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Abstract

We propose a technique for investigating stability properties like positivity and forward invari-
ance of an interval for method-of-lines discretizations, and apply the technique to study positivity
preservation for a class of TVD semi-discretizations of 1D scalar hyperbolic conservation laws. This
technique is a generalization of the approach suggested in [12]. We give more relaxed conditions on
the time-step for positivity preservation for slope-limited semi-discretizations integrated in time with
explicit Runge-Kutta methods. We show that the step-size restrictions derived are sharp in a certain
sense, and that many higher-order explicit Runge-Kutta methods, including the classical 4th-order
method and all non-confluent methods with a negative Butcher coefficient, cannot generally maintain
positivity for these semi-discretizations under any positive step size. We also apply the proposed
technique to centered finite difference discretizations of scalar hyperbolic and parabolic problems.

1 Introduction
A number of important PDE models have the property that they preserve positivity of the initial data:
Uz, tg) >0 = U(z,t) >0 Vot >, (1)
or (more strongly) that they preserve the interval containing the initial data:
Unin S U(2,%0) < Unax = Unin < U(2,1) < Unax Vot > . (2)

Examples of such PDEs include scalar hyperbolic conservation laws in one spatial dimension, as well
as the heat equation and some of its generalizations. In this work we study a technique that was first
used in [I2, [I3] for determining whether a certain class of numerical discretizations satisfies the discrete
analog of or .

We focus on the application of this technique to the initial-boundary-value problem given by the
hyperbolic conservation law @ below, together with positive initial and boundary data. A common
approach to solving hyperbolic conservation laws numerically is to discretize in space with a slope or flux
limiter, and in time with an explicit Runge-Kutta (explicit RK, or ERK) method. It is natural to ask
whether the positivity property is retained under this discretization. This question is usually analyzed
by using Harten’s theorem [7, Lemma 2.2] to show positivity under explicit Euler integration, and then
applying a higher-order strong stability preserving (SSP) method in time [6]. This can be thought of
as a method-of-lines positivity analysis, in which the spatial and temporal discretizations are analyzed
separately. In the present work, we perform a direct positivity analysis of fully discretized schemes,
obtaining stronger results than what can be achieved by considering only Harten’s theorem and SSP
methods. These results provide a theoretical basis for some empirical observations in [9, [I1], wherein
various Runge—Kutta integrators preserved strong stability properties under step sizes much larger than
those suggested by the existing theory.

Following the usual terminology, the term positivity in the context of positivity preservation is always
meant herein in the weak sense; i.e., it means non-negativity. Although we focus on positivity to simplify
the presentation, the conditions we derive are necessary and sufficient for forward invariance of an interval;
see Theorem [
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Our paper is organized as follows. In Section we review a widely-used class of total-variation-
diminishing (TVD) semi-discretizations for hyperbolic conservation laws @, resulting in a system of
ODEs with a specific structure. In Section [2| we introduce the concept of (positivity) step-size coeffi-
cient, and present our main theoretical results, showing sufficient or necessary conditions for positivity
preservation for this system of ODEs when integrated with an explicit Runge—Kutta method. In the
rest of the paper we investigate the step-size coefficients in some classes of ERK methods. In Section
we summarize the results of [I2] on the optimal SSP coefficient and positivity step-size coefficient
for two-stage, second-order ERK methods. In Section [d, we present our main computational results for
three-stage, third-order ERK methods. We determine the optimal step-size coefficient in each of the three
subclasses: methods with optimal step-size coefficient are essentially characterized in the two-parameter
subclass, whereas optimal methods in the two, one-parameter subclasses are completely described. We
also discover that the unique three-stage, third-order ERK method having the minimum truncation-error
coefficient also belongs to the set of methods with maximum step-size coefficient. In the proofs we are
to find certain maximal hypercubes over which some multivariable polynomials are simultaneously non-
negative. Section [f] extends our analysis to higher-order ERK methods with more stages, and shows
many negative results. Throughout Sections the ERK methods have been applied to the upwind
semi-discretization of the advection equation. In Section[6] we illustrate the applicability of the proposed
ideas to the centered spatial discretization of the advection equation and to the heat equation. Finally, in
Appendix[A] we present some Mathematica code to generate the multivariable polynomials corresponding
to an ERK method, and test their non-negativity in hypercubes.

1.1 TVD semi-discretizations under Runge—Kutta integration

Semi-discretizations with a slope limiter can be analyzed as follows [I0, Chapter III, Section 1.1-1.3]—
below U will denote the PDE solution, while the corresponding lower-case letter is used in semi-discretized
ODEs. For concreteness we first consider the advection equation

U+ a(t)U, =0 (3)

with @ > 0; the following analysis can be extended to arbitrary variations in a. We discretize in space by

1
w(0) = 5= (ficy — fiss) ()
where Az is the spatial mesh width, and the fluxes are given by

Srrr = a(t) (ue + P(0k) (Upgr — ur)) -

Here ¢ is known as the limiter function and 6y, is a ratio of divided differences. This discretization leads
to the form

1
up(t) = <7\ 1= ¥(Ok—1) + -0 (0k) | (ur—1(t) — uk(t)). ()
Az 9k
More generally, we consider the scalar nonlinear conservation law

U+ f(U)e = 0, (6)

where for simplicity we assume f’ > 0. The flux-differencing semi-discretization is again used, with
the flux now given by f; 1 = f(uk.+%) where

Upy 1= Uk + P (O) (tptr — tg)- (7)
By using the mean-value theorem, this can be written as

i 0) = F (1= 060 + 000 ) (s 0) - 1 (0),

for some ni € [ug_1, upy1].
It can be proved that non-negativity of is ensured in either case if

1—(0) + %w@ >0 (8)



for all @ € R and 6 € R\ {0}. A sufficient condition for (§) is that
1
D<) <1 (PER), and 0< p(h) <p (R {0) (9)

for some value of u. The upper bound g will be important below when we discretize in time. Some
well-known limiters satisfying conditions @ include

e the minmod limiter [I7], with ¢(f) = max (0, min (1,0)) and p = 1;

e the Koren limiter [14], with ¥ () = max (O,min (17 % + é@,@)) and p=1;

e the monotonized central limiter [T9], with () = max (0, min (26, £¢,2)) and p = 2.

