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1 Introduction

The strong numerical approximation of an Itd stochastic partial differential
equation defined in the bounded domain A C RY(d = 1,2,3) is analyzed.
The domain A is assumed to be a convex polygon, or has smooth bound-
ary. Boundary conditions on the domain A are typically Neumann, Dirichlet
or Robin conditions. More precisely, we consider in the abstract setting the
following stochastic partial differential equation

dX(t) = [AX(t) + F(X()]dt + B(X®)dW (t), X(0)=X,, te[0,T](1)

on H = L?(A), T > 0 is a final time, F' and B are nonlinear functions, Xy is
the initial data which may be random, A is a linear operator, unbounded, not
necessarily self adjoint, and the generator of an analytic semigroup S(t) :=
et4t > 0. The noise W(t) = W(x,t) is a Q—Wiener process defined in a
filtered probability space (£2, F,P, {F;}+>0). The filtration is assumed to fulfill
the usual conditions (see 28, Definition 2.1.11]). We assume that the noise can
be represented as

W(:C,t) = Z \/qjez(x)ﬁz(t)a te [O’TL (2)

i€Nd

where ¢;, e;, i € N® are respectively the eigenvalues and the eigenfunctions of
the covariance operator @), and 3; are independent and identically distributed
standard Brownian Motions. Precise assumptions on F', B, Xy and A will be
given in the next section to ensure the existence of the unique mild solution
X of (1)) which has the following representation (see [26L[28]) for ¢ € (0,T]

t t

X(t)=8(t)Xo + / S(t—s)F(X(s))ds+ [ S(t—s)B(X(s)dW(s). (3)

0 0

In few cases, exact solutions are explicitly available, so numerical techniques
are the only tools to provide good approximations in more general cases (see
for examples [13,]19,[20}/23}27,/40-42]). Approximations are done at two lev-
els, spatial approximation and temporal approximation. For the spatial ap-
proximation, the finite difference, the finite element method and the Galerkin
spectral method are usually used [13][20}23,/32,/41,|42]. As for PDEs, stan-
dard explicit time stepping methods for SPDEs are usually unstable for stiff
problems and therefore severe time step constraint is needed. To overcome
that drawback, standard implicit Euler methods are usually used [20427}39].
Although standard implicit Euler methods E| are stable, their implementation
requires significantly more computational effort, specially full implicit meth-
ods, as Newton method is usually used to solve nonlinear algebraic equations

L Full implicit or semi-implicit methods
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at each time step. Recently, stochastic exponential integrators [13}[23}|40] ap-
peared as non standard explicit methods efficient for SPDE . All stochastic
exponential integrators analyzed in the literature for SPDEs [13}/23,/40] are
bounded on the nonlinear problem as in where the linear part A and the
nonlinear function F' are explicitly known a priori. Such approach is justi-
fied in situations where the nonlinear function F' is small. Indeed when F' is
small the linear operator A drives the SPDE and the good stability of
the exponential integrators and semi-implicit method are ensured. In fact, in
more realistic applications the nonlinear function F' can be stronger. Typical
examples are semilinear advection diffusion reaction equations with stiff reac-
tion term. In such cases, the SPDE is driven by the nonlinear operator F'
and both exponential integrators [13}23]/40] and semi-implicit Euler [27}39]
will behave as explicit Euler-Maruyama scheme (see Section , therefore
their good stability properties are lost. To overcome this issue we propose
in this work a new scheme called Stochastic Exponential Rosenbrock Scheme
(SERS). Coupled with finite element for space discretization, the new scheme
is based on a local linearization of the drift term at each time step in the
corresponding semi-discrete problem of . The local linearization therefore
weakens the nonlinear part of the drift such that the linearized semi-discrete
problem is driven by its linear part, which change at each time step. The stan-
dard stochastic exponential scheme [23] is applied at the end to that linearized
semi-discrete problem and the corresponding scheme is our new scheme. The
challenge here is to deal with the new discrete semigroup which indeed is a
semigroup process, called stochastic perturbed semigroup. The key idea comes
from the deterministic exponential Rosenbrock method [10-12}24}[29]. Note
that similar schemes for stochastic differential equations in finite dimensions
have been proposed in [2l/3]. Using some deterministic tools from [24], we pro-
pose a strong convergence proof of the new schemes where the linear operator
A is not necessarily self adjoint. Note that the orders of convergence are the
same with stochastic exponential schemes proposed in [23|. The deterministic
part of this scheme is of order 2 in time and has been proven to be efficient and
robust in comparison to standard schemes in many applications [7,35] where
the perturbed semigroup and related matrix functions have been computed
using the Krylov subspace technique [9] and fast Leja points technique [1,/35].
For our new stochastic scheme, numerical simulations show its good stabil-
ity behavior compared with a stochastic exponential scheme proposed in 23],
where the stochastic perturbed semigroup and related matrix functions are
computed using Krylov subspace technique.

The rest of this paper is organized as follows. Section [2]is devoted to the math-
ematical setting, the numerical method and the main result. In Section [3]some
preparatory results and the proof of the main result are provided. In Section
we provide some numerical experiments to sustain our theoretical results. We
end the paper in Section [5| by providing a concluding remark.
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2 Mathematical setting and main results
2.1 Main assumptions and well posedness

Before we state the well posedness result, let us define key functional spaces,
norms and notations that will be used in the rest of the paper. Let (H, (., ) g, ||.]|)
be a separable Hilbert space. For all p > 2 and for a Banach space U, we de-
note by LP(£2,U) the Banach space of all equivalence classes of p integrable
U-valued random variables. We denote by L(U, H) the space of bounded lin-
ear mappings from U to H endowed with the usual operator norm ||.|| 1w, #)-
By Lo(U,H) := HS(U, H), we denote the space of Hilbert-Schmidt operators
from U to H. We equip L2(U, H) with the norm

102,y = D Iil®, 1€ Lo(U, H), (4)
=1

where (10;)$2, is an orthonormal basis of U. Note that this definition is in-
dependent of the orthonormal basis of U. For simplicity, we use the nota-
tions L(U,U) =: L(U) and Ly(U,U) =: Lo(U). It is well known that for all
le L(U, H) and [ € EQ(U), I € £2(U, H) and

1l co.ry < Wllzw.n 0]l 2o w)- (5)

Throughout this paper W (¢) is a Q-wiener process. We assume that the covari-
ance operator Q : H — H 1is positive and self-adjoint. The space of Hilbert-
Schmidt operators from Q'/2(H) to H is denoted by L3 := Lo(Q'/?(H), H) =
HS(Q'?(H), H) with the corresponding norm ||| ;g defined by

- 1/2
Uy = 11Q"?|l s = (Z ||ZQ1/26¢||2> , lelLy,
1=1

where (e;)$2, is an orthonormal basis of H. This definition is independent of
the orthonormal basis of H. In the rest of the paper, we take H = L?(A).

In order to ensure the existence and the uniqueness of solution of and for
the purpose of the convergence analysis, we make the following assumptions.

Assumption 1 [Linear operator A] A : D(A) C H — H is a negative
generator of an analytic semigroup S(t) := e/t

Assumption 2 [Initial value Xo] We assume that Xo € LP (02, D((—A)?/?)),
0<p<2p=>2

As in the current literature on deterministic exponential Rosenbrock-Type
methods [10}(11}/241/30,31], we make the following assumption on the nonlinear
term.

Assumption 3 [Nonlinear term F] We assume that the nonlinear map-
ping F: H — H is Fréchet differentiable with bounded derivative, i.e. there
exists a constant C > 0 such that

|E' ()lmy <C, YoveH.
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Assumption [3] together with the mean value theorem show that there exists a
constant L > 0 such that

|FY)—-FZ)|<L|Y-2Z|, Y, ZeH. (6)
As a consequence of @, there exists a positive constant C' such that

IE(I < FO)] + [|#(2) = FO)]
<[FOI+ Lz <c+]2l), ZeH.

Following [26] Chapter 7] or [15]20,/23,/41] we make the following assumption
on the diffusion term.

Assumption 4 [Diffusion term | We assume that the operator B : H —

LY satisfies the global Lipschitz condition, i.e. there exists a positive constant
C such that

IBOY) - B(Z)lyy <ClIlY - 2|, ¥ Y,ZeH.
As a consequence, there exists a positive constant L > 0 such that

I1B(Z)l[Lg < 1B(O)llzg + 1B(2) = B(0)]|zg
<[BO)|rg +ClI2]| < LA+ | Z]), VZ €< H.

To establish our L? strong convergence result when dealing with multiplicative
noise, we will also need the following further assumption on the diffusion term
when S € [1,2), which was also used in [15}20,21}23].

Assumption 5 We assume that there exist two positive constants ¢ > 0, and

v € (0, 1%] small enough such that B(D(—A)"/?) ¢ HS(Q'/?(H), D(—A)"/?)
and ||(—A)'Y/QB(U)HL3 < (14 |[(=A)20|) for all v € D((—A)"/?), where B

is the parameter defined in Assumption[d

Typical examples satisfying Assumption [5] are stochastic reaction diffusion
equations (see |15 Section 4]).

When dealing with additive noise, the strong convergence proof will make
use of the following assumption on the noise.

Assumption 6 We assume that the covariance operator Q@ : H — H satis-
fies the following estimate

< 00, 7
o = (7)

where f is defined in Assumption [

We equip V,, := D((—A)*/?), a € R with the norm ||v||s := [[(—A)*/?v]|, for
all v € H. Tt is well known that (V,,, ||.||o) is a Banach space [3].

To achieve optimal order when dealing with additive noise, we require the
nonlinear function F' to satisfy the following further assumption, also used
in [36,138H40].
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Assumption 7 We assume that the deterministic mapping F' : H — H s
twice differentiable and there exists a positive constant C such that

IF" (u)(v1,v2) |-y < Clloal-Jo2ll,  w, 01,02 € H, for some n € [1,2). (8)

Let us recall in the following proposition some semigroup properties of the
operator S(t) generated by A E| that will be useful in the rest of the paper.

Proposition 1 [Smoothing properties of the semigroup] (8] Let o > 0,
0 >0 and 0 <~ <1, then there exists a constant C > 0 such that
[(=A)°SE)| Ly < Ct°, >0,
(=)@ = SE)r <Ct7, >0,
(—A)°S(t) = S()(=A)" on D((=A)°),
ID{S(tyolls < 7=, ¢>0, veD(-A)*?),
dl
where I = 0,1, and D! = prh
If § > v then D((—A)°) C D((—A)).
Theorem 8 [Well posedness result] [26, Theorem 7.4]
Let Assumption[l], Assumption[3 and Assumption[{] be satisfied. If Xo is a Fo-

measurable H valued random variable, then there exists a unique mild solution
X of problem of the form (@ and satisfying the following

=1

)

P VOT 1X (s)[ds < o

and for any p > 2 there exists a constant C = C(p,T) > 0 such that

sup E[X(#)[|” < C(1 + E[| Xol").
t€[0,T]

Furthermore from [15, Theorem 1] or [23] Theorem 2.6] it holds that for all
v €[0,1), for all p > 2 there exists a positive constant C' such that

EIX®2)"" < € (1+ EIX)12)7), tel0,T) (9)

2.2 Finite element discretization

In the rest of this paper, to simplify the presentation, we assume that the linear
operator A is of second order. More precisely, we assume that our SPDE (|1
is a second order semilinear parabolic and takes the form
dX(t,z) =[V-(DVX(t,x)) —q-VX(t,z) + f(z, X(t,x))]dt
+ b(z, X(t,2))dW(t,x), x€A, te]|0,T], (10)

2 The proposition indeed is general and provides some estimates for any semigroup and
its generator.
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where the functions f: A X R — R and b: A x R — R are continuously
differentiable with globally bounded derivatives. In the abstract framework
, the linear operator A takes the form

L9 ou d ou
D= (Di,j)lgi,jgd q= (Qi)lgigd' (12)

where D;; € L*(A), ¢; € L>°(A). We assume that there is a positive constant
c1 > 0 such that

d
3 Dij(a)eig; > cilel?, VEER!, zeld.

i,j=1
The functions F : H — H and B : H — HS(Q'/?(H), H) are defined by

(F(v)(#) = f(z,v(z)) and (B(v)u)(z) = b(z,v(x)).u(z), (13)
forallz € A,v € H,u € Q/?(H), with H = L?(A). For an appropriate family

of eigenfunctions (e;) such that sup |sup |el(x)||} < 00, it is well known [15,
ieNd LxeA

Section 4] that the Nemystskii operator F related to f and the multiplication
operator B associated to b defined in satisfy Assumption (3] Assumption
and Assumption [5| As in [6/23], we introduce two spaces H and V', such
that H C V; the two spaces depend on the boundary conditions of A and the
domain of the operator A. For Dirichlet (or first-type) boundary conditions
we take

V=H=H}(A)={veH(A):v=0 on 0A}.

