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Abstract

In this paper, we prove a discrete embedding inequality for the Raviart—Thomas mixed
finite element methods for second order elliptic equations, which is analogous to the Sobolev
embedding inequality in the continuous setting. Then, by using the proved discrete em-
bedding inequality, we provide an optimal error estimate for linearized mixed finite element
methods for nonlinear parabolic equations. Several numerical examples are provided to con-
firm the theoretical analysis.
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1 Introduction

Since the pioneering work of Raviart and Thomas [27], mixed finite element methods (FEMs)
have proved to be a fundamental tool to numerically solve various problems arising in physics
and engineering sciences. Mixed FEMs have many attractive features over the conventional
Lagrange FEMs. For instance, mixed FEMs conserve mass locally, which is of crucial importance
in numerical methods for flow coupled to transport, see [10]. By introducing Vu as an extra
variable, mixed methods can produce accurate flux approximations. Mixed FEMs are also more
robust in the case of low regularity of nonsmooth coefficients. We refer to the monographs [3}, [12]
for the general theory of Mixed FEMs. There are numerous applications of Raviart-Thomas
mixed FEMs, etc., see [0, 16}, [17), 22], 23], 28] for general linear and nonlinear parabolic equations,
[4, 14, 19] for semiconductor modeling, [I, 2] for porous media flow problems.

In this paper, we consider the mixed finite element methods(FEMs) for nonlinear parabolic
equations

%—Au—l—f(u,Vu) =0, in Q x (0,77, (1.1)
u(z,t) = u'(x), in €, (1.2)
u=0, on 0L, (1.3)
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where f is a given function. We assume {2 is a bounded Lipschitz polygonal /polyhedral domain in
R4(d = 2,3). There have been extensive works on mixed methods for the above equations (II))-
([L3]). We give a brief summary along with some representative (but certainly not exhaustive)
requirement for the function f(u, Vu) (or f(u)) in the literature.

e The function f(u) is a smooth function of u € R, i.e., there exists a bound Bj such that
fD1< By, i=0,1,2,...
see page 270 of [23].

e There exists a bound k; such that, for every u € R
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See page 131 of [16] and page 150 of [17].

e The function f(x,,u) : @ x R — R is a triple continuously differential function with
bounded derivatives up to the third order. See page 205 of [6], page 410 of [7] and page 195 of
[8].

e The reaction term f is twice continuously differential on  with bounded derivatives up
to the second order. See page 322 of [28].

Let us examine why all the above works need these strong assumptions on f. It is not
difficult to deduce that, under the above requirements on f, the error between f(u) and f(up,)
can be bounded by

1f () = f )2 < 1F Gun) (= un) g2 < max |f' (@) (u = un)llz2 < Cllu = up|2-

where C' is a constant independent of u, up and the mesh size h. Due to these severe restrictions
on f in [16] 17, 6 [7, 8, 23] 28], the “nonlinear” problem (I.I])-(I3]) can be almost reduced to
a linear one. Clearly, these assumptions on f cannot be satisfied in most applications. For
instance, f(u) = u® — u is frequently used in phase field problems and nonlinear Schrodinger
equations; f(u) = (b - Vu)u where b = [1,1,1]7 appears in the viscous Burgers’ equation.
In these two cases, f does not satisfies the conditions in [6l [7, 8 16 17, 23] 28]. Thus, all
previous results are not applicable. To eliminate the strong assumptions of f and also control
the nonlinear term f(u, Vu), one must derive a uniform boundedness of uy in certain strong
norms. If conventional Lagrange elements are used, one popular linearized FEM for the equation
() is to seek u} € Pf C H'(Q) such that

n—1

uy —u
<%,vh) + (Vup, Vo) + (f(up ™, Vag),v,) =0, Yo, € P C HY(Q). (1.4)
And it is easy to see that uj, € H(Q) satisfies

lurllLe < C||Vupl 2, for 1 <p < +o00, in two-dimensional space
lurllLe < C||Vuplr2, for 1 <p <6, in three-dimensional space,

where ||Vupl||z2 naturally arise in the discretization of the diffusion terms. By using this tech-
nique, unconditionally optimal error estimates of conventional Lagrange FEMs were established
in [15], 20] for several nonlinear parabolic problems. On the contrary, if mixed FEMs are used
for spatial discretizations, a linearized mixed FEM is to seek (o7, u?) € H} x Vi C H(div) x L2,
such that

