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AN ENTROPY SATISFYING DISCONTINUOUS GALERKIN METHOD
FOR NONLINEAR FOKKER-PLANCK EQUATIONS

HAILIANG LIUT AND ZHONGMING WANGH#

ABSTRACT. We propose a high order discontinuous Galerkin (DG) method for solving nonlinear
Fokker-Planck equations with a gradient flow structure. For some of these models it is known
that the transient solutions converge to steady-states when time tends to infinity. The scheme
is shown to satisfy a discrete version of the entropy dissipation law and preserve steady-states,
therefore providing numerical solutions with satisfying long-time behavior. The positivity of nu-
merical solutions is enforced through a reconstruction algorithm, based on positive cell averages.
For the model with trivial potential, a parameter range sufficient for positivity preservation is
rigorously established. For other cases, cell averages can be made positive at each time step
by tuning the numerical flux parameters. A selected set of numerical examples is presented to
confirm both the high-order accuracy and the efficiency to capture the large-time asymptotic.

1. INTRODUCTION

In this paper, we propose a high order accurate discontinuous Galerkin (DG) method for
solving the following problem

(1a) Ou =V (f(u)Ve(®(x) + H (u))), z€Q,t>0,
(1b) u(z,0) = ug(z),

subject to appropriate boundary conditions. Here u(t,x) > 0 is the unknown, 2 is a bounded
domain in RY, H : R* — R and f: RT — R* are given functions, and ®(z) is a given potential
function.

This equation has a gradient flow structure corresponding to the entropy functional

E = /Q(H(u) + ud(z))dz.

A simple calculation shows that the time derivative of this entropy along the equation ([Ih) with
zero flux boundary condition is

) GEO == [ J@IV.(@+ H)Pde <0

which reveals the entropy dissipation property of the underlying system. Certain entropy dis-
sipation inequalities are recognized to characterize the fine details of the convergence to steady

states, see e.g., [7, [, 1], 24].

Equations such as (k) appear in a wide range of applications. In the case f(u) = u, the
equation becomes
(3) Opu = Vg - (uV(®(x) + H'(u))).

If H'(u) = u™(m > 1) and ® = 0, it is the porous medium equation [II} 24], and for H'(u) =
vu™ ! and ® = 21/4 — 22/2, it is the nonlinear diffusion equation confined by a double-well
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potential [6]. A particular example with nonlinear f(u) is
(4) Ou = Vg - (zu(l + ku) + Vyu),

which is known as a model for fermion (k = —1) and boson (k = 1) gases [8 10, 28]. A more
general class of the form

(5) ou =V (zu(l +u) +Vou), N >2

is known to develop finite time concentration beyond some critical mass [I].

In order to capture the rich dynamics of solutions to (), it is highly desirable to develop high
order schemes which can preserve the entropy dissipation law (2]) at the discrete level. In this
work, we propose such a scheme for (I]) using the discontinuous Galerkin discretization.

A related finite volume method was already proposed in [5] for (), and further generalized to
cover the nonlocal terms and general dimension in [6]. For () with f(u) = u and an additional
nonlocal interaction term, a mixed finite element method was studied in [4] based on their
interpretation as gradient flows in optimal transportation metrics, following the so called JKO
formulation, which is a variational scheme proposed by Jordan, Kinderlehrer and Otto [13] for
linear Fokker-Planck equations. Regarding the use of relative entropy functionals we refer to [2]
for the study of the large time behavior of a fully implicit semi-discretization applied to linear
parabolic Fokker-Planck type equations in the form of () with f(u) = u, H = ulogu. A free
energy satisfying finite difference method was proposed in [I8] for the Poisson-Nernst-Planck
(PNP) equations, which correspond to ([Il) with f = w, H = wulogu, further coupled with a
Poisson equation for governing the potential ®. However, these existing schemes are only up to
second-order.

An entropy satisfying DG method has been recently developed in [22] for the linear Fokker-
Planck equation

(6) Ou =V - (Vyu+uV,P),

which corresponds to ([B) with H = ulogu. The obtained DG method generalizes and improves
upon the finite volume method introduced in [2I]. The idea in [22] is to apply the DG discretiza-
tion to the non-logarithmic Landau formulation of (@),

B =V, - (MVw (%)) M =@

so that the quadratic entropy dissipation law is satisfied. Again based on this formulation, a
third order DG scheme was further developed in [23] to numerically preserve the maximum
principle: if ¢; < ug(z)/M < co, then ¢; < u(z,t)/M < ¢y for all ¢ > 0. However, the non-
logarithmic Landau formulation does not apply directly to the more general class of equations
().

In this work, we construct an arbitrary high order entropy satisfying DG scheme for solving
([@). The main idea behind the scheme construction is to apply the DG discretization to the
following reformulation

(7) Ou = 0, (f(u)d2q), q=®(z)+ H'(u),

by using a special numerical flux for d,q. The resulting scheme is shown to feature several nice
properties: (i) the entropy dissipation law () is satisfied at the discrete level; (ii) the steady
states are shown to be preserved; (iii) for the third order scheme applied to the model with a
trivial potential, a sufficient condition on the range of flux parameters is rigorously established so
that cell averages remain positive at each time step, as long as each cell polynomial is positive at
three test points. For the numerical positivity a reconstruction algorithm based on positive cell
averages is introduced so that the positivity of cell polynomials is enforced, without destroying
the accuracy, at least for smooth solutions. This reconstruction also serves as a limiter imposed
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upon the numerical solution to suppress spurious oscillations at the solution singularity near
zero. For the general case the positivity of cell averages can be achieved by carefully tuning the
parameters in the numerical flux, as illustrated in the numerical experiments.

