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Superconvergent interpolatory HDG methods for reaction diffusion
equations I: An HDG;. method

Gang Chen* Bernardo Cockburnf John R. Singler? Yangwen Zhang®

Abstract

In our earlier work [8], we approximated solutions of a general class of scalar parabolic
semilinear PDEs by an interpolatory hybridizable discontinuous Galerkin (Interpolatory HDG)
method. This method reduces the computational cost compared to standard HDG since the
HDG matrices are assembled once before the time integration. Interpolatory HDG also achieves
optimal convergence rates; however, we did not observe superconvergence after an element-by-
element postprocessing. In this work, we revisit the Interpolatory HDG method for reaction
diffusion problems, and use the postprocessed approximate solution to evaluate the nonlinear
term. We prove this simple change restores the superconvergence and keeps the computational
advantages of the Interpolatory HDG method. We present numerical results to illustrate the
convergence theory and the performance of the method.

Keywords Interpolatory hybridizable discontinuous Galerkin method, superconvergence

1 Introduction

In our earlier work [8], we introduced an interpolatory hybridizable discontinuous Galerkin (In-
terpolatory HDG) method to approximate the solution of semilinear parabolic PDEs. In contrast
to standard HDG@G, the Interpolatory HDG method uses an elementwise interpolation procedure to
approximate the nonlinear term; therefore, all quadrature for the nonlinear term can be performed
once before the time integration, which yields a significant computational cost reduction. The
Interpolatory HDG method still converged at optimal rates, but superconvergence using element-
by-element postprocessing was lost.

The superconvergence is an excellent feature of HDG methods, and therefore in this work we
modify the Interpolatory HDG method from [8] and restore the superconvergence for reaction
diffusion PDEs.

Specifically, we consider the following class of scalar reaction diffusion PDEs on a Lipschitz
polyhedral domain Q C R?, d = 2,3, with boundary 99:

Ou—Au+ F(u) = f inQx(0,7T],
u=0 onodQx (0,77, (1.1)
u(-,0) =up in Q.
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In we provide background on HDG methods and describe the new Interpolatory HDG
approach in detail. We use the HDG; method to approximate the linear terms in the equation;
i.e., kth order discontinuous polynomials are used to approximate the flux ¢ = —Vu, the scalar
variable u, and its trace, and the stabilization function is chosen as O(1) piecewise constant. For
the nonlinear term, we again use an elementwise Lagrange interpolation operator, as in [§], but now
we also approximate u using a postprocessing approach. This modified approximate nonlinearity
restores the superconvergence and, as in [8], we have a simple explicit expressions for the nonlinear
term and Jacobian matrix, which leads to an efficient and unified implementation.

We analyze the semidiscrete Interpolatory HDGy method in [Section 3] We first assume the non-
linearity satisfies a global Lipschitz condition and prove the superconvergence. Next, we establish
the superconvergence under a local Lipschitz condition, assuming the mesh is quasi-uniform.

In we illustrate the convergence theory with numerical experiments and also demon-
strate the performance of the Interpolatory HDGj method on a reaction diffusion PDE system.

We note that interpolatory finite element methods for nonlinear PDEs are well-known to have
computational advantages and have a long history. The approach has been given many different
names, including finite element methods with interpolated coefficients, product approximation, and
the group finite element method. For more information, see [4}6,(7) /1720, 22H24, 32} 3436, 38-41]
and the references therein.

2 Interpolatory HDG/; formulation and implementation

Hybridizable discontinuous Galerkin (HDG) methods were proposed by Cockburn et al. in [13].
HDG methods work with the mixed formulation of the PDE, and on each element the approximate
solution and flux are expressed in terms of the approximate solution trace on the element boundary.
The approximate trace is uniquely determined by requiring the normal component of the numerical
trace of the flux to be continuous across element boundaries. This allows the approximate solution
and approximate flux variables to be eliminated locally on each element; the result is a global
system of equations for the approximate solution trace only. Therefore, the number of globally
coupled degrees of freedom for HDG methods is significantly lower than for standard DG methods.
HDG methods have been successfully applied to linear PDEs [13-15/27] and nonlinear PDEs [2}|16),
2112526128/ 31].

