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Hybridized Discontinuous Galerkin Method
for Elliptic Interface Problems

Masaru MIYASHITA* Norikazu SaiTof

January 5, 2017

New hybridized discontinuous Galerkin (HDG) methods for the interface
problem for elliptic equations are proposed. Unknown functions of our
schemes are uy in elements and uj, on inter-element edges. That is, we
formulate our schemes without introducing the flux variable. Our schemes
naturally satisfy the Galerkin orthogonality. The solution u of the inter-
face problem under consideration may not have a sufficient regularity, say
ulo, € H?(Q1) and ulg, € H?(Qs), where ; and €y are subdomains of
the whole domain Q and I' = 01 N 9y implies the interface. We study
the convergence, assuming u|o, € H!™$(Q1) and u|g, € H*5(£s) for some
s € (1/2,1], where H'** denotes the fractional order Sobolev space. Con-
sequently, we succeed in deriving optimal order error estimates in an HDG
norm and the L? norm. Numerical examples to validate our results are also
presented.
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1. Introduction

Let Q be a bounded domain in R?, d = 2,3, with the boundary 09. We suppose that
Q is divided into two disjoint subdomains §2; and €. Then, I' = 02 N 9§25 implies the
interface. See Fig. [I] for example.
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Figure 1: Examples of 1, Q5 and I'.

Suppose that we are given a matrix-valued function A = A(x) of Q — R¥*? such
that:

(smoothness) Alg, is a C* function in €; (1=1,2);

(symmetry) §- Alx)n = (A(@)E) - n, (&n e R € Q);
(elliptic condition) Amin|€]? < €+ A(2)E < Amaxl€)? (€ eRYzeQ)

with some positive constants Apin and Apax. Hereinafter, | - | = | - |ga denotes the
Euclidean norm in R% and ¢ - n the standard scalar product in R%.

We consider the following interface problem for second-order elliptic equations for the
function u = u(z), z € Q,

-V -AVu=f in Q\T, (la)

u=20 on 01}, (1b)

ulo, — ula, = 9D on T, (1c)

(AVu)l|q, - n1 + (AVu)|q, - n2 = gn onT, (1d)

where f, gp, gy are given functions, and n1, ne are the unit normal vectors to I' outgoing
from g, 9, respectively. Moreover, u|g, stands for the restriction of u to Q; for
example. We note that the gradient Vu of the solution may be discontinuous across I,
since A may be discontinuous, even if gp = 0 and gy = 0.

Elliptic interface problem of the form arises in many fields of applications such
as fluid dynamics and solid mechanics. For instance, the first author has proposed
as a convenient model for computing sheath voltage wave form in the radio frequency
plasma source within reasonable computational time (see [I8]). The model involves
the interface where the electronic potential and flux have nontrivial gaps; see also [9].
The case gp = 0, which is sometimes referred to as elliptic problem with discontinuous
(diffusion) coefficients, is formulated as the standard elliptic variational problem in
H'(Q) and numerical methods are studied by many authors; see [6, 2, 23] 5] for instance.
On the other hand, the case gp # 0 has further difficulties and a lot of numerical
methods have been proposed (see [3] [17, [19] for example).

The present paper has dual purpose. The first one is to propose new schemes for
solving based on the hybridized discontinuous Galerkin (HDG) method. The HDG



method is a class of the discontinuous Galerkin (DG) method that is proposed by
Cockburn et al. (see [7]; see also [14] 15, 2I] for other pioneering works). In the
HDG method, we introduce a new unknown function 4 on inter-element edges in
addition to the usual unknown function wuj in elements. We can eliminate wuy, from the
resulting linear system and obtain the system only for #j; consequently, the size of
the system becomes smaller than that of the DG method. In this paper, we present
another advantage of the HDG method. That is, elliptic interface problem is readily
discretized by the HDG method and the resulting schemes and described below
naturally satisfy the consistency (see Lemma together with the Galerkin orthogonality
(see (21))). It should be kept in mind that Huynh et al. [I2] proposed an HDG scheme
for . They introduced further unknown function ¢ = AVwu and rewrote into
the system for (u,q, @) based on the idea of [7], while our unknowns are only (u, )
by following the idea of [2I, 20]. Herein, @ denotes the trace of u into inter-element
edges. Moreover, results of numerical experiments were well discussed and no theoretical
consideration was undertaken in [12].