The discontinuous Galerkin (DG) method we discuss in this paper is a class of finite element
methods, using a completely discontinuous piecewise polynomial space for the numerical solu-
tion and the test functions. One main advantage of the DG method was the flexibility afforded
by local approximation spaces combined with the suitable design of numerical fluxes crossing
cell interfaces. More general information about DG methods for elliptic, parabolic, and hyper-
bolic PDEs can be found in the recent books and lecture notes [12] [14], 26l 27]. Following the
methodology of the direct discontinuous Galerkin (DDG) method proposed in [19] 20], we adopt
a similar numerical flux formula for d,¢ in (7). The main feature in the DDG schemes proposed
in [19] 20] lies in numerical flux choices for the solution gradient, which involve higher order
derivatives evaluated crossing cell interfaces.

The plan of the paper is as follows. In Section 2, we present our DG scheme in one dimen-
sional setting. In Section 3 we prove several important properties of the scheme, including the
semi-discrete entropy dissipation law in Theorem 3.1, the fully-discrete entropy dissipation law
in Theorem 3.3, the preservation of positive cell averages for the model with trivial potential
in Theorem 3.4, and the preservation of steady states in Theorem 3.5. In Section 4, we elab-
orate various details in numerical implementation, including the reconstruction algorithm, the
time discretization, and the spatial Numerical results are in Section 5, where we verify experi-
mentally the high order spatial accuracy of our scheme and simulate the long-time behavior of
numerical solutions. The proposed scheme is applied to several physical models including the
porous medium equation, the nonlinear diffusion with a double-well potential, and the general
Fokker—Planck equation. The numerical results confirm both the high order of accuracy and
the numerical efficiency to capture the large-time asymptotic. Concluding remarks are given in
Section 6.

2. DG DISCRETIZATION IN SPACE

In this section, we present our DG scheme for (). For clarity of presentaiton , we restrict
ourselves to the problem in one spatial dimension. It is straightforward to generalize this con-
struction for Cartesian meshes in multidimensional case.

In one-dimensional setting, let 2 = [a, b] be a bounded interval. We divide © with a mesh

a==xy/0 <1 < <IN_1/2 <IN <TN41/2 =0,

and the mesh size Az; = x;,1/9 — Tj_1/9, and a family of N control cells I; = (2;_1/2,%j41/2)
with cell center x; = (z;_1/2 + 2;41/2)/2. We denote by v* and v~ the right and left limits of
function v, and define

+ —_—
Fou, oy =

Define an k—degree discontinuous finite element space

Vi, = {v € L(Q), |y, € PA(I)),j € ZN} ,

[v] =v

where P¥(I;) denotes the set of all polynomials of degree at most k on I;, and Z, = {1,--- ,7}
for any positive integer r.
We rewrite the equation () as follows

(8a) Opu = 0x(f(u)0zq),
(8b) q=®(x) + H'(u).
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The DG scheme is to find (up, qn) € Vi x Vj, such that for all v,r € V}, and j € Zy,

(9a) . Opupvdr = — : F(un)dpandpvda + { f (un)}0panvlar, + {f (un) }0zv(an — {an})lo,
(9b) /1 e = /1 (@) + B ()
Here

vlor, = ”<$;+1/2) - ”($;r—1/2)’
and @L is the numerical flux, following [20], taken as

(10) Dug = ﬂo[q—}?] + {02qn} + B1h[02qn),

where h = Az for uniform meshes and h = (Az; + Az;j11)/2 at x4, /5 for non-uniform meshes.
Here 5;,7 = 0,1 are parameters satisfying a condition of the form

Bo > T'(B1),

where I'(31) is chosen to ensure certain stability property of the underlying PDE.

Note that if zero-flux boundary conditions of the form 9, (®(x)+ H'(u)) = 0 are specified, we
simply set g-related terms on the domain boundary to be zero. If a Dirichlet boundary condition
for u is given at 0L, we define the boundary numerical flux (I0]) in the following way:

Flula, )+ F0f) o F) + fu(b )

e (=MD —a S0t g, s,
[ ¢ — (®(a) + H'(u(a,))) for z = a,

(11b) lan] = { (&D(b) + H'(u(b,t))) —q, for x = b,

(11c) {0vqn} = Ouqi f x =a; Oyq;, if x =0,

(11d) [02an] = 0.

Here the boundary conditions are built into the scheme in such a way that the boundary data
are used when available, otherwise the value of the numerical solution in corresponding end cells
will be used.

3. PROPERTIES OF THE DG SCHEME

In this section, we investigate several desired properties of the semi-discrete DG scheme (@),
and its time discretization.

