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Abstract In this paper, we propose a monotone mixed finite difference scheme for
solving the two-dimensional Monge-Ampére equation. In order to accomplish this,
we convert the Monge-Ampeére equation to an equivalent Hamilton-Jacobi-Bellman
(HJB) equation. Based on the HJB formulation, we apply the standard 7-point
stencil discretization, which is second order accurate, to the grid points wherever
monotonicity holds, and apply semi-Lagrangian wide stencil discretization else-
where to ensure monotonicity on the entire computational domain. By dividing
the admissible control set into six regions and optimizing the sub-problem in each
region, the computational cost of the optimization problem at each grid point is
reduced from O(M?) to O(1) when the standard 7-point stencil discretization is
applied and to O(M) otherwise, where the discretized control set is M x M. We
prove that our numerical scheme satisfies consistency, stability, monotonicity and
strong comparison principle, and hence is convergent to the viscosity solution of
the Monge-Ampere equation. In the numerical results, second order convergence
rate is achieved when the standard 7-point stencil discretization is applied mono-
tonically on the entire computation domain, and up to order one convergence is
achieved otherwise. The proposed mixed scheme yields a smaller discretization
error and a faster convergence rate compared to the pure semi-Lagrangian wide
stencil scheme.
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1 Introduction

The goal of this paper is to compute the numerical solution of the two-dimensional
Monge-Ampere equation with Dirichlet boundary condition:

Uz Uyy — ugy = f, in (2,
u =g, on 012, (1)

u is convex,

where 2 is a bounded convex open set in R?, 942 is its boundary, 2 = 2 U 812,
u : 2 — R is the unknown function, and f : £2 — R and ¢ : 02 — R are given
functions.

The Monge-Ampere equation is of great interest due to a wide range of ap-
plications, including differential geometry, optimal mass transport (or Monge-
Kantorovich) problem, image registration, mesh generation, etc. We direct the
interested readers to [I] for an extensive review of applications.

The Monge-Ampeére equation is a fully nonlinear partial differential equation
(PDE), since the left hand side consists of products of the second derivatives. As a
result, it may have multiple weak solutions. Among all these weak solutions, we are
interested in computing the viscosity solution [ITLI0], since it is often considered
the correct one in many practical applications [I7]. The viscosity solution of the
Monge-Ampere equation is globally convex, while the other solutions may not
be convex [I7]. We note that a convexity constraint is imposed in the Dirichlet
problem in order to select the viscosity solution and circumvent the issue of
multiple weak solutions.

Due to the nonlinearity of the Monge-Ampeére equation with the addi-
tional convexity constraint, it is challenging to design a numerical scheme that
converges to the viscosity solution. Some numerical schemes have been proposed
in recent years. One approach is using finite difference methods. Some finite dif-
ference schemes, such as [5], use the standard central differencing to discretize
Ugzy, and are thus not monotone. The significance of monotonicity is that together
with consistency, stability and strong comparison principle, they provide sufficient
conditions for a numerical scheme to converge to the viscosity solution [3].

Very few finite difference schemes that are monotone and thus convergent in
the viscosity sense have been proposed. One of the schemes, proposed in [28], is
to exploit the geometrical interpretation of the Monge-Ampere equation. The grid
structure, constrained by the geometry of the equation, is usually not rectangular
or triangular. Another scheme, proposed in [27[17], uses wide stencils to achieve
monotonicity. However, in order for the scheme to converge, the number of the
stencil points must increase towards infinity when the mesh size h decreases to-
wards 0, thus resulting in high computational costs for solving problems on fine
grids. Some improvements on this wide stencil scheme have been proposed. For
instance, in [I8[19], the same authors use hybrid and filtered schemes, both in-
tegrating the wide stencil scheme with the more accurate non-monotone central
difference scheme in order to improve the accuracy. That being said, the issue of
infinite stencil points still exists. Recently, Reference [4] improves on the previous
wide stencil approach so that it is the least nonlocal among all wide stencils of
the same family. The number of stencil points does not need to grow to infinity as
h — 0, but it still grows and can reach as high as 48.



Monotone Mixed Finite Difference Scheme for Monge-Ampeére Equation 3

Galerkin-type methods have also been developed for solving the Monge-Ampere
equation. An immediate challenge is that it is not obvious how to write down the
variational formulation of using the common integration-by-parts approach.
The L? projection methods, proposed in [68], build up the Galerkin-type schemes
based on the linearized Monge-Ampere equation. Similar idea can be found in the
nonvariational finite element method in [23]. In [12], the authors reformulate the
Monge-Ampere equation into an augmented Lagrangian problem or a least-squares
problem, which allows the use of mixed finite element methods. The authors in
[15] add an artificial fourth order elliptic differential operator eA%u. They show
that with this additional term, a variational formulation, and thus a finite ele-
ment scheme, becomes possible. However, a common issue for these Galerkin-type
methods is that convergence to the viscosity solutions for non-regular solutions
remains unclear.

Our approach, which is distinct from many of the existing methods, is to first
convert (1) into an equivalent Hamilton-Jacobi-Bellman (HJB) equation [22[25],
and then numerically solve the equivalent HJB equation. The application of the
HJB formulation in the numerical computation of the Monge-Ampere equation
is first investigated by the coauthors of this paper; see the essay [24]. Another
recent investigation on this approach, [14], is made public at the completion of
our paper. There are some important benefits using the HJB formulation. One
is that the differential operator of the HJB equation under fixed control param-
eters is linear. Another benefit is that the convexity constraint in is already
implicitly incorporated into the HJB differential operator. In other words, there is
no need to impose the convexity constraint in the HJB formulation. In addition,
many convergent numerical schemes for HJB equations or HJB differential oper-
ators have been developed, such as [I6L2TL1326.[72L33]. As a result, it is more
tractable to design a numerical scheme that converges in the viscosity sense for
the equivalent HJB equation than for the Monge-Ampeére equation with the
convexity constraint.

Our primary goal is to design a monotone finite difference scheme for the equiv-
alent HJB equation. We note that the cross derivative usy is still present in the
HJB equation, and the standard central differencing or the standard 7-point sten-
cil discretization for u;, may be non-monotone. In order to achieve monotonicity,
Reference [14] follows the idea in [1326] and applies “semi-Lagrangian scheme” on
the entire computational domain, where a local coordinate rotation is performed
to remove the cross derivative from the HJB equation, and then central differenc-
ing is applied with a stencil length greater than the mesh size h, resulting in at
most 17 stencil points for any h. In some literature, such semi-Lagrangian scheme
is also called wide stencil scheme, which should not to be confused with the wide
stencil scheme in [27[I7[I8/[I9] that requires infinity stencil size as h — 0. How-
ever, monotonicity is achieved at the expense of large truncation error and slow
convergence. In particular, the convergence rate is no better than O(h).

In order to improve the accuracy and meanwhile strictly maintain monotonic-
ity, our approach is to apply a mixed standard 7-point stencil and semi-Lagrangian
wide stencil discretization on the equivalent HJB equation. More specifically, the
standard 7-point stencil discretization, which is second order accurate, is applied
to discretize uzy at a grid point if monotonicity is fulfilled. Otherwise, the semi-
Lagrangian wide stencil scheme, which is less accurate but guaranteed to be mono-
tone, is implemented. We emphasize that our discretization scheme is designed
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such that consistency, stability, monotonicity and strong comparison principle are
fulfilled on the entire computational domain. As a result, our numerical scheme is
guaranteed to converge to the viscosity solution of the Monge-Ampere equation
[3]. Meanwhile, by maximal use of the standard 7-point stencil discretization, the
discretization error of the numerical solution is significantly reduced, compared
to the pure semi-Lagrangian wide stencil scheme in [I4]. Moreover, our numerical
scheme yields a convergence rate of O(h?) whenever the standard 7-point stencil
discretization can be applied monotonically on the entire computation domain,
and up to O(h) otherwise. The second order convergence rate in the optimal cases
is another significant improvement over the numerical scheme in [I4].

To solve the resulting nonlinear discretized system, one of the most expensive
steps is to optimize two control parameters at every grid point. Reference [14]
does not discuss the computational cost of the optimization problem. Typically
a bilinear search is implemented on an M x M discretized control set, resulting
in O(M 2) computational complexity. We propose an approach that reduces the
computational cost for the optimization problem to O(1) whenever the standard
7-point stencil discretization is applied, and at most O(M) otherwise.

Finally, we want to emphasize that our method is the only method that fulfills
all the following properties: monotone and thus convergent to the viscosity solu-
tion, second order accurate in the optimal cases, and having at most 17 stencil
points independent of the mesh size h. None of the references in our paper have
the same properties.

To illustrate our numerical scheme, we will briefly review the notion of vis-
cosity solution in Section [2} In Section [3] we will establish the equivalent HJB
formulation for the Monge-Ampere equation . In Section we will describe our
mixed standard 7-point stencil and semi-Lagrangian wide stencil finite difference
discretization for the HJB formulation. Section [ solves the nonlinear discretized
system using policy iteration, with a detailed discussion on speeding up computa-
tion for the optimization of control parameters. Section [f] proves that our numerical
scheme satisfies consistency, stability, monotonicity and strong comparison princi-
ple, and thus converges to the viscosity solution of . Section [7| shows numerical
results. We also demonstrate the discretization error and the rate of convergence
for each case. Section [8 is the conclusion.

2 Viscosity Solution of the Monge-Ampeére Equation

The objective of this paper is to compute the viscosity solution of the Monge-
Ampere equation . An overview on the topic of viscosity solution can be found
in [IILI0].

