of the inscribed circle in elemefit Throughout this workh = maxec 5, he.
We introduce the broken Sobolev space for any real nunmgiays

HS(h) = {ve L?(Q): VE € &, V[e e H(E)},

equipped with the broken Sobolev norm:

1
IVilks@y=( S IV IEseE) )2

Ecéy,

The set of edges of the subdivisighis denoted bysE. Let &! denote the set of interior
edges, anra%”ID é”h \é”h denote the set of edges a2. With each edge, the unit normal
vector isne. If eis on the boundary Q, thenne is taken to be the unit outward vector
normal tod Q [27].

If v belongs toH(&4,), then the trace of along any side of one elemekt is well
defined. If two element&f andE;S are neighbours and share one common sjdieen there
are two traces of belonging tce. We assume that the normal veciaris oriented fromE;
to E5. Then the average and jump are defined, respectively, by

{v} = V|aEe+V|aEe) [V = (Vlges —Viges), Ve JET()9ES.
If eisondQ, we have

{v} =V =V]e, Ve dE()0Q.

3.2 HDG scheme

For designing the DG method of fractional derivative, wernits{1.1) as a low order system
(seel[11,30]). Firstly, we introduce two auxiliary variabp, o and set

p=0u,
U—la (a'x px»c'y Py)-
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As Ref. [2], lety(z,t) = (1+ |b(z,1)|2) 2, where|b(a, t)|2 = b2 + b2. Hence, the character-
istic direction associated wiu+ b- Ouis denoted by; = % + 2 Then, from[[Z.2) and
(2.3), Eq.[(A.1) can be rewritten as a mixed forii [Bl[7, &, 0, 3

poru—O-0=f, (xyt)eQxJ,

o—12p=0, (x,y,t) € Q xJ,

p—0Ou=0, (x,y,t) € Q xJ, 3.1
u(x,y,0) =to(xy), (xy)€Q,

u(xy,t) =0, (x,y,t) € 0Q x J,

wherel & is defined in[[Z}).

For an arbitrary subsd € &, we multiply the first, second, and the third equation of
(3.2) by the smooth test functionsw, andg, respectively. In order to obtain a symmetric
weak variational formulation, we only integrate the firsuation of [3:1) by parts, and
obtain

Je Woruvde + [¢ o - Ovdx — [3z o - nevds= | fvde,
fE0'~wda:ffE|§p~wdw:0, 3.2

Jep-qdz — [ Ou-gdxz =0,

whereng is the outward unit normal taE. Note that the above equations are well defined
for the functiongu, o, p) and(v,w, q) in V x Q x Q, where

v :{u €L2(Q):ule e HY(E), VE € gh},
Q={pe L3(Q)):ple € (HYE))2 VE € &}
Next we will approximate the exact solutidn, o, p) with the functions(un, on, pp) in
the finite element spacég x Qn, x Qn C V x Q x Q, where
Vh :{Uh € LZ(Q) :Unle € Pk(E), VE € @(()h}a
Qn ={pn € (L2(Q))%: prle € (PXE))2 VE €41},
where the finite element spaB¥(E) denotes the set of polynomials of degree less than or
equal tok > 0.

Thus, the approximate solutido,, o, ph) satisfies the weak formulation, for &l w, q) €
Vh X Qn x Qn,

Je Worunvde + [z o - Ovde — [y o - ngvds= [¢ fvde,
Jeoh-wde — [£19ph-wdz =0, (3.3)

Jepn-qdz — [ Oup - gda =0,
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where the numerical fluxes are well choserogis= {on}, Ve € &2 in order to ensure the
stability of the scheme and its accuracy.

It is well known that the fluxess; = {on} are consistent. Inspired by the penalty
Galerkin methods[27] and noting the fact tHaf |, = 0,Ve € 42 and [o] = 0,Ve € &,
a symmetric and stable DG scheme is derived as follows. Butirsg the fluxo) = {on}
into (3.3), summing over all the elements, and adding thalpeterms, we observe that for
(Un, oh, Ph) € Vi x Qp x Qp, the semi-discrete variational formulation is given by

(Y0run, V) + (an, V) — ({on} - me, [V]) g8 + &1 ([un], [V]) g8 = (F,V),
(oh, 7) — (1Spp,w) =0, (3.4)

(Ph, @) — (Bun, ) + ([un], {a} - me) g8 + €2([on], [a]) 5, = O.