3.1. Entropy dissipation. We first state the entropy satisfying property of DG scheme (@),
using the following notation:

xT

N N—-1
(12) ol o= |3 [ slocanPas + 3 () (Pla?)
j=11j j=1

it

Theorem 3.1. Consider the DG scheme (Q)-(IQ), subject to zero-flux boundary condition. If
fup) >0, then the semi-discrete entropy

N
E(t) = ; /Ij(cpuh + H(up))da
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satisfies

—E(t) < —anl%

(13) o

fory=1-— w/% € (0,1), provided

{f(uh)} <{89EQh} + %h[a“%qh])z ZTjt1/2

1<GEN—1
== 2h (f[ +/1, +1) (un)|Ozqn|*dz

Proof. Summing ([@)-(I0) over all index j we obtain a global formulation:

(14) Bo >T(B1) ==

/&fuhvdw = Z/ f(un)0pqnopvda — Z{f (un) ( 2 qn| ]+{0xv}[qh])j+l/2,

(16) /thdaz :/(@ + H'(up))rdz.
Q Q
Take r = Jyuyp, in ([I6]) to obtain
d
/ Orunqpdr = / (®(z) + H' (up))Opupdr = — / (Pup, + H(up))dr = —E(t).
Q Q dt Jo dt

The right hand side from taking v = g3 in (I3 becomes

Z/ [ (up)|0zgn|*dz — Z{f up,) ( 2+ qn[qn] +{5th}[Qh])

j+1/2

o ; /Ij Sl e = JZ:; W] (BO[Qh]z/h + [0n)(2{0ran}t + 51h[3§qh]))j+1/2 :
Using Young’s inequality we obtain

—(2{0uqn} + BrhD2qn])lan] < Bo(1 —7)[gn]?/h + ) (2{0uan} + B1h[02an])”

_h
4B80(1 —

for some 0 < v < 1. Hence

N N—1
" 2 }50 9
; /I F(un)|ognlPda + ( s )W}

j=1

(17) %E(t) < —v

.

N ~
- o e S M) -
!(1 V)Z:/I.f( 1)|0xqn|“d ; (1= 1) (2{02qn} + B11[05qn)) ]

(Ut P)jﬂ/z}

2

<.
Il

{Z/ f(un) lathPdﬂer

1 _
S0 p) e,
IL1UIN
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since [y satisfies (I4]), hence

SIS AL un)} (Do) + Bho2an])

j+1/2
(S, +3 Jony ) £ (un)leanPda
This finishes the proof of (I3]). O

Bo(1—7)?*=T>

Remark 3.1. We remark that a larger, yet simpler, I'(31) can be found for sufficiently small h

since the variation of ratio % is also small. Assume that this ratio is bounded by a factor 2,

ie, 2> {Tf} > %, then

2
({0an} + $nl620n))
Tjy1/2
['(B1) < 21<Ig%<_1 1 : +1/
<j< o (flj —i—ijH) |0zqn|?dz

_ .2
(8th —B1hd2q, ) n <8xq;f+ﬁ1h3§q,f)
2 2

2

Tjt1/2 Tjy1/2

<2 max
1<j<N-1 _s (flj |0zqn|?dz + ij+1 \@thde)

It is clear that this inequality is implied by

Oxqy — B1ho%q;)? (0uq; + B1hd2q;)?
%flj ’athP 7 %f]]drl ’athP

By setting v(&) = 0uaqn, (2; + 2€) for qn(2)|1;, and v(€) = Dpap, (xj41 — &€) for qply,.,, we have

ri <2 sp COZZOR o2 (1w - B - 1)

vePi-t 3 [L [v?dg

here we have used the exact formula in [I5] Lemma 3.1]. Hence it suffices to choose /3y such that

(18) I'(1) <2 max {(

1<j<N-1

(19) By > 2k (1 — Bk = 1) + %%(13 - 1)2) :

Remark 3.2. The positivity of numerical solutions are realized through a reconstruction algo-
rithm at each time step, based on positive cell averages, as detailed in Section 4.1. It is shown in
Theorem [3.4] that the use of non-zero 3; is crucial in the sense that the positivity of cell averages
can be ensured. Indeed, this is proved for the third order DG scheme in solving (Il) with zero
potential. For the model with non-trivial potential, our numerical experiments again confirm
the special role of £ in the preservation of positivity of numerical cell averages.

3.2. The fully-discrete DG scheme. In order to preserve the entropy dissipation law for uj at
each time step, the time step restriction is needed when using an explicit time discretization. We
now discuss this issue by taking the Euler first order time discretization of [@): find u}™ (z) € V
such that for any r(z),v(z) € V4,

(20a) /I qprdr = /I (®(z) + H'(u})) rdu,

(20b) ’ Diwujvdr = — ’ f(up)0zqy 0pv da + { f(up)} mv + 0xv(qp — {qﬁ})} ‘61_ .
i i J
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Here and in what follows, we use the notation for any function w"(x) as

n+1 n

w —w

D" = ———
tw At 9

and p = < as the mesh ratio.

Lemma 3.2. The following inverse inequalities hold for any v € Vj,:

N
k(k+1)2(k+2)
(21a) Z/Qd<(Jr +Z/
j=1"1i
N-1
4(k —|— 1)2
(21b) Z V12 < /
J=1
N-1
E3(k + 1)2(k: +2)
(21c) > vl < - Z/ V2dz
j=1 j=1"1i
Proof. These follow from the repeated use of the two inverse inequalities:
(22a) max{|w(a)|, [w(b)[} < (m+ D72 ||wl| 21y,
(22b) 10xw|| 27y < (m+ 1)y/m(m +2)|1] " lwl|z2p)
provided w € P™(I) with I = (a,b) and |I| = b— a. The first bound is well known, see e.g. [29].
The second inequality may be found in [I7, Lemma 3.1] O

Theorem 3.3. Let the fully discrete entropy be defined as

Z/I )+ H(u}}(z))) da.