The second purpose of this paper is to establish error estimates for the HDG method
when a sufficient regularity of solution, say u € H2(2), could not be assumed. Actually,
if gp # 0, the solution cannot be continuous across I'. Moreover, we do not always
have partial regularities u|g, € H?(€%;), i = 1,2. As a matter of fact, if 9Q N T # 0,
then we know that u|g, may not belong to H2(;), even when I' and 952 are sufficiently
smooth; see Remark To surmount of this obstacle, we employ the fractional order
Sobolev space H'T$(Q;), s € (1/2,1], i = 1,2, and are going to attempt to derive an
error estimate in an HDG norm | - |15 defined in terms of the H'™*(;)-seminorms
(see (18])). Ome of our final error estimate reads (see Theorem

[ = wpllisn < Ch* (lull sy + lull s @,)) »

where u = (u, %) and up, = (up,Up). Moreover, we also derive (see Theorem

[ — unl| 20y < CP** ([[ull sy + lullmivs,)) »

following the Aubin—Nitsche duality argument. To derive those inequalities, we improve
the standard boundness inequality for the bilinear form (see Lemma and inverse
inequality (see Lemma to fit our purpose. We note that those results are actually
optimal order estimates, since we assume only u|q, € H'™5(;) and ulg, € H*%(Qy).

In this paper, we concentrate our consideration on the case where ; and €y are
polyhedral domains in order to avoid unessential complications about approximation of
smooth surfaces/curves. The case of a smooth I' is of great interest; we postpone it
for future study. On the other hand, we only consider the case 9Q NT # (), since the
modification to the case 9Q NT = () is readily and straightforward.

This paper is composed of five sections with an appendix. In Section [2| we recall
the variational formulation of and state our HDG schemes. The consistency is also
proved there. The well-posedness of the schemes is verified in Section [3| Section [4] is
devoted to error analysis using the fractional order Sobolev space. Finally, we conclude
this paper by reporting numerical examples to confirm our error estimates in Section
In the appendix, we state the proof of a modification of inverse inequality (Lemma.



2. Variational formulation and HDG schemes
For the geometry of Q € R?, d = 2,3, we assume the following:
Q, Q1,5 are all polyhedral domains and 9Q N T # 0. (H1)

That is, we consider only Case (I) in Fig.

To state a variational formulation, we need several function spaces. Namely, we use
L2(Q), H™(), m being a positive integer, HJ (Q), L*(T), HY/*(T), Hg/2(F) and so on.
We follow the notation of [16] for those Lebesgue and Sobolev spaces and their norms.
The standard seminorm of H™ () is denoted by |v|gm(q). Supposing that S is a part
of 9Q or T, we let (€2, S) be the trace operator from H'(2) into L?(S). Set

HE(Q) = {v e H (Q) | v(Q, 00N 0Q)v =0}, i=1,2.
Further set v; = v(Q;,T), i = 1,2. We introduce
V={veL*Q)|vlo, € Ht (), i =1,2}

and write v; = v|q,, 1 = 1,2, for v € V.
Variational formulation of is given as follows: Find v € V such that

Yiur —yu2 = gp on I, (2a)
a(u,v) = / fvdx+ / gnv dS (Vo € H}(Q)), (2b)
Q T
where
a(u,v) = AVuy - Vo do + AVuy - Vg dx. (2¢)
Ql QQ

To state the well-posedness of Problem , we have to recall the so-called Lions-
Magenes space (see [16} §1.11.5])

HylA(T) = {u € H'2(T) | o~/ € L)}

which is a Hilbert space equipped with the norm H,uH2 vz = HNHHW —i—H o V2|2, ()"

Herein, o € C*°(T)) denotes any positive function satlsfymg olor = 0 and, for zp € T,

limg 4, o(z)/dist (x,0I") = gp > 0 with some gy > 0. In particular, Hoé (I") is strictly
included in HY2(I"). The following result follows directly from [10, Theorem 2.5] and
[11, Theorem 1.5.2.3]. (A partial result is also reported in [24, Theorems 1.1 and 5.1].)

Lemma 1. The trace operator v — pu = ~vy1v is a linear and continuous operator of
HL () — Hl/z(F). Conversely, there ewists a linear and continuous operator &1 of
H§é2(F) — HE(Q), which is called a lifting operator, such that v1(E1p) = p for all

W E H&éz(F). The same propositions remain true if v1 and 1 are replaced by ~v» and
Qs, respectively.



