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A MUNTZ-COLLOCATION SPECTRAL METHOD FOR WEAKLY
SINGULAR VOLTERRA INTEGRAL EQUATIONS*

DIANMING HOU'? YUMIN LIN?2 MEJDI AZAIEZ?>? CHUANJU XU234

ABSTRACT. In this paper we propose and analyze a fractional Jacobi-collocation spectral method
for the second kind Volterra integral equations (VIEs) with weakly singular kernel (z —s)7#,0 <
u < 1. First we develop a family of fractional Jacobi polynomials, along with basic approximation
results for some weighted projection and interpolation operators defined in suitable weighted
Sobolev spaces. Then we construct an efficient fractional Jacobi-collocation spectral method
for the VIEs using the zeros of the new developed fractional Jacobi polynomial. A detailed
convergence analysis is carried out to derive error estimates of the numerical solution in both
L°°- and weighted L?-norms. The main novelty of the paper is that the proposed method is
highly efficient for typical solutions that VIEs usually possess. Precisely, it is proved that the
exponential convergence rate can be achieved for solutions which are smooth after the variable

/7

change r — x°/" for a suitable real number \. Finally a series of numerical examples are presented

to demonstrate the efficiency of the method.

1. INTRODUCTION

Among various methods, spectral methods have proven to be one of the most efficient ap-
proaches for solving partial differential equations. The efficiency of spectral methods, however,
depends crucially on the regularity of the solution. The convergence of the spectral method is
exponential, provided that the solution of the problem is sufficiently smooth. On the other word,
the traditional spectral methods will lose high accuracy when facing problems with solutions of
limited regularity. Such problems include the second kind Volterra integral equations (VIEs),
which we consider in this paper. It has been well known that the solution of the VIEs with
weakly singular kernel is of low regularity at the boundaries of the domain.
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Volterra integral equations model evolutionary problems with memory, which can be found
in a number of disciplines, such as electromagnetic scattering, demography, viscoelastic mate-
rials, insurance mathematics, etc. They have been subject of many theoretical and numerical
investigations. In this paper we consider the following integral equation:

u(z) = g(x) + /Ox(:n —s) MK (z,s)u(s)ds, 0 < p<1, zel:=]0,1],

where the source function g(z) € C(I), and K € C(I x I) with K(z,x) # 0 for x € I. Our aim
is to design a numerical method for this equation, which will be shown more efficient than the
existing methods in capturing the singularities of typical solutions of this kind of equations.

In fact there exists a considerable amount of numerical methods in the literature for the equa-
tion under consideration; see, e.g., ﬂ@, @, , , , , , @] and the references therein.
In the framework of high order methods for example, a Legendre-collocation method, along with
rigorous error analysis, was proposed in @, @] for VIEs with smooth kernel (i.e., p = 0) and
regular source term; There have also been spectral methods [2, 3], used to approximate smooth
solutions of delay differential or integral equations with two or more vanishing delays. In ﬂﬂ, Iﬁ],
Chen et al. proposed and analyzed a spectral Jacobi-collocation method for VIEs under assump-
tion that the underlying solutions are sufficiently smooth. However, as demonstrated in HQ], VIEs
with weakly singular kernel typically have solutions whose derivatives are unbounded at the left
end point, even when the source term g(x) is regular. Partially for this reason, the numerical
treatment of the VIEs is not simple. In particular, numerical methods based on approximations
of high order polynomials, such as spectral methods or p-version finite element methods, fail to
yield high order convergence since increasing the polynomial degree does not improve the ap-
proximation accuracy for low regular functions. Nevertheless, efforts have been made to handle
this problem in some different circumstances. Let us mention, among others, Chen and Tang
] for a transformation method to transform the equation into a new Volterra integral equation
defined on the standard interval [—1, 1], so that the solution of the new equation possesses better
regularity. Recently, Li, Tang, and Xu ] have constructed a Chebyshev and Legendre pseudo-
spectral Galerkin method for weakly singular VIEs based on a new function transformation to
make the solution smooth. Allaei et al. [4] used a transformation of the independent variable for
the Volterra integral equation with weakly singular kernel, then constructed a Jacobi collocation
method for the transformed equation. It is worthwhile to emphasize that the efficiency of the
aforementioned approaches depends on specific form of the exact solution and the assumption
of sufficient smoothness of the source term. Very recently, Hou and Xu ﬂﬁ] proposed a general
framework using fractional polynomials for some weakly singular integro-differential equations
and fractional differential equations. They showed that the convergence rate of the fractional
spectral methods is closely related to the regularity of the transformation of the exact solution
by the variable change = — z1/*, where ) is a suitable parameter appearing in the fractional
approximation space.

This paper aims at designing, developing, and testing a fractional Jacobi spectral method for
the weakly singular VIEs, which has the capability to capture the limited regular solution in a
more efficient way. The new method will make use of the fractional Jacobi polynomial J]‘i‘,’f’f‘(az),
recently introduced in HE, ] to deal with some singular problems. The advantage of the proposed
approach is that the exponential convergence can be guaranteed for solutions, which are smooth
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after the variable change x — z1/* for suitable parameter \. It is worth to emphasize that the
present method is different from the one proposed in ] Firstly, the method in ] was for
the integral equation: w, = aju(x) + az olyu(z) + f(x), where a; and ay are constants, which
were assumed to satisfy some conditions in order to guarantee the well-posedness of the discrete
problem; see Theorem 4.1 in ] Secondly, the present method is of Collocation type while the
method in [17] was constructed under Galerkin or Petrov-Galerkin framework. It is known that
the method of Collocation type is easier to implement (usually more difficult to analyze) than
the Galerkin type.

Below are the main ingredients of the paper.

e Hirst, one key point of the study is the new A—polynomial space constructed as the approxi-
mation space. Some new derivatives are defined such that the fractional Jacobi polynomials can
inherit some desirable properties from classical Jacobi polynomials. We also set up the relation-
ship between the new defined derivatives and the classical ones. Then we derive the approximating
results for some projection and interpolation operators in weighted Sobolev spaces, This is the
main content of Section 2.

e In Section 3, the fractional Jacobi spectral-collocation method is constructed for weakly
singular VIEs. A rigorous convergence analysis is carried out for the proposed method and some
optimal error estimates in L°°— and Lim sa—norms are derived.

e Some numerical examples are presented in Section 4 to validate the theoretical prediction.
Finally we give some concluding remarks in the last section.