The DG scheme [20)), subject to zero-flux boundary condition, satisfies
Y
(23) DiE™ < —§qu|1213

for some v € (0,1), provided uj(x) remains positive, By > I'(f1), and

5
# = Gk, Bo, Bl max{0, B (af, ()}l 17 (Dl

where C(k, Bo, B1) is given in (29) below.

(24)

Proof. Summing (20]) over all index j’s we obtain

(25) Z/ thdx—Z/ z) + H'(up)) rdz,

€T .
i+

2) g |, puiods = —; | seiogion s - Z{f i)} (Bl + (e} ah )|
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Take r = Dyu}} in (25) to obtain
/ Dyujqpdr = / (®(x) + H'(ujy(2))) Dyuj, da:
Q Q

n 1 n n n n n
= DB = 5 [ () ) — 1) 0 = )

= D,E" — % / H" () (Dyu)?dz.
Q

Here (-) denotes the intermediate value between uj} and UZH. Taking v = ¢;, (28] becomes

N N-1
[ Drgiaz == 3" [ pa)ionail? do — S (i)} ah) (3dh + 020
@ j=1"1; =1 Titd
< =yl aill%,

for py satisfying (I4]) at each interface z;i1,j=1,...,N —1. Hence
2
n n2 At " n\2
DeE™ < —7llanlle + = QH (1) (Dyu)” de.
The claimed estimate follows if

Yapll%
2 At < .
(27) - fQ max{0, H" (-) }(Dyu})? dx

For convex H, this indeed imposes a time restriction.
It remains to show that the bound in (24]) is smaller than the right side of 7). In (20), we
take v = Dyuj and use the Young inequality ab < icﬂ + €b? to obtain

N N N—1 -
; /Ij v dr = — ; /Ij f(up)0uay Ouv d — ;{f(uZ)} (amq;;[v] + {awv}[q;;]) ‘x

1
i+3

N N
1
< }:/ P 0ug P d + 1k S :/ 10,0 dz
2
derh =171 =171
—1

L o N—-1
+ [P0 +eh Y P,
deoh JZ:; " Tiv} = | it3
L N N—-1
n\12[,n12 3 2
g 2 UERYEP, | ey o),
Jj=1 j=1
The use of inequalities in (21]) leads to
N N—-1 N-1
e1h? 0,v|% dz + eah [v])? . . T esh3 [0, 0] N

N
< (k4 1)%(k(k + 2)ey + 4ex + k3 (k 4 2)e3) Z/ v? dx
j=1"1
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provided
(4e)) ' = k(k+ 12k +2), (4ea) P =4k +1)% (4e3) ' =Kk + 1)k +2).
This gives

N
(28) Z/IU dzx < k+1 k+2 Z/ FAuM)|0.q* da

-1
RO DTEED S i),

1

2

Ak 9 N—1
ALY > veraar],

it}

<.
Il

It is clear that the first two terms are bounded by || f(uj (- )”OOth” 4. We now show that the

last term is also bounded by || f(u?(*)||oo||¢t]|%, up to constant multiplication factors.

(5]

2
+ B1h[02q}]

— N—-1
> UEDIETE, =3 (0 ety + 51
j=1 ity =1

xT .
it s

— n 2[%?]2 n 2 ny\2
<23 (s} (U + (o) + Buniotan)’)
=1 i+i
From (I4) it follows that
()} (g} + BibioRa))?] < T2 ( [+ )  (un)|0ugn .

Jt+d

Hence

=

-1

N
() (@uai) + sunieza))’|, < TS [ planloan s
j=1"1i

1 j+§

<.
Il

These together yield

Z Uy, < 2 max{ i, D(260)} lak I3

Upon insertion into (I?BI) we obtain

Z [ an< € U oy UG ODee gz,

where
(29) C(k, Bo, f1) == 4(k + 1)* (k(k + 2) max{1, k% /B } + 8 max{f,['(261)}) .

Hence (27) is implied by (24]).
This ends the proof.

O

3.3. Preservation of positive cell averages. It is known to be difficult, if not impossible,
to preserve point-wise solution bounds for high order numerical approximations. A popular
strategy after the work [30] is to combine an accuracy preserving reconstruction with the bound
preserving property of cell averages. For the DG scheme applied to (II) with & = 0, following
[23], we are able to identify a range of 31 so that positive averages are ensured for at least the

third order scheme. We have not been able to prove this property for the general case.
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By taking the test function v = 1 on I; in (20b), we obtain the evolutionary equation for the

cell average,

(30) aptt = af + ph {f(u})} 0.3 o1
J

For the case that H is convex and ®(z) = 0, we reformulate (g)) as
Ou = 0, (fH"0,q), q=u.

At the discrete level, we simply set ¢, = uy, and replace f by fH” in (20b). Assuming that

u! € [c1,co] for all j's, we can derive some sufficient conditions such that 11;-”1 € [e1, c2] under

certain CFL condition on pu.
For piecewise quadratic polynomials, we have the following result.

Theorem 3.4. (k =2) The scheme (30) with gy, = uy, and
1 1

s bound preserving, namely, ’L_L;-H_l € [c1,c2] if up(x) € [c1,c2] on the set S;’s where

under the CFL condition

1

1 1
32 < = min , .
( ) = Ho 12 maxj<j<n ]f(u?_l/z)] {,8() + 851 —2'1-— 451 }

Proof. Let

p(&) = up, (xj + gf> for £ € [=1,1], e, p=unly,

we have
1 2 1
i = —p(—1) + = “p(1).
(33) 1 = gP(=1) + 3p(0) + &p(1)
In what follows we denote p_ = up|7,_, and py = up|r,,-

We represent the diffusion flux in terms of solution values over the set S;; see [23].