For any(v,w,q) € Vi x Qp x Qp, the exact solution of (T11) is expected to be contin-
uously differentiable with respect to the variableandy, which keeps the consistency of
the scheme. The terifu], {q} - ne)gha vanishes since the exact solutiosatisfies[u] | , =
0,vee &B5. Note thates ([u], [VI) s8 penalizes the jump of the functienwhereas([o], [4]) 5
penalizes the jump of the functien Hereg; ande; are the positive constants to be chosen.
Unfortunately the third equation df(3.4) makes the DG métlse its locality, sincey, is
a function ofuy and oy, pr can not be eliminated from the third equation. So we have to
simultaneously solve the three unknowms pyn, Pyn. Although the extra unknowns can not
be eliminated in the HDG methods, our choice of fluxes makettor analysis available.
Above and throughout, the following notations are used,

(va): z (\va)Ev (WaV)g;'l = Z_(va)& (va)gf = z (W7V)6~

Ecéh ecé) ec&pB

3.3 Dealing with time

After performing the HDG approximation, we discretize thred derivative with the char-
acteristic method. For the given positive intedérlet 0=t <t < ... <tN=T be a
partition of J into subintervals)” = (t"~1,t"] with uniform mesh and the interval length
At =t" —t"1 1 < n < N. The characteristic tracing back along the fildf a point
x = (Xy) € Q at timet" tot"~1 is approximated by [4)5,12]

&(x,t" 1) = — b(x,t")At.

Therefore, the approximation for the hyperbolic partlofljzat timet" can be approxi-
mated as
u" — un—l

At
whereu" = u(z,t"), "1 = u(&(x,t"1),t" 1), and® = WO ().

wn(?r U A

Remark 1 (seel[12]) Assume that the solution u ¢f(IL.1) is sufficiently regularder the
assumption of the functids we have

u" — ﬂn—l 2

Hwn‘?run T T At <C Y Lo gim@ll Orrl F2 gny 2y At-

12(@)
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Thus, the fully discrete scheme corresponding to the vanat formulation [3.#) is to find
(up,of,ph) € Vi x Qn x Qp, for any (v, 7,q) € Vi x Qn x Qp, such that

Mn—1

(55— ) + (o, OV) — ({0} e, ) s+ E1(1UR, D) s = (£7.9),

(of,w) — (12ph,w) =0, (3.5)

(Pea) — (O, q) + (). {a} me) g + £2([of]. [a]) 51 =O.

whereu! ™ = up(&(z, t"1),t"1), U0 = O
Define the bilinear forms by

a(aﬂ,v) = (O'R, DV) - ({UR} ‘M, [[V]Dé"r?v ‘D(pﬂvq) = (pﬂvq)v
d(UR,V) = el(ﬂuﬂﬂv [[V}])gr?v e(aﬂ,q) = 82([[0{11]]7 [[q]])g’h'a
and the linear form
FV):=(f"v) YWeV,

We can rewrite[(3]5) as a compact formulation: Finfl, o7, pfl) € Vi x Qn x Qy, at time
t =t", such that

Mn—1

(V) +alef,v) +d(Ul, V) = Z(V), We Vp,

C(Uﬁ,w)*cugpﬂ,w) :07 Vw GQh, (36)

c(pp,a) —a(q,up) +e(of,q) =0, Vg € Qn.

4 Stability analysis and error estimate

This section focuses on providing the proof of the uncoaddl stability and the error esti-
mates of the schemes.

4.1 Stability analysis

In the following,C indicates a generic constant independerit afidAt, which takes differ-
ent values in different occurrences.