To describe the Interpolatory HDGy method, we introduce notation below. We mostly follow
the notation used in 13|, where HDG methods were considered for linear, steady-state diffusion.

Let Tp, be a collection of disjoint simplexes K that partition Q. Let 07, denote the set {0K :
K € Tp}. For an element K in the collection 7, let e = 9K N T denote the boundary face of K if
the d — 1 Lebesgue measure of e is nonzero. For two elements K and K~ of the collection 7j, let
e = 0KT NOK~ denote the interior face between K+ and K~ if the d — 1 Lebesgue measure of e
is nonzero. Let €7 and 52 denote the sets of interior and boundary faces, respectively, and let ¢y,
denote the union of €7 and 5‘2 . We use the mesh-dependent inner products

(w7v)771 = Z (w7U)K7 <<ap>a7'h = Z <€7p>8K7

KeTy, KeTy,

where (-,-)p denotes the L?(D) inner product for a set D C R? and (-, -)r denotes the L?(T) inner
product for a set I' ¢ R4~

Let P*(D) denote the set of polynomials of degree at most k on a domain D. We consider the
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discontinuous finite element spaces

Vi = {v € [L2(Q)]4 : v|x € [PHK)]LVE € T}, (2.
W, = {w e L*(Q) : w|g € P*(K),VK € T}, (2.
Zyn ={2€ L*(Q) : 2|x € P""Y(K),VK € Tp}, (2.
My, = {jn € L*(en) : ple € P (e), Ve € en, ul.o = 0}, (2.

N N I
N N N

All spatial derivatives of functions in these spaces should be understood piecewise on each element
KeT,.

We consider the HDG method that approximates the scalar variable u, flux ¢ = —Vu, and
boundary trace u using the spaces Wy, V,, and My, respectively; i.e., polynomials of degree k are
used for all variables. We call this specific method HDGy, to distinguish it from the wide variety of
other available HDG methods, see, e.g., [9-12]. The space Zj, is used for postprocessing.

For the Interpolatory HDGj method, we use an elementwise interpolatory procedure along
with postprocessing to approximate the nonlinear term. Let Z; be the elementwise interpolation
operator with respect to the finite element nodes for the postprocessing space Z;. Therefore, for
any function g that is continuous on each element we have Zg € Zp,.

The Interpolatory HDGy, formulation reads: find (gp, up, up) € Vi, x Wy, x M}, such that, for all
(’I‘h,Uh,ﬁh) € Vi, x Wy x My, we have

(qha rh)Th - (Uh, V- Th)Th + <ah7 Th - n)B’Th =0, (253)

(Orun, )7, — (Gn, Vo), + (@ - vy 0n) g, + (TnF(up), o)1, = (f, vn) 7 (2.5b)
(@n-m, 6h>a7’h\52 =0, (2.5¢)

uh(O) = Huo, (25(1)

where II is a projection mapping into W} and the numerical trace for the flux is defined by
6h~n:qh-n+7(uh—ﬂh). (2.6)

Here, the stabilization function 7 is nonnegative, constant on each element, and O(1). Furthermore,
the postprocessed scalar variable uy = qi“(qh, up) € Zp, is determined on each element K by

(Vay ™ (an,un), Van)k = —(an, V), (2.7a)
(@5 (qn, un), wi) k= (un, wa) K, (2.7b)

for all (zp,wy) € [P*H(K)]*+ x PY(K), where
[PEFLE)E = {2 € PPTYUK) : (2,w0) i = 0 for all wy € PY(K)}. (2.8)

Remark 2.1. In our original Interpolatory HDG work [8], we used ZFF(up) to approximate the
nonlinear term, where I,]f is the elementwise interpolation operator mapping into Wj. We proved
optimal convergence rates for all variables, but we did not observe superconvergence after an
element-by-element postprocessing. In this work, we approximate the nonlinearity using Z; and
postprocessing, i.e., ZpF'(u}). Note that this approximate nonlinearity is in Zj, instead of W}, as
in our first work. This simple change yields the superconvergence and keeps all the advantages of
the original Interpolatory HDGy method proposed in [§]. We provide details on the computational
advantages of this approach in
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2.1 Implementation