Before defining the viscosity solution of , we rewrite as

9 _ ) —det [D*u(x)] + f(x), x€ 2, _
F (x u(x), Dulx)) = {u(x) — (%), xeon, O 2)

uis convex =  D?u(x) is positive semi-definite,

where x = (z,y) € 12, and D?u is the Hessian matrix of u.
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To introduce the notion of viscosity solution, we define the upper (respectively
lower) semi-continuous envelope of a function z : C' — R on a closed set C' as

2"(z) = limsup z(y) <respectively z«(x) = liminf z(y) ) . (3)
y—wx,yel y—ax,yeC

Definition 1 (Viscosity solution) A convex upper (respectively lower) semi-

continuous function u : £2 — R is a viscosity subsolution (respectively supersolu-

tion) of the Monge-Ampere equation F (x,u(x), D2u(x)) = 0, if for all the test

functions ¢(x) € C*(2) and all x € 2, such that u* — ¢ (respectively us — ¢) has

a local maximum (respectively minimum) at x, we have

Fu(x,u*(x), D*p(x)) <0 (respectively F*(x, ux(x), D*p(x)) > 0 ) @

Furthermore, the function w is a viscosity solution if it is both a viscosity sub-
solution and super-solution.

We note that the convexity of u (or equivalently, D?u being positive semi-
definite, det(D?u) = f > 0) already implies that the differential operator of is
degenerate elliptic. Furthermore, degenerate ellipticity, plus 2 being bounded and
convex, ensures the existence and uniqueness of the viscosity solution of . See
[10,20] for details.

3 HJB Formulation of the Monge-Ampére Equation

Since the Monge-Ampere equation is nonlinear, it is challenging to design a
finite difference scheme that converges to the viscosity solution. Our approach
is to convert the Monge-Ampeére equation into an equivalent HJB equation. The
equivalence of the two PDEs is first established in [22] and [25] for classical solu-
tions. Recently, Reference [14] extends the equivalence to the setting of viscosity
solutions. Here we state the equivalence of the two PDEs as the following theorem:

Theorem 1 Let 2 be a convex open set in R?. Let f € C(£2) be a non-negative
function. Let a convex function u be the viscosity solution of the following HJB
equation,

max {— tr [A(X)D%(x)] +2¢/det(A(x)) f(x)} =0, (5)
A(x)esy

where ST = {A € R**? . A is positive semi-definite, AT = A, tr(A) = 1} and

A(x) € Si" 18 the control at point x. Then u is the viscosity solution of the Monge-

Ampeére equation

Proof We refer interested readers to the proof in [32] when u is a classical solution,
and the proof in [I4] for the extension to the viscosity solution.

We notice that due to the positive semi-definite property of the matrix A(x), it
can be diagonalized by an order-two orthogonal matrix. More specifically, A(x) €
S can be parametrized as follows:

409 = (52859 20 (01 ) (520 i)
a(x) € [0,1], 0(x) € [~, 7).
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This parametrization gives rise to the following HJB equation, which we aim at
solving.

Corollary 1 Under the parametrization (@, the HJB equation (@ becomes
{—ar1(a(x), 0(x))uze (x) — 2a12(a(x), 0(x))uzy (%)
—a22(a(x), 03y (x) + 21/a() (T — a(x)) () | =0,

where (a(x),0(x)) is the pair of controls at point x, I = [0,1] x [—=%, T} is the set

max
(a(x),0(x))el’

of admissible contml:ﬂ , and the coefficients are

a11(a(x),0(x)) = 1[1 — (1 — 2a(x)) cos 20(x)],
az2(a(x),0(x)) = L[1 + (1 — 2a(x)) cos 20(x)], (8)
a12(a(x),0(x)) = 1(1 — 2a(x)) sin 20(x).

For convenience, we rewrite the HJB equation as

]:(X,UX,DQUX)E max Lax).00x) U(x) =0, 9
(0. D*u(x) = | max  Logwage u(x) ©)

where the differential operator of the HJB equation is given by

Loou=—011(a,0)uze — 2a12(a, 0)usy — a22(a, O)uyy +2v/a(l —a)f. (10)

We note that since the HJB equation @— and the Monge-Ampere equation
are mathematically equivalent, we still use the notation F (X,U(X),DQU(X))
to denote the HJB equation.

The HJB formulation introduces some favorable properties over the Monge-
Ampere equation . We first notice that in the equivalent HJIB equation or
, the convexity constraint of the Monge-Ampere equation disappears. Indeed,
the convexity constraint is implicitly enforced in the HJB formulation. The reason
is that the proof of Theorem [I] where the Monge-Ampére equation is converted
to the HJB equation, has already taken into account that u is a convex function.
We remark that the convexity constraint poses a major difficulty in designing
a convergent numerical scheme for Monge-Ampere equation; see [I7] for a dis-
cussion. However, in the HJB formulation, there is no need to explicitly impose
the convexity constraint any more, which makes the numerical computation more
manageable.

Another useful property of the HIB equation @D— is that for a fixed given
control pair (a, 8), the differential operator L, ¢ u is linear. We note, however, that
the HJB equation itself is still nonlinear, since the maximization depends on u.
Unlike , the linear differential operator £, ¢ u does not contain products of the
second derivatives. The linearity of L, ¢u allows us to develop finite difference
schemes based on numerical methods for linear PDEs.

Considering these advantages of the HJB formulation, our approach is to solve
the HJB equation @ instead of the Monge-Ampere equation .

L Although (Eb defines the admissible control set to be in the range of [0,1] X [—m,7), the
optimal control pair (a*,0*) that maximizes may not be unique in [0,1] X [—7, 7). We
notice that since L, gu = L4 47 u, and L, gu = ﬁl—a,0+g u, the admissible control set I
can be reduced to [0,1] X [=7, 7). Such removal of the redundancy of I' ensures that the
optimal control pair (a*,0*) is unique in I', except when a* = % or when f = 0.
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4 Mixed Finite Difference Discretization

In this section, we will construct a monotone finite difference discretization for the
HJB equation @ Monotonicity is a desirable property, since [3] has proved that
monotonicity is one of the sufficient conditions for a numerical scheme to converge
to the viscosity solution.

To set up notation, let us consider an N x N square grid {x; ; = (zi,y;)},
where x;; € {2 when ¢,j = 1,---,N, and x;; € 02 when 4,57 = 0 or N + 1.
Also, let h be the mesh size and let u; ;, a;,j, 6;,; and f; ; be the grid functions
of u(xi,;), a(xi,;), 0(xs,5) and f(xs,;), respectively. Our goal is to solve the set of
the unknowns {u; ;|1 <i< N,1<j< N}

4.1 Standard 7-point stencil discretization

Consider discretizing the HJB equation @ at a grid point x; ;. We can use the
standard central differencing to approximate ugzq(X;,;) and uyy(x;,;) as follows:
Uig1,j — 2Uij + Ui—1,5 Wi 41 — 2Ui, 5 + Ui j—1
(doau)i,j = — et (Oyyu)ig = RS e (1)
It can be shown that the standard 7-point stencil discretization for uzy(x; ;) can
lead to a monotone scheme in the following two cases:
Case 1. When the coefficients a11, a22 and a2 in satisfy

a11(ai,j,0i,5) > larz(aig, 0i,5)], ae2(ai;,bi5) > laiz(ai;, 0i,5)],

and ai2(aij,0;,;) > 0 at the grid point x; j, (12)

we approximate uzy(X;,;) using

W), = 2Ui,j + Wit 1,41+ Uim1,5—1 — Wit1,j — Uio1,j — Ui+l — Yij—1
zyW)i,j = .

2h2
(13)
Case 2. When the coefficients a11, a22 and a2 in satisfy
a11(ai,j,0i,5) > |oaz(ai;, 0i5)], asa(aiy,bi;) > laiz(ai,;, b5,5)], (14)
and ai2(ai,j,0;,5) < 0 at the grid point x; j,
we approximate uzy(X;,;) using

si2l,y. = —2U4 5 — Ui1,j—1 — Ui—1,5+1 + Uit1,5 + Ui—1,5 + Ui j+1 + Us 51

( wyu)ZJ = 2h2 .
(15)

4.2 Semi-Lagrangian wide stencil discretization

However, if neither nor is fulfilled at the grid point x; ;, then it is un-
clear how to directly discretize the cross derivative uzy(x;,5) in @ monotonically.
Our approach, following [I3] and [26], is to eliminate the cross derivative ugy (X, ;)
by a local coordinate transformation. Let {(e.): j, (ew)s:,;j} be a local orthogo-
nal basis which is obtained by a rotation of the standard axes {(ez):,;, (€y)i,;}
at an angle ¢; ;; see Figure [1] (left). If the rotation angle is chosen as ¢;; =
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xi,;’"'\/ﬁ(‘w)i j

x, X;ly

Fig. 1 (left) Local coordinate rotation at the grid point x; j, and semi-Lagrangian wide stencil
discretization of u . (x; ;) and www (X;,;) under the rotation. The rotation angle is ¢; ;, counter-
clockwise. The grey dashed lines are the orthogonal axis {(ez)s,j, (ew)i,;j}- The stencil length
is Vh (Vh > h). The grey stars are the stencil points x; ; + Vh(es); ; and x; ; + Vh(ew)i ;-
The unknowns at these stencil points are approximated by the bilinear interpolation from the
neighboring points (black dots). Standard central differencing associated with this wide stencil
is applied to approximate u.z(x; ;) and www(%i,;). (right) Semi-Lagrangian wide stencil
discretization near the boundary. One of the wide stencil points x; j + V/h(e:);,; falls outside
2 (hollow star). The wide stencil is truncated and the stencil point is relocated to the point
xi,j +m(ez)i,; € 082 (black star). The corresponding stencil length has shrunk from v/A to
-

20412((11-,],91',]-)
Oéll(ai,j’Gi,j)*am(ai,]‘»@i,]‘
der the basis {(e:)s,j, (ew)i,;j }- By straightforward algebra, one can show that
becomes

%arctan = —0;,;, then the cross derivative vanishes un-

max {—am‘ sz (Xig) = (1= ai3) www(Xi5) +2v/ai; (1 - aij) fz',j} =0.
(as,5,0: ;)€
(16)

Here u.(xi,5) and www(Xs,5) are the directional derivatives along the basis (e );,;
and (ew)s,j, which depend on the rotation 6; ;.