In this work we do not deal with the influence of boundary conditions, so for simplicity we consider

periodic boundaries. The initial-boundary-value problem corresponding to can thus be written, with
some suitable functions ¢z, in the form

Uk—1 (t) — Uk (t)

W) = (), ) IR =1L, .
uo(+) = un(), (10a)
ug(to) := ul k=1,...,N.
We assume that the initial conditions are non-negative
up >0, k=1,...,N (10b)
and that @D is satisfied, so that
0<qu(v,t) < Ae(u+1) (10c)

holds for all v, ¢, with Ay = sup,¢p, | gy 1] f'(u). Under these assumptions, it can be shown that if
-2 T3

*
the solution u exists (which can be guaranteed, for instance, by assuming that gy is Lipschitz), then it
is positive [12]: we have ug(t) > 0 for 1 <k < N.

Suppose now that we discretize in time with a given explicit Runge-Kutta method, and we want
to preserve positivity. To achieve this, we aim to determine a value Aty > 0 such that the RK solution
and stage values are non-negative when applied to any problem of the form , under some step-size
restriction At < Atg.

In the following examples we use the simplest RK method and give a suitable value for Atg.

Example 1 (Advection equation). The forward Euler (FE) method preserves positivity for whenever

Az
At< — =7 —iq.
(k+1)supa(:)
In other words, if v denotes the vector (vi,...,vN) and we set vy := vy, then
Vg—1 — Vg
vk + At - g (v, 1) VI >0 forall0 < At <79, v>0 and t € [to,T],
x

where v > 0 is understood componentwise.
Example 2 (Scalar conservation law). The FE method preserves positivity for whenever

At < Az — 7
= (u+ Usup /(UG Lo))

Given an ERK method, it is natural to consider the factorization

At < Ato = Y7o (11)

of the maximum allowed step size Aty, with 79 appearing in Example [1| or [2| because (i) this product
structure naturally arises during the computations (see (13))), and (ii) the factor v, referred to as the
(positivity) step-size coefficient, will depend only on the chosen ERK method, whereas 79 depends on
the right-hand side of the problem (I0). We will sometimes write v(A,b), where (A,b) refer to the



Butcher coefficients of the RK method, to emphasize that the step-size coefficient depends on the method
coefficients. Our general goal in this paper is to find the maximum value of « > 0.

From it is also apparent that v plays a role similar to that of the SSP coefficient of the RK
method, denoted by C, see [6]. Specifically, an RK method is guaranteed to preserve positivity for
any positive system of ODEs with a general right-hand side f(u(t),t), under the step-size restriction
At < CAtpg, where Atpg is the positivity step-size threshold for the forward Euler method. We will see
that, for many RK methods, « is strictly larger than the SSP coefficient, because in determining a value
~v we consider only problems of the form .

The present work is related to that presented in [8], in that it proves less restrictive step sizes for
positivity of a particular class of problems. However, the class of problems considered herein is different
from the class of problems considered there.

2 Positivity of the Runge—Kutta approximations

In this section we generalize and make systematic an approach that was introduced in [12] 13]. Applying
an explicit RK method to we obtain

i—1

vh =i+ Y el (i —wd), k=1 N i=1...m, (12a)
j=1

uZ'H =uy + Zb,ﬂc (y,i_l — y,’c) , k=1,... N, (12b)
i=1

where u” & u(t,), t, = nAt and

. At . .
& = Eqk(yj,tn—i—cht), j=1,...,m. (13)
Here and throughout this work, superscripts on y, u and £ denote indices rather than exponents. The
coefficients a;; and b; can be conveniently represented by an m x m strictly lower-triangular matrix A
and an m x 1 vector b, respectively (referred to as the Butcher tableau (A, b)).

The idea is to express each component of the stages and of the new solution as a combination of the

previous solution values in the form
m
w =) PiE)uf (14)
i=0

where the functions P; are multivariable polynomials depending only on the method coefficients (A4, b),
and £ is proportional to the time step size. These polynomials are independent of %k since the method is
translation-invariant (though the values of £ do depend on k, in general). We then aim to compute the
largest step size that ensures non-negativity of these polynomials.

Given a strictly lower-triangular matrix A € R™*™ and vector b € R™, it can be shown (see Section
that the polynomials P; in are multilinear functions of the variables &, and there are m + 1
polynomials and m(m + 1)/2 variables. Throughout this work we use the following ordering of the
components of the vector &:

g = (Eli_(m_l),gli_(m_Q)a e afli—lagli;fi—(m—Z)agz—(m—S)v . aglz—lvflg; cee ;51211_—11’ lzn_lvfqun)

2.1 Computation of the multivariable polynomials

The polynomials P; can be obtained directly from . To anticipate their structure, we rewrite in
matrix form. We begin by rewriting (12a)) as

Y=e@u"+ (AR IN)Qumn Iy ® DN)Y, (15)

where the vector e := (1,...,1) € R™, I is the identity matrix, the symbol ® denotes the Kronecker
product and subscripts denote the dimensions of each matrix. The matrix Dy is the N x N cyclic
tridiagonal matrix with entries 1,—1,0 such that [Dy]1, v = 1, and Q,,n is the mN x mN diagonal
matrix with entries £1,&3,...,&hy .o vy. .., ER. Let



so that becomes
Y = Iy — M) He®u™).

Since A is now strictly lower-triangular, the matrix M is strictly block lower-triangular, and we can write

oS m—1
Y:ZMi(e®u") = Z M (e®u™).
i=0 i=0
Thus (12b]) becomes
m—1
u"t = (IN + (" @ IN)Qmn (I ® Dy) Z M'(e® IN)) u". (16)
=0

Remark. By using the relation
M= (A® IN)Qmn (A® DN)Qun) " (In ® D),

we can also write (16) as

m—1
utt = (IN + (0" @ IN)QmnN Z ((A®DN)QmN)i (@®DN>> u”.
i=0

2.2 A sufficient condition for non-negativity

In the present work we focus on positivity preservation, but—as we will see in Theorem [I] below—the
step-size restrictions derived preserve a stronger property.
First notice that, by consistency, for any RK method we have

Thus if P;(§) > 0, then shows that each solution value is a convex combination of solution values
from the previous step. This motivates the following definition.