Lemma 5 ([4]) If b L°(J;WL=(Q)?), for any function v L?(Q) and each n, there is
191 — 1V o)< CAL LV o @)

wherevV(z) = v(x — b(x,t")At).
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Theorem 6 (Numerical stability) If b L*(J;W'*(Q)?), the HDG schem&(3.5) is stable,
i.e., forany integer N=1,2,---, there is

I 1 +2Atz|uh,ah,ph>} <cmz\|f 22y +C W0 2y (42)

where § = %, and the semi-norr |, is defined as

2
}(Uﬂ, UE»PE) }M
=d(up,up) +<(1gph, pp) +e(oh, o)

d
= cosa2) [ ) 12 oz, Ve 31 IR e @.3)
’ ec&pB
+oos@2) || ) 2 gy, e 3 bl I
cd ecél

Proof Letv= 2Atu], w = —2Atp}, g = 2Atoy in the equations of(316), respectively. By
the symmetry of the bilinear formulas, adding the above tguos, we obtain

20t (U) = 2Ata:(|°‘ph,ph)+2Ate(ah,ah)+2( h—th~ Lu up) + 2Atd (up, up).
Following from
2(up -ty ! Jup) >| ||EZ(_Q) — Uﬂ_l HEZ(Q)

the Young inequality, the definition o and| - |.,, and Lemm&l5, we have

2 -1
U 1220y = U~ (172 ) +248 (R o B,

<CAt|| uﬂ ! ||,_2 +At( | uh HLz + f" HLZ(Q) ).

Summing from n=1,2,...,N, we get

H uh |||_2 +2At z | uhvahvph |Q¢

<CAt z 1R 1720y +(1+CAY) || 0] [P ) +At z (R
n=1
Using the discrete Gronwall inequality, wi@At < 1, VN > 1, there is

U 172(q) +24t Z |(uh o PR 2, < C IF2q) +CAt Z I Iy - 44
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4.2 Error estimates

In this subsection we state and discuss the error bound$iéoHDG scheme. The main
steps of our error analysis follow the classical methodsrnitefielement analysis i.e., the
so-called Galerkln orthogonality property. As usual, waate the errorge], el

(u"—up,o" — o, p" — pp) by

(e, eq,ep) = (U= MU, 6" — MTo",p" — Ip") + (M€, ey, Iey,),

o p)_

wherelT andIT = (1, 1) are theL.?-projection andL?)?-projection operators froriy and
Q onto the finite element spac®g andQy, respectively. Froni (316), we obtain the compact

form
“n—1

ul —
(Fgr—v) + (W o phivw. q) = (1), (4.5)

where

< (U, of, ph; Vi w, q)

— (o) ALY +elofw) — (S w) +elpha) —ala |) +eloha).
Lemma 7 Assume that the solution u of probldm {1.1) is sufficientiyla. Then
U — -1
(Lp“aru”—“T ne)) +|(Me), e}, meh)|?, @7)

= (MNU"—u", Io"—o", IIp" — p"; M€, He JITel )
Proof By the consistency of the numerical fluxes, the exact saiuiioo, p) satisfies[(314).
Takingv = MM€]},w = —ITey, q = ITeg and subtractind (315) fron.(3.4) yield
n__ vn—l

(wnarun _ Un

T neﬂ)—i_d( o’v p,l'le[] He He ) 0 (48)

and
|(Me), ey, Iej) |M,—;zi(l'leﬂ,ﬂeg,ﬂe M), —ITep, IeY ). (4.9
By the Galerkin orthogonality, there is
o (€, eq, ep; M€, — ey, ey
= o/ (N6}, Ie] IIep; M), — ey, ITey) (4.10)
—o/ (MU' =", Mo"—o", ITp" —p", €]}, — I e}, ITey,).
Substituting the equalitief (4.9) aid (4.10) ifo (4.8)keto the desired result.

Next we review two lemmas for our analysis. The first one issttaadard approxima-
tion result for thel2-projection operatof from HS*1(E) ontoVi(E) = {v; | € PX(E)}
satisfyinglv = v for anyv € PX(E). The second one is the standard trace inequality.