In our original work [§] on Interpolatory HDG, we provided details of the implementation for the
method. Since we changed the discretization of the nonlinear term in this work, the implementation
is different; therefore, we provide details for the implementation of this new formulation and show
how all matrices need only be assembled once before the time integration. As in our earlier work [8],
we describe the implementation using a simple time discretization approach: backward Euler with
a Newton iteration to solve the nonlinear system at each time step. Using Interpolatory HDG with
other time discretization approaches is also possible.

Let N be a positive integer and define the time step At = T /N. We denote the approximation
of (qn(t),un(t),un(t)) by (qp,up,uy) at the discrete time ¢, = nAt, for n = 0,1,2,...,N. We
replace the time derivative Oyuyp in by the backward Euler difference quotient

n n—1
. up—u
oful = —h Ath (2.9)
This gives the following fully discrete method: find (g}, u}, u}) € Vi, x W, x M, satisfying
(an, )7, — (up, Vo) + (Up, 7 - M) py, =0, (2.10a)
(0 uft, w)gy — (g, V) + (@ - 1wy + (TF (), w), = (£, w)7,, (2.10b)
<q7;b . ’I’L, 'u/>(97~h\52 = 0’ (2.10C)
uf) = TTu, (2.10d)

for all (r,w,p) € Vi, x Wi, x M and n = 1,2,...,N. In (2.10), f* = f(t,, ), the numerical trace
for the flux on 97}, is defined by

G -n =g nt (] - ), (2.11)
and the postprocessed approximate solution u;* is determined on each element K by solving

(Vup™, Van)k = —(ap, Van) k., (2.12a)

(up™s wn) K = (up, i)k, (2.12b)

for all (zp,wy) € [PFH(K)]E x POK).

As is discussed below, the Interpolatory HDGj; method takes great advantage of nodal basis
functions; however, the postprocessing uses an orthogonal complement space, which compli-
cates the implementation. To avoid this, on each element K, we introduce a Lagrange multiplier
ny € PY(K) such that

(Vup”™, Van)k + (0, 2n)k = —(ar, Van)k (2.13a)
(up™s wn) ik = (up, wn)K, (2.13b)

holds for all (2, wy) € PHL(K) x PO(K).

Remark 2.2. In this work, we used wy, € P*(K) with £ = 0 in (2.13). Actually, ¢ =0,1,...,k — 1
works both in the analysis and the numerical experiments. In Part II of this work, we use the same

postprocessing (2.13)) with ¢ = k.
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Assume V), = span{cpi}f\ﬁl, Wy, = span{@}fvjl, Zy, = span{x; Z]-V:Bp and M, = span{i; f.V:“l.
Then

Ny N2
n n n n
qh: E Oé]‘P]) Uy, = E /BJ¢]7
Jj=1 Jj=1

N (2.14)
N3 N4
uZ“ZZ’Y?Xp ﬁZL:ZCﬁ/ﬁ-
j=1 J=1
Also, define the following matrices
Ay = [(Vx5, VX)), Az = (@5, VXi) 7], Az = [(¢j, ¢i) 7],
Ay = [(¢j7 V- Qoi)Th]a A5 = [<¢j7 Pi- n)aThL Ag = [<T¢j7 ¢i>a7‘h]7
A7 = [<7-11Z)]7 gpl>87’h}a AS = [<Tw]’wl>a7’h]a A9 = [(Xja ¢Z)7;7,:|?
and vectors
b= (x5, Dl b2 = [(¢5, V7l b5 = [(f", ¢i)7.]-

Since V,, Wp, and Zj are discontinuous finite element spaces, many of the matrices are block
diagonal with small blocks.