2. PRELIMINARIES

In this section, we will define the fractional Jacobi polynomials and study their fundamental
properties. Especially we will introduce some weighted projection and interpolation operators and
derive optimal error estimates for these operators in different weighted Sobolev spaces. These
results play a key role in the convergence analysis for the numerical method that we design for
the VIEs later on.

2.1. Some basic properties of fractional Jacobi polynomials. We begin by defining the
A—polynomial space as follows:
PT?(RJF) = span{l,:ﬂ’\,a:”‘,--- ,:17")‘},
where Rt = [0, +00),0 < A < 1.
A M\—polynomial of degree n is denoted by
pf‘z(x) = k™ + k12O 4 Ry + ko, k, #0,z € RT,

where {ki}?:o are real constants and k,, is called the leading coefficient of pf‘z. Hereafter, we simply
denote the degree of A—polynomial p)\(z) by deg(p)).

Let I :=[0,1] and w(z) € L*(I) be a positive weight function. A sequence of A—polynomials
{pﬁ}:’:o with deg(p})) = n is said to be orthogonal in L2 (I) if

1
(DA ) = /0 PA @) (@)w(@)dE = b,
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where 7, = [|p}||2 : ! = (p},P})w, and dyy, , is the Kronecker delta.
We define the space
PX(I) := span{py,p1,--- .0 }-
The following two lemmas can be easily proved by following the standard way to prove the
existence of the classical orthogonal polynomials; see, e.g., , p48-50].

Lemma 2.1. p),,,(z) is w(x)-weighted orthogonal to any A—polynomial q(z) € P (I).

Lemma 2.2. For any given positive weight function w € Ll(I), there exists a unique Sequence
of monic orthogonal A—polynomials {172}20:0 with deg(ﬁ;\L) = n. This unique sequence can be
obtained through the following recurrence relation

=1 p=2"—a, 152+1 = (2" — an)pp — BaPp_1, m>1,
where )
AsA A 7
oy = w, n>0; B,= HanOw n>1.
||pn||0,w || P 1||0w

Now we turn to define the fractional Jacobi polynomials.
Definition 2.1. The fractional Jacobi polynomials of degree n are defined by
(2.1) JOPA () = J2P (22 — 1), Vo € I,

where Jﬁ"ﬁ(x) denotes the Jacobi polynomial of degree n, and o, 8 > —1,0 < A < 1.

When A = 1, the polynomials {J; B 1(x) o o are called shifted Jacobi polynomials up to a
constant, which are orthogonal polynomials w1th the weight (1 — z)%z”.

It has been well known that the classical Jacobi polynomial .J;; B (z) has the following repre-
sentation

o Pntatl) ~(m\Lotk+ta+B+1) -1
Te) = nlr(n+a+ﬁ+1)z<k> I(k+a+1) )

Consequently, we have

iy Plntatl) <n>r(n+k+a+ﬁ+1) Ay
(2.2) Jy (w)_nyr(n+a+5+1)kz:0k T+ o+t D) (x* —1)%.

In order to inherit important properties from the classical Jacobi polynomials, we modify the
definition of the derivatives as follows.

Definition 2.2. The first order new derivative is defined by

d l‘l_)‘

1

Dyv(z) = @U(iﬂ) S v'(x),
and the new defined derivative of order k,k > 1 is denoted by

k
—_—
DXv(x) = Dy - D3+ Dyv(x),

where 0 < A <1 and v(z) is defined on R*.
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Furthermore, the left-side (right-side) limit definitions of the new derivatives are denoted by

) + Az) —v(x)
+Dl = ] v(a;
w(@) Aro0+ (x+ Ax)d —ar 7

_ . v(r+ Az) —v(x)

Di = 1 .
w(@) Ars0- (x + Az)r — 2A

Div(z) exists if and only if *Div(z) = ~Dlo(z), and Div(z) = TDlv(x) = ~Div(z). Obviously
when A = 1, the new defined derivatives become the classical ones.

We set two weight functions as follows:
(2.3) w¥BA () := A1 — )X BHIAL
(2.4) SUPA(z) == (1 — 2M) 2P = ATt AW PA ().

Lemma 2.3 (see @, H]) The fractional Jacobi polynomials Jﬁ"ﬁ”\(az) are orthogonal with
respect to the weight function w®PMx), a, > —1,0 < A < 1, i.e.,

1
(25) [N @ e = 5
0

where
s Tlta+DI(n+B+1)

" Cn+a+B+1)nT(n+a+p+1)

The special case a« = 0,3 = % — 1 yields the Miintz Legendre polynomials, which have been
investigated in a different way in ﬂa, Eér]

Next, we shall show that the fractional Jacobi polynomials are the eigenfunctions of a singular
Sturm-Liouville operator £§f’ﬁ defined by

3u()= (@ (@) DI (1 - ) 2P DYu () }.

Lemma 2.4 (see HE, ]) The fractional Jacobi polynomials {Jﬁ’ﬁ’A}ZO:O satisfy the following
singular Sturm-Liouville problem:

(2.6) L9P JePA () = 60P OB ().
That is
C1) @A) T =L et )} = e ),

where o0’ =n(n+ o+ B+ 1).

Lemma 2.5. The new defined k-th order derivatives of the fractional Jacobi polynomials are
orthogonal with respect to the weight w™TFATEA(1) .,

1
(2.8) | A @) DY @) DY ) = B
0

where
(2.9) G _ Dt at DI+ B+ DM+ k+at 5 +1)
. T T Gntat B (- kIR tatp+1)
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Moreover, we have
k yo,B,\ _ qu,B yotk,f4E AN

where

&\a,ﬁ_r(n+k+a+ﬁ+1)
kT Tn+a+pB+1)

Proof. We start with the case k = 1. Using integration by parts, Lemma[2.4] and the orthogonality
CM,B,)\ S M
of {Jn } we obtain

n=0’

1
(2.11) /0 WOFLITLA(2) DL IO () DY S8 (@)da = (JEA, L3P T8N oo = 02506,
This means that {D}\Jﬁ‘ B ’A}Zozl are orthogonal with respect to the weight w®T1A+1LA " Further-
a+1,8+1,\

more it follows from Lemma 2.2] that D}\ @B must be proportional to J, , namely,
1 A o, +1,8+1,A
(2.12) DAT PN (@) = g A @),

where dfjf is a constant.