(34) hOpun| = aspy(—1) + agpi (0) + anpy (1) — (arp(—1) + agp(0) + asp(1)),
Tird
where
861 — 1 861 — 3
(3) ="l ay=o0-ap), ay=por P2

It is easy to verify that (BII) ensures o; > 0 for i = 1,2, 3.
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Upon substitution into (B0) we obtain

(36) a!t = 4 2p (h{f(uh)}@‘m
= [% —2u (agfj_% +taif } p(—=1)

2
+ [§ —2p <012f-_% + a2fj+

1
+ [6 —2u <011fj_% + Oé3fj+%
+2uf;, 1 [asp(=1) + azpi(

(

Here we have used the notation

fj—i—% = {f(uh)}‘mj+% =

Ti+d
Note that the sum of all coefficients of above polynomial values is one. Hence ﬂ}’“ € [c1, c2]

as long as uj € [c1,cp] on S and all coefficients are nonnegative. The nonnegativity imposes a
CFL condition p < pg with pg being

1 . 1 4 1
— min .
12 1<j<N{a3fj_% tonfiaaaf, i taaf i onf; o +asfi }
Here we assume that fy,1/2 = 0 so that j = N can be included in the above expression. It

suffices to take smaller
1

. 1 2
= minq ——, — 5.
M0 max [F(ul_ ) {ag t o ag}
That is (32), as claimed. 0

Remark 3.3. The CFL condition (B2]) is sufficient conditions rather than necessary to preserve
the bound of solutions. Therefore, in practice, these CFL conditions are strictly enforced only
in the case the bound preserving property is violated.

Remark 3.4. For general case, we expect there is still a proper set of parameters (fp, 1) with
which the scheme can preserve positivity of cell averages. Our numerical simulations in Example
2 confirms this expectation.

3.4. Preservation of steady states. If we start with an initial data ug, already at steady
states, i.e., ®(z) + H'(u)(x)) = C, it follows from 20h) that ¢ = C. Furthermore, (Z0b)
implies that u}ll = u?l € V. By induction we have

®(x) + H'(ul(z)) = C Vn € N.
This says that the DG scheme (20h) preserves the steady states. Moreover, we can show that

in some cases the numerical solution tends asymptotically toward a steady state, independent
of initial data. More precisely, we have the following result.

Theorem 3.5. Let the assumptions in Theorem be met, and (u},q;) be the numerical
solution to the fully discrete DG scheme (20), then the limits of (u},q;) as n — oo satisfy

G =C. D)+ H'(uf) € C+ Vi,
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where C' is a constant. For quadratic H(u), C' can be determined explicitly by

C= |Q|/ x) + H'(ug)(x))dz.

In addition, if ®(x) € P™(m < k), then we must have ®(z) + H'(uj(z)) = C.
Proof. Since E™ is non-increasing and bounded from below, we have
3 mn __ n
nll_)IIOlOE = inf{E"}.
Observe from (23)) that
At
B - B <~ I |lgh5 <.

When passing the limit n — 0o we have lim,_,o ||¢}||% = 0. This implies that each term in this
energy norm must have zero as its limit, that is

N N-1
(37) Jim E 1 /Ij f(uh)0zqp]"dz =0, lim ; p Ui ai) 3 >

The first relation in ([B7) tells that the limit of ¢;, denoted by g;, must be constant in each
computational cell. The second relation in (B7) infers that ¢; must be a constant in the whole
domain. These when inserted into (20h) gives the desired result. For quadratic H (u), we use the
mass conservation [, H'(uy (x))dx = [ H'(ug(x))dx to determine the constant C'. The proof is
complete. O

Remark 3.5. The above result shows that for quadratic H(u) and potential ®(x) being poly-
nomials of degree up to k, the steady states are approached by numerical solutions. For other
cases, such asymptotic convergence holds only in the projection sense.

4. NUMERICAL IMPLEMENTATION

In this section, we provide further details in implementing the entropy satisfying discontinuous
Galerkin (ESDG) method.

4.1. Reconstruction. For a high order polynomial approximation, numerical solutions can
have negative values. We enforce the solution positivity through some accuracy-preserving
reconstruction. Motivated by the definite result on the bound preserving property of cell averages
for special cases in Theorem [B.4] we consider the case with positive cell averages.

Let wy, € P*(I ;) be an approximation to a smooth function w(x) > 0, with cell averages w; > §
for ¢ being some small positive parameter or zero. We then reconstruct another polynomial in
P*(I;) so that

wj— 0

~0 . J = . .
(38) wp(x) = w; + @~ miny, on (@) (wp(z) —wy), if n};n wp(z) < 06.

This reconstruction maintains same cell averages and satisfies
min w’(z) > 6.
1
It is known that enforcing a maximum principle numerically might damp oscillations in numerical

solutions, see, e.g. [16, [30]. Numerical example in Fig[l] confirms such a damping effect near
zero from using the positivity preserving limiter (38]).
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Lemma 4.1. If w; > 0, then the reconstruction satisfies the estimate
W’ (z) — wi ()| < C(k) (|[wn(2) = w(@)||oo +6), Va el

where C (k) is a constant depending on k. This says that the reconstructed w®(z,t) in B8) does
not destroy the accuracy when § < hFt1.