Substitute into the postprocessing equation and use the corresponding test func-
tions to test (2.13]) on each element K € T,. This gives the following local postprocessing equation

Af D[ 1 _[-45 0[] e
¥ 0 ny | L0 W5 Br

were A¥ is the kth block of the matrix A;, and A%, b¥, and b are defined similarly. That is,

] (AR ehT T -4 0] o
ny | | bf 0 0 bk By

B]fl B{C2i| [ oy ]
= n | 2.15
|:B§1 B || By (2.15)

ie.,
n _Bk an+Bk /Bn
Y = D110% 12P -

Let By; and Bjs be the block diagonal matrices with kth blocks Bf, and BY,, respectively.
As in [8], once we test (2.10b) using w = ¢; we can express the Interpolatory HDGy nonlinear
term by the matrix-vector product

[(ZnF (up”), i)7,,] = A9 F (¥")
= AgF(Bnia" + B128"),

where F is defined by

FOy") = [FO1), FO3), -, FOR,)IT (2.16)
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Then the system ([2.10)) can be rewritten as

Ag —A4 A5 a” 0 0
AZ At~ 1M + Ag —Ar ,6” + Ag}'(Bna” + Bm,@n) = bg —+ At_lMﬁnfl ,
AL AT A | ¢ 0 0
—_—— g

K Ln :T(:I:n) bn

(2.17)
i.e.,

Kz, + F(x,) = by,. (2.18)

To apply Newton’s method to solve the nonlinear equations (2.18)), define G : RN1+No+Na
RN1+N2+N4 by

G(xy) = Kz, + F(xy,) — by, (2.19)
At each time step t,, for 1 <n < N, given an initial guess as%o), Newton’s method yields
2™ = g(m=1) _ {G’(m,({”*))} T G@m Yy, m=1,23,... (2.20)
where the Jacobian matrix G’ (:v,(lmfl)) is given by
G (z(" V) = K+ 5 (z"V). (2.21)
Similar to our earlier work [§] on Interpolatory HDG, the term F’ (a:ﬁ{”‘”) is easily computed by
0 0 0

AR ol

0 0 0

F(aim ) = | 4

where Arf(’)(m) and A;ﬁ(m) can be efficiently computed using sparse matrix operations by
A?()(m) = Agdiag(F'(Bi1a™ ™Y + B1,8m ") By,
A = A ding(F/(Bue ") 4 By ) By
Therefore, equation (2.20) can be rewritten as

A3 —A4 A5

n,(m)

«
AT 4 A AN 4 Ag 4+ AT — Az | B | =0, (2.22)
A7 A7 —As ¢mm)
where
b =G (™ Nz — gz, (2.23)

This equation can be solved by locally eliminating the unknowns a™(™ and B™(™); see [8] for
details.

Remark 2.3. In this new Interpolatory HDG; formulation, we only need to assemble the HDG
matrices and the HDG postprocessing matrices Bij; and Bio once before the time integration.
Hence, we keep all the advantages from our earlier work [8]: the new approach eliminates the
computational cost of matrix reassembly and gives simple explicit expressions for the nonlinear
term and Jacobian matrix, which leads to a simple unified implementation for a variety of nonlinear
PDEs.
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3 Error analysis

In this section, we give a rigorous error analysis for the semidiscrete Interpolatory HDGy method.
Below, we state our assumptions and briefly outline the main results. Then we provide an overview
of the projections required for the analysis in The proofs of the main results follow. We
first assume in that the nonlinearity satisfies a global Lipschitz condition. Finally, in
we extend the results to locally Lipschitz nonlinearities; however, we assume the mesh
is quasi-uniform and A is sufficiently small for this case.

We use the standard notation W™P(Q2) for Sobolev spaces on  with norm || - || p0 and
seminorm | - |,y 0. We also write H™(Q) instead of W™2((2), and we omit the index p in the
corresponding norms and seminorms.