(0-}7;7Xh) + (UZ, leXh) =0, \V/Xh € H7};7 (15)
up —up !
h%,vh — (divey, on) + (f(up~ ' o ™), on) = 0, Yoy € V', (1.6)



where H} x V;" are the Raviart-Thomas mixed finite element spaces, see the definition in section
2 It is easy to see that for the mixed scheme (L5])-(L6]) one can only derive

u 2 un2 1
o~ o, 1

- =+ ol + (Fap o), u) =0,

-1

Therefore, we must use ||o, |2, to control the nonlinear term f (u}} ,o}1). More precisely, we

shall establish embedding inequalities between uj and o}

lupllzr < Cllop|lr2, for 1 <p<oo, in two-dimensional space,

lupllzr < Clloy |2, for 1 <p<6, in three-dimensional space,
Although the above results seems rather reasonable, to the best our knowledge, such a relation-
ship for (o, uyp) is unavailable in the literature. In this paper, we provide a rigorous proof for
the discrete Sobolev embedding inequalities for the Raviart—Thomas mixed FEMs. A key step
in our proof is to introduce a new norm ||u || pg, which can be viewed as the broken H' norm
of up. Then, we analyze ||up||pe and ||| carefully to derive the desired results.

The rest of this paper is organized as follows. In section 2] we provide some notations
and lemmas for later use. In section Bl we prove the discrete Sobolev embedding inequalities
associated to the Raviart-Thomas mixed FEMs. In section @ we provide an optimal error
estimate for the linearized mixed FEMs by using the discrete Sobolev embedding inequalities.

Numerical examples in both two- and three-dimensional spaces are given in section Bl to confirm
the error estimates and show the efficiency of linearized mixed FEMs.

2 Preliminaries

Let W*P(Q) be the Sobolev space defined on 2, and by conventional notations, H*(Q) :=
WH2(Q). To introduce the mixed formulation, we denote

(SIS

H(div; Q) = {u|u € L*(Q),divu € L*(Q)} with |[ullm@v) = (|ul72 + ||divul7.)

and its dual space fI(div)’ with norm

(v, w)

[v]] = sup
(e}

HE@W iy @)

Let 75, = { K} be a regular mesh partition of © and denote the mesh size h = max {diamK}.
By Fj, we denote all the (d — 1)-dimensional faces of the partition 7;,. We define the Raviart—
Thomas finite element spaces by

{H;;(m ={qgeH(div;Q) : q|ge[P(K)+2P(K), VKeT)},
Vi) :={uecL*Q) : ulgeP(K), VKcT,},

where P,.(K) is the space of polynomials of degree 7 or less defined on K. It is well-known that
H;j () x V' (2) is a stable finite element pair for solving the second order elliptic problems,
see [3, 22, 25, 27]. Let {tn}szo be a uniform partition in the time direction with the step
size 7 = % For a sequence of functions {u"} defined on 2, we denote the backward Euler
discretization operator



In the rest part of this paper, for simplicity of notation we denote by C' a generic positive
constant and € a generic small positive constant, which are independent of n, h and 7. We
present the Gagliardo—Nirenberg and discrete Gronwall’s inequalities in the following lemmas
which will be frequently used in our proofs.

Lemma 2.1. ( Gagliardo-Nirenberg inequality [26]): Let u be a function defined on Q0 in R?
and 0°u be any partial derivative of u of order s, then

10 ullLe < ClO™ullgr ullzz® + Cllullza,

<a<1 with

1 1 m 1
=2 - 1—a)=
, d+a<r d>+( a)q,

except 1 < r < oo and m — j — T is a non-negative integer, in which case the above estimate

holds only for L <a < 1.

