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Abstract

The alternating direction method of multipliers (ADMM) is widely used in solving structured
convex optimization problems due to its superior practical performance. On the theoretical side
however, a counterexample was shown in [7] indicating that the multi-block ADMM for minimizing
the sum of N (N > 3) convex functions with N block variables linked by linear constraints may
diverge. It is therefore of great interest to investigate further sufficient conditions on the input side
which can guarantee convergence for the multi-block ADMM. The existing results typically require
the strong convexity on parts of the objective. In this paper, we present convergence and convergence
rate results for the multi-block ADMM applied to solve certain N-block (N > 3) convex minimization
problems without requiring strong convexity. Specifically, we prove the following two results: (1) the
multi-block ADMM returns an e-optimal solution within O(1/€?) iterations by solving an associated
perturbation to the original problem; (2) the multi-block ADMM returns an e-optimal solution within
O(1/e) iterations when it is applied to solve a certain sharing problem, under the condition that the
augmented Lagrangian function satisfies the Kurdyka-Lojasiewicz property, which essentially covers
most convex optimization models except for some pathological cases.

Keywords: Alternating Direction Method of Multipliers (ADMM), Convergence Rate, Regularization,
Kurdyka-Lojasiewicz property, Convex Optimization

1 Introduction

We consider the following multi-block convex minimization problem:

min  fi(z1) + fa(22) + - + fn(zwn)
s.t. Ayxy+ Asxo+ -+ Ay =0b (1.1)
rpekX,i=1,...,N,

where A; € RP*™_ b € RP, XA; C R™ are closed convex sets, and f; : R" — R are closed convex

functions. One effective way to solve ([LI]), whenever applicable, is the so-called Alternating Direc-
tion Method of Multipliers (ADMM). The ADMM is closely related to the Douglas-Rachford [I1] and
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Peaceman-Rachford [32] operator splitting methods that date back to 1950s. These operator splitting
methods were further studied later in [30} [15] 17, [12]. The ADMM has been revisited recently due to its
success in solving problems with special structures arising from compressed sensing, machine learning,
image processing, and so on; see the recent survey papers [5 [13] for more information.

The ADMM is constructed under an augmented Lagrangian framework, where the augmented La-
grangian function for (I.T]) is defined as

2

N N N
Y
ﬁy(xl,...,a;N;)\) = jz_;fj(xj)— <)\,;Aj$j—b>+§ ;ijj—b ,

where A is the Lagrange multiplier and v > 0 is a penalty parameter. In a typical iteration of the
ADMM for solving (1), the following updating procedure is implemented:

CIRRS argming, ey, Ly(z1,25,..., 233 A)
$§+1 = argminmexg ﬁ’Y(x]f+17 Z2, xé’ ce 71{7\7; )\k)
‘ (1.2)
e — Lo (b otk s AR
AL = ARy (Z;\[:l Ajay ™ = b) ‘

Note that the ADMM (2] minimizes in each iteration the augmented Lagrangian function with re-
spect to x1,...,xy alternatingly in a Gauss-Seidel manner. The ADMM (L.2]) for solving two-block
convex minimization problems (i.e., N = 2) has been studied extensively in the literature. The global
convergence of ADMM ([L2]) when N = 2 has been shown in [16, [I4]. There are also some recent works
that study the convergence rate properties of ADMM when N = 2 (see, e.g., [23 311 [10] 2], 22]).

However, the convergence of multi-block ADMM (L.2)) (we call (L2]) multi-block ADMM when N > 3)
has remained unclear for a long time. Recently, Chen et al. [7] constructed a counterexample to show
the failure of ADMM (2] when N > 3. Notwithstanding its theoretical convergence assurance, the
multi-block ADMM (.2]) has been applied very successfully to solve problems with N (N > 3) block
variables; for example, see [35] [33]. It is thus of great interest to further study sufficient conditions that
can guarantee the convergence of multi-block ADMM. Some recent works on studying the sufficient
conditions guaranteeing the convergence of multi-block ADMM are described briefly as follows. Han
and Yuan [I8] showed that the multi-ADMM (I.2)) converges if all the functions f,..., fy are strongly
convex and 7 is restricted to certain region. This condition is relaxed in [8 28] to allow only N — 1
functions to be strongly convex and < is restricted to certain region. Especially, Lin, Ma and Zhang
[28] proved the sublinear convergence rate under such conditions. Closely related to [8, 28], Cai, Han
and Yuan [0] and Li, Sun and Toh [27] proved that for N = 3, convergence of multi-block ADMM
can be guaranteed under the assumption that only one function among fi, fo and f3 is required to be
strongly convex, and < is restricted in certain region. In addition to strong convexity of fo,..., fn,
by assuming further conditions on the smoothness of the functions and some rank conditions on the
matrices in the linear constraints, Lin, Ma and Zhang [29] proved the globally linear convergence of
multi-block ADMM. Note that the above mentioned works all require that (parts of) the objective
function is strongly convex. Without assuming strong convexity, Hong and Luo [25] studied a variant



of ADMM (I2]) with small stepsize in updating the Lagrangian multiplier. Specifically, [25] proposes
to replace the last equation in (L2 to

N
MAL— 2F oy Z Ajil?;ﬁ_l -b,
j=1

where o > 0 is a small step size. Linear convergence of this variant is proven under the assumption that
the objective function satisfies certain error bound conditions. However, it is noted that the selection
of « is in fact bounded by some parameters associated with the error bound conditions to guarantee
the convergence. Therefore, it might be difficult to choose « in practice. There are also studies on the
convergence and convergence rate of some other variants of ADMM (L2]), and we refer the interested
readers to [20, 211 [19] O] 34} 24] B6] for the details of these variants. However, it is observed by many
researchers that modified versions of ADMM though with convergence guarantee, often perform slower
than the multi-block ADMM with no convergent guarantee (see [34]). Therefore, in this paper, we focus
on studying the sufficient conditions that guarantee the convergence of the direct extension of ADMM,
i.e., the multi-block ADMM (I.2]) and studying its convergence rate.