We may consider the finite difference discretization of by applying the stan-
dard central differencing to u.-(xX;,;) and www (Xi,5). For instance, we approximate
uzz(Xi,5) by 7 [u(xi; + h(ez)i ;) — 2us j + u(xq; — h(ez): ;)]. However, since the
stencil is rotated, the stencil points x; j +h(e;);,; may no longer coincide with any
grid points. In such cases, bilinear interpolation from the neighboring grid points
can be used to approximate u(x;; = h(e:); ;). However, a consequence of the
bilinear interpolation is that the truncation error of this central difference approx-
imation becomes O(1) if the stencil length is h. In order to maintain consistency,
we choose the stencil length v/h, which yields O(h) truncation error. Note that
when h is small, v/ > h, which means the stencil length appears to be wide. The
details of the discretization is explained in Figure [1] (left). As a result, the finite
difference discretization for .. (x;,;) and www(xX;,;) is given by

Ih’u xi=j+\/g(ez)i,j B zui’j + Ihu"h‘,j*\/ﬁ(ez)i,j

h )

(822u)i; = (17)
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Thul, = 2u; 5+ Tpul, v
(6wwu)i,j = ZY]+\/E(ew)LJ h : - \/E(ew)ld ) (18)

where we have used the stencil length VA, and used bilinear interpolation to ap-
proximate the unknown values at the stencil points x; ; + v/h(e.)i; and x; ; +
\/E(ew)i’j, denoted as Ihu|xi,ji\/ﬁ(ez)i,j and Ihu|xi,gi\/ﬁ(ew)i,j' Such discretiza-
tion scheme is called semi-Lagrangian wide stencil discretization [13]26].

If we apply the semi-Lagrangian wide stencil discretization at a grid point
x;,; that is close to the boundary, some of its associated stencil points may fall
outside the computational domain 2. In such case, our solution is to shrink the
corresponding stencil length(s) such that the stencil point(s) are relocated onto
the boundary 0f2. Without loss of generality, we analyze one scenario; see Figure
(right). Let us assume that x; ; + V/h(e:);,; falls outside 2. We truncate the
corresponding stencil length from v/ to 01 along the e, axis, such that the stencil
point is relocated to x; ; + n1(e.)i; € 892. Since g1 # Vh, the finite difference
approximation for u..(x; ;) in is replaced by

g(xigtm(es)ig)—wiy; 4T Ihu‘xi,j*\/ﬁ(ez)i,j
m \/E (19)
m+vh

2

(6z2u)iy =

where we have used the Dirichlet boundary condition of : u(xi,; +m(ez)i;) =
g(xi,5+m1(ez)s, ;). We note that such procedure can be used whenever x; ; is close
to the boundary and a truncation of stencil is needed.

4.3 Mixed discretization

Section 1] and [£-2] describe the standard 7-point stencil and semi-Lagrangian wide
stencil finite difference discretization for the HJB equation . The advantage
of the semi-Lagrangian wide stencil discretization is that it is unconditionally
monotone. Reference [I4] applies the semi-Lagrangian wide stencil discretization
at every grid point. However, it is only first order accurate, while the standard
7-point stencil discretization is second order accurate, as will be proved in Section
@ In order to combine the advantages of both discretization schemes, we will only
apply the semi-Lagrangian wide stencil discretization at the grid points where
neither (12) nor (14) is satisfied. For the other grid points where either or
is fulfilled, we will apply the standard 7-point stencil discretization. The purpose
is to strictly maintain monotonicity at every grid point and meanwhile to make
the numerical scheme as accurate as possible. As a result, the discrete equation at
each grid point x; ; is given by the following mixed scheme:

Standard 7-point stencil discretization. When the control pair (a;,j, 6;,;) satis-

fies Condition 1D or -, the discrete equation is given by

max {—an(am"9i,j)(5zzu)i,j — 2a12(ai 3, 0i,5) (054 )i 5
(ai,j,0:,;)€l (20)

—a22(ai,j, 05,5) (Oyyw)ij + 2+/ai; (1 — ai,j)fi,j} =0

where disc = 1 or 2 if or is satisfied respectively.
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Semi-Lagrangian wide stencil discretization. Otherwise, the discrete equation
is given by

— i, (022u)i5 — (1 —ai,j) (& 1,4
(%ﬁjf)ep{ ai,j (6zz)i; — (1 — aiyj) (Gwwtt)i;
+2v/ai; (1 — ai;) fi,j} =0,

where (0..u);,; and (wwu)i,; are defined by (17) and (18) when x; ; is inside the
computational domain, and by (19)) or similar expressions when x; ; is near the
boundary.

(21)

4.4 The nonlinear discrete system

The mixed discretization scheme, defined by (20)) and (21)), gives rise to a nonlinear
discrete system that contains N2 discrete equations. If we define a vector of the

unknowns up = (w11, U1,2, , UL, N, U2,1, """ ,unn)T € RNzXl, and similarly,
vectors of controls aj € RNZXl, 0y € ]RNzXl, then the entire nonlinear discrete
system can be written into the following matrix form:

max {A(ah, Qh) Up — Fh(ah, Qh)} = 0, (22)

(an,0n)El

where A(ap,0y) € RN*XN* ig a matrix that consists of the coefficients of u”, and
Fy(an,0n) € RY*X1 is a vector that does not explicitly contain u". We note that
this nonlinear system can be treated as a combination of an optimization problem
and a linear system as follows:

Frn(up) = max  Lp(ap,0h;un) =0, (23)

(an,0n)ET
where the to-be-maximized linear system is
Eh(ah,eh;uh) EA(ah,eh) Up th(ah,Oh). (24)

Here the symbols Fj and Ly, in — represent the discretization of F and L
in @-, respectively.

To show how the standard 7-point stencil discretization and the semi-
Lagrangian wide stencil discretization can be written into the general form
, we analyze four cases.

Standard 7-point stencil discretization, grid point x; ; inside (2. Sup-
pose Condition (12]) is satisfied at x; ;. Then we use the standard 7-point stencil
discretization With disc = 1. This is illustrated in Figure |2| (left-top). Some
simple algebra shows that can be transformed into where

(Aup)s,j = %(0411 + a2 — a12)us; — %(au — 12)Ui41,5
—i(an — 12)Ui—1,5 — i(0622 — @12)Us 41
7 gl 8
*hj(am —12)Ui -1 — FROI2 UL j 41— 3012 Uin1j—1,

Fij = =2v/a; (1 —ai;)fi;,
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xr,s+1 xr+1,s+1

& — @&
o
<

r+l,s

Fig. 2 (left-top) Case 1: Suppose Condition is satisfied at x; ; and the standard 7-point
stencil discretization is used. The discrete equation contains 7 unknown values of uyp,
labelled by the black dots. (left-bottom) Case 2: Consider x1, n, which is close to the boundary.
The hollow dots sit on the boundary and the values of v on these points are determined by the
Dirichlet boundary condition. As a result, the discrete equation contains 3 unknown values of
up, labeled by the black dots. (right) Case 3: Suppose neither nor is satisfied at x; ;
and thus semi-Lagrangian wide stencil discretization is used. Since bilinear interpolation
of each stencil point contains 4 unknown values, the resulting discrete equation has 17 unknown
values in total (black dots).

where (Aup);,; and F; ; are the values of A(ap,0y)up, and Fp(ap,0p) at the grid
point x; ;. For simplicity, we have suppressed the dependency of A, F; ;, a11, aa2
and aq2 on (aqj,0; ;). This equation contains 7 unknown values of uy,. Similarly,
interested readers can also write down the expressions when Condition is
satisfied at x; ; and the standard 7-point stencil discretization with disc = 2
is applied.

Standard 7-point stencil discretization, grid point x; ; near 2. Without loss
of generality, we assume that x; ; = X1, n, as shown in Figure[2] (left-bottom). Now
Ui—1,5, Ui, j+1, Ui+1,j+1 and u;—1,;—1 can be determined by the Dirichlet boundary
condition u = g. These terms become part of F; ;. As a result, (Auy)i,; contains
only 3 unknown values.

Semi-Lagrangian wide stencil discretization, grid point x; ; inside (2. Suppose
neither nor is fulfilled at x;,;, so semi-Lagrangian wide stencil discretiza-
tion is applied; see Figure 2] (right). Then can be written into (22)) where

2 ai j ai j
(Aun)ig = 2uig = == Tntle, Ry, = 7 Drtike,,—ViGe.,
1 —ai, l—ai;
TR Ihu|xz:,.j+\/ﬁ(ew)i.j TR Ihu"‘z:,j—\/ﬁ(ew)m , (26)

Fij = =2y/a; (1 —ai;)fi,;-

We note that each bilinear interpolation term contains 4 unknowns. For instance,
Ihu'xi,j—s-\/ﬁ(ez)l,j can be written as the linear combination of the unknowns at
the four neighboring points ur s, Urt1,s, Ur,s+1 and ur41,s4+1, which are labeled
in Figure [2| (right). As a result, has 17 unknown values.