. . . aBA i B _ F'2n+a+5+1) .
In virtue of (Z2]), the leading coefficient of J,"7" is k¢ T tatft1) Thus comparing

the leading coefficients on both sides of ([Z12]) gives:

a’ J— j—
dp orLae — tat+f+1
n—1

This proves (2.1I0) for £ = 1. Applying (2I2]) recursively, we obtain

where

&\a,ﬁ_r(n+k+a+ﬁ+1)
wk T Tnd+a+pB+1)

This proves (2.I0) for all £ > 1. Finally, using Lemma 23] gives
1
/ ORI () DY TSP (@) DY TP () da = B0
0 K

where

oo (rdy2aathitk _ Pntat+ DI+ S+l n+k+atf+1)
nk nk/ In—k Cn+a+p+1)(n—-kKT2nh+a+p+1) =~

The proof is completed. O
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2.2. L2, ;\(I)-orthogonal projector with «,3 > —1. Let my a5 : L2, 5, (1) = P(I) be
the Liaﬁ,k—orthogonal projection operator defined by: for all v € Liaﬁ,A (I), T op AV € PR(I)
such that

(1) — 7TN7wa,,B,)\’U,UN)wa,,B,)\ =0, Yoy € PK}(I).

Equivalently, TN 8.2 Can be characterized by:

(2.13) TN 82 U(T Z B JouBA (1),

#2(2) are the fractional Jacobi polynomials defined in (1)), and

sa,B (U Jaﬁ’)\)wa B2

{67
where J,,

n B
T2 i
Immediately, we have
H’U — 7TN7wa,[3,>\’UH0’wa,B,A = inf H’U — ’UN”07wa,[3,>\.
oNEPR(I

To measure the truncation error, we introduce the non-uniformly fractional Jacobi-weighted
Sobolev space:

BZ?B)\(I) = {’U . Dl;\’U S Lia+k,6+k,>\(1)70 S k S m}, m € N,

equipped with the inner product, norm, and semi-norm as follows:

m

(U,U)Bm,)\ — Z(le\u, Dl)\i‘v)waJrk,ﬁJrk,A, ||U||Bm,>\ = ('U,'U)IB/,?.L’A, |'U|Bm,A = ||DTU||07wa+m,B+m,>\.
oY =0 o, B a,B o,B

The special case A = 1 gives the classical non-uniformly Jacobi-weighted Sobolev space:
Bl (I) = {v:0fv € L2 pa(I),0<k<m}, meN
The functions in BZ?(I ) and the ones in BZZ’B (I) are linked through the following lemma.
Lemma 2.6. A function v belongs to BZ})‘(I) if and only if v(z'/*) belongs to B(Tﬁl (I).
Proof. Using the variable change = = t'/*, we have

||D UHO wa+k Bk AT / )\ a+k$(ﬁ+k+1))\_1 (D§U)2d$

(2'14) :/ (1 t)a+ktﬁ+k(af{v(tl/)‘)})zdt
0
= ||8I£{U($l/)\)}||g,wa+k,ﬁ+k,1, 0<k<m.
This proves the desired result. O
Proposition 2.1. The orthogonal projector Ty .51 admits the following error estimate: for

any v(z) € BZ:L’;(I), and 0 <1 <m < N+1,

(N —m+1)!

—m m 1
i V0 0@ ot

(2.15) ||Dl>\(v — WN’WQ,B,A'U)Ho’waﬁ»l,ﬁ«rl,k <c
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For a fixed m, the above estimate can be simplified as

1
(2.16) “Dé\(v — 7TN7wa,,B,)\/U)”07wa+l,5+l,)\ < ch_mHa;”{v(a:X)}|]07wa+m,5+m,1,
where c =~ 1 for N > 1. In particular, for | = 0,1, we have

(2.17) [0 = 7y w80 g weir < EN O {0(23) Mg oo

1
(2.18) 102 (0 = T gm0 oo < NV 0 {0(@5) o s

where G®PA = A\71(1 — ph)otlghAtt,

Proof. For v(x%) € B(T; (I), Lemma 2.6 gives v(z) € B(T’B)‘(I). Thanks to (2.I3) and the orthog-
onality (2.8]), we have

o0 oo ,B
l 7 ) N, — )
DA 0 = mst) Bten = 30 s 3 il P
n=N+1 n=N+1 hin
Further estimation on the right hand side term gives
(2.19)
Bt | th—ll
IDL(0 = om0 I s pinn < max {0 } Rmlon? 2 < IDFIR s 4
In virtue of (29, we find that for 0 <1 <m < N +1,

(2.20)
h}l\;ﬁll  I'(N+a+B8+1+2) (N—m+1)

h%fl CT(N+a+B+m+2) (N—1+1)!

B (N —m+1)!
S (N+a+B+1+2)(N+a+B8+1+3)--(N+a+B+1+m) (N—1+1)
- Nl_m(N—m—i-l)!
- (N—-1+1)"
where we have used the facts: a+ +2 > 0. Then the estimate (2.13]) follows from (2.19)), (220,

and (ZI4]).
Next, we prove ([2.I6]). Recall the property of the Gamma function (see @, (6.1.38)]):

D(z+1) = V2rz® 2 exp (—z+ %),

Moreover it can be shown that for any constant a,b € R,n+a > 1 and n+b > 1 (see ﬂﬁ, Lemma

2.1],[1d)),

V>0, 0<6<1.

F(n+a) <v ab a—b
I'(n+0b)

)

where

ab a—b 1 (a—1)(b—1)
“n _eXp<2(n—|—b—1)+12(n—|—a—1)+ n >
Hence, we obtain

(N-—m+ D! DN -—m+2) _ o-ma-ipim

(2.21) (N—i+1)  T(N_it2) ="~




FRACTIONAL JACOBI SPECTRAL METHODS FOR SINGULAR VIES 9

where 1/]2\, 2=~ 1 for fixed m and N > 1.