For Robin (third-type) boundary conditions and Neumann (second-type) bound-
ary condition, which is a special case of Robin boundary conditions, we take
V = HY(A) and

H={ve H*A):0v/dva+apw=0, on 0A}, ag€R,

where Ov/0v 4 is the normal derivative of v and v4 is the exterior pointing
normal n = (n;) to the boundary of A given by

d
Ov/Ovy = Z nl(a:)DU(x)aaTU, x € 0A.
ij=1 J

Using the Green’s formula and the boundary conditions, the corresponding
bilinear form associated to —A is given by

a(uv)—/ iD”%ﬁ—i—i '%v dx, wu,veV,
) - N Ual'i 8:17] P qlax 9 9 )

ij=1 !
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for Dirichlet and Neumann boundary conditions, and

d d

Ou Ov
= i i d dz, u,veV.
a(u,v) /A i; i 9, 8m Zq iv x—&-/aAaouv T, Uu,vE

for Robin boundary conditions. Using the Garding’s inequality ( [33]), it holds
that there exist two positive constants cg and Ay such that

a(v,v) 2 Xollvllip 4y = collv]?, Vo e V. (14)

By adding and substracting co Xdt on the right hand side of , we have a
new linear operator that we still call A corresponding to the new bilinear form
that we still call a such that the following coercivity property holds

a(v,v) > No|jv]|3, veV. (15)

Note that the expression of the nonlinear term F' has changed as we included
the term —cpX in the new nonlinear term that we still denote by F. The
coercivity property implies that A is sectorial on L?(A), i.e. there exist
C1, 6 € (3m,7) such that

. C
I = A) " pzzay < ﬁ A€ Sp, (16)

where Sp := {A€C: A=pe'®, p>0, 0< |¢] <0} (see [8]). Then A is the
infinitesimal generator of a bounded analytic semigroup S(t) := e* on L2(A)
such that

1
S(t) = et = o ), AN — A)7td), t>0, (17)
T

where C denotes a path that surrounds the spectrum of A. The coercivity
property also implies that —A is a positive operator and its fractional
powers are well defined for any « > 0, by

(A)™* = F(la)/o teletAdy, (18)
(A = ((=4)),

—

where I'(«) is the Gamma function (see [8]). Let’s now turn to the discretiza-
tion of our problem . We start by splitting the domain A in finite triangles.
Let 7; be the triangulation with maximal length A satisfying the usual reg-
ularity assumptions, and V;, C V the space of continuous functions that are
piecewise linear over the triangulation 7. We consider the projection Py, from
H = L*(A) to V}, defined for every u € H by

(Pru,x)u = (u,X)r, VX E Vi (19)

The discrete operator Ay : Vi, — V}, is defined by
<Ah¢7 X>H = <A¢a X>H = —Cl((]S, X)? VQSa X € Vh’ (20)
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Like A, Ay, is also a generator of a semigroup S, (t) := e/4#. As any semigroup
and its generator, Ay, and S, (¢) satisfy the smoothing properties of Proposition
with a uniform constant C, independent of h. Following [4},6,22,36], we
characterize the domain of the operator (—A)k/z7 1 <k <2 as follow

D((-A)*/2) =Hn H*(A), (for Dirichlet boundary conditions),
D(—A)=H, D((-A)?) = H'(A), (for Robin boundary conditions).

The semi-discrete version of problem (1)) consists to find X"(t) € V},, t € (0,T]
such that X"(0) = P, X, and

dX"(t) = [Ap X" (t) + P F(X"(t))]dt + P,B(X"(t))dW (t), t € (0,T](21)
We note that A, and P, F' satisfy the same assumptions as A and F' respec-
tively. We also note that P, B satisfies Assumption [l Therefore, Theorem
ensures the existence of the unique mild solution X" (¢) of (21 such that

IX" (@)l < O+ [|PaXoll) < C(L+ |1 Xol). ¥t e [0,T). (22)

The mild solution of can be represented as follows
t
XM() = Sp(H)X"(0) + / St — $)PyF (X" (s))ds
0
t
+ / Sp(t — )P B(X"(5))dW (s). (23)
0

The following lemma will be useful in our convergence analysis.

Lemma 1 The following estimate holds

[(=An)* Prol] < Cll(=A)%], YV O0<a<g, VoeD(-4)").

N |

Proof From the equivalence of norms (see |22, (3.12)]) we have

1= A2 Poll < ClPwellmsay, v € HA(A), (24)
Note that
d 2
6(P;LU)
1Pl ) = 1Prvll72ca) + Z . ; (25)
| LI PO

where % stands for the weak derivative. Let D(A) be the set of functions
¢ € C°°(A) with compact support in A. Let v € L2(A), for all p € D(A), we

have
o) N\ _ 99\ _ - 0p
< 85131 a(p> - - <tha al’z =—\Y Ph 81’1 ) (26)
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0
14 is the deriva-
8:@

tive of ¢ in the classical sense. From [24] Remark 2.1] we have

L Op _ O(Pre)

h 31‘,' 82131 ’

since P is a linear operator. So from the equality it holds that

<a<£iv>,@> - - <U7 3<§§:o>> _ < gx p;;@> _ <Ph§;,¢>. (27)

Since holds for all ¢ € D(A), it follows that

O(Ppv) P ov

axi N h@xi
Inserting this latter relation in (25)), using the fact that the projection P,
is bounded with respect to the norm ||.|[z2(4) and again the equivalence of
norm |22, (3.12)] yields

where (., .} is a duality pairing between D’(A) and D(A), and

in the weak sense. (28)

d 2
ov
1PwvllZre cay = IPw0lEacay + > || Prg -
i—1 TillL2(a)
d 2
ov
= [0l Z24y +
L2(A) ; oz, L)
= [l ay < CI(=A) 0] (29)
We therefore have
(=40 Py < Ol (~A)20]. (30)

Note that remains true if we replace % by 0. By interpolation theory we
have

[(=An)* Pro]| < ClI(=A)%0], VO<a<o, VoeD(-A)). (31)

N |

Let us recall the following well known lemma.

Lemma 2 [Ité isometry] (28, Proposition 2.3.5]
For any t € [0,T) and for any LY-valued predictable process ¢(s), s € [0,t] the

following equality holds
2 t
]=EU'mw@ﬂ.
0

The following two lemmas provide space and time regularity results of
the mild solution of the semi-discrete problem . These lemmas play an
important role in our convergence analysis. More results on the regularity of
the mild solution of problem (1) can be found in [15}21/26].

E /0 o(s)dW (s)
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Lemma 3 [Space regularity of the mild solution X"(t)]

Let Assumption[d, Assumption[d, Assumption[3 and Assumption[{] be fulfilled
with B € [0,1), and p > 2. Then for allt € [0,T], X"(t) € LP(2,D((—A)5/?)).
Moreover, there exists a positive constant C' independent of h such that

1= AP 2X O oi,m) < C (1 1= A Xolloom ) » 1€ [0,T1(32)

Further, when dealing with additive noise (B =1), if Assumption@ is fulfilled
with B € [0,2), then for all t € [0,T] X"(t) € LP(£2, D((—A)"/2)) and
holds for B € [0,2).

Proof The proof follows the sames lines as that of |23, Lemma 2.6] or |15
Theorem 1] or [21] Theorem 3.1] by making use of Lemma [I}

Lemma 4 [Time regularity of the mild solution X"(t)] Let X" be the
mald solution of . If Assumption Assumption@ Assumption@ and As-
sumption [ are fulfilled with the corresponding 0 < f < 2. For 0 < 8 < 1,
there exists a positive constant C' independent of h such that for t1,ts € [0,T],
t1 < tg, we have

IX"(t2) = X" (¢l o,y < Clta = 1)1+ 1(=A)* Xol| Lo (,m))- (33)

Moreover, if Assumption [5] is fulfilled with 1 < B < 2, then there exists a
positive constant C' such that

1X" (t2) = X" (t1)l| o,y < Cltz = 01) 21+ (A2 Xol| o (2,m))- (34)

For additive noise (B = 1), if Assumption |1, Assumption @ Assumption @
and Assumption[6 are fulfilled, then the following time regularity holds

X" (t2) = X™(t1) | o) < Clta — )™ D2 (14 (A2 Xo| o 0,m))-

Proof The proof follows the same lines as that of |23| Lemma 2.7] or [L5|
Theorem 1] or [21, Theorem 4.1] by making use of Lemma [1}

2.3 Current stable and efficient schemes for semilinear SPDEs

Recall that the simple efficient standard semi-implicit Euler-Maruyama scheme
for (1)) is given by (see e.g. [27])

Z8 = Spoae [T+ At(L — 0)Ap) ZE + At PyF(Z)) + Py B(Z)) AW, ] (35)
Spoar = (I—0AtAL) ™", 0€]0,1]. (36)
The exponential integrators schemes developed in [23)33] are given by

Kl = Sh(At) (K] + At P,F(K}) + P,B(K!)AW,,) | (37)

m
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and
Ll = Sp(At) (L + PyB(LE)AW,,) + Aty (AtA,) P F(LE), (38)
AW, o= Wa,,,, = Wi, = VALY \/GiRimei,

ieN
where R; ,, are independent, standard normally distributed random variables
with mean 0 and variance 1, and the function ¢, is defined in . Note that
all the initial values in all the schemes are taken to be P, X, and scheme (35
is more stable for § > 1/2. If the linear operator A tends to the operator null’|
the corresponding discrete operator Aj tends also to null, Sy (At), Sp a¢ and

p1(AtAy) tend to the identical operator I. Therefore the numerical schemes
(135)), and become the unstable explicit Euler-Maruyama scheme.

2.4 Novel fully discrete scheme

Let us build a more stable scheme, robust when the operator A tends to null.
For the time discretization, we consider the one-step method which provides
the numerical approximated solution X" of X"(t,,) at discrete time t,, =
mAt, m =0,---, M. The method is based on the continuous linearization of
. More precisely we linearize at each time step as

dX"(t) = [AnX"(t) + Jh XM (t) + Gt (X" (t))]dt + P, B(X"(t))dW (t)(39)

for all t,, <t < t;, 41, where J” is the Fréchet derivative of P,F at X! and
G" is the remainder at X" . Both J” and G" are random functions and are
defined for all w € 2 by

T (w) = (PF) (Xp, (W) = PoF (X, (), (40)
G (W) (X" (1)) == P F (XM (1)) — I (w) X" (2). (41)

Before building the new numerical scheme, let us recall the following important
lemma.