¥
m

for0<j<m and

Lemma 2.2. Discrete Gronwall’s inequality [18] : Let T, B and ay, by, cx, Yk, for integers
k > 0, be non-negative numbers such that

n n n
an+TZbk§TZ’7kak+TZCk+B, for n>0,
k=0 k=0 k=0

suppose that Ty, < 1, for all k, and set o, = (1 — 7y;)~t. Then

an +TZbk < exp(TZ’ykak)(Tch +B), for n>0.
k=0 k=0 k=0

3 Discrete Sobolev embedding inequalities of mixed FEMs for
the Poisson problem

We consider in this section the model problem
{—Au:f, for z € Q,
u=0, for x € 002.

The standard Raviart—Thomas mixed FEM for the above model problem is to seek (o7, up) €
H;j (Q) x V() such that

(on, xn) + (un, divxn) =0, Vxn € Hy,(€2), (3.1)
(divep,vn) = —(f,vn), Yoy, € Vi (). (3.2)

Error analyses for the above mixed methods (B.])-(3.2]) can be found in [3], 25 27] and references
therein. The mixed methods computes the original unknown u;, and the flux o}, simultaneously.
On the contrary, to obtain the flux Vu, conventional Lagrange FEMs need to use certain numeri-
cal differentiation, which may lead to a loss in accuracy. If we still denote by uy the conventional
Lagrange FEM solution to the above Poisson problem, then uy satisfies the following Sobolev
inequalities

{HuhHLP < Cl|Vup|lr2, for1<p< oo, in two-dimensional space, (3.3)

lup|lLe < C||Vupllf2, for1<p<6, in three-dimensional space, (3.4)

4



which inherits the H' conforming nature. As o, numerically converges to Vu, one may ask
whether similar Sobolev embedding inequalities hold for the mixed FEM solutions (o7, up). In
this section, we give an affirmative answer to this question and provide a proof.

The main idea used in the proof is to investigate the relationship between mixed FEMs and
the discontinuous Galerkin FEMs. The reasons are twofold: Firstly, there have been powerful
tools developed for the discontinuous Garkerkin methods, see [5 [9]; Secondly, the numerical
solution uy is in the discontinuous finite element space but not in H'(f2). Following [9], we
define the || - || pg norm of uy by

1
funllbe = 3= [ 1VunPdo+ 3 o [ jlun]Pda, (35)
KeT, VK Fer, FIF

where hr denotes the size of the face F. For two adjacent elements K and K’ sharing the same
face F, the jump of a function uy € V}(£2) across F' is defined by

[[Uh]] = Uh!aKmF - Uh’é)K’ﬂF-

In case of F' € 0K lying on 0%, we define [uy] := up|gxnr. The main results obtained in [9] are
the following discrete Sobolev embedding inequalities

lunllr < Cllupllpg, for 1 <p< oo, in two-dimensional space, (3.6)
|lunllr < Cllupllpg, for 1 <p <6, in three-dimensional space, (3.7)

where C' is a constant depending upon the domain 2, 7 and p only. We will show in Theorem [3.2]
that ||up||pe is bounded by ||o|| 2. Before going further, we consider the following projection
problem for the Raviart—Thomas element, which will be used in the later proof. This lemma
first appears in [11]. Here we provide a complete proof with details.

Lemma 3.1. For each element K € Ty, given p € [L*(K)|%, q; € L*(F;) where {F;} € 0K,
there exists a unique ¢, € RT,(K) such that

/K (Ch—p) - wnde =0, Veon € [Pt ()], (3.8)
/F-(Ch ‘np, —¢) prdr =0, Yup € P.(F;), (3.9)

where RT,.(K) is the restriction of the Raviart-Thomas element space Hj () on K. More
importantly, the following stability holds

1ChlZ20) < C [ IPI720i) + D hllaillZagey | - (3.10)
F;,c0K

where C' is independent of h and K.
Proof: The equation numbers in ([B.8)-(8.9) satisfy

d+r—1 d+r—1  d+r+1)(d+r—1)
d< r—1 > + (d+1)< r > N (d—1)lr! ’
eqn. (Z3) eqn. B.9) dim{RT(K)}

which immediately yields the the existence and uniqueness of the projection. We prove (3.10)
by a scaling argument. To do so, let K be the reference element, which can be a simplex in R



Given p € LLz(I?)]d, G € L2(F,) where {F,} € K, the corresponding projection on K is to seek
¢n € RT,.(K) such that