Semi-Lagrangian wide stencil discretization, grid point x; ; near 92. The anal-
ysis is similar to the previous cases. The number of the unknowns is less than 17.
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5 Solving the Nonlinear Discrete System
5.1 Policy iteration

After setting up the complete nonlinear discrete system —, the next objec-
tive is to solve it. We apply a well-known fixed point iteration algorithm, called
policy iteration (or Howard’s algorithm) [2IL[16] as follows:

1. Start with an initial guess of the solution uglo).

2. For k = 0,1, ... until convergence:

(a) Solve for the optimal control pair (agbk)7 02’6)) under the current solution

ul®,

(aEZ),Gg?) = argmax L‘,i’j(ai’j,@i)j;u;‘k)), for all x; ; € 2, (27)

(ai,j,0i,;)€T,;

where L; ; is the pointwise component of L, € RN**1 defined in and
us us

Iy ; =[0,1] x [-%, ) is the control set at x; ;.

Meanwhile, obtain the residual Rgc) e RN #x ! where each pointwise com-

k k) (k). (k
ponent reads Rz(',j) = Ei’j(a( ), 6 )'ué )).

6,3 774,30
(b) If ||R§lk)|| < tolerance: break
Else, solve the following linear system for the solution uEIkJrl) under the

current optimal control pair (aﬁk), 02“):
Al 00 Y = B, 0,%) =t 8)

It is proved that policy iteration is guaranteed to converge for any initial guess
u;bo), if by applying a monotone discretization to an HJB equation, the resulting
matrix A(ap,0r) is an M-matrix under all admissible controls [7}2]. We will show
in Section [6.2] that the resulting matrix A(ap,0p) in is indeed an M-matrix.

Policy iteration consists of two sub-steps. One sub-step is to solve the linear
system under a given control pair; see . We use Krylov subspace methods,
such as the GMRES with the incomplete LU preconditioner. The other sub-step
of the policy iteration is to solve the optimization problem at each grid point x; ;;
see . We will discuss speeding up computation of the optimization problem in
detail in the next section.

5.2 Speeding up computation of optimal controls

Since the semi-Lagrangian wide stencil discretization of (0..u);,; and (dwww)s,; in
depends on the control 6; ;, there is no simple closed-form formula to evaluate
the optimal (az(-?, 95?) directly. In this case, one typical approach is to use bilin-
ear search algorithm for the optimization problem. More specifically, consider the
optimization problem at a grid point x; ;. We discretize the continuous admissible
control set I';; = [0,1] x [~%,Z) into an M x M discrete set, denoted as I};.
We note that the discretization of the control set introduces additional truncation
error. In order to maintain consistency, we must let M — oo as h — 0. A typical
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L Extra
Optimization truncation
Region Definition Discretization algorithm Cost error
in each region introduced?
The region where Standard
F,L.l’ j Co.nditif)n 7—point‘stencil Closed-form o() No
is satisfied with disc =1 formula from
The region where Standard first derivative test
1"5 f Condition 7-point stencil
is satisfied with disc = 2
The region where Semi-Laerangian Linear search over
I}, | neither nor id grang a single control | O(M) Yes
) X - wide stencil o
is satisfied 0ii €-7:7)
Standard
8]"2.(3]. The line 6; ; =0 7-point stencil Closed-form
with disc =1 or 2 formula from o(1) No
The boundary Standard first derivative test
o le,? between I, 1{ j 7-point stencil
and I, with disc = 1
The boundary Standard
or, 125’ between I ,% j 7-point stencil
and I3, with disc = 2
Fig. 3 Division of the admissible control set I'; ; = [0,1] X [~7, 7) into regions. For each

region, the characterization, discretization, optimization algorithm and the corresponding cost
/ truncation error of the optimization algorithm are listed.

choice of M is M = N. Then we compute the M x M values of the objective
function L; ; (ai,j,oi’j;ugf:)) with (asj,0:;) € I'; and then find the global max-
&)

of the bilinear search per grid point x; ; is O(M?). Furthermore, if we denote the
total number of grid points as #2 = N 2. then the computational cost on the
entire computational domain {2 is as high as O(M?#12), or O(#12?) if we choose
M = N.

imal value, which gives the optimal (a 65? ). However, the computational cost

In order to speed up computation for the optimal controls, we divide the con-
tinuous admissible control set Iy ; = [0,1] x [=F, 7) into six regions, as shown
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in Figure |3 The six regions are identified by whether a control pair (a; ;,0; ;)
satisfies (12)), or , or neither. Our approach is to find the optimal control pair
within each region, and then find the global optimal control pair among the six
regional optimal control pairs. This approach enables us to make full use of the an-
alytical property of each region, and to improve the optimization algorithm within
each region and eventually on the entire admissible control set I75 ;.

Using our approach, the computational cost of solving the optimization prob-
lem on I5 ; can be significantly reduced. More specifically, if the standard 7-point
stencil discretization can be applied monotonically on all or most of the grid points,
then the computational cost is O(1) per grid point and O(#{2) on the entire com-
putational domain. In general, the computational cost is at most O(M) per grid
point and at most O(M+#(2) on the entire computational domain. For the typical
choice M = N, the total computational cost of solving the optimization problem
is O(#023/%).

To explain the details of the regional optimization, consider again a given grid
point x; ; and its associated control set I ;. In Region Fil)j ”, 8FZO], 81}13
and 81“5? (see Figure , where the standard 7-point stencil discretization is
applied, the discretization of (0zzu)i,j, (dyyw)s,j, (53[511}11)1-,]- and (5[£u)i,j does not
depend on the controls (a;,;, 0;,;). This enables us to derive a closed-form formula
for the optimal controls in these regions using first derivative test, which can be
evaluated by O(1) operation and introduces no additional truncation error. More
specifically:

Region F . The region is defined where Condition is satisfied. Equation

lj gives the obJectlve function in Fl :

Lij(aig,0i5) = —on1(aig, 04,) (Oeate)i,j — 2012(ai;, 05,5) (Okyu)i (29)
—a22(ai g, 0i,5) (Oyyt)ij + 2v/ai (1 — ai ;) fij,

where we only manifest the dependency of £; ; on the control pair (a;,j,0;,;). One

can verify that this function is smooth in (a; ;, 6 ;) € I} ;> concave in a; ; € [0,1],

and its stationary point in I} .; is unique, if it eXlsts This allows us to use first

derivative test to find the optimal control pair in F

(1] .
0] = 1 arctan 2(0ayw)i 5 al ;i ==|1-— Aisj

PR G~ Gees” T2\ i e, )

where \;; = [(0zat)i; — (dyyu)i,z] cos20f ; — 2(0 %u)z,] sin 267 ;. With a slight
abuse of notations, here and for the rest of Sectlon L we use (al ;> 07 ;) to denote
the the regional (rather than global) optimal control pair at xl g We note that
(aj ;,07 ;) given by l.i may not necessarily be inside Fil’j f (aj;,07;) € lej,
07 ;). Otherwise, the maximum must

(30)

then the maximum in F must occur at (a; ;,

or more specifically, either OI B- or OI}'3, which

occur on the boundary of I J, 5

will be investigated separately.

2 It is unnecessary to consider the line a;; = %, since the objective function is a constant

on this line. Also it is unnecessary to consider the line 0; ; = £ 7, since Ly gu = L1_g, o+T U

indicates that 6; ; = =% is indeed an interior part of I7} ; and 2. -
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Region I’ fj. The region is defined where Condition is satisfied. The anal-

ysis for solving the optimization problem in I’fj is the same as I}

(5L1;u)i,j in l} is replaced by (6;[52:;’(,01'7]'.
Region 8Fij. This is the line 6; ; = 0 which separates Region Fil’j and Fﬁj.

The objective function in 81}%— can be found in 1) where a12 = 0 and thus the
cross derivative term disappears. The optimal control pair in 8[‘3]- is simply

.j» except that

0, =0, aiy= g [1- Wi “Outis | )
2 VAafii 4 ((6zaw)ij — (6yyu)i ;)2

Region 81}{?. This is the boundary between Region Fi{ ; and Ff’:j. If we define

the signs of a; ; — 3 and 6;; as

~1,a;; — 3 <0, ~1,6;; <0
_ = ’ = AN ’ 32
Sa=1/2 { 1, ai;— % > 0, 50 1, 6;; >0, (32)

then 8]“1-15? contains two sections: (i) (sq—1/2,80) = (1,—1), (ii) (sq4—1/2,50) =
(—-1,1).