Lemma 5 For all m € N and all w € (2, the random linear operator Ap, +

J! (w) is the generator of a strongly continuous semigroup S™ (w)(t) := e(An+Jp, (@)t
called random (or stochastic) perturbed semigroup and uniformly bounded on
[0,T], i.e. there exists a positive constant Cy independent of h, m, At and the
sample w such that

Hemhuﬁ(w))tH <C, 0<t<T.
L(H)

Proof Using the boundedness of P, and Assumption [3] it holds that

1T @)y < NE' (X @)llpgny <C, meN, we 2. (42)

3 Think about for example a multiple of Laplace operator A = aA, when a — 0
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Therefore J" (w) is a bounded linear operator. It follows then from [25, The-
orem 1.1, Chapter 3, Page 76] that Aj, + J! (w) is a generator of a strongly
continuous semigroup denoted by S” (w)(t) = e(Ant T (@) Since Ay, is a gen-
erator of an analytic semigroup S, (t) = e*#?, there exist two constants K > 0
and Cy € R such that

e || ey < Ke®t, >0, (43)

Finally using and it holds by applying again |25, Theorem 1.1, Chap-
ter 3, Page 76]) that

< Ke(oo-‘rHJ:fl(w)HL(H))t
L(H) —

< KelCoF Ot < ¢y t € (0,7, (44)

He(Ah+J1;(w))t

where C1 is a positive constant, independent of h, m, w and At. This complete
the proof of Lemma

Given the solution X" (t,,) and the numerical solution X" at t,,, we obtain
from the following mild representation form of X" (¢,,11)

t7n
X () = A F IR (g,,) 4 / eI =Gl (X () d

tm

tm+1
. / Art 5 (Ems1=9) p, B(X(5))dW (s). (45)
t

m

We note that is the exact solution of at t;,4+1. To establish our
numerical method we use the following approximations

G (X" (b + 5)) = Gl (X)), (46)

eAntTn)(tmi1=9) py B(X (s)) & eAntIn)Atp B(X]). (47)

Therefore the deterministic integral part of can be approximated as fol-
lows

tm
/ i eAntTn)tmir=s) Gh (X (5))ds
t

m

At
= / oAt Tn)(At=s)gh (xh(t 4+ s))ds
0

~ GIL(XI) (A + T8 (At At ), (48)

Inserting and in and using the approximation X" (t,,) ~ X! give
the following approximation X | of X" (t,,11), called Stochastic Exponential
Rosenbrock Scheme (SERS)

= AntTI)At R (4 4 Jh) =LAt IR)AL _ygh (xh)
h
+ AT AP, B(X 1) (W, — Wi, (49)

h
Xim+1

m
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with X} := X"(0) = P, X,. The numerical scheme can be rewritten in
the following equivalent form, which is efficient for implementation

X!, =X+ P,B(X]!)AW,,
+ o1 (At(An + J5) [(An + J3) (X0, + PuB(X3) AW,) + G (X))

where
1 (AL(Ap + J1)) = (Ay £ J5) (A )

At N
= / e(At=9)(AntJn) g, (50)
0

Note that the operator ¢ (At(Ay, + JP (w))) is uniformly bounded (indepen-
dently of h, m and w), see e.g. [10, Lemma 2.4].

Remark 1 Note that the corresponding standard stochastic exponential scheme
presented in [23] can be written as

L gy = Ll + PuB(LL) AW,
+ 1(AtAy) [An (LE + P B(LE)AW,,) + Py F(LE)] . (51)

m
This scheme will be called SETD1 and will be used in our numerical simula-
tions for comparison with SERS scheme.

Remark 2 If the deterministic part is also approximated as the diffusion part
, we will obtain the following new scheme

Ul = At Im)AL [Uh o P BUL)AW,, + G (UL))] . (52)

Our main result is also valid for scheme and the extension of our proof
to that scheme is done as in [23| without any issue.

Having the numerical method in hand, our goal is to analyze its strong
convergence toward the exact solution in the root-mean-square L? sense. In
the following subsection we state our strong convergence results, which are in
fact our main results.

2.5 Main results

Throughout this paper we take t,, = mAt € [0,T], where T = M At for
m,M € N, m < M, T is fixed, C is a generic constant that may change
from one place to another and € > 0 is a positive constant small enough.
The main results of this paper are formulated in the following theorems. For
multiplicative noise we have the following result.
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Theorem 9 Let X(t,,) and X" be respectively the mild solution (@ and the
numerical approximation given by (@) at t,, = mAt. Let Assumption As-
sumption |4 (with 0 < 8 < 1 and p = 2), Assumption @ and Assumption (4] be
fulfilled. Then the following error estimate holds

(BJIX () = X |2)12 < € (17 + AE7/2).

Moreover, under a strong regularity of the initial data, that is Assumption g
(with p = 2) and Assumption[5 are fulfilled with B € [1,2) and v = — 1, the

following error estimate holds
(BIIX (tn) — X0 |2)1/2 < € (h + 481/2).

If B = 2 and Assumption|d (with p = 2) and Assumption@ are fulfilled with
v =1, then the following error estimate holds

(BIIX (t) = X[ )2 < € (R2(1 4+ max(0, In(tm /h2))) + At'2).

As in 23] Remark 2.9], strong assumptions on the nonlinear function F
can allow to achieve a spatial error of order O(h?). Note that Assumption
in Theorem [J] is key to obtain optimal order of convergence. The following
remark provides the error estimate without Assumption

Remark 3 If Assumption |1, Assumption [2 (with p = 2), Assumption [3| and

Assumption [ are fulfilled with 8 € [1,2], then the following error estimate
holds

(E||X (tn) — X222 < C (hl—e n At1/2_€) ,

where € is a positive constant small enough.
For additive noise (that is B = I), we have the following result.

Theorem 10 Let X (t,,) and X! be respectively the mild solution (@ and
the numerical approrimation given by (@) at t,, = mAt. For additive noise,
if Assumption [1], Assumption @ (with 0 < f < 2 and p = 4), Assumption @
Assumption[f] and Assumption[7 are fulfilled, then the following error estimate
holds

(ElIX (tn) = X3V < C(h° + At727). (53)
Moreover if B = 2, the following error estimate holds

(B[ X (tm) — X2IHY2 < O (h2(1 + max(0, In(t,,/h%))) + A1) . (54)
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Remark 4 For additive noise, we achieved suboptimal order O(h%~¢ + At1 =€)
for 8 = 2, where € is a positive number, small enough. The suboptimal order
1—e€ in time was achieved in [14], where authors imposed a strong regularity on
the drift function (namely |14, Assumption 2]), but with less regular noise. The
recent works in [39}/40] achieved optimal order 1 in time with less restrictive
assumptions than [14] Assumption 2]. Here we have achieved suboptimal order
1 — € in time with similar assumptions as in [39,/40]. Note that the current
work and the work in [39] use standard Brownian increments, while the works
in |14}/40] use the linear functionals of the noise to achieve optimal order with
less regular noise.

Remark 5 Note that the semi-discrete problem can be replaced by the
following semi-discrete problem where the noise is truncated

dX"(t) = [An X" (t) + P F(X"(t))]dt + P,B(X"(t))PL,dW (t),t € [0, T](55)

It was shown in [19] that in the case of additive noise with smooth covariance
operator kernel, this truncation can be done severely without loosing the spa-
tial accuracy of the finite element method. Applying our stochastic exponential
Rosenbrock scheme to yields

Vil = eAE AT (A 4 )7 (A IA T Gl (V)
h
+ Wt A P, BV PL(We, o — W) (56)

We note that Theorem [9] and Theorem [10] also hold for the numerical scheme
(56)). Parts of [36] can be used in the proof.

3 Proof of the main results

Before prove our main results, some preparatory results are needed.

3.1 Preparatory results

Lemma 6 The function G (w) defined by satisfies the global Lipschitz
condition with a uniform constant, i.e. there exists a positive constant C' > 0,
independent of h, m and w such that

||Gﬁl(w)(uh) — an(w)(vh)H < CHuh — vhH, VmeN, Yu o eV,.

Proof Using Assumption (3| and relations —, the proof is straightfor-

ward.
We introduce the Riesz representation operator Ry : V — V}, defined by

(—ARpv, x\)g = (—Av,x\)g = a(v,x), Yv eV, Vx& V. (57)
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It is well known (see [22,123]) that A and A are related by ApR, = PpA.
Under the regularity assumptions on the triangulation and in view of the V-
ellipticity (I5)), it is well known (see [6]) that for all r € {1,2} the following
errors estimates hold

| Rpv —vl| + hl|Rpv — vl g1y < Ch"||v||lar 2y, ve€VNH"(2). (58)

Let us consider the following deterministic linear problem : find v € V such
that

d
ditl = Au, u(0)=v, te(0,7T]. (59)
The corresponding semi-discrete problem in space consists to find u, € Vj
such that
dun
dt

Let us define the following operator

= Ahuh, uh(()) = Pyv, te (O,T] (60)

Ty(t) := S(t) — Sp(t) P, = et — eArt Py, (61)

so that u(t) — up(t) = Tr(t)v. The estimate was used in 23] to prove the
key part of the following lemma.

Lemma 7 The following estimate holds
| Th(t)o]| < CATt=T=92|0]lo, r€[0,2], a<r te(0,T]. (62)

Proof The proof of Lemma [7] for 7 € [1,2] can be found in [23, Lemma 3.1].
Using the stability property of S(¢) and S (t), and the fact that the projection
P, is bounded, it follows that

15()v = Su(t) Prol| < Cllo]. (63)

Inequality shows that holds for r» = 0. Interpolating between r = 0
and r = 2 completes the proof of Lemma [7]

Lemma 8 Let X(t) and X"(t) be the mild solutions given respectively by @

and .

(1) For multiplicative noise, assume that Assumption |1, Assumption @, As-
sumption [ and Assumption[] are fulfilled. Then the following error esti-

mate holds:
(i) For0<pg <1

X (t) — X" )| p2(0.m < CH®,  t€(0,T).
(i) For1<p <2
| X(t) — X" )| 220 < CRYS, te (0,7,

where € is a positive constant small enough.
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(iii) For 1 < B <2, if moreover Assumption[d is fulfilled with v = 3 —1, we
have

1X(t) — X"l p2(0,m < ChP,  te(0,T).
w) For B =2 and if Assumption|d| is fulfilled with v = 1, we have
Y
X (t) — X" @) 22,0 < Ch*(1 4+ max(0,In(t/h%))), t€ (0,T).
(2) For additive noise (B =1), if Assumption Assumptz'on@ Assumption@
and Assumption[g are fulfilled, then the following error estimate holds:
(i) For0< g <2
1X () = X" ()| 220,y < CHP. (64)
(i1) For 8 =2
X (t) — X" )|l p2(02,m < Ch*(1 4 max(0,In(t/h%))), te (0,T].

Proof The proof of (1) (i) and (iii) can be found in [36, Theorem 6.1]. The
proof of (1) (ii) is similar to that of |36, Theorem 6.1] using Lemma [7] The
proof of (2) (i) and (ii) can be found in |19, Proposition 3.3].