Definition 1. Let an explicit Runge—Kutta method be given with coefficients A,b, and let P; denote
polynomials defined implicitly by when the method is applied to and £ is defined by . The
(positivity) step-size coefficient of the method is

Y(A,b) == sup{d > 0: P;(€) > 0 for each 0 < i <m and all & € [0,5]™(m+1)/2},

We sometimes write simply v, omitting the dependence on the method coefficients when there is no
potential for ambiguity. If the set appearing in the sup above is empty, we set v := 0.

Geometrically, the step-size coefficient is the edge length of the largest hypercube in the non-negative
orthant over which the polynomials P; are all non-negative.
From the above considerations it is clear that we have the following theorem.

Theorem 1. Let an m-stage ERK method be given and let the polynomials Py,..., P, be such that
application of the method to yields . Suppose that the time and space step sizes are chosen so
that

qr(u, 1)
0<At———= < k=1,...,N 17
_— A:Z: ’V’ b ) b ( )

for all values u,t. Let upmqy = maxg(ug(to)), Umin = ming(ug(to)). Then the solution given by the
Runge—Kutta method applied to remains in the interval [Womin, Wmaz)-

The invariance property appearing in Theorem [I}—that is, preservation of the interval containing the
initial data—is the discrete analog of a property known to hold for the exact solution of @ As a special
case, when i, > 0 we have the property of positivity preservation.



2.3 Necessary conditions for non-negativity

Given a Runge-Kutta method (A,b) and corresponding coefficient (A4, b), we may ask whether taking
the step size larger than that permitted by will always lead to negative solution values. The answer
is “no”, but we can construct particular problems of the form such that negative values will be
obtained.

The following theorems apply to non-confluent methods. A Runge-Kutta method is said to be non-
confluent if the stage approximations all correspond to distinct times; i.e., if there are no distinct ¢, j
such that ¢; = c;.

Theorem 2. Let an explicit non-confluent Runge—Kutta method (A,b) be given and let v(A,b) denote
its step-size coefficient. Then for any v > vy, there exists a problem , a function q = q(t) and a step
size satisfying

O<At<y——
maxy ¢ gk

such that the prescribed method leads to a negative solution at the first step.

Proof. By our assumptions, there exist fN € [0,&]’”(7"‘”‘1)/2 and an integer j such that P; (é) < 0.
Take N =m and

1 ifk=N-—j

0 otherwise.

up = ug(ty) = {

Set Az = 1, At = 1, and ¢(-, to + ¢;At) = & for each j. Then direct computation reveals that

ul = Pj(§)u9\,7j = P;(§) <0. O

Corollary 1. Let an explicit non-confluent Runge—Kutta method be given. Then the time-step restriction
is sharp; i.e., it is the largest step size that guarantees positivity for all problems of the form .

The next result involves the concept of DJ-reducibility; see e.g. [3] for a definition. Note that any
reducible method is equivalent to a method with fewer stages, so the irreducibility assumption here is
no essential restriction.

Theorem 3. Let an explicit non-confluent DJ-irreducible Runge—Kutta method (A, b) be given such that
at least one entry in the matriz A or vector b is negative. Then there exist initial data and a choice of q
such that the numerical solution of obtained with the method includes a negative value. Therefore
v(A,b) = 0.

Proof. Let a RK method be given as in the theorem. We take initial data vector v with v,_; = 1 where
p is an arbitrary grid index and v = 0 for all £k # p — 1. To simplify the presentation, in this proof
only we define ap11,; :=b; and Y41 := u™ L. Let i be the index of the first RK stage with a negative
coefficient and suppose that a;; < 0. We have

m
i ; At .
U = p D aiiap(y to + ¢ AN (51— u).

j=1
We let
0 t#ty+csjAL
qp(uv t) =
1 t=tg+cjAL,
so that
i At
Yp = Up + aiJE(y;g—l - ZU;{)-

Furthermore, for all j < J we have ¢/ = v; in particular, y’/ = v. Thus

i At At
Yp =Vp+ auﬂ(vp,l —vp) = iy 1o <0.

If i = m+1 (i.e., if there is some ¢ such that b; < 0), then we are done.



Suppose to the contrary that b; > 0 for all j. Suppose further that b; # 0. Then by letting

0 t#to-l—CiAt

u,t) =
QP-I-l( ) {1 t = to + ¢; At

we obtain

At .

The last inequality follows by deducing from the construction above that y; 1 =0.

Finally, suppose that b; = 0, so that stage ¢ is not used directly to compute the new solution.
Since the method is DJ-reducible, there exists some sequence of indices 41,49, ...,%. = m + 1 such that
@iy @iy ig - - - br # 0, and by a similar construction we can ensure that each of the stages yi,, ¥i,, ..., ¥, =
u™*! has a negative entry. O

2.4 Upper bounds for the step-size coefficient

The step-size coeflicient v—depending only on the chosen RK method—is a constant that guarantees
non-negativity of the RK recursion under the time-step restriction for the whole class of problems
. We can find upper bounds for it by considering more restricted problem sets.

First we consider the constant-coefficient linear advection equation U; + U, = 0 semi-discretized with
first-order upwind differences, leading to an ODE system «’(¢) = Lu(t) that is a special case of with
g = 1. A Runge-Kutta method applied to this problem results in the iteration

u = wap(AtL)u",

where (A,b) are the coefficients of the Runge-Kutta method and ¢4 is the stability function of the
method. It can be shown (see [0, Theorem 4.2]; this result is also a straightforward adaptation of the
seminal result in [I]) that the matrix ¢4 5(AtL) is non-negative if and only if At < R(¢)Ax, where R(¢p)
is the radius of absolute monotonicity of ¢ (also known as the threshold factor; see the citations above).
This leads to

Proposition 1. The step-size coefficient v(A,b) is no larger than R(payp).

Our step-size coefficient is also upper-bounded by the modified threshold factor Raq(A, b) described in
[8]. This can be seen by considering an advection equation with time-dependent advection speed, which
leads to a semi-discretization that fits in the class of problems considered in [8]. This second bound is
in general sharper, but its value is known only for a small number of methods (see [8, Table 2]).