Throughout, we assume the solution of the PDE ([1.1)) exists and is unique for ¢ € [0, 7], the
function F, the problem data, and the solution of the PDE are smooth enough, and the semidiscrete
Interpolatory HDGj equations have a unique solution on [0, 7]. Furthermore, we assume the
mesh is uniformly shape regular, h < 1, and the projection II used for the initial condition in
is IT = Iy, where Iy is defined below in

We also make the following regularity assumption on the dual problem: there exists a constant
C such that for any © € L?(2), the solution (®, ¥) of the dual problem

V=0 in Q,
V.b=0 in 0, (3.1)
=0 on 012,
satisfies (®, V) € [H1(Q)]? x H%(Q2) and
1@l m1) + 1] r2(0) < ClIO]lL2(0)- (3.2)

This assumption is satisfied if {2 is convex.
We show for all 0 < t < T the solution (g, up,u}) of the semidiscrete Interpolatory HDGy,

equations (2.5)) satisfies
l9(t) = an(®)lm, < CHE, Jlu(t) = un(@)ly, < CHFH, ) = wh (0, < CHFHminiit),

In our error estimates, the constants C' can vary from line to line and may depend on the exact
solution and the final time T'. As in the linear case [3|, superconvergence is only obtained for k& > 1.

Remark 3.1. In [3], the L°°(L?) error for u — u} superconverges at a rate of v/log x h*2, where
depends on the mesh and the term +/log k grows very slowly as h tends to zero. The term +/log
results from the parabolic duality argument used in [3]. It appears this parabolic duality argument
is not applicable to Interpolatory HDG. Therefore, in this work we use a duality argument based
on Wheeler’s work [37] and avoid the term y/log k in our error estimates; however, we require the
solution has higher regularity than the regularity needed in [3| for the linear case.

3.1 Projections and basic estimates

We first introduce the HDGy, projection operator Il (q,u) := (IIyq, Iy u) defined in |15], where
ITy q and Ilyyu denote components of the projection of ¢ and u into V;, and Wy, respectively. For
each element K € 7T}, the projection is determined by the equations

(MMyq,7)x = (q,7)k, Vr € [Pp_1(K)]4, (3.3a)
(M u, w) g = (u, w) g, Yw € Pr_1(K), (3.3b)
(ITyq - n+ tHwu, p)e = (@ -1+ Tu, 1w)e, Yu € Pgle), (3.3¢)
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for all faces e of the simplex K. The approximation properties of the HDGy, projection (3.3) are
given in the following result from [15]:

Lemma 3.2. Suppose k > 0, T|pk is nonnegative and TR = maxT|gx > 0. Then the system

is uniquely solvable for IIyq and Iy u. Furthermore there is a constant C independent of
K and T such that

lg+1 .

ITyvq — qllx < Chy " |qlege1x + ChE riclul,, o ks (3.4a)
lgt1

T — e < ChE ™ fule, 41,0 + C g IV - aley ¢ (3.4b)
K

for £q, Ly in [0,k]. Here Tj; := maxT|gx\e+, where e* is a face of K at which T|px is mazimum.

Next, for each simplex K in 7, and each boundary face e of K, let II, (for any ¢ > 0) and Py
denote the standard L? orthogonal projection operators I, : L?(K) — P*(K) and Py : L*(e) —
Pk (e) satisfying

(ng, Uh)K = (u, Uh)K, Vvh S PZ(K), (3.5&)
<PM’LL,@\h>e = (u,ﬁh)e, V’/U\h S Pk(e). (3.5b)

The following error estimates for the L? projections and the elementwise interpolation operator Z

from are standard and can be found in [1]:

Lemma 3.3. Suppose k,¢ > 0. There exists a constant C' independent of K € Ty, such that
lw = Tl + AV (w = Tl < CH* ullyone,  Yw e CK) N HSA(K),  (3.6a)
lw —Thew|x < CA*Y|wller ks vw € H(K), (3.6b)
|w — Pywllax < CAFHFY2|wl|prr x vw € H*(K). (3.6¢)

3.2 Error analysis under a global Lipschitz condition
In this section, we assume the nonlinearity F' is globally Lipschitz:
Assumption 3.4. There is a constant L > 0 such that

|F(u) — F(v)|lr < Llu— vl
for all u,v € R.

