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A pressure-stabilized characteristics finite element scheme for the Oseen equations is pre-
sented. Stability and convergence results with the optimal error estimates for the velocity and the
pressure are proved. The scheme can deal with convection-dominated problems and leads to a
symmetric coefficient matrix of the system of linear equations. A cheap P1/P1 finite element is
employed and the degrees of freedom are smaller than that of other typical elements for the equa-
tions, e.g., P2/P1. Therefore, the scheme is efficient especially for three dimensional problems.
Two and three dimensional numerical results are shown to recognize the theoretical convergence
orders and applicability to the linear stability analysis of stationary flows for the Navier-Stokes
equations.
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1 Introduction

In this paper we present a combined finite element scheme with a pressure-stabilization and a charac-
teristics method for the Oseen equations, and prove its stability and error estimates. A corresponding
scheme to the Navier-Stokes equations has been proposed by us [21,23] and the theoretical analysis
will be given in a forthcoming paper [25].

The system of the Oseen equations is well known as a linearized model of the Navier-Stokes
equations and has been used to understand the incompressible fluid dynamics, e.g., the flows past a
cylinder and a sphere. Although the system is linear, the numerical treatment is not so easy especially
in the convection-dominant case. We focus on the following two issues in order to devise efficient
schemes.

The one is what pair of finite elements should be employed for the velocity and the pressure. The
well-known inf-sup condition [15] requires a restriction on the choice of elements. A typical pair of
elements satisfying the inf-sup condition is the so-called P2/P1 (Hood-Taylor) finite element [15],
i.e., continuous piecewise quadratic polynomial approximation to the velocity and continuous piece-
wise linear approximation to the pressure. The P2/P1 finite element is still expensive especially for
three dimensional computations, while it has a second order approximation property. On the other
hand, the P1/P1 finite element, i.e., continuous piecewise linear approximation to both the velocity
and the pressure, is cheap and useful for three dimensional computations, while it does not satisfy
the inf-sup condition and has a first order interpolation property. In [6] a pressure-stabilization tech-
nique has been originally proposed for the Stokes equations and a first order convergence has been
proved.

The other is how to discretize the convection term especially for convection-dominated (small
viscosity, high Reynolds number) problems. In order to deal with such problems a lot of ideas
have been proposed, e.g., upwind methods [1,4,7, 13,17, 18,32, 34], characteristics(-based) meth-
ods [3,9,11,12,21-24,26-29] and so on. We note that the approximation based on the method of
characteristics is one of the least diffusive methods among them and has such a common advantage
that the resulting matrix of the system of linear equations is symmetric, which enables us to use
efficient linear iterative solvers for symmetric matrices, i.e., MINRES, CR and so on [2, 30].

In this paper we propose a combined finite element scheme with a pressure-stabilization and
a characteristics method for the Oseen equations, and prove its stability and error estimates. The
characteristics method works for convection-dominated problems, and the pressure-stabilization is
employed for the use of the cheap P1/P1 finite element. Since the scheme is symmetric by virtue
of the characteristics method, we can use efficient linear iterative solvers for symmetric matrices.
The resulting matrix is identical with respect to the time step and it is enough to make the matrix
only once at the first time step. The scheme is essentially unconditionally stable and has a first order
convergence property both in time and space.

Let m be a non-negative integer and Q be a bounded domain in R?(d = 2,3). We use the Sobolev
spaces W= (Q) and H"(Q) as well as C"(Q). For any normed space X with norm || - ||x, we
define function spaces C™([0,T];X) and H™(0,T;X) consisting of X-valued functions in C"([0,T])
and H™(0,T), respectively. We use the same notation (-,-) to represent the L?(£) inner product for
scalar-, vector- and matrix-valued functions. L3(£2) is a subspace of L?(Q) defined by

L%(.Q) = {q S LZ(.Q); (g,1)= 0}.

We often omit [0, 7], £ and/or d if there is no confusion, e.g., C°(H") in place of C°([0, T]; H' (Q)%).
For #9 and #; € R we introduce function spaces

Z"(t, ) ={ve Hj(t07t1;Hm7j(.Q)d); j=0,---,m, ||v||Zm(,07,1) < oo},
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and Z™ = Z"(0,T), where the norm [|v||zn, ,, is defined by

IVllzm(t9.00) = x| V2 (1.0 s (2

The abbreviations LHS and RHS mean left- and right-hand sides, respectively.

2 A pressure-stabilized characteristics finite element scheme

In this section we present our pressure-stabilized characteristics finite element scheme for the Oseen
equations.