Our contribution. The main contribution in this paper lies in the following. First, we show that the
ADMM (L2)) when N > 3 returns an e-optimal solution within O(1/€?) iterations, with the condition
that v depends on e. Here we do not assume strong convexity of any objective function f;. It should
be pointed out that our result does not contradict the counterexample proposed in [7] since we apply
the ADMM (L2) to an associated perturbed problem of (LIl rather than (LI itself. Secondly, we
show that the ADMM (L2) when N > 3 returns an e-optimal solution within O(1/¢) iterations under
the condition that the augmented Lagrangian £, is a Kurdyka-Lojasiewicz (KL) function [3}[4], V fy is
Lipschitz continuous, Ay = I, and - is sufficiently large. To the best of our knowledge, the convergence
rate results given in this paper are the first sublinear convergence rate results for the unmodified multi-
block ADMM without assuming any strong convexity of the objective function (note that although
without assuming strong convexity, [25] studies a variant of the multi-block ADMM). In this sense, the
results presented in this paper complement with the existing results in the literature.

Organization. The rest of this paper is organized as follows. In SectionBlwe provide some preliminaries
for our convergence rate analysis. In Section[3] we prove the O(1/€?) iteration complexity of ADMM (L2)
by introducing an associated problem of (II)). In Section [, we prove the O(1/¢) iteration complexity
of ADMM ([2]) with Kurdyka-Lojasiewicz (KL) property.

2 Preliminaries

We denote Q = X} x ... x Xy x RP and the optimal set of (ILI)) as 2%, and the following assumption
is made throughout this paper.

Assumption 2.1 The optimal set Q* for problem (1) is non-empty.

According to the first-order optimality conditions for (L), solving (L)) is equivalent to finding
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such that the following holds:

T (g () — AT N* ; ;
{(332 z7) (gi(@]) — A A") =0, Va; € &, (2.1)

Az 4 -+ Ayzy —b =0,
fori=1,2,...,N.

In this paper, we analyze the iteration complexity of ADMM ([[.2]) under two scenarios. The conditions
of the two scenarios are listed in Table [l The following assumption is only used in Scenario 2.

Assumption 2.2 We assume that Xy = R™ . We also assume that f; has a finite lower bound, i.e.,
infy,ex, fi(zi) > f > —oo fori = 1,2,...,N. Moreover, it is assumed that f; + 1x, is a coercive
function fori=1,2,...,N — 1, where 1y, denotes the indicator function of X, i.e.,

0, ’lf z; € X
400, otherwise.

1x,(7;) = {

Furthermore, we assume that L., is a KL function (will be defined later).

Scenario ‘ Lipschitz Continuous ‘ Matrices ‘ Additional Assumption ‘ Iteration Complexity
1 — — S<vy<e O(1/€?)
2 Vin Ay =1 | v>+/2L and Assumption 2.2 O(1/e)

Table 1: Two Scenarios Leading to Sublinear Convergence

Remark 2.3 Some remarks are in order here regarding the conditions in Scenario 2. Note that it
s not very restrictive to require f; + 1x, to be a coercive function. In fact, many functions used as
reqularization terms including ¢1-norm, Lo-norm, £oo-norm for vectors and nuclear norm for matrices
are all coercive functions; assuming the compactness of X; also leads to the coerciveness of fi + 1x;.
Moreover, the assumptions Axy = I and V fn is Lipschitz continuous actually cover many interesting
applications in practice. For example, many problems arising from machine learning, statistics, image
processing and so on always have the following structure:

min fi(z1) + -+ fyvo1(eno1) + fn(b— Arxy — - — Anv_1on-a), (2.2)

where fn denotes a loss function on data fitting, which is usually a smooth function, and fi,..., fn_1
are reqularization terms to promote certain structures of the solution. This problem is usually referred
as sharing problem (see, e.qg., [3,126]). 22]) can be reformulated as

min  fi(z1) + -+ fnoi(@nv-1) + fv(en) (2.3)
st. A+ +Av_1zy—1 +an =D, ‘

which is in the form of (1)) and can be solved by ADMM (see [5,[26]). Note that Ax = I in [23]) and
it is very natural to assume that V fn is Lipschitz continuous. Thus the conditions in Scenario 2 are

satisfied.



Notations. For simplicity, we use the following notation to denote the stacked vectors or tuples:

k
1 xy x] L i}
_ . kE_ . % . _ U k_ U x U
u = : ,ut = : ,ut = : ow={  wr =gk et =0 )
TN x’fv TN

We denote by f(u) = fi(z1) +---+ fn(zn) the objective function of problem (ILl); 1y is the indicator
function of X'; Vf is the gradient of f; ||z|| denotes the Euclidean norm of x.

In our analysis, the following two well-known identities are used frequently,

1 1

(w —w2) (w3 —wy) = 5 (llwr — wal* = lwy — ws]?) + 5 (llws — wal? = [Jws — wo|?), (2.4)
1

(w1 —w) " (w3 —wy) = 5 (Jlwe — ws||* = [Jwy — wa|® — [wr — ws]?). (2.5)

3 Iteration Complexity of ADMM: Associated Perturbation

In this section, we prove the O(1/€?) iteration complexity of ADMM (L2) under the conditions in
Scenario 1 of Table [l Indeed, given € > 0 sufficiently small and initial point u°, we introduce an
associated perturbed problem of (IJ), i.e.,

min fl(a:l) + fg(xg) + -+ fN(xN)
st. Ajxi+Asxo+ -+ Ay =0 (3.1)
rieX,i=1,...,N,

where fi(z;) = fi(z;) + LA —Aiﬂ;‘?H2 for i = 2,...,N, and u = ¢(N — 2)(N + 1). Note f; are
not necessarily strongly convex. We prove that the ADMM (2] for associated perturbed problem
(BI) returns an e-optimal solution of the original problem (II), in terms of both objective value and
constraint violation, within O(1/€?) iterations.