3 Step-size coefficients for second-order methods

In this section we summarize and comment on the results of [12] about comparing the optimal SSP
coefficient C and the optimal step-size coefficient  within the class of two-stage second-order ERK
methods (ERK(2,2)). It is known [2, Section 32] that all ERK(2,2) methods can be described by a
one-parameter family with Butcher tableau

0 0
A:(a 0), b= (1-52%,24), (18)

where o € R\ {0}.
The SSP coefficient of an ERK(2,2) method with parameter « is determined in [12] asE|

0, 0#a<i
Ca=<¢2-1 1<a<i (19)
é, a> 1.

This means that we have the maximum SSP coefficient C,, = 1 within the ERK(2,2) family if and only
if « = 1. The corresponding RK method is known as the improved Euler’s method, explicit trapezoidal
rule, or Heun’s method.

IPlease note that the derivation of this formula in [I2} Section 2] (denoted by (k) there) contains some inconsistencies.



Now we turn our attention to the optimal step-size coefficient. When a two-stage ERK method with
(strictly lower-triangular) Butcher matrix A = (a;;;) and vector b = (b;) is applied to (I0), the k™
component of the solution in becomes

uptt = Py(&)up + Pu(&ui_y + Pa(Oup_,
with
Po(&) = 1= bi&y, — baliy + anibabié,
Py(€) = bi&), + ba€fl — ambal) 1 &F — aniba&iéR, (20a)
Py(€) = anba&y_ &
By using (18], for ERK(2,2) methods we obtain
Pr(nehed) =1- (1- 5 ) - et + p6ieh

2a

1 1 1 1
Pnehe) = (1- 5 )6+ m8 - 368 - yeieh (200)

1
P2 (gé—lagiafi) = 5511—15]%

The following proposition improves on [I2, Theorem 1] by establishing the sharpness of the step-size
coeflicient.

Proposition 2. The positivity step-size coefficient for the family of methods is given by

1
0, 0750[<§
Yo=141, 3<a<l1 (21)
é, a>1.

Proof. Regarding the o < 0 case (not appearing explicitly in [I2] Theorem 1]), we observe that
€
P (0,0,¢) = 50 <0 forany a <0ande >0,
Q@

implying v, = 0 for a@ < 0.
For 0 < o < 1/2 we have v, = 0 because
(20— 1)e

Py (g,¢,0) = 70

1
<0 forany a € <0,2> and ¢ > 0.
For 1/2 < a < 1, [I12, Theorem 1] shows that P; > 0 (i = 0,1,2) for any £ € [0,1]3, implying v, < 1
here. By noticing that

2Pi(1,14+¢e,14+¢)=—e(1+¢) <0 forany o € [1/2,1] and € > 0,

we see that v, =1 for o € [1/2,1].
Finally, for a > 1, [I2, Theorem 1] proves that P;(£) > 0 (i = 0,1,2) for any £ € [0,1/a]?, implying
Yo < 1/a. By considering the inequality

P1(1 3¢ elae+2) 1+5)__5(a6+2)

1
-+ — = —— f y 1 and 1—-—
4,2(4 1 g), 5 16 <0 for any a > 1 an 66(0, ),

and taking into account that here all three arguments of P; are located in the interval (0, é + E), and
that € > 0 can be chosen arbitrarily close to 0, we conclude that v, = 1/a. O]

Remark 1. Pmpositz’on provides a theoretical basis for observations in [9], where the methods with
a =1 and a = 1/2 were observed to behave identically with respect to positivity. Similar observations
were made in [11)] regarding total variation.

Remark 2. Proposition (1| directly yields that v, > 1 cannot hold for any o # 0, since the radius of
absolute monotonicity of the stability function of any ERK(2,2) method is at most 1 (see [0, Section

4-8])-

As a conclusion, by comparing and (21)), it is seen that the step-size coefficient is strictly larger
than the SSP coefficient for ERK(2,2) methods with e € [1/2,1).



4 Step-size coefficients for third-order methods

In this section we consider the class of three-stage third-order ERK methods (ERK(3,3)), and compare
their optimal SSP and step-size coefficients. The ERK(3,3) class is a disjoint union of three subclasses,
referred to as Cases I, IT and III in [2 Section 32]. Case I is a two-parameter family of methods, while
any of Cases II and III is a one-parameter family of methods.

It is known [0 Section 2.4.2] that any ERK(3,3) method satisfies C, g < 1, and the optimal value
C =1 is achieved only by the Case I method with parameters & =1 and 5 =1/2.

Regarding the optimum value of the step-size coefficient -y, Proposition [1| shows that v < 1 should
hold for any ERK(3,3) method, because the radius of absolute monotonicity of the stability function of
any ERK(3,3) method is at most 1 (cf. Remark [2)).

In the rest of this section we investigate whether v = 1 can be achieved in the ERK(3,3) family.
To this end, we first generate the multivariable polynomials appearing in Definition (1| (cf. ) On
applying a three-stage ERK method to problem , the k* component of the step solution in is

w = Po(€u + P&y + Pa(O)uy + Po(€)ui_s,
where

Po(€) = 1 = bi&g — ba&i + anba&i€il — bs&il + asibs&i&i + as2bs&&i—
az2a21b36LERER,
Py(€) = b1&j; + bakjl — ambaby_ & — an1ba&i&} + b3y — azibs&y_1 & —
a3ob3€i_1Ej) + az2a01b3_1 €81 &} — az1b3EER — azbs&i&i+
a32a9103E),_1 ERE}, + az2a b3 EREL, (22)
Pa(§) = aniba&i (&% + asibs&h (&} + asabs&h (& — asaa1b3&h o0&k & —
az2a21b38h_1 &1 &} — asaanbs&i_ 1 ERER,
P3(€) = as2a21b3&_»&8_1&i

For readability we define
Ti=E&hg, Yi=Ehy, 2= &L wi=Ehy, vi= &, wi=E (23)

4.1 Casel

In this subsection we focus on Case I, referred to as generic ERK(3,3) methods. Their corresponding
Butcher tableau with real parameters a and § satisfying

@B ER\{0) and :#a#f (24)
is given by
A= 2 8 8 bT:<6a5—3a—35+2 238 3o — 2 > (25)
p-Lop laod g ) 6af —Gala—p) 65(a—5))

a(3a—2) «a(3a—2)



By replacing a;; and b; in with their corresponding parametrizations in 7 we get

1
Py(z,y, z,u,v,w) = m [—oﬂﬁ(vwz — 3wz + 62 — 6) + aB*(vwz — 3vz + 62 — 6)+

af(vw + 20z — 3wz) — B2 (w — 3)(v — 2) — 2B(v — 2) — 3a*(w — 2) + 2a(w — z)}7

1
Py(z,y, z,u,v,w) = m [a%?(uwy + vwy + vwz — 3wy — 3wz + 62)—

aB?luwy + v(w — 3)(y + 2) + 62] — af(uw + vw + 2vy + 20z — 3wy — 3wz)+
B2luw +v(w — 3) —wy — wz + 32] + 28(v — 2) + 3% (w — 2) — 2a(w — z)],

Py(z,y, z,u,v,w) = m [—a2w[u(x +y)+ (v—=3)yl+

aBluw(w + y) + vy(w — 3)] + aluw + 2uy — Jwy) + Fuly — u>],
Py(z,y, z,u,v,w) = gxuw.