/A(Eh —p)-Opdz =0, Y&, € [Pro1(K)]?, (3.11)
K
/ﬁ (& np — @) findi =0, Viin € Po(E). (3.12)

The existence and uniqueness of ¢, are obvious. Furthermore, it is easy to derive that

2 12 12
peciy = C (1Bl +ﬁ§f{ 161227 ) (3.13)

|4

where C depends upon K and r only. To build a connection between K and K , we define the
affine mapping Tk : R? — R by

Ty = BT +b,, VZcR< (3.14)

We also note that for {F} € 9K, TK(ﬁ) = F;. Then, for a scalar function ¢ € H'(K), we
define

¢=poTk (3.15)
For ¢ € [H'(K)]?, we shall introduce the Piola transformation
¢ = |detBg| Bi' ¢ o Tk (3.16)

With the above transformations (B14)-(B18]), the projection ([B:8)-(B3) can be rewritten by

/f{ (Eh - 13) Wpd =0, V&, € [P_1(K)]?, (3.17)
 (@me - 1) mas o, ) .15

where the Piola transformation ([B.16]) is used for the vector functions {5, p and wy,, and affine
transformation ([B.15)) is used for {g;} and py, respectively. Finally, we use the scaling argument
to derive that

1
Iy < 1Bl ldetBic 2 Ell oz

SR |F3|
< ClBxlldetBr|™= [ 1Bll 2z + Y B ,||qz||L2(FZ
FeoaR 1

1/2
_1 1 _
< C| Bkl |detBk| 2 !detBK!2IIBKlllllpHLz(K) < ) ¢l L2(r)
cOK
< CO||Bk|l|B&" C Byl |det B |2 ;
< CIBklHBg Pl 2y + Z | Bk || |det B |~ quHLz(m
F;c0K
1
< O lPllzey +h2 Y Naillzamy | »

F;e0K



where we have used estimate (8.3 and noted the fact that 7}, is shape regular( h and hp are
equivalent). By squaring the above inequality, we get the desired estimate (BI0) directly. O

Now, we are ready to prove the discrete Sobolev embedding inequalities for the mixed FEM
solutions (op,up), which play a key role in the unconditionally optimal error analysis in the
next section [l

Theorem 3.2. For any given up, € V,/ (), if there exists a o, € H} (Q) such that
(on, Xn) + (un,divxn) =0,  Vxu € H,(Q), (3.19)
then the following discrete Sobolev embedding inequality holds
lunllze < Cllowllzz, for1<p< oo, in two dimensional space, (3.20)
{HuhHLp < Cllonlrz2 for 1 <p <6, in three dimensional space, (3.21)
where C is a constant only depending upon the domain, r and p.

Proof: By using integration by parts for the equation (3.19]), we have

0 = (n7Xh)+(uh7diVXh)

= (o",xn) Z / updivxpde

KeTy,

= (0n7Xh)+ < /Vuh th$+/ UhXh‘an3>
KeT, oK

= (", xn) /Vuh Xrdz + Z / up] xn - npde. (3.22)
KeTn FerFy,

Then, on each element K, we require x; to be the projection, such that

/ (Xh — Vuh) cwpdx =0, Ywy, € [Pr_l(K)]d,
K

1
| O+ ) e =0, Vin € Po(E)
Fl‘ Fi

Lemma 311 tells that such a x; € Hj (Q) exists and is unique, which also satisfies

1
IXal72x) < C | IVunllZogey + D 2 1 lendlzz s,
F;e0K

Substituting this x; into (3.22]) yields

lunllbe < (on,xn) < lonllz@) IxXallzz @) < Clonllz ) llunlipe -

The discrete Sobolev embedding inequalities ([B:20)-(B321)) follows directly from (B.6])-(3.7) and
the last inequality. The theorem is proved. O

Remark 3.3. In the above proof, we can see that oy, can be replaced by any f € L2(1).



4 Applications in unconditionally optimal error estimates of
nonlinear parabolic equations

4.1 Linearized mixed FEMs for nonlinear parabolic equations

In this section, we employ the discrete Sobolev embedding inequalities to establish an uncon-
ditionally optimal error estimates of linearized mixed FEMs for nonlinear parabolic equations.
We point out that examples shown in this section do not satisfy the assumptions assumed in
previous works [0}, [7, [8, 16}, 17, 23] 28]. We present two typical nonlinear equations with different
flu, Vu).