The ADMM for solving ([B1]) can be summarized as (note that some constant terms in the subproblems
are discarded):

2

N
1
:ElfH = argmin fi(z1) + J Az + ZAJJE? Ny —— (3.2)
r1EX] 2 j=2 /7
. i—1 N 1 2
M= argmin fi(z;) + % Zijg?H + Ajz; + Z ijf —b— =M ,i=2,...,N, (3.3)
T, EX; i—1 — ’Y
J j=i+1
MeHL =k <A1:17'f+1 + Agzh ™ 4 4 AN:E?VH — b) . (3.4)



The first-order optimality conditions for ([B2)-(B3) are given respectively by zF1 € X; and

N
(z1 — V)T | gr (et — AT N g yA] [ AphTt Z Ajznf —-b|| >0, (3.5)

i N
(z; — 2T | gi(a®™) + pA] A (xf“ - x?) — AN yA] Zij;?H + Z Ajazf -b]| =0,
j=1 j=i+1
(3.6)

hold for any x; € X; and ¢; € 9f;, a subgradient of f;, for i = 1,2,...,N. Moreover, by combining with

B4), BI)-B8) can be rewritten as

N
(w1 — 2fHT g @) — AT AT (DA (af — b | | >0, (3.7)
j=2

N
(2 = 2l )T | gi(al ™) + paAl A (2l = a) = ATNH ] |37 Ak -2k || 200 (38)
j=i+1

Lemma 3.1 Let (z8*! 25+ ,xlfvﬂ,)\k“) € Q be generated by the ADMM (L2) from given (x5, ... ak  NF).

For any u* = (:El,l‘2, .ay) € QF and X € RP, it holds true under conditions in Scenario 1 that
xy — it ! —A] NFHL
x; o xl2c+1 _A;I')\k-l-l
F*) = fuf™) + : :
x?\/ o xljﬂv—i-l _AT )\k-l-l
A — ARt SV Akt —p
N
1 k k1|2 e(N-2)(N+1) x 02
o <H)\ A H A=) + ; Z;HAixi — A
. 2
g = - k+1
+
+5 . ZAx+ZAx—b ZAa;+ZAa;
=1 7=1 Jj=i+1 Jj=i+1
> 0. (3.9)

Proof. Note that combining ([3.7)-([3.8]) yields

L1 — l’g“ ! g1 (x]f+l) - AlT)‘kJr1 0 ok k1
2y — g2 (a5 ™) — AFART pAg (Agy ™! — Azaf) 2
. +H
: ko gkl
TN — xl]fv-i-l gn(z l]cv—i-l) AT)\k+1 MAT (Ay xk—l—l ANS?S?V) TN — TN
> 0, (3.10)



where H € R(ZZ1m:) % (E2m) ig defined as follow:

yA] Ay yATA; - HAT Ay

0 yAgA3 - A5 Ay
H = : :
0 0 0

The key step in our proof is to bound the following terms

N
(z; — i T AT Z Aj(x;?—x?H) ,1=1,2,...,N —1.
j=i+1

Fori:=1,2,..., N — 1, we have,

N
(i — 2T TAT | D Ay(af —af™)

j=it1
. T
i—1 N N
= ZA 20| = | Y Ajwy + At~ = Attt = = > Ak
j=1 j=it1 j=it1
2
1 k+1
= 3 ZA:EJ+ZA3:Z) ZAJ:]+ZA3:+
Jj=i+1 j=i+1
i—1 N 2 i—1 2
+§ Zijj—l-Zij?-i_l ZA T +A(£k+1+ Z AJ} —-b
j=1 j=i j=1 j=it1
2
1 k1 _
< 3 ZA:EJ+ZA3:Z) ZAQZ‘]—FZAQZ‘
Jj=i+1 Jj=i+1
. 2
1 i—1 N .
+§ z:lijj+Zijj+ —b N
J= J=1

where in the second equality we applied the identity (2.4)).



Therefore, we have

okt N T [ YATAz YA[Ay - yATAN )
o — ki1 0 yAg A - yAJ Ay ok — 2!
2 x2 - . . . .
_' k41 0 0 VA]TV_lAN 33?\/ xljf\;rl
IN — Ty 0 0 0
5 N-1 i N 2 N 2
k+1
< 3 > Az Y Al - ZA% S Akt
=1 Jj=1 j=i+1 =it
1 2> N—1|[i-1 N 2
a3 HAM_AkH g D |12 A+ Y AT - (3.11)
=2 ||j=1 j=i

Combining (34)), (3I0) and FII), it holds for any A € R? that

k+1 \ | ! Tyk+1

T — xl2€+l 92( +1) o A;')\k—l—l
1 T
. : Lo ()\ _ )\k-i-l) (Ak—i—l _ )\k)
~
TN — x/]fv-i-l gN(xéfV—l-l) AT Netl
A — /\k—i—l Z A A k+1 —b
1 ) 7N—1 i—1 N 2
k+1 T (. k+1 0 k+1 k . Lkl
+,uz<:nl—x > A; AZ<:172~ _$i)+%H/\ - A H —1—52 ZAJx]+ZA]xj —b
=2 i=2 ||j=1 j=i
5 N—1 i N 2 2
o _ k+1
+5 . ZAJ%JF’ZA:C b ZAx]—i—ZAa:
i=1 j=1 j=i+1 J=i+1
> 0. (3.12)

Using (2.5)), we have

e e T (SR )]

and
7 (ml — ka) AjTAj (xf“ — x?)

(e I

2
HAZJJZ — Ail‘?—HH )
2 2
Letting v = v* in (312]), and invoking the convexity of f; that

filw?) = filei ™) = (@f —aft) T gi(af ™), i=1,2,...,N



and

7N—1 i—1 N 2 7N—1 N 2
P ekt _ (k1 *
5 ZA]$j+ZAij —-b|| = 7 - ZA](xj — ;)
=2 ||j=1 J=t =2 || j=1i
< YN +1) 1 Z HA k1 _ ’
we obtain,
zy — x]fH T —A] NFHL
x — xlg—l-l _A;')\k-l—l
Flw*) = fFh) + : :
vh — x?\,ﬂ AT \k+1
A — AR SV Akt —p
1 )\)\k2 )\)\k+12 luN A* A02 A* Ak+12
+E - - - +§Z H Ly — Z‘TzH — iy — A
N-1 i 2
+1 ZAx+ZAx—b ZAa:JrZAa:k“
1=1 j=1 j=i+1 j=i+1
N4+ 1(N -2 2
+7( + 2)( )ZHAix;k_Aixiﬁ-lH
> 0.

This together with the facts that u = e(IN — 2)(N + 1) and v < e implies that

N N
A > s
=2 j=2
which further implies the desired inequality (3.9]). O

Now we are ready to prove the O(1/¢?) iteration complexity of the ADMM for (II)) in an ergodic case.