Proof. We have

§ — ming; wy ()

(@) — ()| = | (8 ()

o maxy, |w; — wp(x)

< el (en() = wl@lle ).

It follows from [23] [30] that
maxy; |w; — wp ()

)‘ < o).

maxy, (w; — wp ()

where k is the degree of the polynomial wy(x). O

4.2. Time discretization. For the time discretization of (@), we use the explicit high order
Runge-Kutta method. The explicit time discretization is simple to implement, with entropy
dissipation law still preserved under some restriction on the time step.

Let {t"},n = 0,1,... be a uniform partition of time interval. Denote u} ~ u(t,,z), g ~
q(tn, ), where t, = nAt and At is the uniform temporal step size. The algorithm can be
summarized in following steps.

1. Project ug(x) onto V}, to obtain uy(0) and solve ([@b) to obtain g(0).

2. Solve (@h) to obtain u}"! with a Runge-Kutta (RK) ODE solver. Perform reconstruction
([B]) if needed.

3. Solve (@) to obtain ¢! from the obtained u}"".

4. Repeat steps 2 and 3 until final time T'.

In our numerical simulation we choose At = C(k)h?, where C(k) is smaller for larger k. For
the case with zero potential and k = 2, C(k) is given in Theorem B4l The choice of the time
step At ~ h? suggests that we adopt an m* order Runge-Kutta solver with m > (k + 1)/2, so
that in the accuracy test the temporal error is smaller than the spatial error. For polynomials
of degree k = 1,2,3, we use the second order explicit Runge-Kutta method (also called Heun’s
method) to solve the ODE system a = £(a):

all) = a" 4 Atg(a"),
artl — Lan g Lao g 1Aztf,(a(”).
2 2 2
The bound preserving property for cell averages in Theorem 3.3, depending on a convex com-

bination of polynomial values in previous time step, works well with the above Runge-Kutta
solver since it is simply a convex combination of the forward Euler.

4.3. Spatial discretization. In this section, we present some further details on the spatial
discretization. The kth order basis functions in a 1-D standard reference element ¢ € [—1,1] are
taken as the Legendre polynomials {L;(¢)}*_,, then the numerical solutions in each cell z € I;
can be expressed as

k
un(w, ) = > ub(OLi(€) = LT (uy(t),  aqnlx,t) =Y qi(t)Li(€) = LT(€)g; (1),
i=0 ]
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using a uniform mesh size h and the map = = z; + %5, with notation LT = (Lo, Ly,--- , L) and

(0 T
uj = (uj, - uj) .
For given ®(x), a simple calculation of ([Gh) with v = L(§) gives

2 1

where

1
- g /_ RIGIAGES

Zw’f( (si)uy;(t )) L¢ (s:)q;Le(si),
( ( L' (Du ) ( (—1)Uj+1>> (=D "q; + ETgj41)L(1)

(
<f<L Y 1>+f<LT( )u»)>(—Dqu_1+Equ)L(—1):R;—Rg,
Ry = (£ (LT ) + £ (L7 (=Duger) ) (LT (g = LT (~1)g541) Le(1)
+ (£ (2T Wi ) + £ (LT (D) ) (ET (g1 = LT (~1)g)Le(~1) =: R + Ry
Here

D = BoL(1) — Le(1) +4B1Lee(1),  E = BoL(—1) + Le(—1) + 451 Lee(—1).

In the evaluation of Ry, we choose Q Gaussian quadrature points s; € [—1,1] with 1 < i < Q.
Here and in what follows, we choose () quadrature points with @) > % so that the quadrature
rule with accuracy of order O(h??) does not destroy the scheme accuracy. At two end cells, if the
zero flux conditions are specified, we use Ry = R;’ ,R3 = R; for j=1and Ry = —R;,R3 = R3
for j = N.

If Dirichlet boundary conditions, u(a) and u(b), are specified, we modify Ry and R3 according
to (). That is, for j =1,

Ry = RS = (f(u(@) + f (LT (=D )) (LT (~1)ar = @(a) = H'(u(a))) + 2L (~L)ar] L(~1),
Ry = Bf + (f(u(@) + £ (L7 (=D ))[@(a) + H'(u(a)) = LT (~1)a1] Le(1),
and for j = N,
Ry = (f (LT (Wuw ) + fu(®)[=Bo(LT (Dan — D) — H'(u(®))) + 2L (an]L(1) - R,
Ry = f (LT (Duw ) + F®)ET (Dan — () — H'(u(b))] Le(1) + Ry

To solve ([@b) is, using the Q-point Gauss quadrature rule on the interval (—1,1), to solve

(40) Mg; = Zw, )4+ H'(L" (s;)uj))L(s;).

The collection of ([B9) and [{#0) with 1 < j < N forms a nonlinear ODE system, for which we
use a Runge-Kutta method.
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5. NUMERICAL TESTS

In this section, we present a selected set of numerical examples in order to numerically validate
our ESDG scheme. Via several physical models from different applications, we examine the order
of accuracy by numerical convergence tests, while we quantify [ errors defined by

N
lan = treglly = 3 / [n () — threy ()],
j=1"1i

with the integral on I; evaluated by a 4-point Gaussian quadrature method and wu,.; being a
reference solution obtained by using a refined mesh size. It is also demonstrated that the scheme
captures well the long-time behavior of underlying solutions, as well as the mass concentration
phenomenon in certain applications.