To emphasize the dependence on the parameters, we will write P; , g instead of P;.
To characterize all methods in the generic ERK(3,3) family having the maximum step-size coefficient
v =1, we try and find (possibly all) pairs (o, ) € R? satisfying such that for any 7 = 0,1,2,3 we
have
Piop >0 in[0,1]% (26)

The polynomial P34 g is clearly non-negative, so it is sufficient to deal with the indices ¢ = 0, 1, 2.

Remark. Compared to Section[3, the computations are now much more involved. This explains why we
will not attempt to compute the step-size coefficient vo 5 for each generic ERK(3,3) method (o, B) (but

cf. and (34))).

First we formulate some necessary conditions on the parameters («, 3) for to hold. Observe that

1
Pa0,5(0,0,1,1,1,1) = .,
(0%

implying o > 0. Then

1/1
P ,p5(1,0,1,1,1,1) == (= —1
2,0,6( ) 6(a )

shows that o < 1 should also hold. Next we consider

200 — 1
Py.03(0,1,0,0,1,1) = % :
(0}

so @ > 1/2. Now we take into account that the non-negativity of

238
6(a —B)

together with and o € [1/2,1] \ {2/3} imply that

a+28—2

P2,o¢,ﬂ(15171717170) = G(Q*ﬂ)

and Pyq5(1,1,0,1,0,1) =

, (1 2 2 a 2
= =< “N=<pp<1—-—= — < -
(a,B) € B {(a,,@)GR (2_a<3/\3_ﬁ_1 5 V 3<oz_1/\1

§6§2>}(W)
3
is necessary for to hold (i = 0,1,2), see Figure In fact, we have systematically evaluated the
polynomials Py o g, P1ap and Ps 4 3 at each of the 64 vertices of the hypercube [0, 1]% to choose the
relevant polynomial and vertices presented above (see also Appendix .

We now claim that is also sufficient for .

[\ o)

Conjecture 1. All methods with (o, B) € B have v = 1.

10



0.9 S /
\\ V2
N /,
N
/
\\\ /
/
N /
0.8} AN //
N
~ //
N
~
’
ALY 7
Y
/
OIS ’
peeen /7
L /
07+  sessss AN ,
XX EEEERY \\ /
_________________________ e v e eeemse o)l eeees v eeeers e wemeee e b e
// Nececescsccceccscens
/ Nassscsescscscccetd
// \\\l .............
0.6 F / A I EE R
/ Seseseseses
/ Nesecsene .
Vi \\ ----- .
/l \\< .
/ AKX
/
0.5 ¥ o,
/ N
/
/ \\\
// N
// \\
’ AN
04 L L L L L L L 4 L L L L L L L L L L L L L A
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 1: The figure shows the bowtie-shaped region B (see (27)) together with the grid G C B in
the parameter plane. The line 3 = « is also displayed (cf. (24)). The orange dot at (o, 3) = (1,1/2)
corresponds to the unique optimal ERK(3,3) method with C = 1. The gray dot at («, 8) = (1/2,3/4)
corresponds to the unique ERK(3,3) method with minimum truncation-error coefficient.

The conjecture is based on the following computations. We sampled the parameter set B at the
grid points G C B shown in Figure |1} and verified that holds for each ¢ = 0,1,2 and (a,8) € G.
The Mathematica commands Reduce and FindInstance were key to formulating the above conjecture.
Proving the full conjecture would require a significant amount of work.

In particular, Conjecture [1| means that there are infinitely many ERK(3,3) methods with step-size
coefficient v = 1 in the present Case I (but see also Proposition [5| where we are going to actually prove
that there are infinitely many ERK(3,3) methods with step-size coefficient v = 1 in Case II). In contrast,
as stated earlier, there is only one ERK(3,3) method with SSP coefficient C = 1 (denoted by the orange
dot in Figure .

Tt is a nice coincidence that the method with (o, 8) = (1/2,3/4) (depicted as the gray vertex of B in
Figure , that is, the one with tableau

0 0 0
214
A= % g 0], bT:(9;379> (28)
0 3 0

is also an element of B: in the full ERK(3,3) family (i.e., in Cases I-III) this is the unique method having
the minimum truncation-error coefficient [I6l p. 433]. Therefore, for problems of type , the method
(28) satisfies two optimality criteria simultaneously. The following proposition shows that this method
indeed has the optimal step-size coefficient v = 1.

Proposition 3. For each i =0,1,2 and all (x,y, z,u,v,w) € [0,1]% we have
Pi1y2.3/4(2,y, 2,u,0,w) > 0.
Proof. For any (x,vy,z,u,v,w) € [0,1]® we have
18Py,1/2,3/4(,y, 2, u,v,w) = 18 — 8w — 4z + 3v(l —w)(z —2) > 6+ 3v(l —w)(z —2) > 6 -6 =0,

18Py 1/2,3/4(,y, 2, u, v,w) = 3v(1 —w)(2 —y — 2) + 4z + w(8 4 3u(y — 2)) > w(8+3u(y —2)) > 2w >0,

and
6P2,1/2,3/4(7, Y, 2, u,v,w) = uw(2 — x — y) + yo(l —w) > 0.

11



Remark 3. The present approach does not fully explain results in [9] regarding 3rd-order methods.
Therein, the method with o = 1/3,8 = 2/3 was found to give good results, but investigation of this
method using the present technique yields that v = 0.