Theorem 3.2 Let (zf™ a5 . 2kt )\k“) € Q be generated by ADMM B.2)-B.4) from given
(k... :EN,)\k) For any integer t > 0, let u' = (zt, 75, ..., %Y%) and X' be defined as

¢

1 - 1
—t k+1 t k+1
Ti =5 15 ;7 1=1,2,...,N, /\—t 1;_0)\ .



For any (u*,\*) € Q*, by defining p := ||\*|| + 1, it holds in Scenario 1 that,

0 < f@@)—fw)+p

2
sl L Y Z E(N—Q)(N+1)Z * 02
y(t+1) o 2At + D= j=i+1 2 i=2
This also implies that when t = O(1/€?), @' = (24, 2%, ..., %Y%) is an e-optimal solution to the original

problem ([I1l), i.e., both the error of the objective function value and the residual of the equality constraint
satisfy that

= O(e). (3.13)

Proof. Because (u¥, \F) € €, it holds that (a*,\) € Q for all + > 0. By Lemma BI] and invoking the
convexity of function f(-), we have

fu®) — —l—)\T(ZAx—b)

] ! —Al M
xh — 7 —AJ N
= fl) - f(@') + : :
T — Tl — AN
A=\ SV, At b
[ xy — it ! — A NFHT |
L xy — bt —AgJ ARt
> g > | F) T + : :
k=0 ‘T*N xljcv—i-l _A]'I\'[)\k—l—l
A\ — N\l sz\il Ailﬂiﬂ_l _b
¢ N
1 1 k1|2 k2 €V -2)(N +1) . 0(2
> |y (] —HHH SRR
N-1 i N
—i—% Zij;—k ZAja:fH ZA&: + ZAJ} —b
=1\ |[i=1 j=it1 j=it1
1 %
2 oy Ajxy + A; 3: —b
L 2 Z j;l
N
e(N—=2)(N+1) . 0112
- 5 D [} — A" (3.14)

1=2

10



Note that this inequality holds for all A € RP. From the optimality condition ([2.]) we obtain

N
0> f(u) = f(@) + ()T (Z Azl - b) .
=1

Moreover, since p := ||[\*|| 4+ 1, by applying Cauchy-Schwarz inequality, we obtain

N

2 : —t
Ail‘z —

=1

By setting A = —p <Z£\L1 Azt — b) / HZf\Ll Azt — bH in (3.I4)), and noting that ||A|| = p, we obtain

0< f(a") — f(u*) +p (3.15)

N
F@) = fu) +p | Af—b (3.16)
i=1
N-1 2 N
PN N =2)(N+1) A0l
- Azt — A
Y(E+1) t+ 1) & ;1 (e —aj))| + 2 ; iy = Ai
When ¢t = O(1/€?), and together with the condition that § < < ¢, we have
2
2 012 N-1 N
sl L €N -2)(N +1) " 02
- Ajz; — Azl = (3.1
YE+1) t+ 1) & :ZH (e =) + 2 ; 1 4if = Aiai]|” = O(e)-(3.17)
We now define the function
v(€) = min{f(u \ZAw,—b—f,xzeX,,z 2,...,N}

=1

It is easy to verify that v is convex, v(0) = f(u*), and \* € Jv(0). Therefore, from the convexity of v,
it holds that

(&) =2 v(0) + (A", &) > f(u”) = [IA[lE]- (3.18)
Let £ = % A;zt — b, we have f(u') > v(€). Therefore, combining (I5), BI7) and BI]), we get
i=1

2

—[INEN < fa') — fu®)
1

2 0)|2 N— N N
T D PIRTCERI S et
< Ce—pll€],
which, by using p = || \*|| + 1, yields,
N
IS gzt — b = ] < Ce. (3.19)
i=1

11



Moreover, by combining (3.13]) and ([3.I9), one obtains that
= pCe < —pléll < (@) = f(u") < (1 - p)Ce. (3.20)
Finally, we note that (819]), (8:20) imply BI3). O

4 Iteration Complexity of ADMM: Kurdyka-Lojasiewicz Property

In this section, we prove an O(1/¢) iteration complexity of ADMM (L2]) under the conditions in Sce-
nario 2 of Table[Il Indeed, we prove that the ADMM for the original problem (LI]) returns an e-optimal
solution within O(1/e) iterations in Scenario 2.

Under the conditions in Scenario 2, the multi-block ADMM ([I2]) for solving (LI) can be rewritten as:

2

N—1
A= argmin fi(z1) + 2 Arxy + Z A; a: + a2k —b— —)\k , (4.1)
r1€X] 2 ] =2
i—1 N-1 2
:Ef+1 = argmin f;(x;) + J ZA :Ek+1 + Ajx; + Z A; x +:17N —b— —)\k )
T, €X; 2
J=1 j=i+1
i=2...,N—-1, (42
N— 1 2
]fvﬂ ;= argmin fy(zy) % Z_: k+1 +axny —b— ;)\k , (4.3)
AL z\F y (AlxlfH + A2x§+1 4+t AN_lxﬁle + :E?V-H b) . (4.4)

The first-order optimality conditions for (4I])-([Z3)) are given respectively by a:f“ eX,i=1,...,N—1,
and

N-1
g (@t — AT AT | At 4 Z ijé‘? +azh —b| =0, (4.5)
j=2
N-1
gi(xF Ty — AN 4y A ZA :Ek+1 + Z A; :17 +ak —b ] =0, (4.6)
j=1 Jj=i+1
N-1
VN = Xy | Y Attt a2t - | =0, (4.7)
Jj=1

where g; € O (fi + 1x,) is a subgradient of f;+1x, fori =1,2,..., N —1. Moreover, by combining with

12



E4), [ED)-(ED) can be rewritten as

N-1

g (@t — AT N AT Ayl — 2 4 2k -2l | =0, (4.8)
j=2
N-1

gt — AT Al [>T Ay - 2h) + @k - 2R | =0, (4.9)
j=i+1

Vfn (i) — AL = 0. (4.10)

Note that in Scenario 2 we require that £, is a Kurdyka-Lojasiewicz (KL) function. Let us first
introduce the notion of the KL function and the KL property, which can be found, e.g., in [3 [4]. We
denote dist(z,S) := inf{|ly — z|| : y € S} as the distance from x to S. Let n € (0,+oc]. We further
denote @, to be the class of all concave and continuous functions ¢ : [0,7) — R satisfying the following
conditions:

L. ¢(0) = 0;
2. ¢ is C! on (0,7) and continuous at 0;
3. for all s € (0,n) : ¢'(s) > 0.
Definition 4.1 Let f : Q — (—o0,400| be proper and lower semicontinuous.