Combining (ZI5) and [22I)) gives (ZI6). Furthermore, using (ZI6) and the definition of D} we
obtain (2I7)) and 2I8). O

2.3. Ij‘i‘,’ﬁ—interpolation on fractional Jacobi-Gauss-type points with «,5 > —1. Let
h;‘)\ﬁ () be the generalized Lagrange basis function:

Jé] N l‘)‘ — l‘)‘
a, .
(2.22) hiy (x) = H —— 5 0<J<N,
i=0,ij i i
where zg < 71 < -+ < xny_1 < zy are zeros in I of JN’fl)‘(:E). It is clear that the functions

hj‘f () satisfy

Let z(x) = 2*. Then z; := z(x;) = 2}, 0 <i < N, are zeros of JN’_E’l (z), and
N2z
(2.23) R (x) =hY ()= ] —— 0<j<N.
i=0,i#j

We define the generalized interpolation operator IX‘,? by

() =D v(a)hsy (@)
Then

N
(2:24) Iire(@) = Yo vz MnSE () = Y, 2 =2t
7=0
Lemma 2.7 (Case A = 1, ﬂﬂ] Lemma 3.8). The interpolation operator Iy satisfies following
stability estimate: for any v € B;’lﬁ(l),

”Iﬁf’,lv”o,waﬁ’l < C(H”HO,waﬁvl + N_l”axvuo,waﬂ,ﬂﬂ,l).
Proposition 2.2. For any U({L'%) € B;’}B(I), we have

(2.25) 1350l wesr < e(l0llgumna + N7 Dol gerrsrnn)-

Proof. Making the variable change z = z* in the definition of Iﬁ,’iv(x), we get

N

L 2
”[O”BUHOMMA /0 Z,U(xi)hg,lﬁ(x)\)} A1 —x)‘)ax(6+1))‘_1dx
=0
N

tr N 2
(2.26) :/ Z’U(zim h‘;f’f x)‘)} AL — ) F+DA1 gy
. ) 12
z

=0
N

Mhiy (
b 1/2 2
:/0 S e)] (- 2t
1=0
= I3 ()

07(,‘)&76,1'
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Then it follows from Lemma 2.7 and (2.26))

(2.27)
1 _ 1
IR 0@) oo sr = ITRT0@ M o081 < c(l[v@)[lgwasr + N7HOw0(@3 )l wosroe11)-
The desired result (2.25]) follows from combining ([227)) and (2I4)). O

We will also need some inverse inequalities for the A—polynomials, which are given in the
following proposition.

Proposition 2.3. For any ¢ € Pﬁ‘,([), we have

(228) ||am¢||07wa,ﬂ,>\ < O-?\C/"BHQSHO,waﬁ)\)
and
(2.29) 1D bllgerirsns < eN*[@llgwmin, k> 1,

where aj’(;ﬁ is defined in 21) and c =~ 1 for fized k and N > 1.

Proof. For any ¢ € PJQ\,(I ), we express it under the form

b 7>\
(6, I e
,’yavﬁ ’

N
(2.30) o(z) = Z(ﬁ?’BJf"ﬁ’)‘(x), with ¢ =

where #; 8 was defined in (ZH). Then we deduce from the orthogonality of {J BBA ()} o
N
IBII2 o r = D 35705712,
i=0
Applying the differential operator D}\ to the both sides of (230), and using the orthogonality

2I1), we get

HD@HOWW—Hamuwm—Zaam’ﬁwﬁr <o *BZ SP100P1 < o101 s
1=0 1=0

This results in (2.28]).
Applying the operators D} k times to ([Z30) and using (Z8]), we obtain

N
T C(n+k+a+pB+1)n! 5B | e |2
DX ¢||0wa+kﬁ+kx—nz;€h klon”] _Zf(n—l—a—l-ﬁ-i-l)( ) |¢ !

(2.31) < JWHEtad Pt DN ZA“BWB'Q

I(N+a+8+1)(N - k'
NN+k+a+p+1)N qu”
TI(N+a+B+1)(N - k) Do
Similar to the discussion for ([2:21]), we have
I'(N+Ek+a+p+1)N! < JratBrlotftl 11—k 2k
< vy vy TN,
I'N+a+p+1)(N—Ek)!

where V§+a+g+1’a+ﬁ+1u}\}1_k ~ 1 for fixed k and N > 1.
Then the inequality ([2:29]) follows from combining (Z31]) and (232]). O

(2.32)
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We now present the error estimation for the fractional Jacobi-Gauss interpolation operator
based on the roots of Jﬁf’l (z).

Proposition 2.4. It holds for any v(z'/?) € B;{n’ﬂl(l),m >1,and any 0 <1 <m <N +1,

(N —m+1)!
N!

If m is fized, then the above estimate can be simplified as

IDA (v = I330) lpesssin < ¢ N2 (@) Yo o smr

(2.33) 1D (v = I¢50) g watssin < eN™0 {0(2X) Mg etmiatma,
where ¢ =~ 1 for N > 1. In particular, for | = 0,1 we have

1
(234) H'U — I%’§U||O7wa,5,,\ S CN_mHa;n{'U(iUX)}||07wa+m,6+m,1,

1
(235) ||8x( N)\’U)HOMQIBA < CNl mHam{U X }Ho’waer,ﬁer,l.
Proof. From (2.15)) and Proposition 22 we deduce

”IJOG’E\U - WN,wavB’W”Owa’W = ”[ﬁré\(?f - WN,waw’J’JU)HO,wa,BA

(2.36) < c(|lo(z) = Ty gesav(@)|lowess + NTHDI{v(@) = Ty gesrv(@) flowat10412)
(N—m+1)! N
<c TN (mH)/zHa;n{”(f“)}Ho,wwm,mm,l.

Furthermore, using the inverse inequality (2.29]), we obtain

HDZ ( N)\U — TN @b A’U) llo wosts+ta < CNIHIK/’gU — TN @B AV a8.0
N-m+1 1
<ec %Nl (m+1) /2 ‘am{v /\ }HOwQer B

The above inequality, together with the triangle inequality and (2.I5]) gives
HDl)\ (U — IN )\’U) llo wathBHAS HD)\ (’U = TN e, A’U) llo watLBHLA

+ D4 (73t = T3 30) g oot sn

N —m+ D! i) 1
é (& TN m+ / Ham{’U >\ }H07wa+m,ﬁ+m,1 .
This proves the first estimate. In case m is fixed, the estimates (2Z33))-([238]) can be derived in a
similar way as in Proposition 2.1l The proof is completed. O

Lemma 2.8 (Weighted Sobolev inequality). For all v(z) € Bi’%([),v(g) = 0 for some £ €

[0,1], and any —1 < o, B < — 2, it holds

(2.37) [v]loo < V2[I0)IY2 1002

0,we:B:A 0,082 "
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Proof. Using the Cauchy-Schwarz inequality, we have, for all z € [¢, 1],

/dv :/ 20(2) D (2 dx<2/ l0v|da

(2.38) —2/ 21— ) Fe S ol A1 = ) Ea T 0,0 da

1/2
< 2[v]fg gaup.a [/0 A1 - x)‘)_aa;_(gﬂﬂﬂ(ﬁxv)zdx] .