Let Q be a bounded domain in R?(d = 2,3), I' = dQ be the boundary of 2 and T be a positive
constant. We consider an initial boundary value problem; find (u,p) : Q x (0,7) — R? x R such
that

Du

Dr —V(2vD(u)) +Vp+Aiu=f in Q x(0,7), (1a)
Vou=0 in Qx(0,T), (1b)

u=0 on I'x (0,T), (1c)

u=u" in Q,atr=0, (1d)

where u is the velocity, p is the pressure, f: Q x (0,T) — R is a given external force, u’ : Q — R?
is a given initial velocity, 2 : © x (0,7) — R?*? is a given reaction rate, v € (0, vg] is a viscosity
for a fixed vy > 0, D(u) is a strain-rate tensor defined by

1 (914,' &Ltj
Dii(u) = ~ i j=1,-.,d
tj(u) 2 (axl + axi (17.] ) 9 )a
D/Dt is a material derivation defined by

D_D _J

where w: Q x (0,T) — R? is a given velocity.

Remark 1. Ifwis replaced by u and A = 0, (1) becomes the Navier-Stokes problem. Here, we focus
on the Oseen problem (1). The discussion of the Navier-Stokes problem will be presented in the
forthcoming paper [25].

We impose assumptions for the given velocity w and reaction rate A.
Hypothesis 1. The function w satisfies
we C([0, ;W= (Q)9),
{w:O on I' x[0,T].
Hypothesis 2. The function A satisfies

A € CO([0,T);L=(2)4%).
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Let V = H} ()4 and Q = L3(£2) be function spaces. We define bilinear forms aon V x V, b on
VxQand & on (VxQ)x(VxQ)by
a(u,v) = 2(D(u), D(v)), b(v,q)=—(V-v,q),
A ((u,p),(v,q)) = va(u,v) +b(v,p) +b(u,q),

respectively. Then, we can write the weak formulation of (1); find (4, p) : (0,7) — V x Q such that,
forz € (0,7),

Du
(B )+ (0 p) (0, (.0) + Al ¥) = (F(1).), Ving)€VxQ @
with u(0) = u°.

We introduce a basic idea of the method of characteristics. Let X : (0,T) — R? be a solution of
the ordinary differential equation,

ax
— =w(X,1). 3
) )
Then, for a smooth function u :  x (0,T) — R it holds that
Du d

E(X(t),t)zau()((t),t).

Let Ar be a time increment, " = nAt for n € NU{0} and X (-;x,#") be the solution of (3) satisfying
an initial condition X (#*) = x. Then, we can consider a first order approximation of the material
derivative at t = ¢"(n > 1) as follows.

Du d
e ny _ 7 X(t: n
D (x,1") dtu( (t;x,1"),1) -
th; ") ") — th,]; I trzfl
At
n__,n—1 xn
== )+ o), 4

At
where X{'(x) is a function defined by
X1(x) =x—w"(x)At,
and we have used notations, «”" = u(-,#") and
Vo X/ (x) = v(X{ (x)).

The point X}'(x) is called an upwind point of x. The approximation (4) of Du/Dt is a basic idea to
devise numerical schemes based on the method of characteristics. The idea has been combined with
finite element and difference methods, cf. [9,22,24,27,29].

The next proposition proved in [29] gives a sufficient condition to guarantee all upwind points
are in Q.

Proposition 1 ( [29], Proposition 1). Under Hypothesis 1 and the inequality
1

AN ——m————
[Wllcowr=(@))

; &)

it holds that, for anyn =0,--- N,
X(Q)=Q.
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For the sake of simplicity we assume € is a polygonal (d = 2) or polyhedral (d = 3) domain. Let
I, = {K} be a triangulation of Q (= Ukc 4 K). hx be a diameter of K € .7, and h = maxge 7, hg
be the maximum element size. We consider a regular family of subdivisions {.7, },o satisfying the
inverse assumption [8], i.e., there exists a positive constant ¢, independent of %, such that

h
— < K .
e = %0 v ELhJ% (6)

We define function spaces Xj,, M;, V;, and O, by
Xp = {vn € CO(Qy)%; valx € PL(K)?, VK € T},
My = {qn € C°(Q4); aulx € PI(K), VK € T},

Vi=X,NV and Q, = M;,NQ, respectively, where P (K) is a polynomial space of linear functions
on K € 9. Let Ny = [T /At] be a total number of time steps, & be a positive constant and (-,-)g
be the L>(K)“ inner product. We define bilinear forms %}, on H'(Q) x H'(2) and 2%, on (V x
H'(Q)) x (VxH'(Q)) by

@i(p.g)=—8 Y. hk(Vp,Vq)x,
Ke),

() (1)) = Va(a) + b(r,p) + blusg) + - Gi(p,),

respectively. Suppose that f € C°([0,T];L*(22)?) and u® € V. Let an approximate function u) €
V;, of u® be given. Our pressure-stabilized characteristics finite element scheme for (1) is to find
{(u, p)YNT | C V), x Qy such that, forn = 1,--- Ny,

u! — Lo xn
(==L ) + (PR, () + (A0 i)
= (f"vn),  Y(va,qn) € Vi X Op. @)