Suppose that
FeL?(Q), gpe HYAT) and gy e LAT). (H2)

In view of Lemmal, there is gp € V such that v1Gp = v2gp = gp on I" and HgD||H1 ) <
Cllgnl yizz ey

Hereinafter, the symbol C denotes various generic positive constants depending on
Q. In particular, it is independent of the discretization parameter h introduced below.
If it is necessary to specify the dependence on other parameters, say u1, p2, - . ., then we
write them as C'(pu1, pa, .. .).

Therefore, we can apply the Lax—Milgram theory to conclude that the problem
admits a unique solution v € V satisfying

lurll oy + lluzllmr e,y < CUF 2@ + gl oy + lgnllzzm),

where C' = C(A).
Next we review the regularity property of the solution u. Suppose further that

gp € H*(T) and gy € HY2(T).

However, in general, we do not expect that u; € H%(Q) and us € H%(Q2), because of
the presence of intersection points I' N 9. (Even if we consider the case I' N 9Q = 0,
we may have u; & H?(21) and up & H?(£2).) To state regularity properties of u; and
ug, it is useful to introduce fractional order Sobolev spaces. We set

0iv( 2
"U H1+9 Z// ‘ y|d+2; )| dwdy? (38')
Xw

where w C R 0 € (0,1), and §; = 0/0x;. Then, fractional order Sobolev spaces
H10(Q;), i = 1,2, are defined as

HYWO(Q,) = {v e HY(Q0) | ol Zns000y = 0120y + [0l210@) <00} (3b)
We assume that
gp € Hy'P(T) and gy € HSV2(D) (H2')

and that the solution u € V of (2) has the following regularity property,

{ up € H1+S(Ql), U9 € H1+S(Qz) and (4)

Ns(u) < CUIfllzz@) + lgpll yesrrz gy + lgnlme-1r2(r))

for some s € (1/2,1], where Ng(u) = |lu1|| gr+s(q,) + [zl g1+s(q,) and C = C(A).

Remark 2. We can find no explicit reference to . Nevertheless, we consider the
problem under on the analogy of Poisson interface problem. As an illustration, we
consider the case d = 2. Suppose that xg is an intersection point of 92 and I'. We then



set U=0NQand U; =U N, i =1,2, where € is a neighbourhood of xg. Assume
that U contains no corners of 9 U I' and no other intersection points except for xg.
Consider the unique solution w € H} () of

K1 Vw-Vvdr+ky [ Vw-Vvdr= / fv dz (Vo € H}(Q)),
931 Qo Q

where f € Lz(Q) and k1, Ko are positive constants with k1 # k2. Then, we have (see
[22, Theorem 6.2])

wlo, € HYAU;), i=1,2, ﬁzmin{l,%}é(l/%l],

where 6 denotes the maximum interior angle of 9€2; and 0€2s at xg.

We proceed to the presentation of our HDG schemes. We introduce a family of
quasi-uniform triangulations {7}, of Q. That is, {7z}, is a family of shape-regular
triangulations that satisfies the inverse assumptions (see [4, (4.4.15)]). Hereinafter, we
set h = max{hg | K € Ty}, where hg denotes the diameter of K. Let &, = {e C
OK | K € Tn} be the set of all faces (d = 3)/edges (d = 2) of elements, and set
Sh = UkeT;, 0K = Ueeg,e. We assume that there is a positive constant vy which is
independent of i such that

he hK

max {p, e } <y (Ve COK, VK € VT; € {Ti}n), (H3)
K

where h, denotes the diameter of e and pg the diameter of the inscribed ball of K.
We use the following function spaces:

H”S(m = {ve L*(Q) | v|x € H(K), K € Tp};
30(Sh) = {0 € L*(Sp) | 9] =0, € € Enonl:
1/2< Sp) = {0 € HY2(S)) | 0l = 0, e € Enonl;
VIS (h) = HYWS(Ty) x Hyly (Sh)

for s € (1/2,1].
Further, we assume that

there exists a subset &, r of &, such that I' = U e, (H4)
eegmr

as shown for illustration in Fig. [2|
We then set Ep 90 = {e € & | e C 9Q} and &9 = ER\(Enr U Eppn). Assumption
(H4) implies that T,; = {K € T, | K C €} is a triangulation of Q; for i = 1,2 and we

can write
a(u,v) Z / AVu - Vv dx. (5)
KeTy,



Figure 2: Triangulation satisfying (H4).