4.2 Case II
For any o € R\ {0}, these ERK(3,3) methods are described by the tableau
000Ny
A= z 0 0], b =(-,-—a,a]. (29)
P N 44
3 da 1ia

Regarding the SSP coefficient in this family, we have the following result (whose proof details are omitted
here).

Proposition 4. The SSP coefficient satisfies

, 07&a<%
8a—3 3 9
co—) 2 sSaSqg
“ )3 -4, <3 (30)
— 40, E<O[_Z
0, oz>%,

hence the unique mazimum of the SSP coefficient occurs at Cy/16 = 3/4.

Proposition 5. The step-size coefficient in this family is given by

0, O0#a<i
2q, 3<a<i
_ L — 2
7017 1 3 (31)
0, oz>%.

Proof. We use the polynomials and variables given by — now with .
For any fixed 0 # o < % and arbitrary € > 0 we have

12P, 4(0,¢,0,0,0,¢) = £(8a - 3) <0,

showing that =, = 0 here.
For any fixed a > % and arbitrary € > 0 we have

6P o (c,¢,¢,6,6,0) = e2(3 —4a) <0,

hence v, = 0 also holds for these values of a.
For any fixed % <a< % and arbitrary € > 0 we have

3P 020+ 6,20+ ¢,2a + ,2a + ¢,0,2a + ) = —¢(2a +¢)* < 0,

S0 Yo < 2a for these values of a.
For any fixed % <a< % and arbitrary € > 0 we have

2Py o(1+e,1+e,1+e 146 14¢e1+e)=—c(l4¢)°<0,

therefore v, < 1 for these values of «.

Since Ps(z,y, 2, u, v, w) = %J;uw > 0 for any non-negative choice of the arguments, to finish the proof

of the proposition, we need to establish that
Po’a(l',y,Z,U,U,U)) 207 PLa(x,y,z,u,v,w) ZO and P?,Oé(xa:%zauavaw) ZO
hold

3

o for any a € [2, 1) and (z,y,2,u,v,w) € [0,20]%, implying v > 20

= oolw
Bl Nl

o for any a € [3,3] and (z,y,z,u,v,w) € [0,1]%, implying 7, > 1.

Y

12



Here we present the proof only for the case o € [%, %]—yielding the maximum possible value of v, =1

for infinitely many ERK(3,3) methods; the proof details in the other case (for a € [2, 1)) are analogous.
e Non-negativity of P .. We first show that Py o(z,y, 2, u, v, w) > 0 holds for any « € [%, %] and
(2,9, z,u,v,w) € [0,1]. Indeed,

12P o (z,y, 2,4, v,w) = 12av — 2vwz + 3vw — 8awz + 6vz — v — 120w + 8awz — 3wz — 3z + 12 =

(12a — 9)v + vw(3 — 22) + 2(3 — 4a)vz — 120w + 8awz — 3(w + 1)z + 12 >

1
(12-2—9)~1—|—0+0—12aw+8awz—3(1+1)z+12:—12aw—|—8awz—6z+9:

(3 —22)(3 — 4aw) > 0.

e Non-negativity of P; ,. Next we show that P (x,y, 2, u,v,w) > 0 holds for any a € [%, %] and
(2,9, 2,u,v,w) € [0,1]. This time we have

12P o(z,y, 2, u,v,w) = [ — 12av + 8avy — 6vy + 8avz — 6vz 4+ v + 3z]+

w[12a+2uy73u+20y+2vz—30—8ay+3yf8ozz+3z].

We prove that both pairs of brackets [...] above contain non-negative quantities.
As for the first pair of brackets, notice that

—12av + 8awvy — 6vy + 8avz — 6vz + v + 3z = —12aw + 8awvy — Gvy + 8avz — 3vz + 3(1 —v)z + v >
—12av + 8avy — 6vy + 8avz — 3vz + 0+ 9v = v(—12a + (8a — 6)y + (8 — 3)2 + 9) >
v(—12a+ (8 —6)y +0+9) = v(3 — 4a)(3 — 2y) > 0.

As for the second pair of brackets, we have
12a0 + 2uy — 3u + 2vy + 2vz — 3v — 8ay + 3y — 8az + 3z >

12004+ 0-uy — 3-14 2vy + 2vz — 3v — 8ay + 3y — 8az + 3z.

Now, by introducing p := 2 —1 € [0,3] and o :=y+ 2z € [0,2] = [0,2) U [3,2], we get that the last
expression above is equal to

3—0+ (20 —3)(v—2p).
For o € [O, %) we are done because
3—0+(20-3)(v—2p)=3—-0+4+(2p—v)3—-20)>3—-0+(0—-1)(3—20) =0 >0.

For o € [%, 2} we are also done because
3—0+20-3)(v—2p)>23-0+(20-3)(v—-1)>
1+20-3)(v—1)>1+(2-2-3)(v—1)=v > 0.

e Non-negativity of P, ,. Finally we show that P o(z,y,2,u,v,w) > 0 holds for any o € [%, %]
and (x,y, z,u,v,w) € [0,1]5. We now have
12P o (2, y, 2,4, v,w) = (3 — 2z)uw — 2uwy — 2vwy — 8avy + 6vy + Sawy — 3wy >

1 uw — 2uwy — 2vwy — 8avy + 6vy + S8awy — 3wy =
uw(l — y) — uwy — 2vwy — 8avy + 6vy + 8awy — 3wy >
0 — vwy — 2vwy — 8awy + 6vy + 8awy — Jwy =
y(—uw — 2vw — 8awv + 6v + 8aw — 3w) > y(—1 - w — 2vw — 8awv + 6v + 8aw — Jw) =
y(—8av — 2vw + 6v + 8aw — 4w).
Clearly, to finish the proof, it is enough to show that

—8awv — 2vw + 6v + 8aw — 4w > 0.