Lemma 9 Under Assumption[], for allw € 2, the stochastic perturbed semi-
group SI (w)(t) satisfies the following stability properties

(i) For v1,72 < 1,such that 0 <~ + v < 1, we have
1(=AR) ™ (Sh (@) () = D)(=An) | L) < O, t € (0,7,
(i) For v1 > 0, we have
185 @) ()~ A lap) < CE, tE (0,T), 71 20,
(iii) For v1 >0 and 0 < 9 < 1 such that o —v1 > 0, we have
1(=AR) 7S (@) () (= AR) 2| Loy < CE* 772, ¢ € (0, T,
(iv) For 1,72 > 0 such that 0 < vo — v < 1, then the following estimate holds
(= A) ™ (S @)(E) — D(=An) ) < CER %, ¢ € (0,T].
where C' is a positive constant independent of h, m, At and the sample w.

Proof We recall that the perturbed semigroup satisfies the following variation
of parameters formula (see [5, Chapter 3, Corollary 1.7] or [25, Section 3.1,
Page 77))

S,’Z(w)(t)v = Shp(t)v + /0 Sp(t — s)JgL(w)SﬁL(w)(s)vds, (65)
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for all v € H and all ¢t > 0. Then it follows from that

(S,'}l(w)(t) —Tv = (Su(t) — Do +/O Sp(t — s)JﬁL(w)Sf,‘l(w)(s)vds. (66)

It is obvious that (—Ap) v € H for all v € H. Then, replacing v in
by (—Ap) "2v and pre-multiplying both right-hand sides of by (—Ap)~7
yields

(—Ap) " (Sh (W) (1) = I)(=Ap) v
= (Su(t) = D(=An)" v (67)

—|—/ (=Ap) Sy (t — 8)J" (W) S! (w)(5)(—Ap) ™ 2vds.
0

Taking the norm in both sides of and using Proposition [1} the fact that
(—Ap)772 and J! (w) are uniformly bounded, it follows that

t
(= A4) 7" (S @)(1) — D (= A) 20l < CO* o] + € / lollds
0
< o).

Using the definition of the norm |.||z(q)y gives the desired result for (i). To
prove (ii), we replace v by (—A)"v in ‘ and obtain

Se (W) () (=Ap) Mo = Sy (t)(—Ap) "o
—|—/0 Sp(t — s)J,]}L(w)SZ@(w)(s)(—Ah)'“vds, (68)

for all v € H and all ¢ > 0. Taking the norm in both sides of and using
the stability property of Sy (t), S” (w)(t) with the uniformly boundedness of
JI (w) gives

1S5, (@) () (= Ap) o]l < CE o]

+0 [ ISL@E A laanllds. ()

From it holds that

153 @) (£)(=An) " |y < CE + C/O 157 () (5)(=AR) ™ | ¢y ds. (70)

Applying the continuous Gronwall’s lemma to completes the proof of (ii).
To prove (iii), we replace v in by (—Ap)"v and pre-multiply both sides
by (—Ap)~ 7. This yields

(= AR) TS (@) () (= AR) v = (=Ap) " Sh(t)(—An) v (71)

[ A8 )8 @) S ) 6) (- An) s,
0
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Taking the norm in both sides of , using the stability properties of Propo-
sition the boundedness of (—Aj)~ ", J” and applying Lemma@ (ii), it holds
that

1(=An) ™7 S5, (@) (8) (= An) 2 0]| < [1(=AR) ™7 Su(t)(—An) 20|

e / 1% (w)(5) (— An) 0| ds

t
< R o] + C / s2dso]
0
< O 1 1) o], (72)

and for t < T, since 71 < 7o < 1, 1772 < C(T)t"* 2. This ends the proof of
(iii). The proof of (iv) is similar to that of (i).

The following lemma is similar to [30, Lemma 4], but its proof is easier
than that of |30, Lemma 4] since we do not use any further lemmas in its
proof.

Lemma 10 Under Assumption[d] and Assumption[3, the perturbed semigroup
Sh (w) satisfies the following stability property

Hemhwz(w))m AR TR @A (g gy

<OtV ., 0<v<l,

L(H)

where C' is a positive constant independent of m, k, h, At and the sample w.

Proof As in [24] we set

Sﬁm,k(w) = e(Ah+‘]:L"(w))At . e(Ah‘i'J;?(w))At? i om>k
Shop(w) =1, £ om<k

Using the telescoping sum, we can rewrite the composition of the perturbed
semigroup S” , (w) as follow

Sﬁz,k(w) = eAnltmi1-r) | oAn(tmi1—tri1) (e(Ah-&-J,’J(w))At . eAhAt)

+ Z eAn(tmi1—t541) (e(Ah+JJh(w))At _ eAhAt> th_lvk(w)' (73)
Jj=k+1

Multiplying both sides of by (—Ap)Y yields
S (W) (= Ap)"
— eAht"H—l_k(*Ah)V + eAh,(tm+17tk+1) (B(AthJ,?(w))At o GAhAt> (7Ah)l/

m
+ Z eAh(tm-}-l*tj_*_l) (e(AthJJh(w))At _ eAh,At) S]}‘L_l,k(w)(_Ah)V- (74)
j=k+1
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Using the variation of parameter formula , the fact that the Jacobian, the
semigroup S” (w)(t) and Sy, (t) are uniformly bounded, we obtain

He(Ah-&-JffL(W))At AhAtH < CAt (75)
L)

Taking the norm in both sides of and using the stability property of Sy, (t)
together with gives
h v
[EPAICH ||L(H)

<Ot Myt He“‘h“mH*tHl)

H (e(Ah,JrJ,f}(w))At _ eAhAt) (—Ap)”

L(H) L(H)

+ Z ||eAh(tm+1—tj+1)||L(H) He(A;L-i-J,,L(w))At AhAtHL . ||S;'171,k(w)(_Ah)V”L(H)
=kt (H)
< Ct:nl—/‘,-l—k' +C H (e(Ah-i-J,’;(cu))At _ eAhAt) (_Ah)u

L(H)

+ CAt Z [Es (—An)" | cm)- (76)
j=k+1

Rewriting with ¢t = At yields
At
AR+l @) AL _ Ay AL :/ ARAL=8) Th (AL @) gs (77)
0
Multiplying both sides of by (—Ap)Y gives
(6(A}L+Jﬁl(w))At _ eA;LAt) (_Ah)u
At .
— / eAh(Atfs)in;(w)e(AthJm(w))s(_Ah)uds. (78)
0

Taking the norm in both sides of , using the stability property of eA»t, the
uniform boundedness of J” and Lemma |§| (ii) with v; = v gives

”( (Ap+J" ()AL AhAt) (—Ap)”

L(H)

h
§/0 e AN oy [T (@) || oy €A T m @3 (— AR )Y || 1oy ds
At
< C/ s7Vds < CAt' ™ = CtV At. (79)
0

Substituting (79) in (76| yields
180, 1 (@) (=AR)" Ly < Ct 2 k+Ct1_VAtHIHL(H)

+ CAt Z 15} 1 k@) (=40l (80)
j=k+1

Applying the discrete Gronwall’s inequality to completes the proof of
Lemma [0
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Lemma 11 If Assumption[f is fulfilled, then the following estimate holds

2

< C, (81)

B—1 1
_A) 5 P08

where (3 is defined in Assumption[d

Proof The proof when 0 < 8 < 1 can be found in |36, Proposition 4.1]. To
prove when 1 < 8 <2, we use the definition of |.||z, ), apply Lemma
B—1

with a = %5~ and Assumption |§| to get

| Pek :

2 > 5-1 1
=3 |- a0 Qe
L2(H) i

<cy |- ot
i=1

=C <cC. (82)

g—1 112
—A) =z Oz
[CX e .

Lemma 12 Under Assumption[3 and Assumption [T, for all w € 2, the fol-
lowing estimates hold

I(GE(@)) (woll < Cllvll, w,veH, keN, (83)
I(=A) F (GR(w))" (@) (o1, v2)| < Clloall ozl vi,02 € H, k€N, (84)
for some n € [1,2).

Proof The proof follows the same lines as [36, Proposition 4.1]. Indeed since
the Jacobian J'(w) is a linear operator, taking the differential in both sides

of yields
(GL(W)) (w) = PoF'(u) = JiH(w) = PoF'(u) = By F' (X (w)),  (85)

and therefore

(GM (W) (u)v = PyF' (u)v — P,F' (X} (w))v, v € H. (86)
Taking the norm in both sides of and using Assumption [3| yields
I(GR (@) (woll < | PuF’ (wyol + | Po F' (X (w))oll < Clloll, (87)

which proves . Taking the differential at the point v € H in both sides of
yields
(Gl (W) (v1,v2) = PoF" (u)(v1,v2), v1,v3 € H. (88)
Taking the norm in both sides of , using (36, (70)] and Assumptionyields
1(=An) = (GR (@) (W) (o1, 02) || = [[(=An) = P F" () (v1, 02
< (=4) = F"(w)(v1, 02) |
< Cllvall-[Joz]- (89)

Gathering our preparatory results, we are now ready to prove our main
result in Theorem
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3.2 Proof of Theorem [0]

Using the standard technique in the error analysis, we split the fully discrete
error in two terms

X (tm) = X llzace,my < X (En) = X" (tn) L2 o,mn) + X" (tn) = Xl 22,m)
=:errg +erry.

Note that the space error erry is estimated by Lemmal[8] It remains to estimate
the time error err;. We estimate the time error erry for both 0 < g < 1 and
1 < B < 2 separately in the following two subsections.

3.2.1 Estimate of the time error for 0 < g < 1

We recall that the exact solution at ¢, of the semidiscrete problem is given by
Xh (tm) —_ e(Ah+Jf,”L_1)AtXh (tm—l)

tm
+ / e(A’“‘Jranfl)(tm_s)an_l(Xh(s))ds
t

m—1

tm
+ / eAntTn-)(tm=9) P, B(X"(5))dW (s). (90)

tm—1

We also recall that the numerical solution at ¢,, given by can be rewritten
as

h _ (Ap+Jh_)At yh
mee( h 1) xh

tm
t7n—1
tm h
L / At L _DAtp, B(Xh  YaW (s). (91)
t'm,—l
If m =1 then it follows from and that
12 (1) = XT {122 (02,m0)
At h
< / eAntIo) (A=) [Gh (X (s)) — GR(XD)]ds
0 L2(2,H)
At N h,
. / |:e(A;L+JO J(At=5) p, B(X"(s)) — e(AntTi )AtPhB(Xéz)} AW (s)
0 L2(2,H)
— T+11. (92)

Using Lemma, [5) Lemma @, and the fact that X! = P, X, we obtain the
following estimate

1< CAt (93)
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Using the Itd’s isometry property, triangle inequality, Lemma [5] Assumption
and the fact that (a+b)? < 2a2+2b% for all a,b € R, vVu + v < \Ju+/v

for all positive real numbers v and v, we obtain the following estimate

IT < CAtY2, (94)
Inserting and in yields
IX"(81) = XT'llp2(0,m) < CALV2. (95)

For m > 2, we iterate the mild solution at t,, by substituting X" (¢;), j =
1,2,..,m—1in by their mild forms. We obtain

X" (tm)