1
The condition —1 < a, 8 < —3 guarantees that it holds for any = € I,

(2.39) ATH L = 2?) 7o FOAE < N1 — )t = goBA ()
Bringing (2.39) into (238)) gives

1/2 1/2
(2.40) e [l < V2l 00l o

In a similar way we can prove

1/2 1/2
(2.41) mac fol < VRl 5o 9501 5o

This completes the proof. O
1
Proposition 2.5 (Interpolation error in L>®—norm). If —1 < a, f < —g we have
lv = Iy5wlloe < N2 000 (@) o watmsrma, Yo(z'/Y) € BIY(I), m > 1.

Proof. Obviously if v(z'/*) € Bm’l(I) m > 1, then v(x) € B;g(]) By definition, the function
v(x)—1 N’gv( ) vanishes at all the roots of J N’fl’\( ). Thus we can use Lemma[2.8 and Proposition
2.4 to conclude
1/2 1/2
o = 1350l < V20 = IR0l 20 510 (0 = IR0l 20
S CNl/z_mHa‘;n'U(xl/)\)”07wa+m,6+m,1 .

This proves the proposition. O

We use the Jacobi Gauss points to define the discrete inner product: for any u,v € C(I),

N

(0 psn = D ulz)v(i)ws,

=0

where {2;})¥, are the zeros of the shifted Jacobi polynomial J N’fll( ) and {w; })¥, are the corre-
sponding weights.

Lemma 2.9 (ﬂﬂ, ﬁ]) For allv € B(T”ﬁl(f),m > 1 and all ¢ € Py(I), we have

(0, )uapn = (0, @) v wesa| < ENTT00]lo wotmprma | Pllo et

The following result, which can be found in ], concerns the Lebesgue constant of the Lagrange
interpolation polynomials associated with the zeros of shifted Jacobi polynomials.
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Lemma 2.10. Let {ha’ﬁ( )}N be the Lagrange interpolation polynomials associated with the
Gauss points of the shifted Jacobi polynomial JN’B 1( ). Then

N
« « O(lOgN), —1<04,B§——
||IN’€HOO = maxz |hj,715(33)| = 41 )
zel “— O(N7T2), v = max(«, 3), otherwise.

The above classical results can be readily extended to the generalized Lagrange interpolation
polynomials associated with the zeros of fractional Jacobi polynomials, which is given in the
following lemma.

Lemma 2.11. Let {ha’ﬁ (z ) N "y be the generalized Lagrange interpolation basis functions as-

sociated with the Gauss points of the fractional Jacobi polynomial JN’B ’\( ). Then

155 e = maxZ hef (o)) = { QUBN) ~L< <=5
OO O(N'YJF%), ~v = max(a, 3), otherwise.

From now on, for » > 0 and « € [0,1], C™"%(I) will denote the space of functions whose r—th
derivatives are Holder continuous with exponent x, endowed with the usual norm:

8@' o az
|lv][rx = max max|8 v(z)| + max  sup 19:0(x) xv(y)\
0<i<r 0<i<r 3 yel ity |z — y|*

When x = 0,C"™°(I) denotes the space of functions with r continuous derivatives on I, which is
also commonly denoted by C"(I), endowed with the norm || - ||,.

A well-known result from Ragozin , ] will be useful, which states that, for non-negative
integer r and real number k € (0,1), there exists a linear operator Ty from C™*(I) into P (I),
such that

(2.42) [0 = Tav]loo < Cre N~UF 0|, v € CT(I),

where C). . is a constant which may depend on r and &.

We further define the linear, weakly singular integral operator K:

(2.43) (Kv)(z) = /Om(x —8) HK(x,s)v(s)ds,

where K € C(I x I) with K(x,z) # 0 for z € I. We will prove that K is a compact operator
from C(I) to C%*(I) forany 0 < k <1 — p

Lemma 2.12. For any function v € C(I), K € C(I x I), and K(-,s) € C%*(I) with 0 < k <
1 — u, we have

|(Kv)(z) — (Kv)(y)| < cmax|v(z)|, Vo,y €I, z #y.

2.44
(244) |z — y|~ zel

This implies that

1Kvllon < el[tlloos 0 <k <1—p
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Proof. Without loss of generality, assume 0 < y < x < 1. We have

) = CO_ (o yy=o| [ o) #8opehs ~ [0 = 9K, otsras
< My + My,
where
/ (= ) K (y,5) — (& — 5) K (z, 5)][v(s)|ds,
My = (o) [ (o= s H K)ol ds.

For M, we use the triangle ineqiality to deduce
(2.45) My < MY 4 M),
where

MO = (o= [Tl = 977 = (@ = 9 PR () (o) s,

M® = (z - y) /0 (z = ) |K (y, 5) — K (z,5)|[o(s)|ds.

M® and M@ can be bounded respectively by
Y T
MDD < ¢||v)|oo (2 — y)_“[/ (y —s) Hds — / x —s) Hds —I—/ x —s) Hds
0 0 Y
1
< elleleete ~ ) [y [ 1=yt =i [y
0

1
+(z — y)l_“/ (1- T)_“d7:|
0
< eB(1 —p, 1) (z =)' 5 [v]loe < el|v]oo,

(2)_ ya;—s_ |K(Z/,S)—K($,S)|US s
M@= [ = sy )

xT
< emax [K( )llox vl / (x — 5)~Wds
sel 0

< vl B(1 = p, 1)t < oo,

For Ms, we have

T 1
M < cl[vfloc(z — y)_”/ (@ —5)""ds < c|[v]|oo (2 — y)l_“_“/ (1 —7)"dr < cf|v]|oo-
Y 0

Gathering all these estimates thus gives ([2.44]). O

We can also prove the following result.

Lemma 2.13. For any function v(z) € C(I), K € C(I x I), and K(-,5) € CO*(I) with
0 <k <1-—p, there exists a positive constant ¢ such that

| (KCv) (='%) — (Kv) (5] < cmax|v(@)|, Yo,y €I, x £y.

2.46
(2.46) |z — y|~ zel
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Thus
1
1(Kv) (23)los < ellv]oo-

Proof. Tt follows from (2.44]) that

|(Kv) (1) = (Kv) (y*/)]
|2 1/A — y1/A]s §CI;1§}(|”(35)|7 Ve,yel, x#y.