Throughout this paper, we always assume that (H1), (H2), (H2'), (H3) and (H4) are
satisfied.

For derivation of our HDG schemes, we examine a local conservation property of the
flux of the solution u. Let K € Tp. Recall that, if u is suitably regular, we have by
and Gauss—Green’s formula

/(AVu‘nK)wdS:/AVu-dex—/ fw dx
Q K K

for any w € H'(K), where ng denotes the outer normal vector to K. As mentioned
above, the left-hand side of this identity is well-defined, since is assumed for some
s € (1/2,1]. However, we derive local conservation properties (Lemmas [3| and 4| below)
without using the further regularity property . That is, based on the identity above,
we introduce a functional (AVu - ng,-)gx on HY/?(dK) by

(AVu - nic, Box = / AVu-V(Z26) dz — / £(Z6) du (6)
K K
for any ¢ € H/?(OK), where Z¢ € H'(K) denotes a suitable extension of ¢ such that

1Z¢ll a1y < Clldll 2ok Actually, the definition of (AVu - ng, )ai above does not
depend on the way of extension of ¢. Below, for the solution u of , we simply write

/ (AVu-ng)o dS :/ AVu -V (Z¢) dx —/ f(Z¢) dz (7)
oK K K

to express @
The following lemmas are readily obtainable consequences of and (7))
Lemma 3. For the solution u of , we have
> / (AVu - ng)o dS :/gN@ ds (o€ Hy2(Sh). (8)
oK r

KeT,



Lemma 4. For the solution u of , we have

/AVu Vou dz + Z/ (AVu-ng)(0 —v) dS

KeTy, KeTy,

/ fu d:c+/ng ds  ((v,0) € VY(h)). (9)

KeTy

We discretize the expression (9) by the idea of HDG. We use the following finite
element spaces:

Vi, = Vi x Vii;
Vih=Var={v e H1(771) |v|g € Py(K), K € Tp}, k> 1: integer;
Vio = Vi = {0 € L2o(Sh) | 0le € Pi(e), e € EnoUEpr}, 1> 1: integer,

where P (K) denotes the set of all polynomials defined in K with degree < k.
At this stage, we can state our scheme: Find uj, = (up,up) € Vj, such that

Bp(un,vp) = Lp(vp) (Yo = (vp,9n) € Va), (10a)

where

n(wp, vp) Z / AVuy, - Vuy, da — Z/ (AVuy, - ng)(vp — op) dS

KeTy KeTy,
=B =B>
— Z/ (AVuy, - ng)(up — tip) dS+ > Z/ (up, — @n) (v, — 0p) dS (10b)
KeTy, KeTy eCOK
=B3 =By
and
Ly (vp) Z / fop d,x+/gNU dsS — /gD (AVup, -nq) dS
KeTy
=1, =Lz
+ Z/ Kenegp (vp, —op,) dS. (10c)
eEghF

=L3

Therein, ok . is defined by

(10d)

OK,e —

1 (K S 771,1)
—1 (K S 7;L,2)



and 7, denotes the penalty parameter such that

0 < Mpin = Inf min = su max 7 < 00. 10e
Thnin = Toe T} eCEn Tle, Thmax The{%}h e Tle ( )

The main advantage of the scheme is stated as the following lemma.
Lemma 5 (Consistency). Let u € V' be the solution of (2|) and introduce u € Ha/z(Sh)
by
v(K,e)u (e € Eno, e COK).
Then, u = (u, @) € V1(h) solves

o {;MKl, eyuty(Kz.ehu] (e €EngUénr, e=0K1N0Ky)

By(u,vy) = Lp(vn) (Yo, € V).