The objective function on 9T 113 is the same as || First derivative test shows
that for each of the two sections of 01 113, the maximum of the objective function
occurs at

9::]‘ _ 859 arctan (1 + ’yiz’j — Yi,j m) ) (33)

_ Sa-— 1 . *
where y;, ; = 2% ((5yyu)i,j — (Ozat)iy; — 259(5[my]u)i,j). The corresponding a; ; €
AI''3, derived from Condition 1) is

A

. 1 Sa—1/2
af== |1+ ' .
J T g ( V2sin(2(6; | + D) Y

Region 81}2’?. This is the boundary between Region Fﬁj and Fi‘%j. The analysis

on 81}2,;’ is then the same as 81"1-1’?, except that the two sections of 81}2’? become
(i) (sa—1/2:80) = (1,1), (ii) (sq—1/2,50) = (—1,—1), and (65[01&16)1"]‘ is replaced by
(S5u)i -

Region Ff’:j. The region is defined where neither nor is satisfied. The
semi-Lagrangian wide stencil discretization is applied. Accordingly, the ob-
jective function reads

Lij(aiz,0i) = —aij (622u)ij — (1 = ai,j) (Owwt)ij +2v/ai;(1 —aij)fij. (35)

The dependency of the discretization of (d..u)i; and (dwwu)i,; on the control
0i,; prevents us from deriving a closed-form formula for 67 ; € I Ejj. However,
we note that the discretization of (d..u):,; and (dwwu)s,; is independent of the
control a;, ;, which implies that a two dimensional bilinear search on the controls
(as,5,0:,5) € Is,; can be reduced to a one-dimensional linear search on the single

control 0; ; € [-F, ).
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One can prove that the regional optimal control pair (a; ;,0; ;) € I, ZSJ must sit

on the following parametrized curve

Aj,55

CM(0:5), if CM(0i;) < C (i ) or CM(Bi ;) > CT (i),
aij(0i5) = C (i), if C(0i;) < CM0ijy) < 1, (36)
CH(0i), if 5 <CM0ij) <CH(Bi ;).

Here the curves

1 1 o T
c* (o ,J>2< ﬂsm(%ﬂﬂ))’ bl 6D

are given by Condition and . The other curve

_1 (0z21)i,5 = (Bwwt)i,j T T
Ck(ei’j) o 5 |: \/4fz,j (57,2“)1] - ( wwu)i,j)2:| , < [ 4 4) (38)

where the directions of z and w depend on 6; ;, is given by the first derivative test
of with respect to a; ;. Taking the parametrization into account, the ob-
jective function becomes L j(as,5(0i,5),60,5), which is a function of the single
control variable 6; ; € [—7, 7). This motivates us to discretize the set [—7, 7 ) into
an M-element control set, and perform a linear search for the maximum of the
parametrized objective function L; j(as,j(0i,5), 6,5) over the single control variable
0i; € [=7%,%)- The computational cost is thus reduced to O(M).

Once we obtain the six regional optimal control pairs and their corresponding
objective function values, we search within them for the global optimal control
pair on I3 ;. This step is cheap and straightforward.

As a side remark, in Section 8 of [I4], the authors discretize § with 64 different
angles, regardless of the mesh size V. Indeed, if 8 is discretized with fixed number
of angles, then the numerical scheme in [14] is no longer consistent in theory. This
is different from our scheme, where 0 is discretized with M angles, and we choose
M = N such that consistency is still maintained.

6 Convergence Analysis

As proved by Barles and Souganidis [3], there are four sufficient conditions for the
numerical scheme of a nonlinear PDE to converge in the viscosity sense. In this sec-
tion, we will prove that our numerical scheme does fulfill all the four requirements
and is therefore guaranteed to converge to the viscosity solution of .

6.1 Consistency

One sufficient condition for convergence is consistency. Intuitively, consistency
claims that the discretized equation of a PDE should be close to the continuous
PDE. In particular, when h — 0, the discretized equation should converge to the
PDE. The main result of this subsection is to prove that our numerical scheme is
consistent in the viscosity sense:
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Lemma 1 (Consistency) For the Monge-Ampére equation F (x,u(x), D2u(x)) =
0, the numerical scheme Fyp, (x5, up) = 0, given in -, is consistent in the
viscosity sense. More specifically, for any function o(x) € C™(02) with ¢, ; =

(i) and o = (p1,1, 01,2, ,oN.N)T € ]RNzXl, for any % € 2, and for h and
& that are arbitrary small constants independent of x, we have
limsup Fp(xij,0n +€) < F' (%, (%), D*(%)), (39)
h—0,£—0
Xi,;—X
liminf Fp(xi,;, o0 + &) > Fu(X, 9(X), D*p(X)). (40)
h—0,£—0
X, ;=X

In practise, we prove a sufficient condition for consistency, called local consis-
tency, as follows:

Lemma 2 (Local consistency) Under the assumptions in Lemma we have

F(xij, o(xig), D*@(xi5)) = Fn(Xig, on + &)
O(h?) 4+ O(§), standard 7-point stencil,
O(h) + O(&), semi-Lagrangian wide stencil, with all the 4 (41)
wide stencil points € {2,
O(V'h) + O(€), semi-Lagrangian wide stencil, otherwise.

Proof We note that the proof with £ = 0 is equivalent to the proof with a general
&. Such equivalence can be easily verified if we substitute ¢ by ¢+¢ in the following
proof. Hence, we will only prove the case where £ = 0.

Truncation error of the standard 7-point stencil discretization. Suppose the stan-
dard 7-point stencil discretization is applied at x; ;. It is easy to show that the

truncation errors for (0zz¢)s,j, (Syy®)i,j, (6%9@)1‘,]‘ and (59[02;90)2‘,]‘ are all O(h?).
Hence, the local truncation error of the discrete linear equation is then
Lax; ;),00x:,)P(Xi5) = Ln(Xi,j5 @i, 05,55 pn) = O(h?). Furthermore, the local trun-
cation error of the finite difference scheme at x; ; is
| F(xi, 9(%i), D*@(xi,5)) = FalXij,#n) |
max Loaix; ),00x; )P(Xi5) — max  Lp(Xi,5;a4,5,05,5; ¢n
(a(xi,;),0(xi,;))€l (xi2g),60¢1.5) (xi5) (aij,0: ;)€ (x5 i, g )

< max | La,0.,0(%i5) — La(Xig;aig, 0i;0n) | = O(h?).
(as,5,0:;)€T

(42)

The inequality comes from

max f(z) — max g(z)| < max|f(z) - ()]

Truncation error of semi-Lagrangian wide stencil discretization. Suppose
semi-Lagrangian wide stencil discretization is applied at x; ;. We focus on the
truncation error for (d..¢)i,; only and analyze three cases. The first case is that
both stencil points of (6..¢)s,; are in the computational domain. The expression
for (822¢)4,; is given by . The truncation error for (d,.¢);,; is then

Pzz(Xi,5) = (0z20)i,
Ih(p|xi,j+\/ﬁ(ez)v,,j - 2<‘Oi’j + Ih(p|xl,j_\/ﬁ(ez)l,j

= p22(Xi5) —

h
= o (i) — o(xi,; + Vh(e:)i;) — 2¢0(xi,;) + ¢(xi,; — Vh(e:)i,;) + O(h?)
zz(Xi,j h

= O(h) + O(h) = O(h).
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From the first to the second line we have used the fact that the truncation error
of the bilinear interpolation is O(h?).

Now we consider another case, where one of the stencil points of (d..¢)i,;
falls outside the computational domain and is thus relocated. Without loss of
generality, let us assume again that x; ; + n1(ez)s,; € 012 is the relocated point.
The expression for (8.-¢)q,; is given by (19). The truncation error for (8..¢)i,; is
then

Pzz(Xi,j) = (8220)i,5
o(xigtni(e:)ij)—piy _ Fhi~ Z"wxqz,j—\/ﬁ(%)i,j

_ N m Vh
= pzz(Xi,5) R
2
‘P(xuj‘f"’?l(e;iz,j)_‘/’(xi,,j) _ so(xw:,y)—<ﬂ(x<:/,%—\/ﬁ(ez)i,j) + O(h?)

= pz2(xi,5) — m+vEh

2
=O0O(Wh—-m)+0 (ﬁ) = O(Vh).

2

There is one more case, where x; ; +n1(€ez)i; € 092 and x;,; — n2(ez)i,; € 012
are both relocated points. Using the similar argument, one can show that the
truncation error for (8,.¢) ; is again O(vV/h).

Then, similar to , one can show that the local truncation error of the finite
difference scheme at x; j, where the semi-Lagrangian wide stencil discretization is
applied, is given by

| Fxig, 9(%i.5), D*p(xi,3)) — F(xij, on) |
O(h), semi-Lagrangian wide stencil, with all the 4
= wide stencil points € §2,
O(V/h), semi-Lagrangian wide stencil, otherwise.

(43)

Finally, we note that the previous proof has assumed that the optimal control
pair is solved exactly, or does not introduce additional truncation error. In Section
we have mentioned that using linear search for the optimal control pair under
the semi-Lagrangian wide stencil discretization introduces truncation error. In
particular, if we choose M = O(N), then O(h) truncation error is introduced [33].
As a result, holds.

6.2 Stability

Another condition for convergence is stability, which means that the discrete sys-
tem has a bounded solution uj. Stability condition is very closely related to the
matrix A(ap,0r) in being an M-matrix [29], which will be proved in this
section. For convenience, given vectors up and vy, we use up > 0 and up > vy to
denote (up); > 0 and (up); > (vp); for all i. Similarly, given a matrix A, we use
A > 0 to denote A;; > 0 for all ¢,j. In other words, the inequalities for vectors
and matrices hold for all the elements.

Lemma 3 (M-matrix) Suppose an n X n matriz A satisfies the following:

1. A is an L-matriz: Ay > 0 for all i, and A;; <0 for all i # j;



Monotone Mixed Finite Difference Scheme for Monge-Ampeére Equation 19

2. A is weakly diagonally dominant: [Aii| > 3., |Aij|; and
3. A has the following connectivity property: Let G(A) = {z ‘|A”| > i Al }
# 0 be the set of rows where strict inequality is achieved. For any i ¢ G(A),

there exists a sequence 11,142, -+ ,ir with A; 4, ., #0, 0 <r < k—1, such that
i0 =1 and i € Q(A)

Then A is an M-matriz. In particular,

’L’V‘7

1. A is non-singular; and
2. A1 >0, namely, (A1) >0 for all i,j.

Proof We refer the readers to [311[2[29].