Noticing that, for any z,y € I,z # y,0 < A < 1, we have

(2.47)

2% — 3 " ~ Ole — yI"), or o5 — 3| ~ of|z — yl¥).
Thus we obtain

|(Kv) (@) = (Kv) (™) _ cl(/Cv)(fvl/ ) = (Kv) (/)]
|z — y|* - |z1/A — yl/A '

(2.48)

Combining with (2:47) and (2:48)) gives (2.46). Thus we complete the proof. O

3. FRACTIONAL JACOBI SPECTRAL-COLLOCATION METHOD AND CONVERGENCE ANALYSIS

This section is devoted to developing and analyzing an efficient method for the following equa-
tion: 0 < pu < 1,
(3.1) u(z) = g(z) + (Ku)(z), v € I :=10,1],
where IC(+) is the weakly singular integral operator defined in 243)), g(x) € C(I), K € C(I x
I),K(z,x) #0 for x € I.

3.1. Fractional Jacobi Spectral-Collocation Method for VIEs. We consider the fractional
Jacobi spectral-collocation method as follows: find fractional polynomial uf‘v € PX‘,(I ), such that

ud () = gx:) + (Kud ) (z;), 0<i <N,
where the collocation points {z;}, are roots of Jzo\éf’ff(:ﬂ)-

Since the exact evaluation of (K¢)(z;) is not realizable in pratical cases, we need to find an
efficient way to approximate this term for all points {:EZ-}Z-ALO without losing the high order accuracy
of the scheme. For a given collocation point x;, we rewrite the integral term by using the variable
change s = 7;(0) := 203

() )= [ s =) K shio(s)ds

21 ) )
= 2)\ /0(1—HA)_H‘QA_IK(-Z'“Ti(g))(‘p('ri(a))de'

z /A
= Z)\ /0(1—9)_“91/)\—1(%) MK('Z.“TZ(H))(,D(Tz(H))dQ

I () " K r0)) (i)

w*le/Aflvl

Let

_ w}_”(l—Ql/’\

(3.2) K (xi,7:(0)) = ) K(@n).
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Then

(]C(p) (xl) = (K(‘Th 72(9))7 QO(TZ'(H)))wa,I/Afl,l .

We choose to approximate the integral (K (z;, 7(6)), ¢(7i(6))),,—un1/x-1.1 by the numerical quan-

drature (K (z;,7i(0)), 9(7i(0)))x 4-n1/3-1.1, which is defined by

N

(3.3) (K (2, 7:(0)), 0(7:(0))) wmain-11 1= Y K (@i, 7:(0;))p(7i(05))w;,
5=0

where {6, };-V:O are the zeros of Jg,ill / )‘_1’1(9) and {w; };V:O are the corresponding weights. For the
sake of simplification, we will denote

(3.4) (Kne) (@) := (K (2, 73(0)), o(7i(0))) jgom1/n-1.1-

This leads us to consider the following discrete problem: find uj (z) := ZZ]\L 0 uihz’/\ﬁ (z) € PR(I),
such that

(3.5) un (zi) = gla;) + (Knuy) (2), 0<i <N,

where {h?’f N, are the fractional Lagrange polynomials defined in (2.22)).

3.2. Convergence analysis. The purpose of this subsection is to analyze the discrete problem
B3) and derive error estimates for the discrete solution. First we derive the error estimate in
the L°°—norm.

Theorem 3.1. Let u(x) be the exzact solution to the Volterra integral equation B.1) and uy(z)
is the numerical solution of the fractional Jacobi spectral-collocation problem ([B.3]). Assume 0 <
p<l,—-1<apB<—3 K(zs)eCm™I,I) and u(:n%) € B;n’ﬁl(l),m > 1. Then we have

(3.6) lu = u} oo < N2 ((|00w(@ )||o otm psmn + N2 log NEK*||uloo).
where
(3.7) K" = ma (105K (21, 73())llgom-sminia

Proof. Let e(z) = u(x) —uy(z) be the error function. Subtracting (B3] from (BI)) gives the error
equation:

(3.8) ei = (Ke)(zi) + ¢, 0<i<N,
where e; = u(z;) — u;, and ¢; is the quadrature error term
qi= (Ku?‘v)(xl) — (ICN’LL?‘V)($Z)
= (K (24, 73(0)), un (13(0)))y-narn-11 — (K (4, 73(0)), un (73(0))) v o1/,
which can be bounded by using Lemma

(3.9) il < eNTM0F K (i, 7i () g m-sem e /a-a [d (73 () g gsr/a-1-
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Multiplying both sides of (3.8]) by h?"f (z) and summing up the resulting equation from i = 0 to
i = N gives

N
(3.10) Iu(w) — udy (r) = IRK (Ke) () + 3 a:hfy ().
i=0
Rearranging this equation leads to
(3.11) e(x) = (Ke)(x) + I + I + I3,
where
(312) I =u(x) - IRl Z aihiy (x), Is = Iy5 (Ke) (x) — (Ke) (@),

which correspond respectively the interpolation error, numerical quadrature error, and the inter-
polation error for the integral operator K. Using Gronwall lemma gives

xT
o< |11 + I + Is] + Ko / (x — 5)|e(s)|ds
0

< |+ I+ I3 + KO/ (z —s) "I + Iy + I3 exp (Ko/ (x - T)_”dT)dS

(3.13) 0 . v ’

< ’Il + I + [3‘ + Kyexp (KO/ (x — T)_”dT> / (x — S)_M‘[l + I + [3‘d8
0 0

<L+ I + I + Ko exp (Ko/(1 — ) / (¢ — 8) |1, + I + Is)ds.
0

where Ky = max |K(z,s)|. We then obtain
0<s<z<1

(3.14) lelloe < e([[1lloo + [[H2lloo + [[H3]loc),

where ¢ = 1+ (Ko/(1 — p)) exp(Ko/(1 — p)). Now we bound the right hand side term by term.
For the first term, it follows from Proposition

1 1
(3.15) [M1]loo < eN27™07 u(@X)|lg yotm.s+ma-
For I, we deduce from (3.9])
Or<nlzi}§v|ql|< cN~ momax 0 K (2, 7 (- Mo gm—pm+1/2-1.1 OISrliaS}}VHu;\V(Ti('))H07w7‘u,,1//\71,1

(3.16) < N e (05K (@i, i Dlpgonmsrn s [l

< eNT™ max 105" K (@i, 7i( Dllgm-emsrn-ra (lelloo + llulloo).