— JAntIh At _.e(AthJ(ﬁ")AtXh(o) n /tm e(Ah+J:;71)(tm—s)GiLn71(Xh(s))ds
tm—1

tm
+ AntTn ) (tm=3) py B(Xh(s))dW (s) (96)

tm—1

m=2 o g h h h
S A T Ak (X )
k=0

m—k—2
e e TR AR A4 Th At _(Ap+Th ¢ h
+ Z/ eAntIm_)At L (Antdim o)A (Ant Tk 2)(tm—k=179) p, B(X"(5))dW (s).
k=0 Vtm—k—2

Similarly, for m > 2, we iterate the numerical solution at t,, by substi-
tuting th, 7=1,2,..,m—1 only in the first term of 1| by their expressions.
We obtain
xh

— Antal_pat, __6(A,L+J0’L)Atxh(0) N /tm e(Ah+Jf;L,1>(tm—s)GZ%1(Xghl)ds

tm—1

tm
+ / AntTn 1)Atp, B(Xh YaW (s)
tm—1

m—2 to g
n Z/’" R ARl DA (At IR DA (ARt 5) (b1 —9) 97)
k=0 "1

m—k—2

G:‘n,k,Q(an,k,ﬁds

m—2 .
m—k—1 h h h
i Z/ AT )AL (ARtT] i DAt Ant L) Atp B(XR L \aW(s).

k=0 Ytm—k—2

Therefore, it follows from and and the triangle inequality that

i”Xh(tm) — X020y STHT+IV +V 4+ VI, (98)
where
I = /tm el A+ 1) (bm =) [anfl(Xh(S)) - Gﬁn—l(Xv}:z—l)] ds 2 ,
tm—1 L2(02,H)
v = /ttm (eAntTm)(tn=2) p B(x(5)) — AntIm-D AP B(XE L)) AV (s) ) ,
m—1

L2(,H)
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m—2 +
—k—1
/ TR (A DAL (ATl DAL (ATl )tk 1—9)

k=0 Ytm—k—2

2
h h h h
(G2 (X"(s)) — Gmfk*Q(Xm*k*Q))ds‘ L2(2,H)’

kE—1
VI = Z/" AR+l DAL | (Ap+ah A
m—k—

2

3 2
(et mon-lltm ka9 BX(s)) — el MRtV AB B(X, o)) W),

Using Holder’s inequality, the stability property of S (¢), Lemma @ the tri-
angle inequality and the fact that (a + b)? < 2a? + 2b? yields

2
8
( L2(2,H) )

h . 12 \?2
( ‘ (Ap+J" ) (tm—s) I(Gh,_ 1 (X"(s)) — G)Tln71(X1};zfl))”2]) ds)
<C

(-

m—1

tm h h 2 1/2 2 tm h N 2
o [ (et = xhoor) as) = [T IX0 0 = Xh)llaa.mds

m—1 m—1

tT?‘L
<c /
t

m—1

HneD (Gl (X7 (5)) = Gy (X))

2
(Bl 1<Xh<s>>—G,’;1<Xz1>2)1/2ds>

IN

2
1X"(s) — Xh(tmnmm,mds) + CAR X (b 1) = XD l32 g1y (99)

Using Lemma it follows from that

2
tm
[H1<C < / (s — t,n_1)5/2d3> + CAP|X" (bmr) = X2y 30y

tm—1

< CAPHP + CAP | X (tm—1) — X2 1|72 0.0 (100)

Since the estimates of I'V and VI are much more complicated, let us estimate
V first. We use inequality (a + b)? < 2a% + 2b? to split V into two terms. This
yields

—1
V<9 Z/ QAR DAL (ATl )AL (AR T] o)t ke1—s)

tm—k—2

(G ka2 (X" (8)) = G ko (X" (tm—r—2)))d5]| 22 0,1

o Z/ T AT DAL (AT )AL (ARt o) (1)
m k—2
(G (X (b k—2)) — G?n—k—Q(Xr};L—k—Q))ds”%,Z(Q,H)
—: 2V] + 2V5, (101)
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Using triangle inequality gives

m=2 Lt N N n
Vi | E:/ SARHTE DA | (At DA (AT (b1 —9)
k=0 Ytm—k—2

(Grok—a(X"(8)) = G ko (X" (tm—r—2)))d5 ]| 22 0,11

m—2 ti—k—1
<m E H/ e(Ah-i-Jr,}:ﬁl)At_..e(Ah+J,,’:L7k71)Ate(A;L+J7’jL7k72)(tm7k71_S)
k=0 tm—k—2

(anfk72(Xh(s)) - anszfz(ngfkfz))dsuianﬂ)

m—2 tm—k—1 2
<my / (E [Hemhwfznm ]
k=0 tm—k—2 L(H)
He(Ah+Jsz,k72><tmfk,1—s) ?
L(H)
h h h h 2]\ 1/2 ’
(G0 = G X)) as) 102

Using Lemma [10| with ¥ = 0 and Lemma [5| yields

2

m—2 PR . . N N 2\ 1/2
iom S ([ (BIGh 4o (X"(6) = G s (X b)) ds J(103)

Using Lemma [6] and Lemma [4] it follows from (103)) that

m=2 tm—k—1 1/2 2
nzemy ([ @K - X)) ds
k=0 tm—k—2
m—2 b k—1 2
=Cm / ||Xh(s) — Xh(tm,_k_Q)Hlﬁ(Q’H)dS
k=0 \Yim-k-2

2
tm—k—1
mC (/ (s — tka)ﬂ/2d8> < CAtP, (104)

3
N}

IA

b —k—2

=
Il
o
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Using triangle inequality, Lemma [5] Lemma with v = 0, Lemma [6] and
Holder’s inequality yields

m—k—1
_ H / SARHTE DAL (ATl )AL (A+T] o) (ko1 —5)
(Gm—k—Q(Xh(tm—k—Z)) - Gm—k—Q(Xr};,—k—Q))dSHLQ(Q,H)

<m E | / e(AthJﬁkz)At e ARt ) A (AT g)(bm—k—1—5)

tm—k—2

(Gm—k—Q(Xh(tm—k—Q)) - Gm—k—2(Xr}:z—k—2))d3”%2(n,1{)

m—k—1

< CmAt Z / | X"t —p—2) — XgL—k—QH%Q(Q,H)dS

tm—k—2

m—2
<C Z A X" (t—p—2) — Xr};z—k—2||%2(9,H)
=0

m—

Z X" (tr) = X7\ T2 (0, m0)- (105)
k=0

Substituting (105)) and . in . 1101)) yields

m—2
V< CAP +C Y AX(tk) — XP 72 0.m)- (106)
k=0

To estimate VI, we use the triangle inequality to split it in two terms

VI
2|| Z/ -1 o(ARF IR _DAL (At T ) At G (Ant o) (bmr—1—5)

tm—k—2

IN

[PhB(Xh(S)) - PhB(Xh(tm—k—2))] AW ()12 (c.m)

+ 2” Z / - (AhJFJ::,,—l)At Ce. e(AhJFJ::z—k—l)At

tim—k—2

[6(Ah+‘]m*’°*2)(tm"“‘l*S)PhB(Xh(tm—k—ﬁ)*6(’4*‘”” =2 AP B(X, i _p)]AW (s)][7

=: 2V, +2VI,.

(2.H)
(107)
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Since the expectation of the cross-product vanishes, Using Cauchy-Schwartz
inequality, it follows that

: —1
|| E / (Ah+J1’:L71)At .. e(AhJ'_J::L—k—l)Ate(AhJ’_‘]'r}rLL—k—Z)(tmfk—l_S)

[PnB(X"(5)) = PuB(X" (tm——2))] dW (s)|]*]

E {||6<A;L+JZ¢L71>At e ARt T DA (ATl 5) (b1 =)

k=0
tm—k—1
[ B ~ PBOC (o)) dW(s)Hz]
tm—k—2
m—2 4 1
< (E et nontar . (Gt Ttk Tt 1= )
k=0 L(H)

tm—k—1 4 %
[ BB () ~ BB (ti2)] IV (5)

tm—k—2

Using the Burkhélder-Davis-Gundy inequality ( [20, Lemma 5.1]), Lemma
with v = 0, Assumption [4] and the fact that Sp(w) is uniformly bounded
(independently of h, k and the sample w) yields

[N

—2 tm—k—1 4
VI < c E [PB(X"(s)) = PoB(X"(tm—1_2))] dW(s)
0 m k—2
-2 m—k—1 h h 9
<oy / B B(X"(5)) = PaB(X"(tas2)) |25
k=0 tm—k—2
—2  ptm—k—1
< c [ X6 = X o) o (108)
—0 Ytm—k—2
Applying Lemma[d] it follows from (108) that
m—k— 1
VI, <C Z / (5 — tm_p_2)Pds < CALP. (109)
m k—2
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Using the inequality (a + b)? < 2a? + 2b%, we split VI, in two terms
VI,

m—2 tm—k—1 h ! s
> / SARHIE DAL | (Ant Tl )AL {e(AHJm,kfz)(tmfk,l—s)
k=0 tim—k—2

PuB(X"(tm—p—2)) — e(A”J:lfkﬁ)AtPhB(XﬁL_k_Q)] AW (8)|32( 0011

m—2 tm—k—1 h N
<2f Z / e(Antdp )AL | (Antdy, 1) AL
k=0 Ytm—k—2
Ap+Jh ton— e 1—8 Aptd" VA L )
[e< W T ) (bmko1=8) _ p(AntTB ) }PhB(X (tm—t—2))AW ()32 0,11
m—2 ot 1 N ., .
+ 2| Z / AT TL At (Ant T ) At (Ant Ty, _p) At
k=0 Ytm—-k—2

[PhB(X" (tm-r—2)) = PaB(Xp, )] AW ()] 720,11
=: 2‘/121 + ZVIQQ. (110)

Since the expectation of the cross-product vanishes, inserting an appropriate
power of A;, and using Cauchy-Schwartz inequality yields

[6<A’L+ng*k*2)(tm*k*175) - e<A’L+JZ7L1*k*2)At] PhB(Xh(tm—k72))dW(5)||2]

m—2 h
_ E [He(AthJ,},”L_l)At,,,E(Ah+J7;1—k—1)At
k=0
tm—k—1 h h
/ [e(AthJm,k,Q)(tm_k_l—s) _ e(Ah+Jm7k72)At] phB(Xh(tmkg))dW(s)2:|
tm—k—2
m—2 h h
E Ne(AhHm,l)At ) ,,e(Ah+Jm,—k—1)At(—Ah)§
k=0

tm—k—1

T~

(—An)~7 [6<Ah+‘]:;fk72)<tm*k*1’5> - e(Ath‘]::vvfk%)At] PhB(Xh(tm—k—Q))dW(8)2:|

m—k—2

3
)

IN
[SIE

h h B
(Bllet At m—n At (At Imor—D 2 ) 7|1 )
0

E
Il

1

tm—k— 2
B [ A [k ) (2] PhB<xh<tm_k_2)>dW<s)||4) :

tm—k—2

X

/N

Using the Burkholder-Davis-Gundy inequality yields
Vi (111)

m—2 1

h h B 2

< Y (Bl Imnat L Atk DA 4 B )
k=0

ti—k—1 B h h
X / E[[(—Ar)"2 [emhw,n,k,z)(tmfkflfs> 76(A,L+Jm7k,z>m] PhB(X"(tm—k—2))

”io H ds.
tm—k—2 2( )
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As SP(t) is a semigroup, we obviously have
Skt +s) = SP(t)Sh(s), t,s>0. (112)

Using relation || Lemma@ (i) with 71 = g and v9 = 0 and Lemma

8 ) allows to have
1
4 2
L(H))

with v = 5 in (111
m—k—1
VI < Z / (

h h B8
m—1)At e(AhJFJm—k—l)At(,Ah) 2

m k—2
XE[H(—A) (T= 9 ha(s = tmr—2)) 120 19—t —2(tm—t—1 — )| 7
x HPhB(Xh(tm,k,Q))H?Lg} ds (113)
m=2 tm—k—1
<oy [ R - o2 ISkt = ) (114)
k=0 tm—k—Z

X[ B(X" (tm—r—2))|7gds.