Lemma 4 The matriz A(ap,0h), defined in @, is an M-matriz under the set
of admissible controls (ap,0p) € I'.

Proof For the matrix A(ap,6p), the L-matrix condition and the weakly diagonal
dominance condition can be easily verified by checking the four cases in Section [£.4]
We remark that the strictly diagonally dominant rows correspond to the grid points
near the boundary 0f2, while the weakly diagonally dominant rows correspond to
those inside the computation domain f2.

The connectivity property of A(ay,0) is yet to be verified. For the grid points
xj,; that are near the boundary, the lexicographical index satisfies N(i — 1) +j €
G(A). For those points that are inside the computational domain, or N(i—1)+j ¢
G(A), there must exist non-zero entries Ay (;—1)4j n(i'—1)+; 7 0, where i’ > i,
§' > j, with at lease one strict inequality satisfied. Hence, given any x;, j,, where
N(io — 1) + jo ¢ G(A), there exist monotonically increasing sequences ig < i1 <
.. <ir < N and jo < j1 < ... < Jjk < N, such that N(ik — 1) + Jr € Q(A)

Before investigating the stability for the nonlinear problem , we first prove
the stability for the corresponding linear problem.

Lemma 5 Define a circle Br(0) : {(x,y)|z® +3*> < R?}, where the radius R =

max_ \/z2 + y2, such that Br(0) covers the entire computational domain §2. Let
(z,y)es?
0(x) = =21V Flloo(R? —2* —y?) be a lower-bound estimate function that is smooth

2
and non-positive in 2. Denote its corresponding grid function as o € RNx1,

Then the vector Ay, € RNV?x1 satisfies
Apn < =V flloo; for all h. (44)

Proof Without loss of generality, let us consider a grid point x;; where semi-
Lagrangian wide stencil discretization is applied and boundary terms occur with
xi,j + Vh(e.)i,; relocated to x; j + 11 (ez): ;. Then

Qaq,j 1 — Q4,5 aq,j
(s = 2 ([ S50 ) ) = S Bt
2
l—ai, L—ai
h Ih(p‘xi.j+\/ﬁ(ew)z,j h h Ih(plxi,j*\/g(ew)i,j

a;,j 1 — Q4,5 i, j5
<2 —==4 —2= i) T T 1,5 1,3
< (771\/E+ A >‘P(X ) mm-;\/ﬁw(x g tm(ez)i)
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QAi,j 1-— a;,j
- W‘P(xi,j —Vh(es)i ) — — L o(xi; + Vh(ew)is)
2
L —ai;

(X = Vh(ew)i ;)

= ~[vV/lloo,

where we have used ¢(x:,; + m(ez):,;) < 0, and Ih(p'xi,j—\/ﬁ(ez)l,j > o(x4,; —

V'h(e.)i ;) and similarly for the other stencil points. Interested readers can prove
the other cases in the same fashion.

Lemma 6 (Stability for linear problem) Assume that a control pair (a,0) is
given, such that the HJB equation @ becomes linear:

—a11(a, 0)uze — 20012(a, O)uey — a22(a, O)uyy = —2v/a(l —a)f, in £,
u =g, on df2.

Suppose the mized discretization gives the linear system A(ap, 0n) up, = Fr(an,0r),
which is the linear version of @) Then the solution up, is bounded as follows:

1. If g = 0 (homogeneous boundary condition) and f > 0 is a bounded function,
- %H\/fﬂooR2 < up, <0, independent of h. (45)

2. If f =0 (homogeneous PDE) and g is a bounded function,
lunlloo < ||glloc, independent of h. (46)

3. In general, if f > 0 and g are bounded functions,

1 )
lunlloe < 51/ Flloo B* + lglloc, independent of h. (47)

Proof 1. The proof follows the idea in [30]. In this case, the N2-vector F}, is simply
given by F; j; = —2+/a;,;(1 — ai ;) fi,;- Since a; ; € [0, 1], we have —||v/flloo < Fp <
0.

Lemma has proved that A is an M-matrix, and thus A~! > 0. Also, we note
that Fj, < 0. Hence, the upper bound of uy, is given by u = A7lF, <.

Lemma [5] has proved that Ay, < —||v/fllcc- Since —[[v/Flloo < Fi = Auy, we
have Ay, < Awuy. Since A~ >0, we have ©n < up. Hence, the lower bound of
up, is given by un > on > —[l¢llec = =3[Vl R?.

2. By Lemma A is an M-matrix. Then following the proof in [9], the solution
up, under the M-matrix discretization satisfies the discrete comparison principle,
and furthermore, .

3. This can be obtained by applying the superposition principle of the linear
PDEs on 1 and 2.

Eventually, we come back to our original nonlinear problem .
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Lemma 7 (Stability for nonlinear problem) Assume that f and g are bounded
in Lo morm. Given that Lemmal]] is satisfied, the solution of the discrete system

@), Uup, 18 bounded by

1

lunlloe < I/ FlloeR? + llglloo, (48)

where the bound is independent of the mesh size h and the controls (ap, 6p).

Proof Since the solution for the linear PDE under the mixed discretization is
bounded by under all admissible controls (ap,0p) € I', and the bound is in-
dependent of the controls (ap,0r) and the mesh size h, we conclude that the same
bound applies to the solution for the nonlinear PDE under the mixed discretiza-
tion.

6.3 Monotonicity

For nonlinear PDEs, monotonicity is another sufficient condition for convergence
in the viscosity sense. Monotonicity means that the discretization scheme at a
grid point x; ; must be a non-decreasing function of the unknown u; ; and a non-
increasing function of the unknowns at the other points {up,ql(p,q)(s,5)}- Mono-
tonicity of our numerical scheme — is inherited from the M-matrix property
in Lemma [3

Lemma 8 (Monotonicity) The finite difference discretization Fp,(Xs,j,un) =
Fn(Xi g, Uiy {Up,ql(p,q)2¢i,5)}) = 0, given in —, is monotone. More specif-

ically, for all up, < vy, we have

Fn(Xi s wirjs {up,al(p,)£0i,5) 1) < Fn(Xig, Vings {upal(p,g)£6,5) 1) (49)
Fn(Xij5 Wi 55 {Up,ql(p,q)2(i,5) 1) = Fr(Xigs Uigs 10p,ql(p,q)2(i,5) })-

Proof The proof follows [16]. Our goal is to verify the monotonicity condition .
Without loss of generality, let us analyze one example: up < v, with u;; = v; ;.
Then

Fn(Xi,g, i gy {up,ql(p,a)#i,5) 1) — Fr(Xig, wirjs {vpal(,a)(,5) })
= max  {(A(ai;j,0i;5)un)i; — Fij(aij, 0i;)}

(ai,;,0:5)€r
- Wﬁ%er{(A(ai’j’aiﬂ') vn)ij = Fijaij, 0i)}
2 i A 7 ‘,07; 1 — i > 07
_(ai,jl,%:,?)er[( (aij,05,5)(un — vn)li; >

where the first inequality uses max f(x) — max g(z) > min[f(x) — g(x)], and the

last inequality considers that u; — vy < 0 and that all the off-diagonal entries of
A are non-positive under all admissible controls.
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6.4 Strong comparison principle

There is one more sufficient condition for convergence, called strong comparison
principle [3]. Strong comparison principle holds if the boundary condition is sat-
isfied in the viscosity sense. Unfortunately, there is no proof in the literature that
this necessarily holds for the Dirichlet problem . Hence, we provide a proof in
the setting of our proposed numerical scheme.

Lemma 9 Let ((x;p) = 3||v/fllocl|lx—pl3, where p € R? is a random vector. Let
) - Ixs ooy = Jun(xig), if x € {xi; € 2},

a(x) : {xi,; € P} UIN — R, where i(x) = {g(x)7 ifx e on. Then
In¢ + 1 achieves its maximum on 0f2.

Proof Without loss of generality, let us consider again a grid point x;; ¢ 02
where semi-Lagrangian wide stencil discretization is applied and boundary terms
occur with x; ; + v/h(es): ; relocated to x; j 4+ n1(e.)i ;. Assume that the control
pair is fixed. Define a linear stencil operator on an arbitrary function u at x; ; as

_ a; j l1—a; a;
Slu](xi,5) =2 (m\/JE +— J) ulx, ; — Wuki,]_\/ﬁ(ez%,j

Qi,j — Qi

_7u| _ 1 u| _ 1_ai,.7'u‘
mm xijtni(ez)i,; h x;,j+Vh(ew)i,; h xi,j—Vh(ew)i;"
2

We note that the relocated stencil point is also included in the operator. Then we
have S[Zn(](xi,;) < S[C](xi,5) = —[[V/flloo, and S[d](xi,5) = —2V/ai; (1 — ai ;) fi-
As a result, we have S[Zp¢ + 4)(x4,5) = — ||V flloo £ 24/, (1 — ai,;) fi,; <O.
Now assume that Zj,¢ £ 4 achieves its maximum at this grid point x; ;. Next
we prove that (Zp,¢ £ 4)|y = (Zn¢ £ 4)|x,,; for any stencil point y connected to
x;,j, namely, for any y € {x; j+mn1(ez)i j,Xi.; — Vh(€:)ij,Xi,j £Vh(ew)i ;}. This
can be proved by contradiction. Assume that there exists at least one stencil point
where the strict inequality holds, namely, (Z,¢ £ i)|y < (Zn¢ & 4)|x, ;- Then

SITnC £ (i) > [2 (o + 152)

_ a; j _ a; j _ l—a; _ l1—a; N _
N e TR Ry R R (Zn¢ £ d)|x;; =0,
2 2

which contradicts with S[Z},¢ £ 4](x4,5) < 0. The key point of this result is that
(ZnC £ 1)|x, ;4m(e.); = (ZnC £ 0)|x, ;- That is, Z,¢ & 4 achieves its maximum at
the boundary point x;,; + n1(ez)i,; € 052.