1. The function f has Kurdyka-ELojasiewicz (KL) property at wy € {w € Q : df(w) # 0} if there
exists 1 € (0,+00], a neighbourhood Wy of wy and a function ¢ € ®, such that for all

wo € Wn{weQ: f(w) < fwo) < fw) +n},

the following inequality holds,

¢’ (f (o) — f(wo))dist(0,0f (wo)) > 1. (4.11)

2. The function f is a KL function if f satisfies the KL property at each point of QN {df(w) # 0}.
Remark 4.1 It is important to remark that most convex functions from practical applications satisfy the
KL property; see Section 5.1 of [{l]. In fact, convex functions that do not satisfy the KL property exist (see
[3] for a counterexzample) but they are rare and difficult to construct. Indeed, L, will be a KL function

if each f; satisfies growth condition, or uniform convezity, or they are general convex semialgebraic or
real analytic functions. We refer the interested readers to [1] and [{]] for more information.

The following result, which is called uniformized KL property, is from Lemma 6 of [4].

Lemma 4.2 [Lemma 6 [|]] Let 2 be a compact set and f : R" — (—o0,00] be a proper and lower
semi-continuous function. Assume that f is constant on € and satisfies the KL property at each point
of 1. Then, there exists € >0, n > 0 and ¢ € ®,, such that for all u in Q and all u in the intersection:

{u e R" : dist(u,Q) <e}N{ueR": f(a) < f(u) < f(a)+n},

13



the following inequality holds,

¢ (f(u) — f(w))dist (0,0f (u)) > 1.

We now give a formal definition of the limit point set. Let the sequence w* = (m’f, . ,x’f\,, )\k) be a
sequence generated by the multi-ADMM (2] from a starting point w® = (m(l), e 7339\/7 )\0). The set of
all limit points is denoted by Q(w?), i.e.,

Q(wo) = {w e R™ x--- x R"™ x RP : 3 an infinite sequence {k;};=; . such that wh = 1w oas | — oo} )

In the following we present the main results in this section. Specifically, Theorem [4.3] gives the conver-
gence of the multi-ADMM (2], and we include its proof in the Appendix. Theorem shows that
the whole sequence generated by the multi-ADMM (I.2]) converges.

Theorem 4.3 Under the conditions in Scenario 2 of Table[d, then:

1. Qw°) is a non-empty set, and any point in Q(w°) is a stationary point of L(z1,...,xn,N);
2. Q) is a compact and connected set;

8. The function L (z1,...,2n,N) is finite and constant on Q(w?).

Remark 4.4 In Theorem [{.3, we do not require L. to be a KL function, which is only required in
Theorem [{. (see next).

Theorem 4.5 Suppose that L (x1,...,2n, ) is a KL function. Let the sequence wk = (:E’f, e ,x’f\,, /\k)

be generated by the multi-block ADMM (L2). Let w* = (z%,...,2%,\*) € Qu’), the sequence wk =

(a;'f, e ,azﬁv,)\k) has a finite length, i.e.,

(e’ N—-1
5 (z e — Ak [k — 2AH1) A% M) <a @12)
k=0 =1

where the constant G is given by

N-1
2M~(1 + L?) .
G:=2 (Z [Aia? — A || + |lafy — |l + [A° - /\1||> + W(P (Ly(w") = Ly (w")),
i=1
and
N-1 1 N-1
s (5 X Jar] 2+ 14 X ar] ) o
i=1 i=1
and the whole sequence (Alznlf, AQQL‘S, . ,AN_lx’fV_l, :L"’fv, )\k) converges to (Alzn“{, L ANDTN g, T, )\*).

14



Proof. The proof of this theorem is almost identical to the proof of Theorem 1 in [4], by utilizing the
uniformized KL property (Lemma [£2)), and the facts that Q(w?) is compact, £, (w) is constant (proved
in Theorem [A.3)), with function ¥ replaced by £, and some other minor changes. We thus omit the

proof for succinctness. U
Based on Theorem 5] we prove a key lemma for analyzing the iteration complexity for the ADMM.
Lemma 4.6 Let (z81 o5t ?VH Nty € Q be generated by the multi-ADMM @1)-@4) (or

equivalently, (I2)) from given (x5, .. a:N,)\k). For any u* = (x7,25,...,2%) € Q" and A € RP, it
holds in Scenario 2 that

-
:El _ $llf+1 _Ail')\k-l-l
ah — aht! —AJ M 1
Flu) = f@h) + : :
* k+1 _\k+1
TN AN N—1 k/\ 1, k1
A — AR SN At 4k g
N-1 2 N-1 2
—I-% Azl + Z Azl + 2k —b Ay + Z At g aht b
i=2 =2

+% (HA . A’fH2 - HA _ A’“+1H2> +~4D(N —2) <N§ HAixf _ Amf“” + H:s _ :c?VHH)
> 0, B (4.13)

where D is a constant.

Proof. Note that combining (£9)-(@I0) yields

k T k ATA2 ATAg s AT i
Ty — ;1 g1 (:17]1:1) — A] \FH1 7 6 ijlTAg zAlT s
T9 — $2+ 92($2+ ) o A;’/\k—i-l ' 2 '2 2 ‘ 2
+ : . . :
. 0 0 . ,VAT_ .Z'k k+1
TN — ‘,E?V-H VfN( k+1) AFH1 0 0 6\/ 1 N TN
> 0, (4.14)

where z; € X; and g; € O(f; + 1x,) is a subgradient of f; + 1y, fori =1,2,...,N — 1.

The key step in our proof is to bound the following terms

-
(a;,-—xf“) Al Z Aj( k+1) (zhy —ah Y], i=1,2,...,N —1.
Jj=i+1

15



For the first term, we have (similar to Lemma [B1])

N—
(331 . $If+1 Z :E o $k+1) + (l']]g\f xlf\f—i—l)
7j=2
1 N-1 2 N-1 2 1
ko ko B k+1 | . k+1 kL Eg2
< 3 A1w1+;A]wj+xN b A1x1+JZ;Aa: okt —p 272|])\ AR 2.