Remark 2. (i) We can replace the third term by (A"uj,,v;) and prove the stability and convergence
of the scheme. The scheme, however, loses such an advantage of the Galerkin characteristics method
that the resulting matrix is symmetric unless A is symmetric. That is the reason why we consider
scheme (7).  (ii) The choice of the coefficient 1/v before €,(p,q) is natural from the theoretical
point of view as shown in Lemma 5 below. (iii) Scheme (7) leads to the symmetric matrix of the

form

A BT

B C )’
where A, B and C are corresponding to + (ull,vy) + va(u!,vy), b(u},qy) and +%,(p.qn), respec-
tively, and the matrix is independent of the given velocity w and time step n.

We also prepare the following problem which generalizes (7). Let fi, = {f7}"", € L*(2)%,

gn=1{g/}"", C H'(Q) and ul) € V}, be given. The problem is to find {(}, p})} ", C Vj, x Qy, such
that, forn=1,--- Ny,

n n—1 n
(uh —uy o X

At 7Vh) +f£2{h((u251)2)7(thqh))+(/lnuz_17vh)

1
= (fy,vn) + ;‘fh(g27ﬁlh)7 Y(vi,qn) € Vi X Op. (8)

Remark 3. When f;, = f and g, = 0, problem (8) reduces to (7).
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3 Main results

In this section we present the main results of stability and error estimates, which are proved in
section 4.

We use c to represent the generic positive constant independent of the discretization parameters
h and Az, and it can take different values at different places. ¢(A) means a positive constant, which
monotonically increases as A increases. For i = 0, 1,2 and 3 constants ¢; have particular meanings
in this paper,

co=c(wllcog=y),  c1 =cl[Wllcogwr=)), c2=c(l|A|lcoz=y), 3 =max{cr,c2},

respectively. We use norms and seminorms, || - [[¢ = || - [[gx(q) (k=0,1,2), [ |lv, = [ v = - |
I llgy = 11+ llo = Il llo. 10+ @) llvxg.w = {VIMIG + (1/V) Iz}, 1n@)lvso = (0 @)llvxou,
102t v = {VIVIE+ (/W) ]lalF}2,
Nt 1/2
i =m0l e = {0 30 I}

1/2 Nr 1/2
lqln = {Ké h%((V‘LVCI)K} » 1plegy) = {At Zl Ip”li} :
h n=

2

}1/2
Rt H2xH W)

16 Pty = { X || 50620

for X = L?(Q) and H'(Q). Dy is the backward difference operator defined by

a'— an—l

Dyad" =

First we show the stability result.

Theorem 1 (stability). (i) Suppose that Hypotheses 1 and 2 hold. Let Aty be any fixed positive
number satisfying (5). For any At € (0,An), fr = {f,;’}[:il CL*(Q), g, = {gﬁ}ivil C H'(Q) and
u2 € V), there exists a unique solution (uy, py,) of scheme (8), and it holds that

1 1
unll= 2y VVIunllpgan)s W|Ph\12(|.|,l)SC3(||“2||0+||fh||12(L2)+W|8h|ﬂ(|.|h))~ €))

(ii) Moreover, suppose that there exist pg € Oy and g2 € H'(Q) such that

1 1
b(uf), qn) + ;‘gh(l??,wlh) = ;%(82,%)7 Van € O (10
Then, it holds that
VV unll= @y 1Dainll2zys pnllez)

1 1 —
<c3(1/v) (||M?,||1 + 1P+l 22y + W|gh|12<\.\,,) * A \Dmgh|12<\-\h)> -1

Corollary 1. (i) Suppose that Hypotheses 1 and 2 hold. Let f € C°([0,T];L*(2)%) be given. Let Aty
be any fixed positive number satisfying (5). For any Ar € (0,Ato] and u2 €V, there exists a unique

solution (uy,, py) of scheme (7), and it holds that

1
unll =25 V'V unllp s W‘ph|lz(|-|h)SC3(||M2HO+Hf||12(L2))' (12)
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(ii) Moreover, suppose there exists p2 € Qy, such that

1
b(ufy, qn) + ;%(P%Qh) =0, Vg,€ 0. (13)
Then, it holds that

VVlunll=nys IDaenllpzys pallezy < es(/v)(lgll + phla+ 112 2)-

Remark 4. (i) Since the constant c3 in (12) is independent of v, scheme (7) is stable even when
v tends to 0.  (ii) Corollary 1 is obtained by setting fy, = f and g, = 0 in Theorem 1.  (iii) The
relation (13) is satisfied if (ug, pg) € Vi, x Qy, is chosen as Stokes projection of (u°,0) (cf. Definition I
below).