This, together with Lemma 21T, gives

N
76 A
(317 1E2lloo < |l Zqz Moo < corglfg;vlqzlmgfz [heY ()

=0
< eN- mlogNoglgjv 105" K (i, 73 (-))lg eom—sm+1/3-11 ([lellos + [l oo)-
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It remains to estimate the third term I3. It follows from (2.24)), Lemma 2.13] Lemma R1T] and
[242]) that

| Eslloo= mma | I3 (Ke) (2) = (Ke) (@) = max IR (Ke) (21%) = (KCe) (1)
= (I3 = 1) (Ke) (1M
(3.18) = (@] = D[(Ke) (V) = T (Ke) (22)] [l
< (I35 oo + DI (Ke) (21) = Tiv (Ke) (1) [0
< eN7"log Nlelloo, 0 <k <1—p

The desired result then follows from bringing the estimates (B15]), (B17), and [BI8]) into (B3.14).
This completes the proof. O

Remark 3.1. Note that the error estimate ([B.0)) involves the quantity K* defined in B.1). The
boundedness of this quantity depends on the reqularity of the function K, which is a transformation
of K through [B2)). Thus it is important to observe that if we set A = 1/p with p being a positive
integer, then under the initial reqularity assumption on K(x,s), i.e., K(xz,s) € C™(I,I), we
have for all x; € I, h(0) = K(z;,2,0'") = K(x;,2,6°) € C™(I). Furthermore, noticing that

/A —
(%) . € C(I), we then have K (z;,7:(0)) € C™(I). This guarantees the boundedness of
K* in ). It is also notable that the constant c in front of the estimate BI4) for ||u — uj||oo
will blow up when p — 1. We have tried but unfortunately found no way to improve the estimate
gwen in the proof of Theorem [31. Possible improvement for this constant certainly requires new
estimation technique, and is worth further investigation.

To derive the error estimate in the weighted L?—norm, we will make use of the following
generalized Hardy’s inequality with weights (see ﬂﬂ, ])

Lemma 3.1. For all measurable function f > 0, weight functions u and v, 1 < p < q < o0,
—00 < a < b< oo, the following generalized Hardy’s inequality holds

/ () (@) d) / F@)Po()dr)
b 1/(] r 12 1/pl p
su u(t)dt / o P () dt <oo, p=—"o,
a<x1:<)b </x ( ) > < a ( ) > b p—= 1

where T' is an operator of the form

if and only if

T = [ plas)f(s)ds
with p(x,s) being a given kernel.

From Lemma 4.2 in ] and (2:26]), we have the following weighted mean convergence result
. . . a, B
for the fractional interpolation operator Iy/y.
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Lemma 3.2. For any bounded function v(z) defined on I, there exists a constant ¢ independent
of v such that

Sup N30 llwesar < clfv]loo-

Theorem 3.2. Let u(x) be the exact solution to B)), uj(z) is the solution of discrete problem
BI). Ifo<p<l-1<apB<—3 K(zs) €eCm™(I,I), and u(:z:%) € BZl’ﬁl(I),m > 1, then we
have

(8:19) u—uNllggosr < N[+ N2 u(@) g otm st + K ulloc], 0<r<1-p,

where K* is defined in (3.7]).

Proof. Similar to (313]), we deduce from Lemma B.1]

leflowe.sr < [[illowess + [ E2llowesr + [[13]lowee

(3.20) Ko exp(Ko/(1 — ”))H /Ox(g; ) ML+ I+ zg\dsH

07(,‘)&75’A

< e[ 1llowasr + [T2llowasr + [H3llg was)-
To bound the right hand side, we first use Proposition [2.4] to get
1
(3:21) 11l oir =t = I Rullo woen < eN ™07 w(@ )[lo gotm s

Then applying Lemma B2l and (BI6) gives

a,B ) —m 7%
(322 [allowesn= | Zqzh )| < € g il < N7 (lelleo + o)
Finally, we notice || - || a,51 can be bounded by || - ||oc, and

1
I35 = D) @msn={ [ [R5 - D) @]*AQ = )10}
N

([ (ot canfo-2romw)

{/ Z z% ( ) — (Ke) (z§)]2(1 _ Z)azﬁdz}l/Z
1z Shke)e

y\H

Mes1,
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where {z;}, are zeros of shifted Jacobi polynomial .J N’ﬁ 7 (2). Thus it follows from (2.42]), Lemma
2.13] and Lemma

13| o0 = H(Iﬁ’ﬁ — 1) (Ke) (@)l yosr = 113 — 1) (Ke) (23) ] oo
=[xy - D[(K )< %) = T (Ke) (@3)] || s
wa[( e)(x%) = T (Ke) (23)] | yousn + || (Ke) (%) = Tae (Ke) (2%)]| .

>«IH

(3.23)
<l (Ke) @) - TN(Kexx%)Hoo
< N7 (Ke) (@) s
<eN7ello, 0 <k <1 —p.
Then we deduce from Theorem 3]
(3.24) [ sllgosn < CNE 5 (IO (@ ) g ot + N2 log NEK* u]oc).
Combining (321)), (3:22), and ([3:24]) proves the theorem. O

4. NUMERICAL RESULTS

In this section, we present some numerical results to verify the error estimates obtained in the
previous section for the proposed method. The main goal is to demonstrate that the new method
has the capability to capture the typical solutions of VIEs with high accuracy. To this end a
series of numerical tests are carried out in the following. All the errors to be presented below
are in L>(I)— and L? Zasa(l)—norms, where o, 3 are related to the corresponding collocation
points, i.e., the zeros of J N’fl’\( ). In order to calculate the errors, for the test cases in which the
exact solution is not available, a numerical solution obtained with a very large N will be served

as the exact solution.

Example 4.1. Consider the Volterra integral equation B.J) with g(x) = 1 and K(z,s) =
exp(z — s).

It has been known from ﬂﬁ] that for this smooth g and kernel function K, the solution of (B.1I)
can be expressed as

(4.1) u(z) = Z v TR (), z € 1,
(4,k)eG

where G := {(j, k) : j, k are non-negative integers}, ; 5 are constants, and u, is a smooth function.

In virtue of the solution structure, we want to choose the value of \ such that u(z'/*) is smooth
or as regular as possible. This can be easily done by taking A such that (j 4+ ku)/\ is integer
or as large as possible. In this first example, we test for = 0.2 and 0.5. In these cases there
are many possible choices for X\. The obtained numerical results are shown in semi-log scale as a
function of N in Figure [l with o = 8 = —%. It is clear that the exponential convergence rate is
attained with A = 1/5,1/10,1/15 for 4 = 0.2, and A = 1/2,1/4,1/6 for u = 0.5 since all these
values make (j + ku)/\ integer.
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=02, \=1/15

=02, \=1/5 1=0.2, \=1/10

)

or)

&
log, (Error)

log, (Error)
log, (Err

¥ -12 3

-14 -14
[ 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 40 45 5 10 15 20 25 3 35 40 45 50 55
N N

(a) (b) ()

=05, A=1/6

H=05, \=1/4

log, (Error)
log, (Error)
log, (Error)

FiIGURe 1. (Example [AI) L*°— and Lifl/2,71/2,k —NOrm errors Vversus
A—polynomial degree N with: (a) u = 0.2, = %; (b) p = 02, = 1—10; (c)
w=02M\= %; (d) p=0.5,1= %; (e) p=0.5\= i; (f) p=05,\= %.