Lemma 8 ([3]) Letve HSt1(E), s> 0. M is the [?-projection operator from ¥1(E) onto
Vi (E) such thatiTv = v for any ve PX(E). Then, for m=0,1,

|V nV}Hm < Chg]ln{sk}-ﬁ-l m || v HHS+1 )

4.11)
in{sk}+ (
= nwm0E<cm{ 3

Vlnstiey -
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Lemma 9 ([3]) There exists a generic constant C being independenipfdr any ve
Vh(E), such that

1
1V l20e)< Che? | V]2 - (4.12)

Now we are ready to prove our main results.
4.2.1 The characteristic term

In this subsection, we estimate the first left-side terni_ofl}4
Lemma 10 ([4]) If b € L®(J;WL*(Q)?), for any function \= H1(Q) and each n,
[ V=V 2(0)< CAt || OV [| 2(q) (4.13)
whereV = v(z) = v(z — b"At).
The following result is a straightforward consequence efdstimate of the first left-side

term of [4.7).

Theorem 11 Assume that the solution u of probldm{1.1) is sufficientlgatimand ¢ sat-
isfies[3.5). Ib € L*(J;W>(Q)?), we have

(l,u oru" — un Uy I'Ieﬂ)

_Zm<||neﬂ||L2 I o) —Cl N 2 (a4

C
—CAt || Orru |||_2 L2(Q) T At ” at(nuf u) HE2(J”;L2(Q))
—C|omut—u" HLz *C [P

Proof From [4.7), it can be noted that

(w o f“n L ”eﬂ)

_ (M,neg> (o955 ng)

At
B ((,—Iun_un) —(I‘IU”‘l—ﬁ“‘l)

At nd)

Using Lemmd.b, we obtain

(4.15)

By = (’_’G[}_T’W,ne{])
ﬁ( I TEl 1F2 ) — I & (P2 ) + | Tl —TE |22 )
z( | e H — &t HfZ(Q) )
z( I 7€l 1720y — I 1TER7 P20y ) —C Il Tl (P2
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where &1 = M1 — -1, Also by the Taylor expansion and the Holder inequality,
there are
un n 1
|58 )
< CAt H dﬂu HLZ Jn: |_2 Q)) +C H I'Ie[} HﬁZ Q
and
(nun _ un) _ (I_’L‘]n71 _ l]nfl)
B n )
3 ( At &
n_ ,n_ n-1_  n-1
:((ﬂu u™) —(Mu u ),I'Ie[])
At
(I—,un—l _ un—l) _ (I—, L‘]n—l _ l]n—l)
)
+ Y JMe;
=+ .7,
where
(nun _ un) _ (nunfl _ unfl)
= 7” )
71 ( At &
tn
< 2 I ne /n,l | (MU= ) [
2
SC || I'Ieﬂ HL2<_Q) +E || I'Iu u) HLZ Jn: |_2 Q)
and

((nunfl _ unfl) _ (nﬂnfl U )

1
i )
<Ol 1 g +C DI 0

o=

follow from Cauchy-Schwarz’s inequality, Young's inegityland Lemmd 1. Substituting
B, B>, P into (4.18), the desired result is reached.

4.2.2 The right-hand side term

In this subsection, we use the general analytic methodsttthgebound of the right side

term of [4.T).

Theorem 12 Let u be sufficiently smooth solution R (3.QLu", ITo", ITp") are standard
L2-projection operators ofu", o, p"), and (U, !, p) solve [35). Ib € L™ (J;Wi=(Q)?),

we have

| (Mu"

—u" Io"—o", ITp" —p"; M€, He JITe" )|

<C8a1/ | T, (- )Hz—ul/z( dy+ <§+C£1> ety ppke2
ab 1

801

¢ C 4.16
+C£a2/ | rep, (x, )||2_02/2( dx (—+C£2) Rl & g2 (4.16)

802

3 3 N e +5 3 I g

ec 8h
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Proof From the definition of«Z, we have

sz(l_lun—un,ﬂan o, IIp" —p"; M€, IIe He)

< |a(ITo"—o", Me))| +|c( |g IIp"—p ),Hep)|
+|a(ITel, Mu" —u")| + |[d(Au"—u", Me))|
+|e(Ie" - 0" Iey)| + |c(ITo" - 0", —ITey)| (4.17)
+|e(ITp" —p", ITey) |