We give error estimates after preparing a (pressure-stabilized) Stokes projection using P1/P1-
element and two hypotheses.

Definition 1 (Stokes projection). For (u,p) € V x (QNH'(Q)) we define the Stokes projection
(@i, pn) € Vi X Oy of (u, p) by

y((Gns Pr)s Vs qn)) = (4, p), Virqn))s  ¥Y(visqn) € Vi x Q. (14)

Hypothesis 3. The function u° satisfies compatibility conditions V -u® =0 and u® € V.

Hypothesis 4. The solution (u, p) of (2) satisfies u € C°([0,T);VNH*(Q))NZ*NH'(0,T; H*(Q)%)
and p € C°([0,T);QNH' (Q))NH' (0, T; H' (Q)).

Theorem 2 (error estimate). (i) Let (u, p) be the solution of (2). Suppose Hypotheses 1-4 hold. Let
Aty be any fixed positive number satisfying (5). Then, for any Ar € (0,Aty] the solution (uy, py) of
scheme (7) satisfies

1
([t — ul| = 12), \NHuh_quz(Hl)a W“’h_p'lz(“h)
h
< 3 ([l =l + Al 2 + = Pt oz ) (19

(ii) Moreover, suppose u2 is the first component of the Stokes projection of (uO,O) by (14). Then, it
holds that

VV[up _“||Z°°(H1)7

du
ot |Pn —PH12(L2)

‘EAt”h - 5,

2(12y’

h
<c3(1/v) (AIHMHZZ + WH(”vp)”CO([O,T];HZXH‘,V)OHI(O.T;Hszl,v))' (16)

Remark 5. (i) RHS of (15) is of O(At +h) if u) € V}, satisfies ) —u(|o < ch, e.g., we can take

ug = I1,u° for the linear interpolation operator TIj, : C°(Q) — V), or the first component of the

Stokes projection of (uO,O) by (14). (ii) In (15) the constant c3 is independent of v.

4 Proofs of Theorems 1 and 2

This section is devoted to the proofs of Theorems 1 and 2.
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4.1 Preliminaries

First we prepare six lemmas and a proposition to be used in the proofs. We omit the proofs of the
first three lemmas only by referring to the related bibliography.

Lemma 1 (discrete Gronwall inequality, [16,33]). Let ag and a| be non-negative numbers, At €
(0,1/(2a0)] be a number, and {x, }n>0, {yn}n>1 and {b,}n>1 be non-negative sequences. Suppose
5Atxn +yn < aoxy +arxp—1+by, Vo> 1.

Then, it holds that
n n
X, + At Zyi < exp{3(ao +a1)nAt} (xo + At Zhi) , Vn>1.
i=1 i=1

Lemma 2 (Korn inequality, [10]). Let 2 be a bounded domain with a Lipschitz-continuous bound-
ary. Then, we have the followings.
(i) There exists a positive constant ¢ such that

DM+ > ealv]1,  ¥ve H' ().
(ii) The norms |D(-)||o and || - ||1 are equivalent in H} ().
Lemma 3 ( [29]). Assume Hypothesis I and (5). Then, it holds that, for any n € {0,--- ,Nr},
[voXillo < (1+c1An)[vllo, VveL*(Q)". (17
The next lemma is proved easily by a scaling argument.

Lemma 4. Let {J,},0 be a regular family of triangulations of Q. Then, there exists a positive
constant 0y such that

|gnln < ezllgnllo,  Vgn € On- (18)

The next lemma shows a modified version of the stability inequality in [5, 14], and the lemma
easily yields the following Proposition 2.

Lemma 5. There exists a positive constant Y, independent of h and v, such that

inf Sup %((”h?ph)ﬂ(vhaqh)) > ,yo‘ (19)

() €V X O (vy,.q) EViy % O | (uns PV <o v | (Visgn)llvxoy —

Proof. Introducing (i, pr) = (v/Vup, (1/+/V)pp) and (%, G1) = (vVvvi, (1/4/V)qn), we have

LHS of (19)

— inf sup va(up,vy) +b (i, p) +b(un, ) + 6 (P, qn)
(hsPi) VX Oh (v ) Vi X O | (s pi) lv xo,v | (Vi @) lv <o,y

i sup a(itp, V) +~b(‘7~h7ﬁh) +b(~ﬁh,f7h) +6h(Pn, Gn)
(@, Pn)EVi X O (5,3 €Viy < On | @, D)1l ol (Pns Gn) [[v <0

> ",

where the last inequality has been proved in [5, 14]. O
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Remark 6. Although the conventional inf-sup condition [15],

b
inf sup (v, 4n)

Dlmdn) g
n0imen, TvalliTanllo ’

does not hold for the pair Vi, and Qy, of the P1/P1 finite element spaces, <), satisfies the stability
inequality (19) for this pair.