Proof. In view of Lemma {4}, we know that By + By = L1. We show that B3 = Lo and
By = L3. For e € &, 0N Ehpa, we have u — 4 = 0 on e, since & = y(£2,I")u on e. Hence,

By= 3 U@(Awh-nl)(uh i) dS—I—/e(AVvh-ng)(uh i) dS}

eeé'h,p

-y U(Avuh-nl)m;“Q dS—/(AVvh-nl)UQ;ul dS]

eeé'h,p

= /F(AV’Uh -n1p)(u1 — ug) dS,

where e = 0K N 0Ky with Ky € Tp1 and Ky € Tp, . This, together with , gives

Bs = L. Using the same notion, we have

Bi= Y [L;k(ul—a)(vhl—@h) dS+/Ze( y — @) (vps — 4 dS}

eESh,r €

= Z |:/Ze’92D(vh1—Uh dS /%gD vhg—vh) dS:| = Ls,

eegh,r
which completes the proof. ]

An alternative scheme is given as

Bh(uh,vh) = L%(vh) (V'vh S Vh), (11&)
where
Ly(vp) =Ly + Ly + Z /UKeh gp(vp, — ) dS (11b)
6€5h T
and

, {1 (K € Th1) (11c)

0 (K €Tha)



Lemma [5) remains valid for with an obvious modification of the definition of .
Therefore, all the following results also remain true for . Hence, we explicitly study

only below.

Remark 6. We restrict ourselves to simplicial triangulations; that is, we are assuming
that each K € Ty, € {Tn}n is a d-simplex. However, we are able to consider more
general shape of elements. For example, for d = 2, each K could be an m-polygonal
domain, where m is an integer and can differ with K. We assume that m is bounded
from above independently of a family of triangulations and K does not intersect with
itself. In particular, we can consider rectangular meshes as well. Moreover, V;, could be
replaced by any finite dimensional subspace V;/ of V'1(h). See [20, 21] for the detail of
modifications.

3. Well-posedness

In this section, we establish the well-posedness of the scheme . First, we recall the
following standard results; is the standard inverse inequality (see [4, Lemma 4.5.3])
and follows from the standard trace inequalities (see also Appendix [Al).

Lemma 7. For K € Ty, we have following inequalities.
(Inverse inequality)

|Uh|H1(K) < CIVh[_(luvh”L2(K) (Uh € Vh) (12)

(Trace inequalities)
I3 < Corhet (loBa) + Wklvinge) (e BY(K)),  (13a)
Vol < Crrhe! (HU”Hl(K) + hK|U’H2(K)) (v € H*(K)). (13b)

Those Cry, Co 1 and Ci 1 are absolute positive constants.

We use the following HDG norms:

Il =3 Wl + > D 29— vllfa (14a)

6

KeTy, KeTh eCOK
2
’Uth— Z ‘”’HI(K + Z h3 ’U H2(K) T Z Z [0 — UHL?(e)- (14b)
KeTh KeTh KeTy, eCOK fre
Moreover, set
- ()] A
= max { sup sup , Sup sup .

z€Q (€Rd ’€| z€Q (€RY ‘£|

Remark 8. In view of (12)), two norms ||v|1, and [|v||2,, are equivalent norms in the
finite dimensional space V},. That is, there exists a positive constant Cj that depends
only on Cty such that

[ollin < lvllzn < Collvllin  (vn € V). (15)

10



Lemma 9. (Boundness) For any nmin > 0, there exists a positive constant Cy =
Cb(Oé, Tmin d7 Cl,T) Such that

Bu(w,v) < Colwlznlvlzn (w0 e V(h)). (16)

(Coercivity) There exist positive constants n* = n*(®, Amin, d,C11,Crv) and C. =
Ce(Amin, Crv) such that, if nmin > 1%, we have

Bp(vn, o) 2 Cellvplls, (v € Va). (17)

Both inequalities are essentially well-known; however, we briefly state their proofs,
since the contribution of parameters on C. and Cy, should be clarified. Moreover, we
shall state the extension of below (see Lemma so it is useful to recall the proof
of at this stage.