Example 4.2. Consider the equation [B1) with K(x,s) = 1, and limited regular source term
g(z) = a3,

In this case, there is not available result on the regularity of the exact solution. So it is
interesting to see if high accuracy is attainable for the fractional spectral method by choosing
suitable A. Figure [2] shows the errors in semi-log scale as a function of N for a number of values
of p and A. In computing the errors we have assumed that the numerical solution obtained with
N = 80 is the “exact” solution since the real solution is unknown. Surprisingly, for all tested
values of © and A, the error curves are almost linear versus the degrees of the A-polynomial.
This means that the convergence rate of the proposed method is exponential even if there is no
information about the exact solution. A reasonable explanation for this excellent result is that
the transformed solution, i.e., u(acl/ ), becomes smooth or regular enough if a suitably small \ is

used in the approximation.

Example 4.3. ([@/ Ezample 5.4) Consider the fabricated solution u(x) = x™#sin(z), corre-
sponding to K(x,s) =1 and
s i, . T 1 z
() = 2#sin(a) + VAL~ s+ sin()B( — . ),
where B(-,-) is the Bessel function, i.e.,
oo 2\k
— E w (—l’ )
Bl ) =(3) kzzo KT (i + k + 1)aF
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p=0.1, A=1/10 p=0.1, A=1/20
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FIGURE 2. (Example [£2)) Errors versus A—polynomial degree N with (a) pu =
0L, A= (b)) p=01A=; (c) p=05X= 75 (d) p=05X\= 5.

Clearly, the exact solution of this example has singularity at the left end point, i.e., v/(z) ~ z7#
at = 0. In Figure Bl we plot the errors in the L*°(I)- and Li,l/z’,l/m—norm in semi-log scale

as a function of N for u = %,% In the calculation we have used A\ = % and % for p = %,

and A = % and % for p = % We observe that the exponential convergence is obtained by the
proposed fractional spectral method, which is an expected result since for the tested p, u(azl/ )
is smooth for the A values used in the computation. It is worth to notice that this example has
also been investigated in ﬂﬂ] by using a classical spectral method. The strategy used in that
paper is a smoothing transformation approach. That is, the original integral equation is first
transformed into a new one having smooth solution, then a pseudo spectral method based on the
classical Chebyshev or Legendre polynomials is constructed to approximate the smooth solution.
We emphasize that the current paper makes use of a new idea, which is completely different than
the smoothing transformation approach used in ﬂﬂ] The new idea allows full analysis for the

proposed numerical schemes, and is applicable to a wider class of problems.

Example 4.4. Still consider a fabricated solution of ([BJ) with K(z,s) = 1 and the exact
solution as follows: (i) u(x) = a2 + 272; (i) u(x) = sin(az + 27?).
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mial degree N with (a) p = 0.5, = %; (b) pu=0.5,X= %; (c) p= %,)\ = %; (d)
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This solution, which looks quite unrealistic, is served as a good example to test the capability
of the proposed method in difficult situation. It is clear that for two general parameters v; and
2, it is not always possible to make u(xl/ )‘) smooth. However, a careful examination shows that

’LL(:L‘l/)‘) c Biﬁ/>\+5+1—e

o,B,1

7,
72,

o0,

miﬂ{%, /72}7

(I) for any € > 0, where

Y1 is not an integer and vy is an integer,

Y1 1S an integer and o is not an integer,

v1 and ~2 are both integer,

others.

The numerical errors in log-log scale for a number of different 1,2, 1, A\, and 8 are presented
in Figure @l Since K (z,s) is smooth, the second terms in the error estimates ([B.6]) and (B.19)
are expected to be negligible as compared with the first terms in these estimates for large N.
As a consequence, the result shown in the figure should reflect the impact of the regularity of
u(azl/ A) on the error behavior. To closely observe the error decay rates, the N —(29/AB+1) and
N—@v/2+B+D+1/2 decay rates are also plotted in the figure. We have the following observations
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from this test: 1) all the error curves are straight lines in this log-log representation, which
indicates the algebraic convergence. This is consistent with the limited regularity of u(:nl/ N); 2)
the convergence rate is in a good agreement with the theoretical prediction given in ([B.6]) and
BI9), i.e., order N~/ A48+D+1/2 and N—(27/246+D) regpectively; 3) decreasing A increases the
regularity of u(z'/*), thus results in improvement of the convergence.

5. CONCLUDING REMARKS

In this work we investigated numerical solutions of the Volterra integral equations with the
weakly singular kernel (z — s)™#, 0 < g < 1. The main difficulty in approximating this equation
is that the derivative of the solution is singular. This has resulted in low order convergence
for any methods using the traditional polynomials. To overcome this difficulty, we established
a framework of approach based on the fractional Jacobi polynomials for the Volterra integral
equations. Precisely, a fractional Jacobi spectral-collocation method is constructed and analyzed
for the underlying equation. The significance of the approach is that it makes use of the fractional
polynomials as the approximation space, which can well capture typical solution structures of
the singular integral equations. It was known that a typical solution of the Volterra integral
equations with weakly singular kernel behaves like a series of power functions 7. We have seen
from the presented analysis that such functions can be much better approximated by the space
span{l,z*, 2>
A is suitably chosen. In order to carry out a rigorous error analysis, we first established some
approximation results for the weighted projection and interpolation operators. Then we derived
the error estimates in the L>®°— and weighted L?—norms for the proposed method. A series

....,&N*} than the traditional polynomial space span{l,z,z2,...,zN} as long as

of numerical examples were carried out to verify the theoretical claims. The most remarkable
property of the new method is its capability to achieve spectral convergence for solutions of limited
regularity. It is worth mentioning that the choice of A is also of importance for the efficiency of
the new method. Although there does not exist optimal choice for A for general problems, it
can be made according to the following strategy: in case the regularity of the exact solution
is unavailable, the parameter A can be taken like 1/¢ with moderately large integer ¢ so that
u(z?) is smooth enough. Our numerical experiments have shown that doing this can increase the
convergence rate about g times.
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