Proposition 2. Suppose (u,p) € (VNH?*(2)?%) x (QNH'(Q)), and u satisfies V-u= 0. Let (i, py)
be the Stokes projection of (u, p) by (14). Then, it holds that

1 1

VWl 7 llp=pulo, 1P Pale < el ) i o 20)

Lemma 6. Assume Hypothesis 1. Let Aty be any fixed positive number satisfying (5). Then, for any
At € (0,Arp] and n € {0,--- Nt} it holds that

llu—uoXilo < crAt||ul1, Yuev, (21a)
(u—uoXi,v) <c\Atlullo|v|1, Vu,veV. (21b)

Proof. Let any n € {0,---,Nr} be fixed. Let y(x) = X]'(x), and J(x) = det(dy/dx) > 0 be the
Jacobian. Using J()c)_1 <1+4ciAt,

o) =) = ot sty =)y =& [ [0 @) Vot sy s,

and the Schwarz inequality, we obtain (21a).
(21b) is proved as follows,

LHS of 1b) = (u,v) = (w0 X} ) = () = [ uls)(@F) " 0)I(x) " dy
< luflo{ [ () =v(@0) " 0))I) " Pay}
= llallo{ | {voxi () =v(0 ()Y dr}

<ctlullo{lvo X —vllo+ lv—vJ" o} < crAtlullo{ V]l + [[v]lo}
< c1At|[ullo[[v]1- O

1/2

1/2

4.2 Proof of Theorem 1-(i)

Let (up, pp) = {(uz,p’,;)}ﬁlvil C Vi % Qy be the solution of scheme (8). Substituting (u},, —p};) €
Vi X Qp into (v, gy) in (8), we have

u'l — unfl o X" 1
(Pt ) + valuy ) = Gaphpi) + ("™ )
. 1
= () = S G PR 22)
Let & (i = 1,2) be any positive numbers. We have, by (21a),

W —u o xn 1 (1 1
h h 1 2 -1 2 -1 2
(=) = {5 3 = " o X7 13) + 3 i — ™ 0 X713}
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_ 1 B
ZDAI(EHMZH%) —ctflup 5, (23a)
va(u,uy) =2v|D(up) |5, (23b)
1 &
——Gu(P}Ph) = —|P}lhs (23c)
\% \%
_ 1 B
(A"t up) > —62(81||u2||%+4§||u2 "13) (23d)
1
(fiup) < & |upl|§+ rgzllf;’fllé, (23e)
1 & &
B AR AN AR (FATRR AR (23f)

From (22) and (23) it holds that, forn =1,--- ,Np,

— 1 &
DAZ(EHMZH(Z)) +2v|D(uy)ll5 + E\Pﬁlﬁ
< (catr + IR + (e + 2 B e LR+ 2 %)
- 4g 7 ""h 4g, 2v
Applying Lemma 1 to (24) with proper €; (i = 1,2) satisfying Aty < 1/{4(c2€| + &)}, we obtain (9).
]
4.3 Proof of Theorem 1-(ii)
From (8) with v, = 0 € V}, and (10), it holds that, forn =0, --- , N7,
n 1 n 1 n
b(uy,qn) + ;‘gh(l?w]h) = ;‘fh(gh,%% Yan € O,
which gives, forn=1,--- ,Nr,
n n 1 n n 1 n n
b(Dasttyy, qn) + ;Cgh (DatPhsqn) = ;Cgh(DAtghth)v Van € Oh- (25)

Substituting (Da,u}!,0) € Vi, X Qy into (vj,g,) in (8) and using (25) with g, = —p/, we have, for
n—= 17 e 7NT7

“Z*“Tloxlr' N 0 nH.o 0 1 YR ) nn—1 717 . n
(==L Dty ) + va(uj. D) = € (Dupjpf) + (A"~ D)

_ 1
= (fy ,Daruy) — ;cfh(DAt827PZ)~ (26)

We evaluate each term in (26) as follows.

un_unfl oX" _ - 1 B ) B
(%J)MZ) = (Dmu2+g(uz by 1on),DA,u;§)
D2 1 n—1 n—1 nos o

:IIDNuh\\0+Kt(uh —u o X], D))

— _ 1=
> [Da i (erlluy™ 13+ 7 1Dsidy )~ oy @1a)

3 = -
> 7 IDa[§ = e [P (™) 5, (27a)
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— — VvV VAt —
va(uj,Daujy) = At(a“(“ﬁﬂ’ﬁ)) + TQ(DAI‘MZ;DNMZ)
=D (VIID(uy) [15) + vAt|| D (D) I3 (27b)
— — 1 At — _
——%n(Dpc Py, Py) = At(*ﬁ%h(p;iapz» - E%h(DAtPZ»DAtPZ)
= % 5oAt
= A,(Elpm%) v D pilis @70)
—(A"uy~", Dandy) < oy [I§+ HDmuhHo, (27d)
(f7, D) <21 f71l5 + gllﬁmuﬁllo, (27e)
1, — & 1 -
—~6(Dugipi) < < (&lpili+ - Dusil})- @70
% % 4e3

for any positive number €3, where Lemma 2 has been used for (27a). Combining (27) with (26), we
have, forn=1,--- ,Nr,

1*n2
mew > |phl3) + 5 1D}

% —Daghlr- (28)

\ph\h+ V\ID("1)||0+02||14 G+ 2017516+ o .