Proof of Lemma[9. (Boundness) Let w = (w,0),v = (v,9) € V2(h). For e C 0K,
K € Ty, we have by Schwarz’ inequality

B\ 1/2 0o\ 2
/(Awnm(v—@)ds] < a(2) 19l - () I - ol

e

Hence, using Schwarz’ inequality again,

By(w,v) < > alwl g ololm i)
KeT

1/2
N .
£ IVl () o olla

KeTy, ecOK hmin

1/2
Tle N
+ Z Z 1/2 hl/Q”VUHLQ(e) ’ (h) Jw =@ L2(e)

KeTy, eCOK hmin

Tle N
+ > Z lw =@l 2 'h:”U—UHB(e)

6

KeTy, eCOK
1/2
_ Ul N
<C| D wling+ D, (helewH%Q(e) + hi waH%Q(e))
KeT, eCOK ¢
1/2
_ n N
5 oo+ 2 (3190l + 22 o= ol )
KeT;, eCOK ¢
Therefore, using ([L3b]), we obtain .
(Coercivity) Let vy, = (v, 9,) € Vi,. Then,
Bh(’U]—L,’Uh mm Z ‘Uh‘Hl
KeTy
EXY el -2 Y / (AVop - i) (0 — i) dS.
KETy, eCOK he KETy,

11



Letting e C 0K, K € T, we have by (13b)), , Schwarz’ and Young’s inequalities

/(AVUh “nc)(vp, — ) dS‘

€

< a|Vunll 2 (e)llvn — nll L2 (e

1/2 R
< aCyrh;'? <’Uh|%{1(K) + h%(h’hﬁ{?([{)) lon = OnllL2(e)

06\ /2
< o)™ ol (B0) low = onlaco

2
~ 112
< 5 \Uh\H1K)+5 th Onllz2(e) »

where C = Cy(a,d,Cy1,Crv) and d is a positive constant specified later. Using this,
we deduce

Bh(vh,vh) > | Amin — 2(d + 1

} Z ‘Uh‘Hl
KeTy,
-2 3 7 e | “ 1o = vlifage

KeTy, eCﬁK

5?7111111

At this stage, choosing § and i, such that

CZ
)\mind ’

1
0<531, 77min24(d+1)
we obtain .
By (vp,vp) > 5111111{1: Amin Ha 5 5,

which, together with , implies . O

4. Error analysis

This section is devoted to error analysis of our HDG scheme. We use a new HDG norm:

ol pan = D Wl + D Bl + >0 S Elo vl (8)

KeTh KeTy, KeTy, eCOK he

for s € (1/2,1).
We have to improve Lemmas [7] and [9 for our purpose. First, the trace inequality for
functions of H'**(K) is given as follows; the proof will be stated in Appendix

Lemma 10. (Trace inequality) Let s € (1/2,1). For K € Ty, we have

IV0[|72(y < Crasrhe’ (|U|§{1(K) + h??|v|§{1+s(z<)) (ve H*(K)).  (19)

12



Moreover, we deduce the following lemma in exactly the same way as the proof of

Lemma [J] using instead of (13b)).

Lemma 11. Let s,t € (1/2,1]. For any nmin > 0, there exists a positive constant
Ch,st = Cb,S,t(O[777mina d,Cr4s1, Crye,T, s,t) such that

||| 144,h (w € VIT5(h), v e VITi(h)). (20)

By (w,v) < Cys¢llwli4s,n

Theorem 12. Let u € V be the solution of and assume that for some s €
(1/2,1]. Set w € VT$(h) as in Lemma @ Moreover, let up = (up,ap) € Vy, be the
solution of . Then, we have the Galerkin orthogonality

Bp(u — up,vp) =0 (Vop € V). (21)

Moreover,
lw—wupllipsp < C inf [Ju—vpf14sp (22)
vLEV),

Proof. Let vy, € Vp be arbitrarily. Then, is a consequence of and Lemma
On the other hand,

Cellvn —unl3,, < Bn(vn — wp, vy, — up) (by (7))
< Bp(vp — u, v — up) + Bp(u — up, vy, — up)
< Bp(vp — u,vp — up) (by )
< Cpsillvn — ulligspllvn — unll2n (by (20))

This implies
Cb,s,l

&t o = wlan.

lon — upll2n <

We apply the triangle inequality to obtain

lw —uplli4sn < |lu—vplli4sp + Cllon — unll2n
<|lu —vpll1+sn + Cllon — wll14sh,

which gives . O

Theorem 13. Under the same assumptions of Theorem[I3, we have

I — wnll1sn < Ch* (lull s + lull o) - (23)