5.1. Porous medium equation. We consider the porous medium equation of the form
(41) ou = 0%(u™), m> 1.

With this model we will illustrate 1) the scheme’s capability in capturing the solution singular-
ity; 2) the positivity preservation proved in Theorem [3:41

Example 1. Capturing singularity
Barenblatt and Pattle independently found an explicit solution of (4I]) when the Dirac delta
function is used as initial condition [3], 25]. A special explicit solution which we will use is

1
_ a(m —1) |z ™1 1

We compute the solution of (Il) with initial data ug(z) = Ba(x,0.1), with zero flux boundary
conditions Oyu(£2,t) = 0.

Fig shows the exact solution and P? numerical solutions without and with reconstruction
([B8) with ¢ set to be 0. This reconstruction is not applied to the cells where the u;, are entirely
zero. The scheme with reconstruction gives sharp resolution of expanding fronts, keeping the
solution strictly within the initial bounds. The scheme without reconstruction brings visible
undershoots near the foot of the numerical solution.

FigPl shows a numerical comparison for polynomials with different degrees, k = 1,2,3. Cell
averages are shown in Fig[2l (left) and cell polynomials in FigPl(right) (zoomed near singularity),
we can clearly see that a higher order method gives a more accurate approximation.

Example 2. Positivity preservation
In this example we test the effect of using different parameter B in terms of the positivity
preservation. Equation (@Il with m = 2, when written in the form

Ou = 0 (f(w)0rq), flu) =2u, q=u,
satisfies the requirements in Theorem[3.4l We consider positive initial data with small amplitude,
uo(z) = e(1 + 306_25902), x € [—1,1],

and zero flux boundary conditions d,u(£1,t) = 0. With e = 107°, § = 10719, h = 0.2, k = 2
and At = 0.25h% in the simulation, our results indicate that cell average % remains above &
at ¢ = 1000 when using (5o, 51) = (2,1/6); while @ already becomes negative at t = 41.388
when taking (8o, 51) = (2,0). This is consistent with the conclusion in Theorem [B.4] that
B1 € (1/8,1/4) is sufficient for positivity preservation of cell averages, and for any other f;’s
such a property is not guaranteed. We note here that the range of 81 in Theorem B.4]is only
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FicURE 1. Capturing singularity in the exact solution at ¢ = 0.5
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FIGURE 2. Comparison of solutions for £k =1,2,3
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sufficient. Our simulation also indicates that cell average u still remains above § at ¢ = 1000
when using (8o, 51) = (2,1/2), which does not satisfy the requirement in Theorem B4l

We further test the special effect of parameter 5; on the positivity preservation for the case
with nontrivial potential, ® = 30ex?/2, i.e., we have

Ou = 0, (f(w)0pq), f(u) =2u, q=u+30ex?/2.

Though Theorem B4l is no longer applicable due to the nonzero potential, we still see similar
effects of 5 through numerical experiments. With the same initial condition and parameters as
above, our simulation results in Table[Ilshow that there is a range for 31 in which @ remains above
d at t = 1000; while % becomes negative at ¢ < 1000 when $; < 1/6 or $; > 2. This observation
indicates that 1) 81 plays a special role for the positivity preservation; 2) the admissibility of 51
depends on the underlying problem.
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TABLE 1. Time when u becomes negative

(5o, B1) | negative @ time
(2.0) 35.41

2, 1/12) 388.01

2.1/6) 845.69

2.1/3) =1000

2.1/2) =1000

(2.2/3) =1000
2.0) =1000
(2.2) 917.42
(2.3) 740.92

5.2. Porous medium equation with linear convection. We consider the following porous
medium equation with linear convection

Opu = O2(u™) + Opu, m > 1.
This equation corresponds to ([h) with f(u) = u, ® = z and H = % and has a wide range of

m—1"
applications. With this model equation we shall test the numerical convergence and the scheme

accuracy. We note that the case m = 2 was tested in [5] with a second order finite volume scheme.

Example 3 (m=2). We consider
Oy = 0%(u?) + dyu,

with initial data
up(z) = 0.5+ 0.5sin(mz), =€ [-1,1],
subject to zero-flux boundary condition, that is d,u(+1,t) = —%. In Table 2 we observe that

the orders of convergence are of O(h¥*1) for polynomials of degree k (k = 1,2,3).

TABLE 2. Error table for porous media equation with m =2 at t =1

(k,Bo, 1) | h {1 error order
0.4 0.0056949 -
(1,1,-) 0.2 0.0013756 | 2.15
T 0.1 0.00034588 | 2.20
0.05 | 6.5394e-005 | 2.40
0.4 | 0.00026132 —
0.2 | 3.9026e-005 | 2.86

(2,4,1/12) 0.1 | 5.3072e-006 | 2.91
0.05 | 6.8756e-007 | 2.95
0.4 | 4.4584e-005 -

(3,9,1/4) 0.2 | 4.4365e-006 | 3.71

0.1 | 3.2099e-007 | 3.91
0.05 | 1.9724e-008 | 4.02

Example 4 (m=3). We further test the case m = 3, i.e.,
O = 9%(u3) + dpu,
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with initial data

up(z) =1+ 0.5sin(rx), =€ [-1,1],
subject to zero-flux boundary conditions (uu,)(%1,¢) = —1/3. The numerical convergence test
is performed with the same flux parameters for each k as in the previous example, both errors
and orders of convergence are given in Table Bl These results further confirm the (k + 1)-th
order of accuracy when using P*(k = 1,2,3) elements.