In general, consider any grid point x; ; ¢ 0f2. Assume that Z5,( £ @ achieves
its maximum at x; ;. One can prove in the same fashion that (Z,¢ £+ @)y =
(Zn¢ % @) |x, ; for any stencil point y connected to x; ;. Then by the connectivity
property (see the proof of Lemma , there exists a boundary point z € 92, such
that (Zn¢ £ 4)|z = (Zn¢ £ @)|x, ;- Hence, Zp,¢ & @ achieves its maximum at the
boundary point z € 952.

Lemma 10 Let §2 be a strictly convex domain. Assume that Lemma @ holds.
Define
u(x) = limsup up(y), wu(x)= liminf wuy(y).

h—0,y—x h—0,y—x

Then u(x) = u(x) = g(x) for all x € 012.
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Proof Once Lemma [9] holds, the proof follows Lemma 6.4 in [14].

Lemma [10] is essentially the comparison result on the boundary 0f2. Now we
are ready to extend the comparison result to the entire computational domain {2.

Lemma 11 Given that the finite difference discretization - satisfies con-
sistency, stability and monotonicity, u(x) and u(x) are respectively the viscosity
subsolution and supersolution of the Dirichlet problem

Proof See the proof of Theorem 2.1 in [3].

Lemma 12 (Strong comparison principle) Let {2 be a strictly conver domain.
Then the finite difference discretization - satisfies uw < u in §2.

Proof Since w and u are respectively the viscosity subsolution and supersolution
(Lemma [11)), and 7 < u on 0f2 (Lemma [10)), by Theorem 3.3 in [10], we conclude
that w < u in 2.

6.5 Convergence of the numerical solution to the viscosity solution

Once consistency, stability, monotonicity and strong comparison principle are
proved, Barles-Souganidis theorem [3] guarantees the convergence of the numerical
solution to the viscosity solution.

Theorem 2 (Barles-Souganidis theorem) Let 2 be a strictly conver domain.
Given that the finite difference discretization — satisfies consistency, sta-
bility, monotonicity and strong comparison principle, the numerical solution con-
verges to the viscosity solution of the Dirichlet problem (@

Proof See Barles and Souganidis’s proof of Theorem 2.1 in [3].

7 Numerical Results

In this section, we will present numerical results for the Monge-Ampére equa-
tion using our proposed mixed standard 7-point stencil and semi-Lagrangian wide
stencil scheme. These numerical results show that the mixed scheme can achieve
second order convergence rate whenever the standard 7-point stencils can be ap-
plied monotonically on the entire computational domain, and up to order one
convergence rate otherwise. Compared to the pure semi-Lagrangian wide stencil
scheme in [I4], our proposed mixed scheme yields a smaller discretization error
|lu — up|| and a faster convergence rate. The examples we consider in this section
come from [I7.[5]. We choose the tolerance of residual for the policy iteration to
be 107°. We let the initial guess of the numerical solution be the solution of

Uz + Uyy = 2¢/f,  in £,
u =g, on 02, (50)

which corresponds to the solution of @ with a = % and arbitrary 6. We choose

the grid size N? = 322 642%,... 5122, and define the numerical convergence rate
llu—un ()l

Ta—u, a9 Where un(N) is the numerical solution on an N x N grid.

as log,
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Example 1. Start with

fay) = A+ +9e Y glay) =20 D= [1,1) x [-1,1),
where the exact solution u(z,y) = 2@ +9%) is smooth. For this example, it turns
out that the standard 7-point stencil discretization can be applied on the entire
computational domain and still results in a monotone scheme, since the optimal
control pair (a*,6*) at every grid point is inside the 7-point-stencil regions I"*UI"2U
AI'°. Consequentially, the numerical solution converges at the optimal theoretical
convergence rate O(h?); see Figure 2,red—solid) and Table 1). We observe that

10
&=
107 Siel i :
S @=L Mixed stencil scheme
_ T -8 o llu=uy i, slope = -2.00
5= 10 —o— ||u—uh||w, slope = -2.00|
é, 4 Wide stencil scheme
= 10 ~ o llu-u||,, slope = -0.90
- _o- ||u—uh||w, slope = -0.91|
1
10°
25 50 100 200 400 800
N
(2

Fig. 4 Numerical results of Example 1, where the exact solution is u(z,y) = e3 (@),
(1) Numerical solution. (2) Norms of the errors ||u — up||. For the proposed mixed stencil
scheme (red-solid), the convergence rates, indicated by the slopes, are O(h2) in both Ly and
Lo norms. For the pure semi-Lagrangian wide stencil scheme (blue-dashed), the convergence

rates are approximately O(h) in both Ly and Loo norms.

(1) Proposed mixed stencil scheme

Numerical Numerical Number of
N [lu — up||2 convergence [l — up|loo convergence policy
rate rate iterations
32 1.201x10~3 9.598x 10~ % 4
64 || 3.009x10~% 2.00 2.404x10~4 2.00 4
128 || 7.526x10~2 2.00 6.013x10° 2.00 4
256 || 1.882x10~2 2.00 1.504x10~° 2.00 4
512 || 4.705x10~6 2.00 3.759x10~6 2.00 4
(2) Pure semi-Lagrangian wide stencil scheme
Numerical Numerical Number of
N [lu — up||2 convergence lu — up||co convergence policy
rate rate iterations
32 1.868x10~2 1.557x10~2 5
64 1.020%x10~2 0.87 8.364x103 0.90 5
128 || 5.263x103 0.95 4.240%x1073 0.98 6
256 || 2.801x10~3 0.91 2.259x103 0.91 5
512 || 1.600x10—3 0.81 1.268x10~3 0.83 5

Table 1 Numerical results of Example 1, where the exact solution is u(z,y) = 3@ H+y?), (1)
Proposed mixed stencil scheme. The convergence rates in both Lo and Lo norms are O(h?).
(2) Pure semi-Lagrangian wide stencil scheme. The convergence rates in both Ly and Lo
norms are approximately O(h).
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the computation is efficient, in the sense that the number of policy iterations
remains a small constant 4 as N increases.

We compare the proposed mixed scheme with the pure semi-Lagrangian wide
stencil scheme in [14], where the wide stencils are applied on the entire computation
domain. Figure 2,blue—dashed) and Table 2) show that the convergence rate of
the pure wide stencil scheme is approximately first order. We note that order one
is the optimal theoretical convergence rate for the pure wide stencil scheme; see
Lemma 2] The convergence rate using the proposed mixed scheme is significantly
faster than the rate using the pure semi-Lagrangian wide stencil scheme.

flu-u, I

Mixed stencil scheme
. ||u—uh||2, slope = -2.00

o ||u—uh||m, slope = -1.51|

Wide stencil scheme
_e- ||u—uh||2, slope = -0.81

_o- ||ufuh||m, slope = -0.60|

25 50 100

200 400 800

(2)

Fig. 5 Numerical results of Example 2, where the exact solution is u(z,y) = —/2 — 22 — y2.
(1) Numerical solution. (2) Norms of the errors ||u—uyp,||. For the proposed mixed stencil scheme
(red-solid), the convergence rates, indicated by the slopes, are O(h?) in Ly norm and O(h!-?)
in Loo norm, respectively. For the pure semi-Lagrangian wide stencil scheme (blue-dashed),
the convergence rates are worse than O(h) in both Lo and Lo norms.

(1) Proposed mixed stencil scheme

Numerical Numerical Number of
N lu —upl2 convergence lu — up oo convergence policy
rate rate iterations
32 6.450x10—° 2.359x10~% 4
64 1.628x10~2 1.99 8.211x10° 1.52 5
128 || 4.084x10~6 2.00 2.882x10° 1.51 5
256 || 1.022x10~6 2.00 1.015x107° 1.51 5
512 || 2.557x10~7 2.00 3.583x10~6 1.50 5
(2) Pure semi-Lagrangian wide stencil scheme
Numerical Numerical Number of
N [lu — up||2 convergence [l — up|loo convergence policy
rate rate iterations
32 1.493x10~3 5.799x10 3 5
64 || 9.634x10* 0.63 4.394x1073 0.40 4
128 || 5.166x10~* 0.90 2.697x103 0.70 5
256 || 3.153x10~% 0.71 1.824x10~3 0.56 5
512 || 1.583x10~* 0.99 1.120x1073 0.70 5
Table 2 Numerical results of Example 2, where the exact solution is wu(z,y)

—+v/2—22 —y2. (1) Proposed mixed stencil scheme. The convergence rates in Ly and Loo
norms are O(h?) and O(h!"®), respectively. (2) Pure semi-Lagrangian wide stencil scheme.
The convergence rates in both L2 and Lo norms are worse than O(h).
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Example 2. Consider
2 _
= = /222 2 2 =101 1
flz,y) G2 9(z,y) z? —y?, [0,1] x [0, 1],

where f is singular at (1, 1), and the exact solution is u(z,y) = —y/2 — 22 — y2.