Using Assumption [4| and the fact that the random perturbed semigroup S,’;”
is uniformly bounded independently of k, h and the sample w, it follows from

(L13) that
m—k—1
VI21 < C Z / tk+1 - tm_k_g)ﬂds
m k—2
< CAtP Z til At < CALP. (115)
k=0

Let us estimate Voo

tm—k—1

. A h
Vi = ARTIL )AL | (AntT ) At (An+T) i _p) At

tm—k—2

[Py B(X"(tm—k—2)) — PaB(X),_j_5)] dW (s ||L2(QH)

(116)

Following the same lines as in the estimate of V I, the following estimate holds
for VIQQ

m—k—1

Vien <C Z / | X" (tr—p—2) — thn—k—QH%Q(Q,H)dS

tm—k—2

<C Z At)| X" (ty—i—2) _X:rlz—k—2||2L2(Q,H)
=0

Z 1" () = Xi 22 0,m)- (117)
k=0
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Inserting (117]) and (115)) in (110) gives

m—2
VI < CAP + CAL Y || X" (te) = X272 (0.0 (118)
k=0
Substituting (109) and (118)) in (107)) yields
m—2
VI < CAP + CAL Y | XM (k) = XP 32 0. - (119)
k=0

Following the same lines as for the estimate of VI, we obtain

tm
e | | et on b )
tm—1
2
_ecAhH:;,l)AtphB(X,’;,l)} dW(s)’ o
< CAY + CAHY X" (tm-1) — X}, 1172 (0.m0)- (120)
Gathering estimates of I1I, IV, V and VI in yields
m—1
IX™(t) = X0lI2e 0,y < CAY + CAL Y IXM(t) = X1 (0,m)(121)
k=0

Applying the discrete Gronwall lemma to ((121)) yields
1X"(tm) = X\l 22 (2.m) < CALP/2, (122)

Using Lemma |8 together with the estimate (122]) completes the proof of The-
orem [J for 0 < 8 < 1.

3.2.2 Estimate of the time error for 1 < g <2

Note that the estimates of 111 and V in Section hold for g8 € [1,2] and
due to the time regularity in Lemma |4} we obtain from (106 and (100])

m—1

HI+V < CAt+CAt Y (| X" (tn) — X232 0. - (123)
k=0

We only need to re-estimate IV and VI. We will only estimate VI in details
since the the estimate of I'V is similar to that of VI. Let us recall that using
triangle inequality we obtain

VI<2VI +2VIy, (124)

where VI; and VI are defined by (107)) in Section Applying Lemma [4]
it follows from ([108)) that

m—k—2

m—2 it
VL <C Y / (5 — tm_k_2)ds < CAL. (125)
k=0 7t
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Using the inequality (a + b)? < 2a? + 2b%, we split VI, in two terms
VI < Vg + Vi, (126)

where Vs and Vs are given by (110]) in Subsection We recall that
from ([117)) the following estimate holds for V Is

m—2

VI < CAt Y |[X"t) — X ll72(0.m): (127)
k=0

Since the expectation of the cross product vanishing, inserting an appropriate
power of A; and using Cauchy-Schwartz inequality yields

Vo

M2ty g1 h h
—E / eAntIm AL (Aptdy ) At
¢

k=0 Ytm—k—2

[e<Ah+an—k—2><tmfkfl—S> - e<Ah+an—k—2)At] PhB(Xh(tmfk72))dW(8)H2
m—2 n

= EHE(A;ﬁJZL_nAtA..e<Ah+Jm_k_1)At
k=0

2
tm—k—1 ) )
[emh“ln—k—z)(tm—k—l—” - e<Ah+J1n—k—2)At] PhB(X" (ty—1—2))dW (s)

T~

m—k—2

m—2
h h 1—
= E E He(Ah‘*‘JnLl)At ceAntm o)At g TS
k=0

tm—k—1 —14~

T~

m—k—2

m—2
<y (EHC(A;L-&-Jkal)At“.e(AthJ?']ﬁikil)At(_Ah)l—Tw
k=0

1 3
m)

x | E

/-~

(—Ap) "2 |:B(Ah+‘]1}:1,—k—2)(tm—k—1_s) _ B(Ah+J1};,—k—2)Ai] PhB(Xh (trm—to—2))dW (s)

2

tm—k—1 _
/ (—Ap) Lty [G(AthJ,*;_k_Q)(tm_k_lfs) _e(AthJ,’;,_,C_Q)At] PhB(Xh(tm_k_Q))dW(s)
tim—k—2

)

=
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Using Burkholder-Davis-Gundy inequality and the triangle inequality, we split
V151 in two parts as

Vs

m—2 tin—k—1 h h 1—~ 4 %
Z / (EHe(Ah+Jm—1)At._,e(Ath‘]m—k—l)At(fAh)T )
k=0 Ytm—k—2 L(H)

tim—k—1 — h 2
“ / ]EH(*Ah) Liy [6(Ah+Jﬁl,k,2)(tm,k,1—s) 76(Ah+Jm7k72)At] PhB(Xh(tm7k72))’

tm—k—2 Lg
m—1 h h -y 4 3

9 Z (]E He(Ah,+Jm,1)At . e(Ah+Jm—k—1)At(7Ah)T )
=0 L(H)

IN

ds

IA

% /tm*k*l E H |:6(Ah+J7}1LL7k—2)(tm7k:71_S) _ e(Ah+JﬁL7kfz)At] [PhB(Xh(tmqﬁQ)) _ PhB(X(tm,k,Q))” 2

tm—k—2

1

m—2
h h —
+ 2 E (]E He(Ah-"‘]mfﬂAt C e(AiﬂLJmfk—l)At(fAh)Tﬁr
k=0

4 3
)

tm—k— . 2
X / o E H [e(A’L+J'gL*k*2)(t’”*k*173) - e(A’L+']"};L*k*2>At] PhB(X(tm—kfﬂ)‘

0
tm—k—2 Ly

= 2V 211 + 2V I212.

ds

Using Lemma[5] and Assumption [4] yields

Va1

m—2 1
h h 1—
<y <]EHe(AthJ7”71)At_._e(Ah+Jm7k71)At(7Ah) =
k=0

4 2
L(H>)

o ds
L2

(128)

(129)

tn—k—1 _ s h 2
X l |:H(_Ah) 12+7 <6(Ah+=]7}n—k*2)(tmfk71_5) _ e(Ah+Jm,k,2)At)HL(H) HX(tmfk72) _Xh(tm7k72)||2 ds.
m—k—2

Using Lemma [§] and Lemma [L0] with v = 0, we obtain

m—2 tom—k—1
Vi <C Z t;jﬁ/ E||X (ty—g—2) — X" (tm_r_2)||*ds
k=0 tm—k—2
< Ch*. (130)

Inserting an appropriated power of —Aj, yields the following estimate

Vi

m—2
<y (]E”e(Ahu,z_l)At...e(Aﬁan_k_l)At(_Ah)“T”||i(H)>
k=0

N|=

tm—k—1 14y (Ap+J" Y(tm—r—1—5) (Ap+J" )At =22
« E [[[(-an) 75 (Ut oeltnobn =) oAt () F

tm—k—2

< [(=An)F PB(X (s -2))[7g] ds. (131)
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Using Lemma [10| with v = 1777 in , we obatin
Voo

m=2 it g1
<C> / tilE {||(_Ah)“7” (G(Ahwfnfk,z)(tmfkflfs) _ e(AhH,z,k,th)
k=0 Ytm—k—2

x <—Ah>%”H%<H>H<—Ah>%PhB<X<tm_k_2>>Hig] ds

m=2 tm—k—1
Sl 1 | e
k=0 tim—k—2

_e(Ah+Jj;,k,2)At} (_Ah)_%

2 o'l
o A0 PLBCE a2l | s
(132)
Using relation (112)), Lemma@ (i) with 4 = 1777 and v, = 3 yields

m—2

tm—k—1 .
ViIy <C Z tklﬂ/ E {H(—Ah) +

tm—k—2

fn—k—Q(tm—k—l —5)

(5 bk 2>—I><—Ah>—%||%<H)||<—Ah>%PhB<X<tm—k—2>>llig} ds

C [ a0 T S st — ) An)
—~ I mokimeid L()
1+’Y _a 2
H( W (Shonals — tmos) ~ DA
|(=A4n)% PuB(X (tm—4-2))I13 ] ds)
m—2 1 tim—k—1 N
<Ol [ a2 BI- AN PB(X (tk-2)) s
k=0 tm—k—2
m—2
< CAP Y RN (=AR) 2 PuB(X (tm—k-2)) 175 (133)
k=0

Using the definition of the LY norm, Assumption Lemma Theorem |1 and
estimate @D, we obtain

E)(— A1)} PuB(X (b 4—2))3y =

> II(—Ah)3PhB(X(tm—k—z))Q”zeiIIQ]

=0

=0
= CE|[(~4)% B(X (tm—s—2)[%g
< CE(1+[|(—A)2 X (tm—r—2)[?)
< C(1+E(|Xo]2)) < oo (134)

< CE [ZI( A)FB(X <tm“>>cz1/2ei||2]
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Substituting (134)) in (133]) yields

m—2

VIng < CAPY 77 < CAt.
k=0

Inserting ((135]) and (130)) in (128) gives
VIy < Ch*P + CAL.

Inserting ((136)) and (127)) in (126]) gives

m—2
VI, < Ch?*P + CAt+ CAL Y || XM(t) — X032 000y
k=0

Substituting estimates of VI (137) and VI; (125) in (124]) yields

m—2
VI < ChP 4+ CAL+ CAL Y |IX () — X¢ll72(0.m):
k=0

Following the same lines as for VI, we obtain

tm
IV = / eAntTn_1)(tm=2) p, B(X"(s))

tm—1

2
_e(Ah+J,’:H)AtphB(X7’;,1)} dW (s) ‘

L2(2,H)

< Ch?* + CAt+ CAH X (tm—1) — X200

Substituting (123)), (138) and (139) in yields

X" (tm) — Xﬁ@”%ﬁ((),H)
m—1

< CIPP + CAL+ CAL Y (IX"(tk) — X¢l72(0.m1)-
k=0

Applying the discrete Gronwall lemma to ((140) yields

X" (t) — X2\l L2,y < CRP + C A2,

3.3 Proof of Theorem

(135)

(136)

(137)

(138)

(139)

(140)

(141)

Recall that we only need to estimate the time error since the space error is
estimated in Lemma [8 Recall also that the time error can be recast as follow

1
Z||Xh(tm) — X020 ST +IV+V + VI,

(142)
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where 111 and V' the same as in Section [3.2.1] The terms involving the noise
IV and VI are in this case given by

2

tm
V- / (emhuz,l)(tm—s) _ e(Awm,l)At) PdW (s) (143)
bm—1 L2(2,H)
and
mZ_Q fmko (Ap+J" At (Ap+J" YAt
VI = / e\ AhTIm_1 e\ AR T m g1
k=0 Vtm—k=2
(e(Ah+J7hﬁ—k—2)(tm—k—lis) — e(AthJv):Lfk—l)At) Pde(S)H;(Q H)(144)
Recall that from (|100) we have
I < CAP + CAP | X" (tm—1) = X1 200 (145)