Fori=2,3,..., N — 1, we have,

N—-1
k+1\T AT kL k k k
(w; — a1 A, Z Aj(z; —33]+1)+($N o)
J=i+1
[ N—1
[ = k| 3 s = g+ ok =i
| j=i+1

N-1
R | DO i R

J J N Ty
| J=1 i
Therefore,
2y — xk+1 T ’YAIAQ ’yAlAg s ’yAi .
oy Ilc—i-l 0 YAy Az - YAy of —ag"
k1 0 0 e YAN ﬂflfv N+1
TN TN 0 0 0
N-1 2 N-1 2 1 N
ko, ok K+l k1 k k
< g | [JA+ ZAixi +ak —b Ayxy + ZAixﬁ kit g +—7 HA 1\ H
=2 =2
N-1 N—1
(3 - st ] ) |55 ot - st o8] (419
i=2 1=1
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Combining ([@4)), (£I14) and (£I5), it holds for any A € RP that

T
T — ﬂjlf—l_l
Ty — xléc—l-l
TN — xlfv—l-l
= )\k—l—l
~y N-—-1
+§ Az + Z Aixf + xlf\f —b
=2

o (3 b ) | -+ e

> 0.

Using (2.5)), we have

v

V() -
Zi:_l Aixfﬂ + .Z'{;gv—i_l —-b
2

gl(xz—l—i) _ AI)‘k—H
92(x2+ )_A;')\k—i-l

+

2=

Letting v = v* in (£I0]), and invoking the convexity of f;, we obtain

<)\ _ )\k—l—l)T <)\k+1 _ )\k)

2

N-1
1 2
k+1 k+1 k+1 k
A1x1+i§:;Aixi+ +‘TN+ —b +EH)\+ - A H
k+1
47|

(4.16)

o) (o) et (o o)

-
e
Th— gt —Ag AT . , ,
f(u*) f(uk-l-l) + : : + = <H)\_ )\kH o H)\ _ )\k-l-lH >
. 2,7
z* —ﬂj‘k+1 _)\k-i—l
N N
A= AR S At el b
N-1 2 N-1 2
+% Arx] + Z A 42k —b|| — || Aval + Z At 4 xﬁﬁ'l —b
=2 1=2
N-1 N—1
(3 s - ) [ et - ] ot
i=2 i=1
> 0.
From Theorem we know that the whole sequence (Alaz’f, AQZEIS, . ,AN_1:EI]€V_1, x’j\,, )\k) converges to
(Alx’f, L ANITN TN )\*). Therefore, there exists a constant D > 0 such that
HAixf . Aﬂf“” <D, (4.17)
for any k > 0 and any i = 2,3,..., N — 1. This implies ([@.I3)). O

Now, we are ready to prove the O(1/¢) iteration complexity of the multi-block ADMM for (I.T]).
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Theorem 4.7 Let (VT ab™ . 2hF AR+ € Q be generated by ADMM @I)-Ed) from given
(zk ... ,:E’fv,)\k). For any integer t > 0, let u' = (zt, 7%, ..., %Y%) and X' be defined as

t t
1 - 1

=t 2 k+1 - _ t _ E k+1
IEZ—H_—l €Z; ,2—1,2,...,N, A—H——l A .
k=0 k=0

For any (u*,\*) € Q*, by defining p := ||\*|| + 1, it holds in Scenario 2 that,

N
i=1

0 < f@@)—fu)+p

2

2 0)|2 N-1
P+ ||\l Y 0 % 0 ¥ DG
Ai(x; — a3 — —
i+ 204D ; ilei — ) + oy =2 + 47
Note this also implies that when t = O(1/e), a' = (z},z,...,ZY) is an e-optimal solution to the

original problem (L)), i.e., both the error of the objective function value and the residual of the equality
constraint satisfy that

= O(e). (4.18)

N
> At —b
i=1

Proof. Because (u, \F) € Q, it holds that (af,\!) € Q for all t > 0. By Lemma and invoking the
convexity of function f(-), we have

N-1
Fu*) — fat) + AT (Z Azt + 7ty — b)

i=1

v\ —AN

rh— T —Ag M
=f(u*) = f(a") + :

Ty — Ty -

A=A SV Asl + gl - b

| Goagn T ey
* okt AN\
x X
1 < . k+1 2 :
> 57 Flu) — Fut) + ;
t+1
k=0 :E}kv xécv—l—l _\k+1
A\ — )\k+1 ZN—I A'IIJ‘k+1 + $k+l —b
i=1 i N ]
1 -1 k1| k|2 — K k Kok
1 1 1
2ot [ (B =) ~00v- (5 ot - ko ot~ )
k=0 L i=1
N-1 2 N-1 2
+% A+ At bl = b — At + ) Al +afy — b
=2 =2
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N-1

S R T L v * .0 0 _
> - ST A= e A1x1+i§;Azxi+xN b
t
N O TR I )
1 2 5 = Y DGV —2)
b oo : 2040 _pl| PG —2)
= 2’y(t+1)H>\ ol 2(t+ 1) A1$1+§A2$Z+$N b t+r1

where the last inequality holds due to Theorem Note that this inequality holds for all A € RP.
From the optimal condition (2II) we obtain

N-1
0> f(u*) — f@)+ ()" (Z A + Ty — b) :
i=1
Moreover, since p := || A*[| + 1, [|A — Xo||? < 2(p? + ||A°||?) for all ||A|| < p, and Zfi_ll Az + a7y = b, we
obtain
N-1

i=1

0 < f@)—fu)+p

2 02
peINIE 0 _ YDG(N —2)
A+ 1) t—|—1 Ty —ay)| e (@19)
When ¢t = O(1/¢), we have
FE+1) t+1 N AN tr1 '

By the same argument as in the proof for Theorem B2, (£I8)) follows from (20]).
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A Proof of Theorem

We first prove a key lemma in the proof of Theorem [£.3]
Lemma A.1 The following holds in Scenario 2,

1. The iterative gap of dual variable can be bounded by that of primal variable, i.e.,
Vin(aitt) = A (A1)

and
s <22 ], i

where L satisfies that
IVin(z) = VIN@) < Lz -yl

2. The augmented Lagrangian L., has a sufficient decrease in each iteration, i.e.,

Lo(ah, xR N — L (T ,a:]fvtrll,)\kﬂ)
2 _or2 (NI 2 2 2
> gy |\ o At - Akt ol - T 2 A )
i=1

3. The augmented Lagrangian E,y(wk) 18 uniformly lower bounded, and it holds true that

0o /N-1
Z < HAifo — Aixf

2 2 2 2~(1 + L2
ekt o [ ) < DOHLY o)1)

k=0 \ i=1 72— 2L
(A4)
where L* is the uniformly lower bound of ﬁy(wk), and hence
Nl 2 2 2
i (X et =t s oo [ ) o
i=1
Moreover, {(:L'If,:nlg, e ,x’f\,,)\k) :k=0,1,.. } is a bounded sequence.