Similar to Example 1, we can apply the standard 7-point stencil discretization

monotonically on the entire £2. The convergence rates are O(h?) and O(h*®) in

L2 and Lo, norms respectively; see Figure Zred—solid) and Table 1). As a

comparison, if we applied the pure semi-Lagrangian wide stencil scheme, then the

convergence rate is worse than O(h); see Figure [52,blue-dashed) and Table [2/(2).
Example 3. Consider

0.1

f(z,y) = max (1 - \/TW’

1
0) ) g(x’y)zi( 1‘2+y270'1)27

2 =[-0.5,0.5] x [-0.5,0.5].

2
The exact solution is given by u(z,y) = %max (\/x2 +y2 - O.l,O) . This is a

C' function where the singularity occurs at the ring 2% + y? = 0.1%. First we
consider the proposed mixed scheme. Semi-Lagrangian wide stencils need to be
applied near the ring 2 + y* = 0.1%. Figure @(2,red—solid) and Table 1) show
the numerical results. We note that the error reduction rates for the sequence
of N = 32,64, ---,512 do not look as regular as the previous examples. The
reason is that wide stencil introduces interpolation error, which fluctuates as IV
increases, despite converging towards 0. However, a clear error reduction, and
thus convergence, can be observed. For comparison, we also test the pure semi-
Lagrangian wide stencil scheme, as shown in Figure @(Q,blue—dashed) and Table
2). Our proposed mixed scheme performs better than the pure wide stencil
scheme, in the sense that the error |[u — up|| is significantly smaller, and the
convergence rate is faster.

0.24 -3| & - _

0.15—\

BSHS Mixed stencil scheme
° ||u—uh||2, slope = -1.19

o ||u—uh||w, slope = -1.10|

==
=
\
flu=u, Il
/O
o
‘

~ o~ o Wide stencil scheme
5 044 \\\\ \\\\ _ o llu-u|,, slope = -0.67
S~ _ o — —
107 ~2 ko] _o- llu-ull_,, slope = -0.95
0.05- ™~
L]
107

2
0)2. (1) Numerical solution. (2) Norms of the error ||u — uy||. For the proposed mixed stencil
scheme (red-solid), the convergence rates, indicated by the slopes, are approximately O(h) in
both L2 and Lo norms. For the pure semi-Lagrangian wide stencil scheme (blue-dashed), the
errors are larger than the mixed scheme, and the convergence rates are worse than O(h) in
both Lo and Lo norms.

Fig. 6 Numerical results of Example 3, where the exact solution is L max ( 2 + 92 — 0.1,
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(1) Proposed mixed stencil scheme

Numerical Numerical Number of
N [lu — up||2 convergence lu — up||oo convergence policy
rate rate iterations
32 1.270x10~ 7 4.298x10~1 4
64 || 4.273%x10~° 1.57 1.520x10~4 1.50 6
128 || 1.835x10~° 1.22 6.907x10~° 1.14 7
256 || 1.544x10~2 0.25 5.959x10~° 0.21 9
512 || 3.396x10~6 2.18 1.513x10~° 1.98 20
(2) Pure semi-Lagrangian wide stencil scheme
Numerical Numerical Number of
N [lu — up|l2 convergence lu — up|loo convergence policy
rate rate iterations
32 1.337x10~3 6.604x10—3 5
64 || 9.084x10~% 0.56 3.304x103 1.00 6
128 || 6.940x10~% 0.39 1.901x10~3 0.80 7
256 || 3.815x10~* 0.86 9.335x10~% 1.03 7
512 || 1.998x10~% 0.93 4.563x10~4 1.03 9
Table 3 Numerical results for Example 3, where the exact solution is

2
1 max (x/;v2 +y2— 0.1,0) . (1) Proposed mixed stencil scheme. (2) Pure semi-Lagrangian

wide stencil scheme. The errors |[u — up|| by the proposed mixed stencil scheme are smaller
than those by the pure wide stencil scheme.

Example 4. In practice, our numerical scheme can converge to not only viscos-
ity solutions, but also a type of more general weak solutions, called Aleksandrov
solutions [20]. In this example, the corresponding f is a delta function at the origin
and is zero elsewhere:

f(z,y) =76(0,0), g(z,y) =z +y?,

The exact solution u(z,y) = /22 +y2 is an Aleksandrov solution. It is a C°
function and is singular at the origin. Figure (1) shows that our proposed mixed
scheme converges to the cone-shaped Aleksandrov solution. Conversely, Figure 2)
shows that the pure semi-Lagrangian wide stencil scheme in [14] does not give the
cone-shaped Aleksandrov solution. Indeed, there is no theoretical proof that the
pure wide stencil scheme can converge to Aleksandrov solutions. Figure 3) and
Table [4] report the convergence results by the proposed mixed scheme. The orders
of convergence are close to 0.8 and 0.5 in L2 and Lo norms respectively.

2 =[-0.5,0.5] x [—0.5,0.5].

Proposed mixed stencil scheme

Numerical Numerical Number of
N [lu — up|2 convergence lu — up|loo convergence policy
rate rate iterations
32 1.156x10~3 3.868x10~3 9
64 || 6.484x10~% 0.83 2.583x103 0.58 15
128 || 3.803x10~% 0.77 1.848x10~3 0.48 17
256 || 2.159%x10~* 0.82 1.305%x10~3 0.50 23
512 || 1.148x10~% 0.91 9.203x10~4 0.50 27

Table 4 Numerical results of Example 4. The exact

proposed mixed stencil scheme is used.

solution is u(z,y) = v/z2 + y2. The
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Mixed stencil scheme Pure wide stencil scheme

Mixed stencil scheme
° ||u—uh||2, slope = -0.83

lu-u, I

o ||u—uh||m, slope = -0.51]

Fig. 7 Numerical results of Example 4, where the exact solution is u(z,y) = /z? + y2.
(1) Numerical solution by the proposed mixed stencil scheme, which converges to the exact
solution. (2) Numerical solution by the pure semi-Lagrangian wide stencil scheme, which does
not converge to the exact solution. (3) Norms of the error ||u — up||. The proposed mixed
stencil scheme is used. The convergence rates, indicated by the slopes, are O(h%-8) in La norm
and O(h%%) in Loo norm, respectively.

Example 5. In order to make a case for designing a monotone numerical scheme
that converges to the viscosity solution (which is convex), we show explicitly that
non-monotone numerical scheme may converge to a non-viscosity solution (which
may be non-convex). More analysis on this issue can be found in [I71[5]. We consider

flz,y)=1,  g(z,y) =0,  2=[-0.50.5] x [-0.5,0.5].

For this example, the exact solution u is not smooth near 942 [5]. Since a closed-
form expression for u is not available, we follow [5] and study the convergence
behavior of uy towards u by checking the values of up(0,0) as h — 0. The numer-
ical solution using our monotone mixed scheme converges to the convex viscosity
solution as h — 0; see Figure [§] and Table [p| Alternatively, we consider a possible
non-monotone discretization for ugzzuyy — uiy = f, which is the direct application
of the standard central differencing on uge, uyy and the standard 4-point central
differencing on ugy. In our numerical experiment, the numerical solution under
the non-monotone discretization converges to a concave function as h — 0. We
note that [5] has considered the same example using non-monotone discretization,
and obtained another non-viscosity solution that is non-convex near 9f2.
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Monotone mixed scheme Non-monotone scheme

Vil
0 "’7//’7;;;;;;%”””

.
0

y -05 -05 y -05 -05

(1) (2)

Fig. 8 Example 5: (1) The solution given by the monotone mixed scheme, which is convex
and is convergent in the viscosity sense. (2) One possible solution given by a non-monotone
scheme, which is concave and is not a viscosity solution.

N Up (07 0) by uh(07 0) by
monotone scheme non-monotone scheme

32 -0.18380 0.18063

64 -0.18444 0.18312

128 -0.18461 0.18436

256 -0.18485 0.18499

512 -0.18507 0.18530

Table 5 Example 5: (1) The minimum values of the numerical solutions wm,;y, given by the
monotone mixed scheme, which provides an evidence that the numerical solution converges
to a convex solution. (2) The maximum values of the numerical solutions umaz given by a
non-monotone scheme, which provides an evidence that the numerical solution converges to a
non-convex solution.

8 Conclusion

In this paper, we convert the Monge-Ampére equation into the equivalent HJB
equation, and propose a mixed finite difference discretization for solving the equiv-
alent HJB equation. The discretization satisfies consistency, stability, monotonicity
and strong comparison principle, and thus convergent to the viscosity solution of
the Monge-Ampere equation. Our proposed mixed scheme significantly improves
the accuracy over the pure semi-Lagrangian scheme in [14]. More specifically, the
proposed mixed scheme yields a smaller discretization error ||u — wy||. Further-
more, if the standard 7-point stencils can be applied on the entire computational
domain monotonically, then our proposed mixed stencil scheme can improve the
convergence rate to O(h?).

Our mixed scheme can be potentially extended to higher dimensional cases.
Assuming that the dimension is d, the idea is to parametrize the control of the
HJB equation 7 namely to parametrize A(x) = Q(x)A(x)Q(x)T, where Q(x) €
SO(d) and A(x) is a trace-1 non-negative diagonal matrix. Then the standard
7-point stencil discretization can be applied if A(x) is weakly diagonal dominant,
and the semi-Lagrangian wide stencil discretization is applied otherwise. We leave
this topic as a future work.
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