It remains to estimate V', IV and VI. Let us recall that from (L01]) we have

V <2V + 2Vh, (146)
where from ([105)) we have
m—2
Vo < CAt Z X" (tr) — XI?H%Z(Q,H)- (147)
k=0

Let us recall that from ((101]) we have

VWV =

m=2 ot g1 N N n
3 / NI DAL (At T )AL (ATl e 3) (b1 —9)

k=0 tm—k—2

(G a (X7 (5)) — Gl o (XM (i) o - (148)
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Using the Taylor formula in Banach space yields

VW <

m=2 it " N N
3 / QAR TE DAL (AT A (An T ) (k1)
k=0 tm—k—2

. (G?n_k_Q)/(Xh(tm_k_Q)) (6(Ah+J7Z_k—2)(87tm_k—2) _ I) Xh(tm_k_Q)dS

L2(02,H)
m—2 b k1
Y / (AIETA DAL | (Ant Tl )AL (AT 3)(t k1)
k=0 ¥ tm—k—2
S
(Grima) (X" (tm—k—2)) / Aty 2)s=o)gh . (X"(5))dods
bt L2(2,H)
m—2 b k1
I / (AIETA DAL | (Ant Tl )AL (At 3)(t k1)
k=0 Ytm—k—2
S
(Glhia (X)) [ k) B (o)
fmk=2 L?(2,H)
m—2 b k1
+ Z/ e(Ah'f‘J::Lfl)At...e(Ah‘f‘J::Lfkf1)Ate(Ah""J::hkfz)(tm—k71—S)RG}L
k=0 Ytm—k—2 m—k—2

L2(2,H)

VVii + vVViz + v Vizg + v/ Vig, (149)

where

Rgn

m—k—2

1
= /0 (Gl ) (Xh(tm—k—Q) + (X" (s) - Xh(tm—k—Q))) (Xh(s) = X"t ——2), X" (s) — Xh(tm—k—2)) (1= X)dA.
Using triangle inequality yields
m—2
Vi <
by

(G ) (XMt p—2)) <e<Ah+J7}:L—k72)(57tw1—k—2) _ I) Xh(tm—k—z)‘

t’"L* —
MU ARt IR DAL (Al DAt (ARt Tl 5) (b 1—5) (150)

m—k—2

s
L2(2,H)

m=2 et g h h h 2
< Z/ (E [”emhwm_lmt,,,e(Ah+Jm_,c_1>Ate(Ah+Jm_k_2>(tm_k_1—s)
k=0 tm—k—2

L(H)
h 2 1/2
(Gl (Xt s2)) (0l moit) 1) X )] ) s
Using Lemma [10] with v = 0 and Lemma [J] (ii) with 41 = 0, it holds that

“6<Ah+J&71<w))At e AR @) A G (An Tl 5 (@) (bm—k—1—5)

L(H)

< leAntTm s @)At L (Ant i (@) At H6<Ah,+J,’:;_k_2<w>><tm_k_1fs>

L(H) L(H)
<c (151)
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for all w € £2. Substituting (151)) in (150]), employing Lemma inserting an
appropriate power of — Ay, using Lemma|§| (i) with vy = 0 and v = g — €,
and Lemma [3] yields

(Gl ) (X (b se—2) (T2 (i) 1) X (1 )|

L2(02,H)

m m—k—1 h
<C / (Ah,+Jm_k—2)(s—tm—k—2) —I) Xh(tm—k—z)‘
k=0 m—k—2 L2<Q’H)
m—2
<c / m—k—1 (Ah+‘]:‘:,’_k_2)(sftm—k—2> —I) (_Ah)—§+E(_Ah)§—exh(tm_k_2)’
= L2(2,H)
k=0 Jtm—k—2
<M/ o )27 (-4 % X (b i2)
< (s —tm—k— H—hf_ ty—k— ’ s
k=0 Ytm—k—2 mokee " #lr2(0,m
m—2 m—k—1
<C Z/ (5= tm_k_2)2 “ds < CAtT <. (152)

Using the triangle inequality, Lemma[12] Lemmal[6] Lemma [3} Lemma [I0] and
Lemma 9] it holds that

SAntI DA J(Ap Tl g )t (Ap T o) (b k—1—9)

M<z/”’“

tm—k—2

ds

s h
(G,’;,k,z)'(xh(tm_k_Q))/ AT )= Gh (X (0))do
tm—k—2 L2(02,H)

I/\

z/m B (E {HB‘A}LH&;_QN,,,e(Ah+Jz_k_1><tm_k_1—s) ?

tm—k—2 L(H)

H (Ap+J ) (tm—p—1—9)

L(H)

[ et gl (X o)
t k—2

2 1/2
ds
L(H)

o\ 1/2
CE L el oo )

IN

tm—k—2

< CAt. (153)
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Since the expectation of the cross-product terms vanishes, Cauchy-Schwartz inequality yields

Vis
M2 b g1 h h h
- Z/ AntIB DAL | (Ap+ B )AL (Ap+TB ) (k19
k=0 Vtm—k—2
S h 2
G Y (XM (s eAntdmk—2)=9) p g (5)ds
m—k—2
tm—k—2

=l

h L 2
(Gl ) (X" (t—p—))el AT Tmr—2)s )Pde(o)dsH ]

to—k—1 s
/ m / SARFTN DAL (AT DA (ApH Il o) (b ko 1—5)
tm—k—2 tm—k—2

2

IN

M2 b g1
v —R— F h h
AYS / mokl e [Hemhw,;,_l)m,,,e(AhHm_k_1>Ate<Ah+Jm_k_2><tmfk717s>
k=0 "t

m—k—2
2
:| ds.

L(H)

X

S
/ (G?nfkfz)/(xh(tm—k—z))G(Ah'-"‘];l"—’“—?)(S_U>Pde(a)
tim—k—2

Using again Cauchy-Schwartz inequality, it follows that

Vis

m—2 ton
< At Z / k-1 (EHB(AthJf:L_l)At”.e(Ah+J7’,Ll_k_1)Ate(Ah+an_k_2)(tm_k_1—s)
k=0 "1t

m—k—2
1
4\ 2
X (]E ) ds.

Using the Burkholder-Davis-Gundy inequality ( [20, Lemma 5.1]), Lemma
and Lemma [9] it holds that 2 o

1
4 2
san)

/ (@) (X" (b g—))e AR HIm—r=2) (=) B gy (o)
tm—k—2

Vis

m—2 b o
< CAt E / b (HG(A}HrJi_l)At AR e )AL (AT o) (b k1)
k=0 Vtm—k—2

4 3
wm)

X

® n s—o 1 2
/t EH(G:Ln—k_z)'(Xh(tmfkfz))e(AthJm*k*z)( ) PLQ2 c
m—k—2

m=2 tm—k—1 s
CAt > / /
e Jt t

m—k—2 m—k—

dods
2(H)

IN

h s—o 12
E |:H(Gfrlnfka)/(Xh(tm—k—Q))e(Ah+Jm7k72)( ) P,Q7
2

} dods.
Lo(H)

Using Lemma inserting an appropriate power of —Aj, using Lemma
Lemma [9] (i) with 1 = 0 (if # > 1) and Lemma [9] (ii) with v, = 152 (if
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£ < 1), it holds that

B 2
E ||[(Gh_ o) (X" (b _2))eArtTns2)=2) p, o }

I Lo(H)
<E e(Ah"!‘J::L—kfz)(s_J)(_Ah)%(_Ah)%PhQ% ? }
L Lo(H)
[ _5 12 1 1
< F |leAn+Ih i) s=a) (4,152 ‘ H _AnEpob }
<E (—An) (—An) hQ CalE)
< C(s — o)min(=1+8,0), (154)

Substituting (154) in (154) yields

m—2 tom— k1 s )
Vis < CAt Z / / (s — U)mm(flJrﬁ’o)dUds
k=0 "t bm—k—2

m—k—2

< CAmInI+52) (155)
To estimate v/Vi4, we note by using Lemma [12| and Lemma [4] that

I(=An) "% Ren

m—k—2

ez, < CIX" () = X (tms-2)I[| 2 0.1
< O X" (s) = X" (tm—r—2)l}1(c2.1)
< C AL, (156)

Therefore the following estimate holds for /Vi4

VVig < cApinBD), (157)
Substituting , , and in yields
Vi < CAtP~2, (158)
Substituting and in yields
m—1
V< CAPT 4 CALY X" (tk) — XE N2 0.m)- (159)
k=0

Let us move to the estimate of IV. Applying the Ité-isometry to (143) yields

tm
IV < / H (e(AmLanfl)(tm—s) _ e(Ah+J;;71)At) PhQ% 2 s 160)
tm—1 L2(H)
tim 2
N / He(Ah—Fanil)(tm_S) (I - e(Ah-irJfflfl)(s—tmfl)) PQ* ds.
tm—1 o)
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Inserting (—Ah)#(—Ah)ﬁ%1 in 1) using and Lemmayields

tm —
IV < /
tm—1

B—-1 1
(—Ap) 2 PrQz

(Ap+I8 ) m=5) (1 _ A+ D (s—tm—1)) (_ 52
e (1-e )=

2
X

tm
<cf
t

m—1

Inserting (—Ah)%(—Ah)é’;l in (D and using Lemma (i) with v = 1567
l1—e _ 1

and v = % (or Lemma <

S
Lo(H)
(Ap+I8 ) m=9) (1 _ A+ _ D —tm1) (_ 4,152 |7
e 1 (1 e 1 )( Ap) 2 HL(H)délﬁl)

Lemma@ (iv) with 7 = 3
v = 51 if B € [1,2]) yields

With 7 = 5* and

tm
1V < C’/ e(AmJ,’;,,l)(tm_s)(_Ah)1; 2
e L(H)
X H(—Ah)% (I— e(A}L-‘rJ,’,LL,l)(S—tm,l)) (_Ah)¥ 2 s
L(H)
t'fﬁ,
<C (tm — 3)—1+e(8 _ tmfl)’B_edS
tnL—l
tm
< C’Atﬂ—e/ (tm — 8)"1+eds < CALP. 62)
t'm—l

Let us now turn our attention to the estimate of V'I. Since the expectation of
the cross-product vanishes, using Cauchy-Schwartz inequality, it follows from

((24) that

VI=E

i h h h
E / Aty )AL (Antdn, )AL (AntJy o) (Em—k—1—5)
k=07t

m—k—2

(I _ 6(14h,+-17’1;,_k_2)(5*tm—k—2)) Pde(s)H2

m—2
= E EHe(Ah"'JﬁL—l)At...e(Ah+Jr};L—k—1)At
k=0

tm—k—
/ AT ) (k=) (1 eCrtThss)o=tuien)) pawy (s

tm—k—2
4 3
L(H)

1—e

m—2
<y (EHAAHJ!;1)At...e<Ah+J,’;k1>At<_Ah) >
k=0

x | E

2

tm—k—
/ k-1 (— ) —14e e(A;L+J:,LL,k,2)(tm—k—1—3) (I _ e(A;L-‘rJ:flfk—z)(S—tmfk—z)) PndW (s)
tm—k—2

4

Nl=
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Using the Burkhélder-Davis-Gundy inequality ( [20, Lemma 5.1]), it follows
that

VI

m—2
<C> (E He(Ah%L’;_l)At AT e )AL gy
k=0

1
4 3
)

tomn—k—
/ k—1 E H(iAh) 712+€ e(Ah+J7};—k72)(tm—k—175) (I _ e(Ah+J7F1L1—k72)(S*tm_k_2)> PhQ% 2

tm—k—2

1—-8 B—1

Inserting (—Ap) 2 (—Ap) 2

in , using and Lemma yields

VI

m—2
<Cc> (]E
k=0

h h 1—e
e(AhJFJm—l)At .. e(AhrJr‘]m—k—l)At(fAh) 3

1
4 3
L(H)>

bm—k—1 —1+e h h
/ ]EH(_Ah) S (An+ Tl o) (b1 —5) (I_6<Ah+Jm,k,2>(s7tmfkfz>) (—A

tim—k—2

H(_Ah)%PhQ%

k=0

2

ds
Lo(H)

h h 1—c
e(AhJFJm—l)At . e(AhrJr‘]m—k—l)At(fAh) Pl

1
4 2
L(H)>

bm—k—1 —1+e h h
/ ]EH(_Ah) S (AntTh o) (bm—k-1—5) (I_6<Ah+Jm,k,2><s7tmfkfz>) (—A

tm—k—2

Lo¢€ yields

Using Lemma (10| with v =

m—2 tr— o
vi<eY [T | A T e
k=0 "t

m—k—2

ds. (165)

(1 ettt} () ‘2

L(H)

e—1

Inserting (—/léj,) ER (—Ap) =

in 1) and using Lemma|§| (iii) with 4 = v =

(iv) with v = 156 and yo = % when 0 < 8 < 1 and Lemma

1-¢, Lemma

(163)
ds.