TABLE 3. Error table for porous medium equation with m =3 at t = 1

(k,Bo,41) | h Iy error | order
0.4 0.0014749 -
(1,1,-) 0.2 | 0.00037363 | 1.99

B 0.1 | 9.5215e-005 | 1.99
0.05 | 2.3636e-005 | 2.01
0.4 | 7.3404e-005 -
0.2 ]9.5432e-006 | 2.97

24112101 | 1.22680-006 | 2.98
0.05 | 1.5257¢-007 | 3.00
04 [5.1001e-006 | -
(3.0.1/4) |02 | 34917007 | 3.9

0.1 | 2.1473e-008 | 4.00
0.05 | 1.3609¢-009 | 3.98

Numerical tests in Example 3 and 4 also indicate that cell averages can be made positive in
time when choosing proper parameters (g, 31), together with reconstruction (B8] performed at
each time step.

5.3. Nonlinear diffusion with a double-well potential. Consider a nonlinear diffusion
equation with an external double-well potential of the form

zt 2?

T2

This model equation is taken from [6], and it corresponds to system () with H'(u) = vu
With this model we shall test both numerical accuracy and the asymptotic behavior of numerical

solutions.

Oru = Gx(uax(uum_l +d)), P=

m—1

Example 5. Free energy decay
In this example, we take v = 1, m = 2 and initial data

0.1 22
ug(x) = e i, xe|-22]
subject to zero-flux boundary conditions d,u(+£2,t) = F6. Both errors and orders of convergence
are given in Table @, which again demonstrates O(h**1) order of accuracy for P* polynomials.

We also examine the decay of the entropy

E:/_22(<I>(x)u+H(u))dm:/_22 [(%4 —%)w“ﬂ da.

Figure 3l (left) shows the semilog plot of the free energy decay until final time 7" = 40, and Figure
Bl (right) displays the snapshots of u at different times, showing the time-asymptotic convergence
of the numerical solutions towards the steady states.

8

(=]
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TABLE 4. Error table for nonlinear diffusion with a double-well potential at ¢t = 1

(k,Bo, 1) | h 11 error order
0.4 0.082882 -
(1,1,-) 0.2 0.0051793 | 2.70

B 0.1 0.0012178 | 2.06
0.05 | 0.00029961 | 2.02
0.4 0.16726 -
0.2 0.020986 3.08

@412 107 | 00023122 | 318
0.05 | 0.00027875 | 3.05
08 | 009677 | -
(312,124 | 04 | 0010050 | 352

0.2 | 0.00051784 | 4.10
0.1 | 3.4058e-005 | 3.93

FIGURE 3. Entropy decay of nonlinear diffusion with double well potential
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5.4. The nonlinear Fokker-Planck equation. We consider the following model for boson
gases,

(43) O = Op(zu(l +ud) + dpu), t>0,

which is a nonlinear Fokker-Planck equation corresponding to (Ih) with

(L’2

¢ = > fuw) =u(l+v?), H'(u)=log ﬁ
This model equation exhibits the critical mass phenomenon (see [I]), that solutions with initial
data of large mass blow-up in finite time, whereas solutions with initial data of small mass do
not. The authors in [5] numerically verified such critical mass phenomenon using a second order
finite volume scheme. With our high order DG scheme, we test the critical mass phenomenon
for ([A3)) with initial data

= 2 o (5) o £52))

which has total mass M. This is to illustrate the good performance of the ESDG scheme in
capturing complex physical phenomena.
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Example 6. Sub-critical mass M =1 and super-critical mass M = 10

We test the sub-critical mass M = 1 with results in Figure [ (left) and super-critical mass
M = 10 with results in Figure @ (right) by P? polynomial approximations. These results are
consistent with the theoretical conclusion made in [I] and the numerical observation in [5],
yet our scheme can produce numerical solutions with higher order of accuracy. Note that the
reconstruction (B8) has to be implemented due to the involvement of log-function in H'(u).

FIGURE 4. Dynamics of the general Fokker-Planck equation

8

— =)

S 20,05

0.45

= =t=01 |]
= = =t=0.15

0.4r

0.3r

0.251

&
= -

0.2r

e

0151

i
B

0.1r

-6

Sub-critical mass M =1 Super-critical mass M = 10

6. CONCLUDING REMARKS

In this article, we have developed an entropy satisfying DG method for solving nonlinear
Fokker-Planck equations with a gradient flow structure. The idea is to rewrite the equation in
the form of a convection equation with flux being — f (u)9.q, and ¢ is obtained by a piecewise L>
projection of ®(z) + H'(u). Then we apply the numerical flux of the DDG method introduced
in [20] to 0,q. The present scheme is shown to satisfy a discrete version of the entropy dissi-
pation law, therefore preserving steady-states and providing numerical solutions with satisfying
long-time behavior. The positivity of numerical solutions is enforced through a reconstruction
algorithm, based on positive cell averages. Cell averages can be made positive at each time step
by carefully tuning the numerical flux parameter (f5p, 51). For the model with trivial potential,
a parameter range sufficient for positivity preservation is rigorously established. Numerical ex-
amples include the porous medium equation, the nonlinear diffusion equation with a double-well
potential, and the general Fokker-Planck equation. Numerical results have demonstrated high-
order accuracy of the scheme. Moreover, the long-time solution behavior is also examined to
show the robustness of the proposed scheme.
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