Example 4.1. The first one is the Allen—Cahn type equation
ou

E—Au+u3—u:0, in £ x (0,77, (4.1)
u(z,t) = u'(x), in Q, (4.2)
u=20, on 092, (4.3)

Conventional Lagrange FEMs have been widely used to solve the above equation. However,
one might consider using a mixed method for the above Allen—-Cahn equations in the hope of
getting a better approximation of the flux Vu, which is needed in the case of coupling Vu with
Navier—Stokes equations, see [13], 21].

Example 4.2. The second one is the viscous Burgers’ equation

u(z,t) = u’(x), in Q, (4.5)
u=20, on 0f. (4.6)

where b = [1,1,1]7.

Here we combines the nonlinear terms in the last two examples and study the following
artificial problem

%—Au—l—(b-Vu)u—ku?’—u:O, in Q x (0,77, (4.7)
u(z,t) = u’(x), in €, (4.8)
u=0, on 0f2. (4.9)

A linearized mixed FEMs is to look for (o}, up) € Hj (Q) x V' (£2) such that for n =1,2,...,

(o}, xn) + (up, divxs) =0, Yxn € Hy (Q), (4.10)
(Drup,vp) — (divey,vp) + (b - UZ_luZ_l, vp)
+ (U — = ty) =0, Yo, € V7 (Q). (4.11)

At the initial step, we take o) = II,Vu®(z) and u)) = II,u’(z), where IIj, can be the projection

defined in (£I4)-(ZI5).

For error analysis, we assume that the initial-boundary value problem (4.7)-(49]) has a unique
solution satisfying the regularity condition

we L0, T; H2) uy € L0, T; H™2) uy € L°(0,T; L?). (4.12)



We shall remark that the above regularity assumption might be weakened. In this paper, we
emphasize on the unconditional optimal error estimates of the linearized mixed FEMs (@.I0])-
(£I1]). We state our main results on error analysis in the following theorem. The proof will be
given in the next subsection

Theorem 4.1. Under the reqularity assumption , there exist two positive constants hg and T
such that when h < hg and T < 19, the mized FEM systems ({.10)-({4.11)) are uniquely solvable
and the following error estimates hold

n

n n|2 m m (|2 2 2r+2

Jmax.(|luf, —u o2 %72 ok —o [72) < Culr? + 17742). (4.13)
m=

where Cy is a positive constant independent of n, h and 7.
To prove the above theorem, we need to define a projector II, : (H(div;), L3(Q)) —

(H} (), V7 (). Given the exact solution (o, ) to (£1)-(E9) at any time t € (0,77, we seek
(Mo, ) € (H (), V7 () such that

(Mpop, Xn) + Mpup, divx,) =0, Vxn € H, (), (4.14)
(divIIpop,vp) = (dive,vs), Vo, € Vp (Q). (4.15)

We denote the projection error functions by
b =llpo—0o, 6,=Iu—u, (4.16)
From the classical error estimates for mixed methods [3, 12}, 27], we have

ou

< T+1
= Ch ot

L2

. 09,
Il + allin < O+ g, |5

. (4.17)
HT'+1

Moreover, the following uniform boundedness estimates can be proved by using an inverse in-
equality
1o + [Tl < C, for 1< p <6. (4.18)

With the above projection error estimates, we only need to analyze the error functions

n n n
ey =0, —Ipo", e

w=up —Ipu", forn=1,2,...,N. (4.19)
n.em)}N ) in the next subsection.

We provide an unconditionally optimal estimates for {(eZ, el

4.2  Proof of Theorem 4.7]

Proof: The existence and uniqueness of numerical solutions to the linearized mixed FEMs
(#10)-@.II) follow directly from that at each time step, the coefficient matrix is invertable.

Here we prove the following inequality for n =0, ..., N
= C
leilZe + D rllezlze < 5 (7% + 122, (4.20)
m=1

by mathematical induction. Since
02 02
ull L2 ollr2 =4
leullzz + llegllz2 =0

(#20) holds for n = 0. We can assume that ([£.20) holds for n < k — 1 for some k > 1. We shall
find a constant C,, which is independent of n, h, 7, such that ([@20) holds for n < k.