7
= Z-I—I .
=
Using Holder's, Young's inequalities and Lemifda 8, we abtai

Ti=|a(ITo"—o",Me)| = |({Ho.ﬂ_o-“}.ne7[[l'le[]]])ghs}

< > [H{ITo" ="} ne L2l [MTel] L2

ecsp

1 n n 2 &1 2
< z (s_ [ {ITe" —0o"} ne HLZ(e) +Z | [[”eﬂﬂ HLZ(e))
B 1

ecé,

C ki1, & 2
=gt > el Iz -

ecsp
From Lemmall, Lemmla 8, Definitidn 4, Definitibh 6, and Theokérnt #llows that

= |e(1$(ITp" ~p"), ITeD)|

|npx pxaxlglnen) ( *F’Q»y'gz”enpy)}

Py
l
<= B s ([ 1760 e )
1
2
188 i ([ 1716000 e )

1
2
<Clnd-8 i ([ 176,69 12 e, )

1
2
B8 g ([0 12, 0%)
< c h2%+2 ¢ Cg, / I e, (-, ¥) 117 1200 Y
< e 1, A e )

c b
+ —h2k+2+C€a2/a || 11, (%) ||§|;gz/2 dx,

» (cd)

whereg,, andég, are chosen as sufficiently small numbers such @t < coga17/2)
andCeq, < coqa,T/2).
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Integrating the first term of(IZe))., [Tu" — u") by parts, and using the orthogonal prop-
erty of projection operatofI, we get

[a(tTeg, T —u")|
|(ITel,0(Mu"—u ))7({1762}'%’[[”“”*”“]])&}?}
(U] (P

< S I g (MU~

ecs)
1 &
< 5 (10— + 1 LT3 I
ecéy
< oL 2 s e |
~ & 4 z €o L2(e)
ecé;,

With the same deduction df, there is

Ta=|d(Mu"—u", Me))|
<& 3 M- oo 16f) iz

ecsB
1
<&y (H [ = "] (I g+ 11 7€ IIEz(e))
ec&p?
< gCHH 4 Z [NgChirE

eegh
By Lemmd8, we get

Ts=|e(IIo" —o" IIey)|
<&y [[[To"—o"] |2l [ITeg] 2
ecs)
n ny (12 1 n 2
<er 3 (10" =0 e +3 1 13] s )

ecé)

&2
<Ce™ 1+ Z 5 | el |

eeé"'

Note thatTs and T7 vanish because of the orthogonal property of the projectibn
SubstitutingT;,i = 1,---,7 into (4.1T), the desired result is obtained.
4.2.3 Error bounds

Assuming that the solution df (1.1) is sufficiently regulag have the following error esti-
mates.
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Theorem 13 Let (u",o",p") be the exact solution of (3.1jup, o, pp) the numerical
solution of the fully discrete HDG schenie (3.5)blE L®(J;W1*(Q)?), for any integer
N=12,-.., thereis

I — W12 +Atz (& z T [ = S [ R 9

ecé, ec é’h

2Ka1/ 165 B () oy, dy+2Ko,2/ (6} h)(X,.)Hi_aZ/z(Cd)dx)
: RO (4.18)

C(At)2 z H‘9TTUHEZ(Jn;|_2(Q)) +C Z & (Mu— U)HEZ(JH;LZ(Q))
n=1 n=1

N
+Ceh L cAt zl| et —u 2y ),
n—

wherea; =2—a, a, =2—f3, Ky, = cog0171/2) —Céq, > 0,Kq, = coga»11/2) —Ceq, >
0, &4, andeg, are chosen as above @ dependent of;, &.