Hence, the first and second inequalities of (11) are obtained by applying Lemma 1 to (28) with a
proper &3 satisfying Aty < 1/(4€3) and estimating ||} '{|o by (9).
Next we prove the third inequality of (11). From Lemmas 4, 5 and 6 it holds that

v % I/tn7p" (Vs G
1200 < VIl P lvsow < X sup  Zl:2) ()
0 (Vth)GVhXQh (Vs qn) lv o,y
:ﬂ sup (fhth)+ %1<gh7Qh) (I/thfuh oXl"’vh)f()Lnuzfl,vh)
Y (vnan)€Vix 0 | (va,gn)llvxov

1 unl nlOX,vh
< S LA+ Slghh+ Dalo-+ — sup L fo)

+ | Anunfl 0}
AP ol A%

‘5\6

3 -1
*(Ilfh||o+6o|gh|h+||DAtuhllo+||u o),

which yields the third inequality of (11) by the first inequality of (9) and the second inequality
of (11). O

4.4 Proof of Theorem 2
Let {(u,p)(t); t € (0,T)} CV x Q and (up, py) = {(uﬁ,pﬁ)}nNil C Vi, X Qy, be the solutions of (2)
and scheme (7). Let (i, pp,)(t) € Vi, x Qy, be the Stokes projection of (u, p)(t) € H*(Q)¢ x H'(Q)
by (14) and set

ey =y — iy, & =ph— Py Ma(t) = (u—dn)0).
For any (v, q5) € Vi, X Qp, it holds that, from (2), (7), (14) and an identity,

n __ n n n
e ="My —u +up,

10
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n n—1 n
(ehfeh oXj
A

nn_nnfl oXn un_urzfl o X" _ e
= (B o L)+ (A"t =), v)

1
Vi) + Valeh i) +b(vis ) + (el an) + - Galefl ) + (A

At At
Du" 1
A" 1)_7% n’
+(Dt + AU, vy Iy n(P".qn)
n__ n—loXn Du" uniun—loxn
(BT (G ) )

1
_ g n’
o on(P" an)
= 1 »
:( h17vh)+;(gh(827qh)a

where

n}r; _n;;t—l OX{I N (Dun Mniun—l OX”

_—
= At Dt At
gh=-r"

Applying Theorem 1-(i) to (29), we obtain

) _’_ln(n;llfl Lyt _un71)7

1 Vh)

1 ~
||€hH1°°(L2)7 ﬁ”ﬂz“ﬂ(ﬂl)a W|8h\12(|.|h) < 03(\\32”0Jr ||fh||12(L2 f|gh|z2 1) )

We evaluate ||fh||lz(Lz) and |gl2(.,)- It holds that

n 1
M~ oX{

o=

173t llo <
=I'+1n —|—I§.
I' (i=1,2,3) and I} = |g}}|» are evaluated as

m -y Xy
At

nh

o= [Bami +

< HDAHM ||0+01||77},171 1 (by (21a))

0

\ﬁ\lnhllm -t mazy e m

o T (g

—1 _"_un_unf

Clh 1 _ _
ST(T||(”7p)HHl(z‘”*l.t";H2><H1.v)—"_H(Mn l7pn ])HHszl,v)v

u—u" OX
e ey T Py

13=|W( - T Mo < ca(lmg o+ 1" = o)
O | R [ ey B

<er

4 = 1&hln = 1P"[n < Allp" |1,

which imply

~ h
IFilleqz < e (Al 2+ Plio e )

11

Nllo

(29)

(30)

(31a)

(31b)

(3lc)

31d)

(32a)
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&nle,) < Plplleny- (32b)

Combining (32) with (30), we obtain (15).
Next we prove Theorem 2-(ii). Applying Theorem 1-(ii) to (29), we obtain

VVllenll=ays Daenllezys llenllnge)
h
SCS(I/V)(“e?lHI+‘8}?|h+At||uHZZ+W||(u7p>||H1(O,T;H2xH1,v))7 (33)

from (32) and the estimate

_ _ _ op
Daséaley,) = Dacpligs,y < Darplign) < | 5 sy

Since (u), p?) and (29, pY) are the Stokes projections of (u°,0) and (u°, p°) by (14), respectively, it
holds that

R R ch
llepll = lluh — aplle < fluy —u® 11+ [l — 11 < W”(”Ovpo)HHsz',va (34a)
el = 1ph = Biln < 1Ph = Ol + 185 = Pln+1P°ln < AV, P02 - (34b)
Combining (34) with (33), we obtain (16). O

5 Numerical results

In this section two and three dimensional problems are computed by scheme (7).
A quadrature formulae of degree five (2D: seven points, 3D: fifteen points) [31] is employed for
computation of the integral

/ Ul o X7 (x)vy(x) dx
K

appearing in scheme (7). Let Re = 1/v be the Reynolds number. & = 0.05 is chosen by some
numerical experience. The system of linear equations is solved by MINRES.