Lo(H)

(164)
a2
)

L(H)

a2
L(H)
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(i) with v = 15¢ and v, = % when 1 < 8 < 2 yields

m—k—1
VI < C / t_1+€E |:H A = e(Ah+Jm ko) (tm—k—1—5) —_A 155
Z R k+1 h) (=An) L(H)
% H(—Ah) 712+e (I . e(Ah+Jv}rLz7k72)(57tm*k*2)> (_Ah)# 2 :| ds
L(H)
tm—k—1
CZ/ t1+68—t m—k— 1)’6 ‘ds
tm—k—2
m—2 b —k—1 m—2
<CAPY t,;1+‘/ ds = CAP =< Y " 1,17 At (166)
k=1 bm—k—2 k=1
Let us recall the following estimate
m—2
dogttear< e (167)
k=1
Inserting (167) in (166]) yields
VI < CAtP~. (168)

Substituting (168]), (162), (159) and (145]) in (142)) and applying the discrete

Gronwall lemma yields
1X"(t) — X2 N 22,y < CAPIP/2 < C AP, (169)

This completes the proof of Theorem

4 Numerical simulations

Here we provide three examples to sustain our theoretical results. The first
example has exact solution. The reference solution or "the exact solution”
used in the errors computation for our second and third example are taken to
be the numerical solution with small time step. In the legends of our graphs,
we use the following notations

1. SERS denotes the strong errors from our SERS scheme.
2. SETD1 denotes the strong errors from the stochastic exponential scheme

[23] given by (51).

The exponential matrix function ¢ is computed by Krylov subspace technique
with fixed dimension m = 10 and tolerance tol = 107° [9.,33,/35]. Note that
we compute at every time step the action on the exponential matrix function
on a vector and not the whole exponential matrix function. Our code was
implemented in Matlab 8.1. Note that the initial solution is taken to be Xy =0
throughout our simulations, so optimal convergence order in time will depend
only on the regularity of the noise.
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4.1 Additive noise with exact solution

We first consider the following stochastic reaction diffusion equation with stiff
reaction driven by additive noise in two dimensions with Neumann boundary
conditions

dX(t) = [DAX(t) — 100X ()]dt + dW (t), X(0) = X,, t € [0,T],(170)

on the domain A = [0, L] x [0, La], D = 107!. A simple computation shows

)

that the eigenfunctions {e; J}Z J>0 ={e;’ ® 6(2)}1 ;>0 with the corresponding

eigenvalues {\; j}; j>0 = {( i ) ()\(2 )2} of —A are given by

1
=\ (l ,/—cos x ) )\((Jl) =0, )\(l) L , (171)
l

where [ = 1,2, x € A and 7 € N. In the abstract form our linear operator
A is taken to be A = DA and F(X) = —100X which obviously satisfies
Assumption [3] and Assumption [7} We take L; = Lo = 1 and the triangulation
T has been constructed from uniform Cartesian grid of sizes Az = Ay =
1/100.

We assume that the covariance operator Q and A have the same eigen-
functions. We take the following values for {¢; ;}iy;>0 in the representation

2

1
¢ = W, 0<p <2, and ¢ >0 small enough. (172)

We can easily prove that Assumption [f]is fulfilled, since

Yoo NTag < Y | T <o, 0<p<2

(i,5)€EN? (1,5)EN?

To have trace class noise, it is enough to take S+ § > 1. We take 8 = 1 and
§ = 0.001. According to Theorem [I0] the order of convergence in time should
be close to 0.5. The exact solution of is constructed in [36]. Figure
shows the strong convergence of SERS and SETD1 schemes. This figure also
shows that SETD1 is unstable for large time steps. We can observe the good
stability property of the new SERS scheme even for large time steps. We can
also observe that the two schemes have the same order of accuracy. Indeed
although SETD1 seems to be more accurate, the two graphs become very
close for small time step. The orders of convergence of the two methods are
0.4971 and 0.4980 for SERS and SETD1 schemes respectively, which are very
close to theoretical results. Note that we only use the stable part of the data
in the computation of the order of convergence of SETD1 scheme.
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Fig. 1 Strong convergence of SERS and SETD1 scheme, we can also observe that SETD1
is unstable for large time steps. The orders of convergence of the two methods are 0.4971
and 0.4980 for SERS and SETD1 schemes respectively. The noise regularity parameter used
is f# =1 and 50 samples are used in the errors computation.

4.2 Additive noise without exact solution and with locally Lipschitz
nonlinear function

We consider here the following stochastic reaction diffusion equation driven
by additive noise in two dimensions with Neumann boundary conditions

dX(t) = [DAX(t) + X (t) — X (t)*]dt +dW (), X(0) = Xo, (173)

on the domain A = [0, L] x [0, Ly}, D = 1072 and t € [0,T]. We take L; =
Ly = 1 and the triangulation 7 has been constructed from uniform Cartesian
grid of sizes Az = Ay = 1/100. The reference solution or ”the exact solution”
using in the errors computation is the numerical solution with the time step
At = 1/2048. The goal of this example is to prove that our novel scheme can
be stable and convergent for more complicated nonlinear function F(X) =
X — X3. Although the existence and the uniqueness of the solution of
is well known , the well-posedness of the numerical solution with our
novel scheme is not yet understood since the nonlinear function is only locally
Lipschitz . In our simulation, the noise’s representation is used
with 8 = 1.2 and § = 0.001. The orders of convergence of the two methods are
0.65 and 0.62 for SERS and SETD1 schemes respectively. If our convergence
theorem (Theorem was also valid for locally Lipschitz nonlinear function
F, our convergence orders should be then close to the expected order 0.6. We
can also observe that the two schemes have the same order of accuracy. Indeed
although SETD1 seems to be more accurate, the two graphs become very close
for small time step. We can also observe the good stability property of the new
SERS scheme even for large time step.



46 J. D. Mukam, A. Tambue

10 ¢ =®= SERS

=#=SETD1

e
o
=)

log( L2 mean error)

10° 10° 10"

log(A t)

Fig. 2 Strong convergence of SERS and SETD1 scheme can be observed for nonlinear
function F(X) = X — X3. The orders of convergence of the two methods are 0.65 and 0.52
for SERS and SETD1 schemes respectively. The noise regularity parameter used is 8 = 1.2
and 50 samples are used in the errors computation.

4.3 Multiplicative noise without exact solution

As a more challenging example, we consider the stochastic advection-diffusion-
reaction SPDE with multiplicative noise in two dimensions on the domain
A=10,1] x [0,1].

10

X
dx = [v ((DVX) = V- (aX) — 5| db + XdW. (174)

1072 0
D:< 0 10_3> (175)

with mixed Neumann-Dirichlet boundary conditions. The Dirichlet boundary
condition is X = 1 at x = 0 and we use the homogeneous Neumann bound-
ary conditions elsewhere. The Darcy velocity q is obtained as in and to
deal with high Péclet flows we discretize in space using finite volume method
(viewed as the finite element method as in [34]) in rectangular grid of sizes
Az = Ay = 1/110. The reference solution or ”the exact solution” using in the
errors computation is the numerical solution with the time step At = 1/2048.
Relatively small time steps are used to stabilize the scheme SETD1. The noise
used is the same as in the first example with and =1 and 6 = 0.001,
corresponding to trace class noise. Our linear operator A is given by

A=V -DV(.)-V-q(.). (176)
and the functions f and b are given by
f(z,u) = 710’“, b(x,u)=u, Vered wuelR (177)

u+1
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Therefore, from |15, Section 4] it follows that the operators F' and B defined
by fulfil obviously Assumption [3[ and Assumption
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Fig. 3 Strong convergence of SERS and SETDI1 scheme can be observed. The orders of
convergence of the two methods are 0.5367 and 0.5337 for SERS and SETD1 schemes re-
spectively. The noise regularity parameter used are 8 = 1 and § = 0.001. Note that 50
samples have been used in the errors computation.

Figure[3|shows the strong convergence of SERS scheme and SETD1 scheme
presented in [23]. We can also observe that the two schemes have the same order
of accuracy. Indeed although SERS seems to be more accurate, the difference
between the two errors is small. The orders of convergence of the two methods
are 0.5367 and 0.5337 for SERS and SETD1 schemes respectively, which are
very close to 0.5 (from the theoretical results in Theorem [9).

5 Concluding remark

In this work, we have analyzed the strong convergence of the exponential
Rosenbrock-Euler method for a semilinear parabolic SPDE. The method is
based on a continuous linearization of the problem at each time step. The lin-
earisation technique consists of adding the Jacobian of the nonlinear function
to a linear operator while the nonlinear function is replaced by its reminder.
The linear operator is assumed to be a generator of an analytic semigroup.
By [5, Theorem 2.10, Page 176, Chapter 3] there exists a constant a > 0 such
that A + L generates an analytic semigroup for every A-bounded operator L
having A-bound ay < a (see |5, Definition 2.1, Page 169, Chapter 3]). As the
nonlinear function F is assumed to be Fréchet differentiable with bounded
derivative in our analysis, we can weaken that hypothesis on F' by replacing
Assumption [3] by the following weaker assumption.
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Assumption 11 The nonlinear function F : H — H is assumed to be
Fréchet differentiable with derivative relatively A-bounded with A-bound ag <
a, i.e there exist constants ag € [0,a) and b > 0 such that

I (u)oll < aol|Av[| +bllvll, u € H, v e D(A). (178)

Under Assumption for all w € 2, Ay, + J" (w) generates an analytic semi-
group S (w)(t) 1= e(An+tIn (@)t (see [5, Theorem 2.10, page 176, Chapter 3])
and therefore the numerical scheme is well posed. Under Assumption
the convergence analysis of the numerical method is not straightforward.
This is due to the presence of the linear operator A in the right hand side
of , which may produce some irregularities. This will be our interest for
future work. Further investigations will be done also for locally Lipschitz non-
linear function F.
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