At time step ¢,, by noting the projection ([4I4)-(4.IH), the exact solution (o, u) satisfies

(o™, xn) + (Mpu™, divxy) = 0, o € HL(Q),  (421)
(Dru”,vp) = (divIlae™, o) = —(b- o™ 1 u" " vp)

— (@™ —u™ o) — (R vh), Yo, € (), (4.22)

where

R" = Dyu" — % b Vutu" —b. Va' ) + (@) = u ) = (@) - u)

stands for the truncation error. Subtracting (L.2I)-(Z22) from (4I0)-(4I1]), respectively, we
obtain the error equations

(e xn) + (€, divxn) =0, Vxn € Hy (Q), (4.23)
(D€, vp) — (dive?,vp) = (b - Vu" "1 — b UZ‘IUZ_I,U;L)

= (@) = ") = ((up ™) = wy™h) o) — (Do — Ry o), Yop € Vi(Q). (4.24)

Taking (xn,vn) = (e, e") into the above error equations (A23)-([#24) and summing up the
results lead to

(Drepyen) + lleplz:
=Mb - Vel —b. O'Z_luz_l en)

rru

(@ =) = (g — ), el - (D00 — R el) (4.25)

ur U

We estimate the right hand side of (£.25]) term by term. By the regularity assumption on
the exact solution w in (4I2]) and the projection error (A7), the last term in the right hand
side of (£28]) can be bounded by

(D07 — R e?) < C|lel||2; + C72 4 Ch?+2 (4.26)

U U

By noting that the assumption ([20) holds for n < k — 1, we can derive that if 7 < h™F!

lezlzs < hblels < hoby G2 i) < VB, (a21)

where an inverse inequality is used. If A" < 7, by using the discrete Sobolev embedding
inequality in Theorem [3.2] we have

Cs
letlls < Clletlle < Crbyfrleg < Crhy [ Sempnreny < oy/Birt. (a2
Therefore, for any given €, we have in both cases
llenllzs < max {\/C*hr+%,Cx/C*T%} <e forn=1,...,k—1 (4.29)

if we require that 7 < 75 and h < hg, where 79 and h are two small constant numbers. Now we
estimate the two nonlinear terms in the right hand side of ([@.25]). The first nonlinear term can

10



be bounded by

(b-Vu" " —b. O'Z_luz_l, er)
=—(b-Vu" Oy el en) — (b (0571 + ep DR el)
— (b (57 +eg e )

< b - V" | oo 0571 + e Iz llenllze + b - (07" + ez T o€l o

+ b (057" +eg Dl llen ™ Ml sllel o

1 1
< Clley™ 72 + Cllenliza + Ch**2 + Clleg™ Iz + Akl 22 llen ] 76

+C(lleg™ Iz + A hllen™ s el o

1 1
< Cllleg lzz + R Hlenllzalleg 72 + Clleg™ lzz + Al I zs el e
+Clley " Iz2 + Cllei 12 + Ch* 2 (4.30)

By using Young’s inequality, we have

1 1
Cllleg iz +h ™ Hllenlzalleg e < elleg™ 172 + lleglz2) + e Cllenllze + e 'CR* 2. (4.31)
And by using the ([£29]), we can derive
Cllles lzz +h ) len izslleg 2 < ellleg™ 172 + lleg172) + € CR* 2 (4.32)
where we shall require 7 and h are smaller than certain constants. Substituting the last two
inequality into (4.30]) gives
(b-Vu" " —b. UZ_luZ_l, ern)
< e(llen B + llen22) + € LCleR3 + e onre? (133)
Next, the second nonlinear term in the right hand side of (£.25]) can be bounded by

(@1 = ) = (™) = ), e)