Proof Substituting the results of Theoréml 11 and Thedren 12 [inf@) (there is

o (11 )~ 16 oy )+ 2 5 1 1161 gy

eeé"h
& nqo2 d 2
+5 3 Y] o +cosam2) ~Cea,) [ I, (W1 oz, dY
ecé] :
b
+ (cosazm/2) ~Ceay) | 71}, g O
<C || neﬂ ! H +C || neﬂ H +CAt H dﬂ'u HLZ Jn: |_2 ))

+ A—t 19 (MU= U)lIE2 gn, 2y +C | TUTH = U™ [y ) +Ceh*

With el = 0, multiplying the above inequality by on both sides, summing overfrom
1toN, and using the discrete Gronwall inequality, there is

| e |12, +Atz e 3 Il I e 3 I1Te3] ey

=1 ecgh ecé;,

N
+20 5 (cosaun/2) - Cea,) / TR Py Y

N b
2
203 (005@27/2) - Cety) [ 1160511z, 0%

At Z HdTTuHLZ Jn |_2 +C z ||at I_IU U)HLZ Jn: |_2 ))
+CAt zl| -t —ut 2y o) +Ceh™ .
n=

By the triangle inequality, we obtain the desired result.
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5 Numerical experiment

In this section, we illustrate the numerical performancehaf proposed schemes by the
numerical simulations of two examples. In the first exampietake the vector functiobh=

0 and verify the accuracy of the schemes with the exact smadditien u combining with
the left fractional Riemann-Liouville derivatives withsggect tox-variable andy-variable,
respectively. When we compute the fractional integral petriangular meshes (see Figures
1-2), the Gauss points and weights are used to deal withitmes telating with the fractional
operators element-by-element (se€ll[14,26]). Since thisngeds more time and memory
spaces (se€ [22]), we only use the piecewise linear basiidms to simulate the solution in
triangular meshes. Tables 1-3 illustrate that the schemesdgood convergence order with
piecewise linear basis function for different choices @ffiluxes. In the second example, we
takeb to be a vector function and perform some numerical expetisneith some figures
(see Figures 3-4) which justify that the schemes simulatestiution very well for 2D-
fractional convection-diffusion problems.

trangular meshes trangular meshes

0.7 0.7
L |
06 06
2 2
¢ g0s -
AN :
L L
0.4 04 bl
03! 03!
}
0.2 0.2
0.1 0.1 al

i i
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
x-direction x-direction

Fig. 1 All triangles in x-direction affected by thieig. 2 All triangles in y-direction affected by the
Gauss points (denoted by black square). Gauss points (denoted by black square).

Example 5.1.Consider 2D space-fractional convection-diffusion peobl(Z.1) in do-
mainQ = (0,1) x (0,1). The initial condition and the exact solution are specified a

u(x,y,t) = e %%(x— 12y (y — 1)%,
UO(X7 y) = XZ(Xf l)zyz(yf 1)27 (51)
b(xy;t) = (0,0).

Then the force ternf is determined accordingly from (1.1). In this case, we preagew
results to numerically validate the analysis.

For the numerical simulations, in order to validate the iitgland the accuracy of the
presented HDG scheme, we choose the time-stepsize, ¢(h%?), used to advance the
discrete formulation from™ ! to t",n = 1,2,...,N. The experimental convergence rate is
given by

log ([l u(t) —un, (1) [z, ) / 1 u(t) = Uny (V) lli2(s, ) )

rate =
|Og(h1/hg)
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T=0L(a.p) = (L2.14) (er.62) = (0(D.0(1))
h | el [ rate | [em]: | rate | [4eM] [ rate | [ded]e
1/6 1.3993e-04| - 1.0771e-04| - 1.4273e-03| - 6.4132e-03
1/10 | 5.6088e-05| 1.79 | 4.1112e-05| 1.89 | 7.2047e-03| 1.34 | 6.8133e-03
1/14 | 2.9803e-05| 1.88 | 2.1713e-05| 1.90 | 4.8274e-04| 1.19 | 6.9191e-03
1/18 | 1.8452e-05| 1.91 | 1.3226e-05| 1.97 | 3.4904e-04| 1.29 | 6.9660e-03

t=01, (G,B) - (15‘ 15)7 (61762) - (ﬁ(l)v ﬁ(l))