13
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Figure 2: The SSP coefficient and the step-size coefficient in Case II

By introducing p := 2a — 1 € [0, 3], the left-hand side of this last expression above becomes
—4(p+1)v—2vw+ 6v+4(p+ 1w — 4w.
If w —v > 0, then we are done, since
—4(p+ v — 20w+ 6v +4(p+ Nw — 4w = 4p(w — v) + 2v(1 —w) > 0.
If w — v < 0, then we are also done, since

—4(p+1)v —2vw+6v+4(p+ 1w — 4w = 4p(w — v) + 2v(1 —w) >

4~%-(w—v)+2v(1—w)=2(1—w)w20.
O
Figure [2] displays the coefficients C, and 7.
4.3 Case III
For any a € R\ {0}, the ERK(3,3) methods within this family have the tableau
A= gl E)) § , bT:(i—a,Z,a). (32)
ia  ia
It can be proved that their SSP coefficient is trivial, that is,
Co =0 for any a # 0. (33)

As for the step-size coefficient, by using the polynomials and variables given in (22)-(23]) with (32)), we
get for any € > 0 that
4P2’a(0, E, 07 0, 07 6) — _52 < 0,

implying
Yo = 0 for any « # 0. (34)
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5 Step-size coefficients for higher-order methods

In this section we investigate the non-negativity of higher-order ERK methods and show some negative
results.
It is known [0, Section 2.4.3] that the SSP coefficient for any ERK(4,4) method is C = 0. The question
naturally arises whether it is possible to find an ERK(4,4) method with positive step-size coefficient.
First we recall the following result; see the proof of [I5, Theorem 9.6]E| and of [0, Theorem 2.4].

Proposition 6. A j-stage 4th-order explicit Runge—Kutta method has non-negative Butcher tableau
(A,b) if and only if the method is the classical RK4 method (appearing in Appendiz .

Proposition [6] and Theorem [3] yield the following.
Proposition 7. Any non-confluent ERK(4,4) method has step-size coefficient v = 0.

The previous result cannot be applied to the classical ERK(4,4) method, for example, which is
confluent. For this method we have the following construction.

Proposition 8. E| There is no positive step-size coefficient v such that the classical ERK(/,4) method
preserves positivity for all problems of the form .

Proof. We prove the proposition by constructing an ODE system such that the method gives a
negative solution value for any positive step size.

First we determine (for example, by using the code in Appendix that the polynomial Pj3 for this
method appearing in is

P3(x1,$2, T3,T4,T5,T6, L7, xSa-TanlO) =

1
21 (2w226w9 + 20528010 — T1XT5TRT10 — T2T52T8T10 — L2LLRT10 — L2T6L9T10) 5
where, for better readability, we have relabeled the variables according to

($17 L2y e ey le) = (51};—37 6/1—27 fli—lv glia 6/3—27 fl%—la 523 52—17 51?7 gl%)
We observe that this polynomial is negative in any hypercube [0, ]! with e > 0, since
P3(0,£,0,0,0,¢,0,¢,0,¢) = —1/24 < 0.

We now let N = 4, ¢ = At/Awx, and as initial data take v := u(ty) = (1,0,0,0). Then P3(¢) = —¢*/24
if ¢, =¢ | =& | =& = e and the remaining values of ¢ are zero. Thus it remains only to choose
a definition of the functions g such that the aforementioned ¢ values result.

We can write the first step of the method as

y't=v

g
Ui = vk + 50U Wit — U)

g
vii = vk + 500" (i1 — )

Y = Uk +<’5Qk( )W — v2)
1

wp = vk + g = (e () Wiy — yb) + 20k (07 Wiy — v + 20k (%) (Wit — v + o) Wy — ub) -

We have y' = u(tg) = (1,0,0,0), and we define go(y') = 1, while ¢1(y*) = ¢3(y') = qu(y') = 0. This
leads to y? = (1,£/2,0,0), and we define g3(y?) = 1, while ¢;(y?) = qg(y ) = q (y?) = 0. This leads
to y®> = (1,0,£2/4,0), and we define q3(y3) = 1, while ¢1(y®) = ¢2(¥®) = q4(y®) = 0. This leads to
= (1,0,—¢%/4,0), and we define q4(y*) = 1, while ¢1(v*) = ¢2(v*) = ¢3(y*) = 0. This leads to
= (1,¢/6,(2e? — £3)/12, —e*/24). The last entry is negative for any p0s1t1ve step size, and the proof
is complete. O

2We thank Zoltan Horvéth (Széchenyi Istvan University, Hungary) for pointing this out.

30ur Proposmonlseems to directly contradict Theorem 1 in [I3]. To explain the discrepancy, note that the polynomial
P35 in our proof becomes negative along a 9-dimensional hyperface of the hypercube [0,¢]'? for any e > 0; in [13] it seems
that the non-negativity of the corresponding (but slightly different) polynomial was checked only at the vertices of the
hypercube [0, 1]10.
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Some well-known ERK methods of higher order or with more stages—e.g., the methods of Fehlberg
[5] or Dormand-Prince [d]—contain negative entries in their Butcher tableau, so Theorem [3| shows that
their step-size coefficient is 0. Nevertheless, we have constructed some ERK(5,7) methods with non-
negative tableau (see [I8] also). For these methods however the approach described in Section
becomes practically unmanageable with our current tools: one would need to test the non-negativity of
multivariable polynomials with several hundred terms in high-dimensional hypercubes.

6 Discussion and further applications

The method described and applied herein can be employed to study positivity and related properties for
any semi-discretization that can be written in the form

u,(t) = qr(u(t),t) Z cjuk—;(t),

j=—r

where g > 0. Given this form, we can determine polynomials such that

m
uptt =Y Pi(&uis, (35)
1=—Trm
following the approach in Section only the structure of the matrix D changes in .

The computationally expensive step in the analysis is the determination of a hypercube—in the
non-negative orthant, and preferably having the maximum edge length—in which the polynomials P;
(depending on parameters if we are to optimize in parametric families of ERK methods) are simulta-
neously non-negative. The limiting factor is the dimension of the hypercubes, as it grows quadratically
with the number of stages of the method. With current tools, methods with more than five stages cannot
easily be studied in this manner. Nevertheless, the necessary condition for non-negativity obtained by
evaluating the polynomials P; at the hypercube vertices often turns out to be sufficient as well (sufficiency
can be proved by examining the critical points and the boundaries). Moreover, Theorem [3| immediately
provides negative conclusions regarding many high-order methods.

It is worthwhile to return to a comparison of this approach with that of strong stability preserving
methods. The essential differences are the following.

e In the current approach, we consider a more restricted class of problems; however, this class contains
the principal class of problems for which SSP theory was developed.

e In the current approach, it is not necessary that the forward Euler method be positive in order to
prove positivity for higher-order methods. Nevertheless, in all cases studied so far, we have obtained
positive step sizes only for semi-discretizations that are stable under forward Euler integration.

e The current approach gives larger step sizes than the SSP approach for many methods.