» U
< (") = (™% en) + Clley™I2: + Cllei |z + Ch* 2
< (3O e +3u O ey = (00T el en)
+Clley™MIZ: + Clle |z + Ch* 2
< Cl(en™)% e+ ClO Hew™ )% el + Clley ™ I72 + Clleyllze + Ch* 2
< Cllen M psllen™ Nzsllen lzslletlize + ClOL Nsllen™ zsleh ™" s llenll o
+Clley™MIZ: + Clley |z + Ch* 2
< Celleg Irzllegllzz + Celleg™ I z2lleg 22 + Cllen ™ 1Z2 + Clley Iz + Ch* 2
> Cefles |L2|ea' L2 €ll€a L2 ea’|L2 €y |L2 Cullr2
< e(leg™ 72 + legliz2) + Cllen™ 72 + Cllen 172 + Ch* (4.34)
where we have used (£.29]) with requirement 7 and h are smaller than certain constants and the
embedding equality in Theorem

Finally, substituting estimates (4.26]), (£.33]) and ([4.34)) into (£25]), we obtain

(Drey,en) + lleg 72

<elleg 7z + e Cllen™ M7z + e Cllenllze + € O + 7 F2), (4.35)
Then, we chose a small ¢ and summing up the last inequality for the index n =1, 2, ..., k to
deduce that
n n n
lezllze +7 Y lleglis <7C Y lleflis +7C Y (72 + b F2), (4.36)
m=1 m=1 m=1
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Thanks to the discrete Gronwall’s inequality in Lemma 2.2] when C7 < %, we have

n
lenlZs + el +7 > (e3> + lldiveZ|[7)

m=1

< Cexp <%) (7% 4+ K2 T2)

< Cexp(2TC) (1% 4 h?+?) (4.37)

Thus, (£20) holds for n = k if we take % > C'exp(27C). We complete the induction.
Theorem [AT] follows immediately from the the projection error estimates and the above
inequality. O

5 Numerical examples

In this section, we provide numerical experiments in both two and three dimensional spaces to
confirm our theoretical results in Theorem [l and show the efficiency of the linearized mixed
FEMs. The computations are carried out with the free software FEniCS [24].

Example 5.1. First we consider an artificial problem in two dimensional space

%—Au+u3:g, inQ (5.1)
u =0, on 0N (5.2)
u = ug(z), in Q, (5.3)

where we take 2 = (0,1) x (0,1). The function g is chosen correspondingly to the exact solution

u(t,z,y) = exp(t)zy(l — z)(1 - y).

We set the terminal time 7' = 1.0 in this example. This example had been tested in [23], where
a nonlinear backward Euler mixed FEM with a two-grid algorithm was used.

1
0.8
0.6

Y
0.4

0.2

Figure 1: A uniform triangular mesh on the unit square with M = 8.

We use a uniform triangular mesh with M + 1 vertices in each direction, where h = % (see
Figure [I for illustration with M = 8). We solve (5.1)-(5.3]) by the proposed linearized mixed

FEMs (£10)-@II) with » = 0, 1, 2, respectively. To demonstrate the O(7 + h") convergence of

r+1 . .
L?-norm errors of uy, and oy, we set 7 = (%) in our computation. The L?-norm errors of

the scheme are shown in Table [l From Table [Il we can see that the L?-norm errors for u;, and
o}, are proportional to h" ™!, which confirms the optimal convergence rates clearly.
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Table 1: L2-norm errors of uj, and o, on the unit square (Example 5.1]).

0 0 _ 1
HhXVh T—M

o — |12

lo™ — ol

M =32 2.9850e-03 1.2659e-02
M =64 1.4928¢-03 6.3329¢-03
M =128 7.4643e-04 3.1668e-03
Order 9.9983e-01 9.9951e-01
H <V 17=qp | [W¥ — w2 | oV — ol
M =16 2.3732e-04 1.0243e-03
M =32 5.9385e-05 2.5731e-04
M =64 1.4850e-05 6.4475e-05
Order 1.9992e+00 1.9949e+00
H; x V7?2 7=g5 | [ —uifflee | o™ — oy
M =28 4.2973e-05 1.4866e-04
M =16 5.3949¢-06 1.8728e-05
M =32 6.7509e-07 2.3501e-06
Order 2.9961e+00 2.9916e+00

To test the stability of the proposed method, we solve (5.1)-(53]) by the linearized mixed
FEMs (£10)-(£10) with three fixed time steps 7 = 0.1, 0.05, 0.01 on gradually refined meshes
with M = 8, 16, 32, 64 and 128, where we take 7 = 1, i.e., H} (Q) x V;1(Q) is used. We plot in
Figure @ the L? errors of uj, and o},. From Figure @ we can see that for each fixed 7, when the
mesh is refined gradually, each L? error converges to a small constant of O(7). This shows that
the proposed linearized mixed FEM is unconditionally stable, i.e., the method does not require
mesh ratio restriction 7 < Ch® for a certain a > 0.