5.1 Numerical convergence order
In order to observe the convergence order we prepare analytic solutions.

Example 1. In problem (1) we set Q = (0,7)¢, T = 1t and two values of v,
v=1,10".
(i) In the case of d = 2 we set

w(x,t) = (1+sint) (sin2x1 sin(2xy), — sin®x; sin(2x; ))T,

A(x,t) = (1+sint) (

sinx COsX|
sinx; sinx;  sinx;cosxy |

The functions f and u® are given so that the exact solution is

(u, p)(x,t) = (w(x,1), (1 +sint)(sinx; — sinx,)).

12
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(ii) In the case of d = 3 we set
—sin’x sin(2x;) sin(2x3)
w(x,t) = (1+sint) [ 2sin(2x;)sin®xysin(2x3) |,
— sin(2x; ) sin(2x;) sin® x3

sinx; sinxp sinxj

A(x,t) = (1+4sinf) | cosx; cosxy cosxz

sinx; sinxp  sinxs
The functions f and u® are given so that the exact solution is
(u,p)(x,1) = (w(x,1),(1+sint)(— sinx; +2sinx; — sinx3)).

We solve Example 1 to recognize the theoretical convergence order. Let N be the division number
of each side of the domain. We set N = 16,32,64,128 and 256 for d =2 and N = 8,16,32 and 64
for d = 3, and (re)define h = 7 /N. Sample meshes are shown in Fig. 1 for d = 2 (left, N = 16) and
3 (right, N = 8). The time increment Az is set to be Ar = 1/N = h/x. Let (uy, p) be the solution
of scheme (7). The initial function ug in scheme (7) is chosen as the first component of the Stokes

projection of (u°,0) by (14). We define Err by

([n =Tl 2 g1y + L pw = Tapll 212
ITpull 21y + 1Tpll 212

rr =

as the relative error between (u, p) and (uy,, p,). Fig. 2 shows graphs of Err versus & in logarithmic
scale. We can see that Err is almost of first order in & for both d = 2 and 3, and the results are
consistent with Theorem 2.
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Figure 1: Sample meshes used for Example 1 in 2D (left, N = 16) and 3D (right, N = 8).

5.2 Application to the linear stability analysis for flows past a circular cylin-
der

Applying scheme (7) to linearized Navier-Stokes equations at stationary symmetric solutions past
a circular cylinder, we reconfirm the fact that the onset of flow instability is around Re = 50. The
critical Re is delicately dependent on the size of  and the outflow boundary conditions [19,20]. Let

Q={xeR* —-75<x <225, -15<x, <15, |x >0.5} (35)

be the domain and .7}, be the triangulation of Q. Fig. 3 shows Q (left) and .7}, around the cylinder.
The boundary conditions for the stationary flows are also put in the left figure, where T = (—pl +

13
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10 T T T
—e— 2D, v=I

—8— 2D, v=0.1

—e— 3D, v=1
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w256 w128 w64 /32 /16 /8

h

Err

Figure 2: Err vs. h in two and three dimensional test problems.

2vD(u))n for the identity matrix I and the outward unit normal vector n. The number of elements
is 52,416, the number of nodes is 26,608 (hyi, = 1.16 x 1072, h = hmax = 2.50 x 10~") and the
number of degrees of freedom is 78,924. The triangulation .7, is symmetric with respect to the
xj-axis, cf. Fig. 3 (right). Let Q; = {x € 2; x > 0} be the upper half domain. We impose the
boundary conditions 7; = 0 and u#; = 0 on the x-axis and the conditions of Fig. 3 on the other
boundaries. For each Re subject to the initial value u = 0 we solve the non-stationary Navier-Stokes
equations in 2, by a pressure-stabilized characteristics finite element scheme [21,23] and obtain
a numerically stationary solution. Extending the solution symmetrically to the domain x, < 0, we

get a symmetric stationary solution (u,gNs), pEINS)) € X, x M. Fig. 4 exhibits streamlines (left) and

pressure contours (right) of the stationary solution (uéNS) , p}(le)) for Re = 10 (top) and 100 (bottom).