Both approaches are still overly pessimistic for certain methods of interest, such as the classical 4-stage
4th-order method, which cannot be guaranteed positive with either approach but yields good results in
practice. It may be possible to obtain sharper step-size restrictions for such methods by either restricting
the allowed initial data or invoking some assumption of consistency on values of ¢ generated from one
stage to the next (both approaches would lead to consideration of positivity of the polynomials P; on
sets other than hypercubes).

In the remainder of this section, we demonstrate the application of these techniques to some additional
semi-discretizations.

6.1 Centered discretizations of hyperbolic problems
Let us consider centered semi-discretizations of the form

u'(t) = Q(u(t), ) Du(t), (36)

where @ is diagonal and D is skew-symmetric. Such discretizations arise when centered finite differences
are applied to a hyperbolic problem. For example,

ug,(t) = qr(u(t), t) uk_l(té;;’““(t), k=1,...,N (37)
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with ¢ = 1 is a common semi-discretization of the advection equation U; + U, = 0. Since the exact
solution of this system of ODEs does not preserve positivity, any consistent semi-discretization will also
not be positivity-preserving for sufficiently small step sizes. Below, we show how this conclusion can be
reached directly using the present technique.

For such discretizations, we have the following result, which follows from the fact that odd powers of
D are skew-symmetric while even powers are symmetric.

Lemma 1. Let a semi-discretization be given with @ diagonal and D skew symmetric. Define the

vectoré such that fiﬂ = fiﬂ'- For any Runge—Kutta method applied to this semi-discretization, we
have an iteration of the form , where

Pi(§) = P,j(f) for j even;

Pi(€) = —P_;(§) for § odd.

The latter equality for the odd-numbered polynomials generally implies that no positive step-size
coefficient exists.

6.2 The heat equation

As a next example, we consider the scalar heat equation U; = k(x)U,, and its semi-discretization in the
form

uk_l(t) — 2uk(t) + uk+1(t)

(Az)? , k=1

ul(t) = g A (38)
where ug := uy, unt+1 = u1, and gx = k(xg) > 0. The matrix Dy in is now the N x N tridiagonal
matrix with entries (1, —2,1) such that [Dy]1, v = [Dn]n1 = 1.

When, for example, a two-stage ERK method is applied to , the k™ component of the step
solution in becomes

uptt = Poo(up o + Por(Qufyy + Po(Qup + Pu(&)up_y + Pa(Eui_s,

where
P_5(€) = anbabi &R,
P_1(€) = bi&), + baffl — 2a1b264E7 — 2a21b26) 1 &7,
Py(&) = 1= 2b1&}, — 2026 + anbal)_1&f + dasbo&&f + anibalf 1 &x,
Pi(€) = bi&} + ba&p — 2a21 026} _1 &7 — 2a21 028487,
Py(€) = amboby_ &
and

; At
= j=1,...,m.
fk (Ax)QQIW j I , M

By introducing the variables
wi=Ey, Y= 2= s ui= 6

and using , the multivariable polynomials corresponding to the ERK(2,2) family are now

P_s(z,y,z,u) = %’

P_i(z,y,z,u) = u—y—2oz(2iu—|—uz_y)7

Po(x,y,2,u) = u(az +day + az ;i) +2(a — 20y + y)’
Pi(z,y,2,u) = u_y_204(23;[1&—&-(1/11—3/)7

Py(x,y,2,u) = %

This time, unlike in Section we get non-trivial step-size coefficients in the ERK(2,2) family.

17



Proposition 9. We have

=1/2, aell/2,1]
T V<1/2, 0£a<1/2ora>1.

Proof. For any fixed o # 0, we are looking for some ¢ = e(«) > 0 such that the inequalities P; > 0 for
—2 < i <2holdin [0,e]*. Clearly, it is enough to consider the indices i = —1,0, 1. By again investigating
the vertices of the hypercube [0,¢]* (see Appendix [A.2)), we derive the necessary conditions

1
fgagland0<5§1 or cu>1and0<5§i .
2 2 2

By considering the maximum value ¢ = 1/2, we can then prove that for any « € [1/2,1] and any
(2,9, 2,u) € [0,1/2]* we indeed have P_; >0, Py > 0 and P, > 0. O

A  Some Mathematica code

A.1 Generating the multivariable polynomials

The first cell below contains the definition of a Mathematica function ERKpolynomials for generating
the multivariable polynomials in . The two arguments A and b correspond to the Butcher tableau of
the ERK method, and the output is a list of the m + 1 polynomials Py, ..., P,, in the variables &). Note
that the superscripts in 5? are not exponents; the symbols fﬁ with different sub- or superscripts denote
different variables.

The second cell illustrates how to obtain the 4 + 1 = 5 polynomials in
sponding to the classical ERK(4,4) method.

% = 10 variables corre-

ERKpolynomials[A_,b_]:= Module[{m=Length@b,xi,S},ClearAl1[\[Xi], k];
xi=DiagonalMatrix@Table [Subsuperscript [\ [Xi],k,i],{i,m}];
CoefficientList[1+First[
b.xi.Total@NestList[A. (DiscreteShift[S xi.#,{k,-1}]-xi.#)&,IdentityMatrix[m],m-1].
ConstantArray[S-1,{m,1}]1,8]]

ERKpolynomials[{{0,0,0,0},{1/2,0,0,0},{0,1/2,0,0},{0,0,1,0}},{1/6,1/3,1/3,1/6}]

A.2 Non-negativity of polynomials at the vertices of a hypercube

Here we provide a simple Mathematica code to test the non-negativity of a multivariable polynomial by
evaluating it at each vertex of a hypercube. In this particular example, the polynomial P_q(z,y, 2, u)
from Section [6.2]is evaluated at the 2% vertices of the hypercube [0, £]* with some £ > 0, and the resulting
system of 16 inequalities P_; > 0 is solved.

u—y—2alyut+uz—y)
2a

Thread /@ Table [{x, y,z,u} — Tuples[{0,¢},4] [[k1],{k,1, 24}] )]

/.

Reduce [5 > 0 && And @@ (0 <

Acknowledgement. We are indebted to the referees of the manuscript for their suggestions that helped
us improving the presentation of the material.
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