22



4. There exists a upper bound for a subgradient of augmented Lagrangian L in each iteration. Indeed,
we define

N-1 N-1
R O el PORTE U URIE S
i—1 j=it1

and

N-1 N-1
k+1 _ k41 k41 k+1 _ k+1 k41
Ry —7(5 Az + oy —b), Ry™ =0 E A —ay
i=1 =1

for each positive integer k, and i = 1,2,...,N. Then (R]erl,...,R?VH,R]f\H) € 8£V(wk+1).
Moreover, it holds that

H (Rllf-i-l, o ,R?VH,R’;H) H

< > |lmen + )
=1
= <Ni HAZ'»”C? — Aixfﬂu n ‘ o 9«’?““ n ch _ AMH) , V>0,  (A6)
=1

where M is a constant defined as

N-1
M = max (7 Z HA;I—
i=1

1 N-1
’_+1+ZHAZT>>0- (A7)
v i=1

Proof of Lemma [A1]

1. (A follows from (EIQ) directly. Then we consider the inequality (A.2). It follows from (A.T])
and the fact that V fy is Lipschitz continuous with L that

per s = st s <22 pir Al

2. Multiply both sides of ([@H) by x} — :L"fH, and invoking the convexity of fi, we have

N-1
-
0= <fo - $If+1) g (@ — AT Al | Aph T Z Ajznf + 2k —b
j=2
-
SICHEFCADENCIE I RPY

N-1
T
+ v <A1$lf — A1x1f+1> Alx]fH + Z A]a;? + ‘T?V —-b
j=2
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2

N—-1
2
= f(l’]f)—Alﬂflf-i-% Zij;?—kx’fV—b _%HAll’lf—AlxlfHH
J=1
N N-1 2
| et - ekt 2 ekt S At k-
j=2
2
=L (ml,.,.,x?\/,)\k)_ﬁ,y(xllf-i-l’xg xNa)‘k HAlxl Almk-f-lH (A.8)

where the second equality holds due to (2.3]).
For i =2,3,..., N, we can derive from ([L6) and (7)) that

L <:Elf+1,...,xf+ll, k, . )\k) L <x’f+1,...,xf+1,:pf+1,...,)\k)

%HAN;? —Aixf“H . (A.9)
Summing (A.8) and (A9) over i = 2,..., N, we have

k kK k-+1 E+1 Kk
L'V(ml,...,mN,)\)—EV(xl yery Xy ,)\>

N-1
2
> % HAixi? - Aixi.““H v % ng - x’jV“H . (A.10)
i=1
On the other hand, it follows from (A that
c, <$11<+1, $§cv+1’)\k> "y (xlf—l—l’ . ’$§cv+1’)\k+1)
2 2 2
S S ey IS )
v Y
Combining (A10) and (ATI) yields
L <a:'f, e 73354\[7)\/&) - L, (a;]fH, xlfvﬂ,)\kH)
N-1
2 2_912 2
> T3 |t - At T2 ok -
2 = 27y
¥R Ak — Ak V2L a2 PO =20 1k ke
= - iy — Ajxy ——||oy — —i——H - H
2 ; 2v(1 + L2) H N H 27(1+L2) TN N
N-1 2
ol k w2, 7 —2L H k—l—lH H k k+1H2
> = Ay — Ayx - AY— A
= 5 - T x, + 2 1+L2 T +
N2 —or? (RA 3 k1] ko ghtl k_ \k+1
ol T T N e
> 27(1+L2 ; H z} ) + ||z — + (A.12)
where the last inequality holds due to the fact that
5 2 —2L?
L1 =
2 7 2y(14 L?
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3. Note that

228 k1 yk+1
£y (a1 a1
1

N- N-1
Z 2 4 fa(e I]cv+1)_<>\k+1,ZAi$f+1+$I]cv+1 b>+1

1=1

2

N-1

k1 |kl
ZAZ$Z~ +ay " —0b
i=1

It follows from (AJ]) and the fact that V fx is Lipschitz continuous with constant L that,

N-1
Iy <b = Aixfﬂ)

i=1
N-1 N-1 2
L
S fN(xéﬂV‘Fl) <va k-l—l <b Alxk-i-l 1)> + 5 b _ Z Aixf-i-l _ xéfv-i-l
i=1 i=1

2

N-1 N-1
L
_ k-+1 k—l—l k1 k+1 k+1 k+1
= fn(ay) — <VfN , ;_1 Ajx; b> 5 ;_1 AT+ —b

2

N-—1
L
k+1 k+1 k+1 k+1
Ity — <)\ Y At 4t - b>+§

i=1

N-1
ZA k+1 +x§fv+1 b
i=1

This implies that there exists L* > —oo, such that

ﬁ’Y(xlerl? M) ?V—i_l? Ak—‘rl)
N-1 N-1 2
> Z fi@f ™+ fa (b - Z Aixi-”l) Z At g aht
=1 i=1 i=1
> L* (A.13)

where the last inequality holds since v > L and infy, f; > fF fori =1,2,..., N.
Therefore, it directly follows from ([(A3) and v > /2L that,

72 . 2L2 K N-—1
mz (Z HA l‘k+1 A ka2 + ‘|$k+1 xl]cv||2 + ||>‘k+l - )\k||2) < EW(wO) _L*
k=0 \1i=1