We remove this restriction in the next section. Our proof relies on techniques used in [3,8]. We
split the proof of the main result into several steps.

To begin we ﬁrst rewrite the semidiscrete interpolatory HDG equations . First, subtract
- ) from and integrate by parts to give the following formulation:

Lemma 3.5. The Interpolatory HDGy method finds (qp, up,up) € Vi, x Wy, x My, satisfying

(@n:mr)7, — (uns Vo rp) 7, + (Un, vh - M) o7 = (3.7a)
(Opun, vn) 75, + (ZnF (up), vn) 75, + (V- Gy vr) 7, — (@0 - 1, U)o,
)

+ < (uh - uh) Vp — Uh) T, — (f, ’Uh)Th, (37b)
up(0) = Hyyug, (3.7¢)

for all (rh,vh,ﬁh) e Vi, x Wy, x My,
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We also define the HDGy, operator B:

B(qn, un, Uk Thy Vh, Up)
= (qn: )7, — (Un, Vo) 75, + (U, T M) s (3.8)
+ (V- @nsvn) 7, — (@n - 7 Uh)or, + (T(un — Un), v — 0n)) o, -

This allows us to rewrite the semidiscrete Interpolatory HDGy formulation (3.7) as follows: find
(@n, un,in) € Vi, x Wy, x My, such that

(Opun, vn)T;, + B(@n, un, Un; Th, vh, On) + (T E (uh), vn) 7, = (f, vn), (3.92)
uh(()) = HWu(). (3.9b)

for all (Th,’l)h,i}\h) eV, x Wy, x My,

3.2.1 Step 1: Equations for the projection of the errors
Lemma 3.6. For e} =TIIyq — q, € = Iywu — up, and €} = Pyu — ay,, we have
(re, vn) T, + Bled, et efs vp, wi, Op) + (F(u) — T F(u}), va)7,

= (Ilvq — q,7n)7, + (Hwue — ug, vp) 7, (3.10a)
%40 = 0, (3.10D)

for all (rh,vh,i}\h) e Vi, x Wy x My,
Proof. By the definition of the operator B in (3.8), we have

B(Ilyq, ywu, Pyu, v, vp, Up)
= (vg,rp)7, — Mwuw, V- ru)7, + (Pyw, mh - m) oy + (V- Tvq, )7,
— (ILvq - n,0h) 7, + (T(Lwu — ), vn — Vn)yr,
= (Ilvg = q,7n)7, + (@, 7n)7, — (0, V- TR) 7 + (u,7h - M)
+(V-q,0)7, + (V- (Ilvg — q),vn)7, — (TIvg — @) - 1, Dn )y,
+ (t(Mwu — u), vy, — @h>a7’h
= (Ilyq — q,rn)7, + (f = F(u) + 0w, vp) 7,

where we used the HDGy, projection (3.3) and the L? projection Py; (3.5b). Use (3.9) and subtract
to obtain the result. O

3.2.2 Step 2: Estimate of ¢ in L°°(L?) by an energy argument
Lemma 3.7. For any t € [0,T], we have

M 1w — uplly, < Clepllz, + llu = Znullx + kol Thwu — ull7;)
+ Ch(llefllT, + lla — vallz, + IV(u — Zpu)l7,),

where dg denotes the Kronecker delta symbol so that 6o =1 for k =0 and dyg = 0 for k > 1.
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Proof. We begin the proof with the case k > 1. The proof is very similar to a proof in [33], but we
include it for completeness. By the properties of Iy and Il;;, we obtain

(Mwu, wo)x = (u,wo)g, for all wy € PO(K),

(Hk_,_lu, wO)K = (u, wo)K, for all wg € PO(K)
Hence, for all wy € PY(K), we have
(ku — Hk+1u, ’wo)K =0.