1/6 1.8283e-04| - 1.4041e-04| - 1.1688e-03| - 6.4118e-03
1/10 | 7.5004e-05| 1.74 | 5.6669e-05| 1.78 | 5.1740e-04| 1.60 | 6.7972e-03
1/14 | 4.0967e-05| 1.80 | 3.1156e-05| 1.78 | 3.2141e-04| 1.41 | 6.9127e-03
1/18 | 2.5475e-05| 1.89 | 1.9258e-05| 1.91 | 2.2281e-04| 1.46 | 6.9610e-03

t=0.L(a.p) = (L9.L6) (e1.52) = (0(D).0(1))

1/6 | 2.6485e-04| — 1.9290e-04| - 1.1859e-03| — 6.4542e-03
1/10 | 1.1544e-04| 1.63 | 8.6542e-05| 1.57 | 5.3599e-04| 1.56 | 6.7608e-03
1/14 | 6.7712e-05| 1.59 | 5.0400e-05| 1.61 | 3.3163e-04| 1.43 | 6.8829e-03
1/18 | 4.5463e-05| 1.59 | 3.3857e-05| 1.58 | 2.3476e-04| 1.38 | 6.9387e-03

Table 1 Thel?, L -errors and convergence rates toanduy, uy for Example 5.1.
t=1(a,B)=(1214),(a,&)=(0(1),0(1))
h les®li2 | rate | Jleu(®)]is | rate | [loxeu(®)]j> | rate | [[dyeu(t)],2

1/6 | 8.2881e-05| - 7.2374e-05| - 4.7733e-04| - 2.5556e-03
1/10 | 3.2222e-05| 1.85 | 2.7700e-05| 1.88 | 2.6204e-04| 1.17 | 2.7560e-03
1/14 | 1.6162e-05| 2.05 | 1.3515e-05| 2.13 | 1.7748e-04| 1.06 | 2.8077e-03
1/18 | 9.9448e-06| 1.93 | 8.2787e-06| 1.95 | 1.3085e-04| 1.21 | 2.8291e-03

t=1(a.p) = (15.15)(e1.8) = (0(1).6(1))

1/6 | 8.7928e-05| - 7.4712e-05| - 4.1510e-04| - 2.5466e-03
1/10 | 3.5668e-05| 1.77 | 2.9706e-05| 1.81 | 1.9555e-04| 1.47 | 2.7408e-03
1/14 | 1.8524e-05| 1.95 | 1.4885e-05| 2.05 | 1.2291e-04| 1.38 | 2.8010e-03
1/18 | 1.1432e-05| 1.92 | 9.0662e-06| 1.97 | 8.6553e-05| 1.40 | 2.8244e-03

t= 11(G7B) - (1'91 1‘6)7(61762) - (ﬁ(l)vﬁ(l))

1/6 1.1250e-04| - 8.4393e-05| - 4.6409e-04| - 2.5983e-03
1/10 | 4.7998e-05| 1.67 | 3.6510e-05| 1.64 | 2.1614e-04| 1.50 | 2.7410e-03
1/14 | 2.7916e-05| 1.61 | 2.0971e-05| 1.65 | 1.3512e-04| 1.40 | 2.7985e-03
1/18 | 1.8767e-05| 1.58 | 1.4104e-05| 1.58 | 9.5762e-05| 1.37 | 2.8216e-03

Table 2 Thel?, L -errors and convergence rates toanduy, uy for Example 5.1.

17
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(=1.(a.5) = (19,16 (e, = (00 1,601
A | Tl [ rate | [a@le [ rate | [da @l | e | hals