Considering the perturbation of the velocity and the pressure for the Navier-Stokes equations, we set
the following problem.

FZ: T1 =O, U2=0
. =
T o
— ro U=(0,0) o
g O N
=} (34
= = =
L
A
KPR
F2: T1 =O, U2=O

Figure 3: The domain © with the boundary conditions for the Navier-Stokes equations (left) and the
used triangular mesh around the cylinder (right).
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Figure 4: Streamlines (left, [-0.1, 0.1; 0.01]) and pressure contours (right, [-0.9, 0.9; 0.01]) of the

stationary solution (uglNS)7 p;le)) for Re = 10 (top) and 100 (bottom).

Example 2. In (1) we set 2 by (35), T = 100, five values of v,

V= i, Re =10,40,50,60, 100,
Re

w= uzNS), Aij = 814;53)/8@ (i,j=1,2), f =0 and u® =~ 0. The homogeneous boundary condi-

tion (1c¢) is replaced with the boundary conditions, u=0on Iy, T=0o0nI; and 11 =0and uy =0
on Iy, cf. Fig. 3 (left) for the definitions of I} (i =0,1,2).

We solve Example 2 by a slightly modified scheme of (7) with Ar = 1/50; find {(uj,, pz)}z’il c
Vi, x Oy, such that, forn=1,--- , Ny,

W —u o xn B
(%7‘%) +%((uz,p2)7(V}th))—'—(lnuz ],Vh)
=(f"va), V(vn qn) € V4 X On, (36)

where V, = X, N {v € H'(Q)¢; v=00n1Ij, vo =0 on I3} and Q; = Mj,. The small perturbation,
u)(—1.36,0) = (0.01,0)7, is given while u)(P) = 0 at the other nodes P.

We compute ||(uf, p})|lvxo for n =1,--- Ny and observe the behavior of the solutions. The
graphs of || (u}, p}:)||vx o versus ¢ are shown in Fig. 5. For Re = 10,40 and 50 the values of ||(u}, p}.)||vxo
finally decrease and for Re = 60 and 100 the values of ||(u}, p})||vxo monotonically increase after
t = 3. For Re = 50 we have additionally performed a computation on a fine mesh (felements:
195,200, tnodes: 98,400, Apin = 5.67 x 1073, h = hpax = 1.66 x 107") and with a small A¢(=
1/100). The result is shown in the dashed line in Fig. 5. The graph of ||(u}, p})|lvxo is almost
flat after r = 50, which implies the onset of the flow instability is around this Reynolds number. In
order to obtain the critical Reynolds number a finer mesh and a smaller Ar should be employed.
Continuing the computation for Re = 100 until # = 140, we obtain (uy,, py)(t = 140). Fig. 6 shows

streamlines (left) and pressure contours (right) of (ugle>, p;NS)) + (up, pp)(t = 140) for Re = 100,

where max, .5 |up(x)(r = 140)| =~ 0.126 and max .5 \uEINS)(x)| ~ 1.230. A non-symmetricity with
respect to the x;-axis caused by (uy, p;) is observed.

15
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T
Re=100

Re=40

Re= 50, fine mesh, At=1/100'

ICu,,pp)(Dllyxq

L L L
0 20 40 60 80 100

t

Figure 5: Graphs of ||(up, pr)(t)||v xo vs. t for Re = 10,40, 50,60 and 100.

Figure 6: Streamlines (left, [—0.1,0.1;0.01]) and pressure contours (right, [—0.6,0.6;0.01]) of

™, p™) 4 (up, pi) (¢ = 140) for Re = 100.
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6 Conclusions

We have presented a pressure-stabilized characteristics finite element scheme for the Oseen equa-
tions. Stability (Theorem 1) and convergence (Theorem 2) results with the optimal error estimates
for the velocity and the pressure have been proved. The scheme is based on the method of char-
acteristics, which works well for convection-dominated problems and leads to a symmetric coeffi-
cient matrix of the system of linear equations. The system can be solved by efficient linear solvers
for symmetric matrices, e.g., MINRES, CR and so on. Since a cheap P1/P1 finite element is em-
ployed, the degrees of freedom are smaller than that of other typical elements for the equations, e.g.,
P2/P1. These advantages, i.e., symmetry of the coefficient matrix and small degrees of freedom, re-
duces computation cost (time and memory). Two and three dimensional numerical results have been
shown. The numerical convergence orders in Example 1 are consistent with the theoretical results.
In Example 2 scheme (7) is applied to the linear stability analysis of stationary flows past a circular
cylinder governed by the Navier-Stokes equations. The obtained results imply that the scheme is ap-
plicable to such linear stability analysis and reconfirmed that the critical Re is around 50. Theoretical
analysis of stability and error estimates for a corresponding scheme to the Navier-Stokes equations
will be shown in a forthcoming paper [25].
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