10°

10? 10° 10* 10°
M M

Figure 2: L? errors of u;, and o, with H}L X Vh1 on gradually refined meshes with fixed 7 (Example

E1).

Example 5.2. In this example we test the performance of the linearized mixed FEMs for the
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following three-dimensional problem

%—Au+(b-Vu)u—l—u3—u:g, inQ (5.4)
u=0, on 9 (5.5)
u = ug(x), in 0,

where we take the unit cube Q = (0,1) x (0,1) x (0,1). The function g is chosen correspondingly
to the exact solution

u(t, z,y) = exp(—t)sin(rz) sin(27y)z(1 — z).

A uniform tetrahedral mesh with M + 1 vertices in each direction are used, where h = % We
solve the above equation (5.4])-(5.6]) by the proposed linearized mixed FEMs (d.I0)-(11I]) with
(H} () x V() for r = 0, 1, respectively. We also set 7 = (ﬁ)rJrl and terminal time 7' = 1.0
in our computations. We present the L?-norm errors of the scheme in Table[@ Again, we can see
clearly that the L?-norm errors of u;, and o, are proportional to A1, for 7 = 0, 1, respectively.
This indicates that the convergence rate of the linearized mixed FEM (4I0)-(4.11]) is optimal
in three-dimensional space.

Table 2: L2-norm errors of uj, and o, on the unit cube (Example [5.2)).

HY < V0 7= [ =z [ o™ — o |2
M =10 5.1823e-03 4.2003e-02
M =20 2.6285e-03 2.1121e-02
M =40 1.3189¢-03 1.0575e-02
Order 9.8711e-01 9.9490e-01

HLxV; 1= | o' — el | o™ — o) e
M =28 8.0631e-04 5.4993e-03
M =16 2.0467e-04 1.3935e-03
M =32 5.1364e-05 3.4997e-04
Order 1.9862e+00 1.9870e+00

To test the stability of the proposed method, we solve (5.4)-(56]) by the linearized mixed
FEMs (410)-(#I10) with three fixed time steps 7 = 0.1, 0.05, 0.01 on gradually refined meshes
with M = 10, 20, 30, 40 and 50, where Hj (€2) x V;1(£2) is used for spatial discretization. We
plot in Figure Blthe L? errors of up, and o,. From Figure B, we can see that the size of the time
step 7 affects the accuracy but not the stability of the scheme. This shows that the proposed
linearized mixed FEMs are unconditionally stable in three-dimensional space.

6 Conclusion

We have proved a discrete Sobolev embedding inequality for the Raviart—Thomas mixed FEMs
for second order elliptic equations. The essential idea is to control the LP norm of u; by the
discrete Sobolev norm ||up||pe and then prove that ||up||pe is bounded by |op|/z2. In this
paper we focus on the Raviart—Thomas mixed FEMs. However, it is easy to see that the results
can be extended to other stable elements, such as Brezzi-Douglas—Marini(BDM) mixed FEMs.
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=01
-©-=0.05
“-7=0.01

10 20 30 40 50 60 10 20 30 40 50 60
M M

Figure 3: L? errors of uj, and o, with H}L X Vh1 on gradually refined meshes with fixed 7 (Example

52).

We shall remark that in our proof there is no requirement on the domain 2. In this paper, we
only consider homogeneous Dirichlet boundary conditions. It should be noted that extension
to other boundary conditions can also be obtained with slightly change of notations. By using
the proved discrete Sobolev inequality, we have established an unconditionally optimal error
estimates for mixed FEMs of nonlinear parabolic equations. We point out that the discrete
Sobolev embedding inequalities proved in this work can be used to analyze mixed FEMs of more
general nonlinear parabolic systems.
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