1/6 5.2142e-05| - 4.1592e-05| - 4.0695e-04 - 2.5777e-03
1/10 | 1.9772e-05| 1.90 | 1.5784e-05| 1.90 | 1.7761e-04| 1.62 | 2.7383e-03
1/14 | 9.5805e-06| 2.15 | 7.5267e-06| 2.20 | 1.1392e-04| 1.32 | 2.7976e-03
1/18 | 5.8213e-06| 1.98 | 4.6596e-06| 1.91 | 7.8388e-05| 1.49 | 2.8210e-03
t=1(a,p)=(19,16) (a.8) = (0(h),0(h)
1/6 4.8702e-05| - 3.9358e-05| - 4.2857e-04 - 2.5666e-03
1/10 | 1.9169e-05| 1.83 | 1.5766e-05| 1.79 | 1.9937e-04| 1.50 | 2.7356e-03
1/14 | 9.2520e-06| 2.17 | 7.6271e-06| 2.16 | 1.2817e-04| 1.31 | 2.7962e-03
1/18 | 5.6525e-06| 1.96 | 4.6650e-06| 1.96 | 8.9725e-05| 1.42 | 2.8202e-03
t=1(a,p) =(19,16),(&1,&) = (0(1),0(h))
1/6 8.6286e-05| -— 6.6645e-05| - 4.5649e-04 - 2.5761e-03
1/10 | 3.4635e-05| 1.79 | 2.8021e-05| 1.70 | 2.0660e-04| 1.55 | 2.7365e-03
1/14 | 1.7787e-05| 1.98 | 1.4393e-05| 1.98 | 1.2993e-04| 1.38 | 2.7964e-03
1/18 | 1.0969e-05| 1.92 | 8.9170e-06| 1.91 | 8.9646e-05| 1.48 | 2.8200e-03

Table 3 Thel2,1-errors and convergence rates foanduy, uy for Example 5.1.

In Table 1 and Table 2 we choose different observation tim®.1, 1 anda, 3 to justify
that the convergence rates at least have an ord@tlo¥ 2) for the solutioruin L2, L!-norms
based on the piecewise linear basis function. In Table 3 esttee same choice @f, &, as
Ref. [3] and see that the convergence rates increaggib) (see the explanations in Ref.
[3]). Comparing the numerical results with the wdrk|[26], ean see that the HDG method
has smaller numerical errors for the first order polynomggraximation.

Example 5.2.In this example, we investigate the approximation solutbmproblem
(@.J). For convenience, we still choose the dom@ie- (0,1) x (0,1). The exact solution,
initial value and the vector functiolare given by

u(x,y,t) = %%(x—0.5)2(x — 1)%y?(y — 0.5)%(y — 1)2,
(X, y) = X*(x—0.5)?(x—1)%y*(y—0.5)2(y — 1)?, (5.2)
b=((x-0.5),—(y—0.5)).

For the second example, in order to further support the étigait convergence and justify
the powerful HDG scheme, we takdo be nonzero vector function and give some approx-
imation solutions with the refining space-stepo compare with the exact solutions and
display the efficiency of the simulations.

@) (b) (©

Fig. 3 Exact solutionu and the numerical solutiong, att = 1 for Example 5.2.
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(b) ©

Fig. 4 Exact solutioru and the numerical solutiong, att = 5 for Example 5.2.

Figure 3 displays the exact solutiorand the numerical solutiong, based on different
space stepsizés= }, & att = L witha = 1.2, 8 = 1.4, & = & = 1. Figure 4 displays the
exact solutioru and the numerical solutiong, based on different space stepsikes 1, &
att=5witha =1.9,8=1.6,& =h1,& = 1. Itis clear that the exact solution of Example
5.2 is nonnegative with four hills. In the simulations, tA&HDG solutions recover the
exact solution perfectly with all four hills in coarse meshNote that the numerical results

display that the approximations are more and more accuiittietve refining of the meshes.

6 Conclusions

By carefully introducing the auxiliary variables, congtting the numerical fluxes, adding
the penalty terms, and using the characteristic method &b wih the time derivative
and convective term, we design the effective HDG schemeslt@ 2D space-fractional
convection-diffusion equations with triangular meshes.wfe know, this work is the first
time to deal two-dimensional space-fractional conveetldfusion equation with triangular
mesh by the DG method. The stability and error bounds arsadysi investigated.

Besides the general advantages of HDG method, the presssttethe is shown to have
the following benefits: 1) it is symmetric, so easy to deahwifte fractional operators; 2)
theoretically, the stability can be more easily proved;H® penalty terms make the error
analysis more convenient; 4) numerically verified to haveieht approximations; 5) the
schemes are performed very well in triangular meshes; §pib$sible to use this scheme to
solve nonlinear equations which is the future research task
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