Proof. 1t is done by the standard method; see [I, Paragraph 4.3] for example. However,
we state the proof, since it is not apparent how to estimate the third term of the
left-hand side of . First, we introduce u; € Vj, as follows. Let K € 7T; and let
ur,xk = (ur)|xk € Pi(K) be the Lagrange interpolation of u|x. We remark here that
ur is well-defined, since u|x € H'**(K). Further, we introduce @y € Vj, by setting
fL[’e = (UI,K1|e + u17K2|e)/2 for e € Eh,o UEhI, e = 0K1 NOKy and ﬂ[|e = 7UL[7K|6 for
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e € Epo0, e C OK. Then, letting wy, = (ur,4r) € Vj, we derive an estimation for

llw = wh[145,n-
For e € E,0U&,r, e C 0K, we have by ((13al)

Tle -
= urFaey < Chi? (Jlu = urlaq) + bkl = urlf o))

Hence, using (H3),
Y 2 _
Z Z hi lu — UIHLz(e) <C Z (hK2||U - uIH%Q(K) + |u— uIﬁﬂ(K)) .
KeTy, eCOK ¢ KeTy,

On the other hand, for e € £, 90U &y, e = 0K N 0K,

[ — ﬁ[H%z(e) <C (Hu’KI - UI,K1H%2(6) + [lulr, — ’U'I,K2H%2(e))

Therefore, as above, we have

Ne |~ _
> X il <O 3 (il — e + =il )
KeTy eCOK  © KeTy,

Consequently, we obtain

I — whl¥y s

<C ) (Wf”u —url|Fagey + v = url ey + hE|u — “1‘%’“5(!()) :
KeT,

At this stage, we recall
= wrlge(ry < Chi Hulgvs iy (0 <8 <2),

where | - |go() is understood as || - ||p2(x). See, for example, [8, Theorems 2.19, 2.22]
where the case of integer t is explicitly mentioned. However, the extension to the case
of non-integer ¢ € [0, 1 + s] is straightforward, since the imbedding H*(K) c H'™$(K)
is continuous. Combining those inequalities, we deduce

= whlliron < CB* (lullgsson) + lullrseoy)
which completes the proof. O
Theorem 14. Under the same assumptions of Theorem[I3, we have

I = wnllpao) < OB (llull e u) + Il (o)) -

Proof. We follow the Aubin-Nitsche duality argument. Set e, = u — up € Vj, with
ep, =u—up € Vp, ey =0 —up € Vi, and consider the adjoint problem: Find ¢ € V such
that

YY1 — 722 =0o0nl, a(v,v) = /Qveh de (Vv eV). (24)

14



(Note that we have taken f = ej, gp = 0, gv = 0 and used the symmetry of a.) In
view of (), we have ¢y € H'"$(Qy), ¢o € H7$(Qy) and

Ns(v) < Cllenlr2(q)- (25)

As is verified in Lemma |4} ¢ = (¢,¢) € V115(h) satisfies
Bp(v,v¢) = /Qveh dx (Vv € V(h)).

HDG scheme for reads as follows: Find v, € V}, such that
Bp(vp, ¥n) = /Qveh dx  (VYvp € V).

Then, we have

lenlZ2(q) = Bu(en, ) = Bu(en ¥ — ) (by (21))
< Cllenllits,nllY — Ynlli+sn (by (20))
< Ch*Ns(u) - h*Ng(2) (by (23))
< Ch** Ny(u) - |lenllr2a), (by (23))
which completes the proof. O

5. Numerical examples

In this section, we confirm the validity of error estimates described in Theorems [13|and
using simple numerical examples.

Ezample 15. Set 1 = (0,1) x (0,1/2), Q9 = (0,1) x (1/2,1) and consider

4 inQ
A=), A= MR (7 the identity matrix), (26a)
1 in QQ,

. {sﬁ sin(may)sin(rey)  in Q) (26b)

—2m?sin(mzy) sin(rae)  in Qs.
The exact solution is given as

sin(7zy) sin(mxs) in O
u =
—sin(7x1) sin(mxz)  in Qo.

(Functions gp and gy are computed by w.) It is apparent that u; € H?(Q;) and
uy € H?(s) so that we are able to apply Theorems [13[and [14] for s = 1.

15



(0.5,0.75) L075)
Qy ) o
I'y
(0,0.25) I ]
(0.5,0.25)
(0,0) (1,0)

Figure 3: Examples of 21, Q9 and I'.