Letting K — oo, we have

2 9 00 N-1
Ty (Z At — A4t — a2 N AR ) < £ ) - L

k=0
which implies (A4) and (AF).
It also follows from (AIF), (A3) and v > V2L that L, (w®) — f& > SN fi(ab). This
implies that {(x’f,:né, e ,:E’fv_l) k=0,1,.. } is a bounded sequence by using the coerciveness

of fi+1x,,i=1,2,..., N —1. The boundedness of (mﬁfv, )\k) can be obtained by using ([&4), (A2)
and (A.9).
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. From the definition of £, it is clear that for i =1,..., N — 1,

N-1
gz( k—l—l) AT)\k—l-l —|—’7AT (Z A ﬂj‘k+1 _|_$§€V+1 b> e amiﬁﬁ/(wk-i-l)’
=1
and
N-1
vf($ljfv+l) _ \kHL + (Z AiZEf-H + $IJ€V+1 b> _ vaﬁﬁ/(wk—l—l)’
i=1
and

N1
b— Z Awf“ - :17]]‘3\;rl = VAL, (wh ),

where g; € O(f; +1x,) fori=1,2,..., N — 1. Since (£8)), (£9), and ([@I0) imply that

N—-1

gi(ahThy — AT AL = AT ZAj(a;f— §+1)+(a;§fv—x’;v+1) , (A.14)
=2
N—-1

gi(@f T — AT = —yAT | N7 Ajah - 28 4 2k -2 ) (A.15)
Jj=i+1

Vfn (@i — A =0, (A.16)

we have

N-1 N-1
RN =~A] (Z At + 2 - b) —yAl | DD Ayl — a2t + @ — 2T | € 0u, Ly (0,
i=1 j=i+1

N-1
Rk+1 = <Z A .’I'k+1 4 .’I'k+1 b) — vaﬁﬁy(wk-i-l),

=1

N—
Ri“ =b— Z Aixfﬂ — x?\,ﬂ V,\ﬁy(wkﬂ),

for i =1,2,..., N — 1. This implies that (R’f“, - ,R’fvﬂ, Rf\“) € 0L (whth).

We now need to estimate the norms of Rf“, 1<i<N—-1and R?V and R'f\. It holds true that,

mie) < o4l

N-1
D i L s | Rl
j=i+1

N-1

S s |
ZAZmZ- +ay —0b
i=1

N-1
< Al 35 e - s ok =) T o =
j=1
and
N-1
HRI;VHH <~ ZA AR Ly Y| H)\k_/\k—l—l‘ ,
=1
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and

|57 ==

N-1

k41 k+1
Z AT+ aly b
i=1

Therefore, we arrive at (A6 where M is defined in (A.T).

Proof of Theorem

1. It has been proven in Lemmal[ATdl that { (2}, 25,... 2%, A¥) : k = 0,1,...} is a bounded sequence.
Therefore, we conclude that Q(w?) is non-empty by the Bolzano-Weierstrass Theorem. Let w* =
(z5,..., 2%, ") € Q) be a limit point of {wk = (a;'f,...,a;?v,)\k) :k=0,1,...}. Then there

exists a subsequence {wkq = <x]fq, ces ,xlf\‘},)\k‘I> g =0, 1,...} such that wks — w* as ¢ — oo.
Since f;,i=1,..., N — 1, are lower semi-continuous, we obtain that
liminf f;(2}%) > fi(x}), i=1,2,...,N. (A.17)
q—00

From the iterative step (4.1)-(@4]), we have for any integer k and any i =1,..., N — 1,

k-i-l k+1 k+1 k k .k
i=argmin L (x7" ..., 00 @i, T g, TN AY).

T, €X;
Letting x; = x; in the above, we get

k+1 k+1 _k k. \k k+1 [ k. \k
Lo(ay a2 AY) S Ly (2T a w2 A,

ie.,

fi(xf—i-l) <)\k A, k+1> ZA$k+1+ Z A:z: Yk b
Jj=i+1
2

< fi(x;k)—<)\k,A,~m;k> ZA xk+1+Aaz + Z Aa: —i—xN—b
J=t+1

Choosing k = k; — 1 in the above inequality and letting ¢ go to +00, we obtain

2
lim sup fi(:nfq) < lim sup (% HAiqu — Al —

q—+00 q—+00

<)\k’AiZEfq - Alznj>> + fi(zD), (A.18)

for i = 1,2,...,N — 1. Here we have used the facts that both the sequence {w® : k = 0,1,...}
is bounded, and ~ is finite, and that the distance between two successive iterates tends to zero
(A.5)), and the fact that

N-—1
1
ZA kg Z Agrk ok —b=3" (Aja;g?—Aja;;?“) + <fo\7 xﬁfv“) +;(Ak—)\k+1).
j=i+1 j=i+1
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kg—1
From (AF) we also have z;? " — x} as ¢ — 0o, hence ([(AI8) reduces to

limsupfi(ibfq) < fi(x7).
q—00

Therefore, combining with (A7), f,(a:fq) tends to fi(z]) as ¢ — oco. Therefore, we can conclude
that

_ _ 2
lim £,(wh) = lim ﬁ; Ffilak) - <)\kq, ]jZ;Aiqu +ahe - b> + % NZ_; Akt 4 2l — b
N N—1 N_1 2
= Zf,(x;‘) — <)\*7 Z Ax} —l—x}‘v—b> —l—% Z Aix; + 2y —b
i=1 i=1 i=1
— L),
On the other hand, it follows from (A.5]) and (A.6) that
<R’f+1, . ,R’;V“,R’;“) € AL, (W) (A.19)
<R’f+1, o ,R?V“,R’;“) S (0,...,0), k— oo (A.20)

It implies that (0,...,0) € 9L (xF,..., 25, A") due to the closeness of JL,. Therefore, w* =
(x7,..., 2N, A") is a critical point of Ly (z1,...,2N, ).

. The proof for this assertion directly follows from Lemma 5 and Remark 5 of [4]. We omit the
proof here for succinctness.

. We define that L* is the finite limit of E,Y(:Elf, . ,x’f\,, A\E) as k goes to infinity, i.e.,

L* = lim L (zf,... 2k, \P).
k—o0

Take w* € Q(w"). There exists a subsequence wFs converging to w* as ¢ goes to infinity. Since
we have proven that

lim £, (wke) = £, (w"),

q—o0

and L., (w¥) is a non-increasing sequence, we conclude that £, (w*) = L*, hence the restriction of
L (x1,..., 25, \) to Q(w®) equals L*.
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