Ezample 16. €, 1 and 29 are given as shown for illustration in Fig. I" is set as
[ =T UTyUTls. We use A and f defined as (26]). Functions gp and gy are given as

2sin(rry)  on Iy
gp = { 2 on I'y gy =0onT.

2sin(mzy)  on I's,

In this case, we have u; € H'*%(Qq) and ug € H!T5(€2) for some s € (1/2, 1), since
and 2 have concave corners.

We use the @)1 element for Vj on uniform rectangular meshes and P; for Vh (see
Remark @ Set

Ep = lu—unlgny,  en=[u—unllr2q)- (27)
For Example we use numerical solutions uy with extra fine mesh b’ instead of the

exact solution u. We examine Ej and ej, together with

log Ej, — log Ej /o log e, —logey /o
h = ; rh =

log 2 log 2

for several h’s.

Results are reported in Tab. [I|and [2|for Examples[15]and [L6] respectively. We observe
from those tables theoretical convergences with s = 1 and s € (1/2,1), respectively, for
Examples [15] and [16] actually take place.
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h Eh Rh ‘ €h Th
0.06250 | 1.62-107! 4.14.1073
0.03125 | 8.13-1072 1.00 | 1.04-10~3 1.99
0.01563 | 4.06-1072  1.00 | 2.60-10~* 2.00
0.00781 | 2.04-1072  0.99 | 6.50-107° 2.00
0.00391 | 1.02:102 1.00 | 1.63-107° 2.00
0.00195 | 5.08-:1073 1.01 | 4.09-10°6 1.99

Table 1: Errors and convergence rates for Example

h Ey Ry, en Th
0.06250 | 1.49-10~! 1.37-10—°
0.03125 | 7.60-1072 0.98 | 3.48.10~% 1.98
0.01563 | 3.88-1072 0.97 | 8.83-107° 1.98
0.007813 | 1.99-1072 0.97 | 2.26-107° 1.97
0.003906 | 1.02:1072 0.96 | 5.86-107% 1.95

Table 2: Errors and convergence rates for Example
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A. Proof of Lemma 10

Let s € (1/2,1). Let K € T, and e C 0K.
The fractional order Sobolev space H*(K) is defined as

H*(K) = {v € L*(K) [ [l 75 = 10l Z2(0) + [0[s (1) < 00}

‘U’%{s // d£2)|2 dxdy.
KxK \x— yl|ates

[ol2200) < Corh (Iol3a) + WE o) (0 € HE(K)), (28)

where

It suffices to prove

since the desired 1nequahty is a direct consequence of (| .
Suppose that K is the reference element in R with diam(K) = 1. Moreover, let
¢ C OK be a face (d = 3)/edge (d = 2) of K. Trace theorem implies

o132y < € (I1220) + 0 ) (@ € H(R)),

where C' denotes an absolute positive constant. See [13, Theorem 1, §V.1.1] for example.
Suppose that ®(§) = B +c¢, B € R*d ¢ e RY, is the affine mapping which maps K
onto K; K = ®(K). We know

h K
, 1B7Y < £7 déf:%d()

Bl = B¢ <
1Bl = sup | Be| < o o (7]

l§1=1

dx,

‘Qz‘§

where h = h 7> P = pj and measy(K) denotes the R%-Lebesgue measure of K. Moreover,

|z |B¢|
< sup

[B~1z| ~ ccpa [8]

We recall that there exists a positive constant 15 that independent of A such that

hic/prx <wvo (VK € YTy, € {Tr}n) by the shape-regularity of the family of triangulations.

=Bl (zeR%z#0)
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Now we can state the proof of (| . By the density, it suffices to consider (| . ) for
ve CYK). Set # =vo® e C(K). Then,

~2 meas,(K) / 2 —d|[,, 1|2
— ) <
/f(v d¢ measa(K) KU dz < Cpllvllz2 k)

and

( )|2 measd // U(y)|2
dedn < i
//KXK € - Tl|d+25 S < measq( K K |B 1x—B Ty|dres FP

2
s o dias o(y)|
< Cp2t.|B| A@M |gg_wsdacc@

< On () — v(y)? ded
Kvap K KxK |$—y|d+23 e

Using those inequalities, we have

o020 = 2o ey ag

measg_1(€)

Smﬁmé</2%+féwf Wﬂyd“@'

< Cviht (Iloll7e ik +hK’v|H5(K) ;
(K)

which completes the proof.
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