Let e, = uj — up, + Iyyu — i qu. Using the postprocessing equation (2.7), ¢ = —Vu, and an
inverse inequality gives

Ve % =

V(uj, — up),Ver)k + (VIwu — Miiqu), Ver) k

—Vuy, — gn, Ver)k + (V(wu — Ui y1u), Vep) i

V(Ilwu —up) — (qn — v q) + (¢ — Iy q) + V(u — Il y1u), Vep)

< C(hig IMwu — unllx + €8]l + llg — Ty gl x + |V (u — Depru)|| )| Vel k. (3.11)

—~ ~~

Since (ep,1)x = 0, apply the Poincaré inequality and the above estimate (3.11)) to give
lenllx < Chi||Venllk < Cliehllx + Chi(llefllx + lg — vallx + [[V(w — Mp1u)| k).
Next, estimate the last term using an inverse inequality:

hi ||V (u —1gu) ||k < hi||V(u—Zhu) |k + hi|[V(Zhu — Tig1u)|[ k0
< h||V(u - Zhu) ||k + | Znu — Mg rul| x
< h|\V(u — Zyu) ||k + [lu — Thul k-

This implies
leallr < Cllerllm + llu — Znullz) + Ch(lRllT + llg — Tvallg, + IV (u — Zyu)|l7,).
Hence, we have

Mes1u — w7, < [Megrw — Dww — uj + upll7, + [Hww — usll7,
< Cllexllm, + llu = Zpullz) + Ch(llegl7, + llg — Mvally, + V(u — Zyu)|7,)-
This completes the proof for the case k > 1.

For the case k = 0, we follow the above steps in the proof of the k > 1 case but we replace the
projection Il with IIx to obtain

1w — upll7, < [Mgrru — g — uf, + upll, + [ — upll7,
< O(|[Mgu — up |7, + lu = Znull7,)
+ Ch(llefll7, + llg — v qlly, + |V(u — ZThu) | 7,)
< C(llepllm + Mgu = ully, + [Mwu — ully, + lu — Zpull7,)
+ Ch(|lell 7, + llg — Ty qll7;, + |V (u — Zyu) | 7,).

The optimality of the L? projection gives ||Ixu — ull7, < ||[IIwu — ul|7,, and this completes the
proof. ]
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To bound the error in the nonlinear term, we split F'(u) — Z, F(uj;) as

F(u) — IpF(up) = F(u) — T F(u) + Zp F(u) — Zp F (Mg pqu) + Zp F (g u) — I F(ug)
=: R; + R2 + Rs.
A bound for the first term R; follows directly from the standard FE interpolation error estimate

(3.6a) in [Lemma 3.3 due to the smoothness assumption for the function F. Error bounds for R
and R3 are given in the following result:

Lemma 3.8. We have

| Zh F(u) — TpF (1) |75, < Cllu — Zyul| 7,
|Zn F' (T 1u) — T F'(up) |7, < Cllgy1u — upl|7,-

The proofs of the estimates in are similar to proofs in [8] and also use ||y u—u|7, <
|luw — Zhu|7,. We omit the details.

Lemma 3.9. We have the estimate
2 ! 2 u u ! 2
lek(®)I13, + /0 (18113, + (7(eh = eh), ek — elom | dt < © /0 3¢,

where

H = |Tvq — qll7, + [Twue — well7 + kol Twu — ull7,

(3.12)
+ |F(u) — TnF(u)||7, + [[u — Zpullz, + IV (u — Zyu)||7,-
Proof. Take (ry,,vp,0p) = (7, €Y, sg) in the error equation (3.10|) to give
2 ekl + N, + (r(ek — <h.ek — ebbom
2dt" h T TR o mhD=h G (3.13)

= (Myq — q. &) 7, + (Mwuy — wg, )7, — (F(u) = InF(uf), )75

Apply the Cauchy-Schwarz inequality to each term of the right-hand side of the above identity and
use h < 1, |Lemma 3.7] and [Lemma 3.8| to get

d - _
Zerllz, + IeRlT, + (7(eh = eh)eh = epdom, < CH + ClleiI7,

Ct < €CT

Gronwall’s inequality, €}/(0) = 0, and e give the result. O

3.2.3 Step 3: Estimate of ¢/ in L*°(L?) by an energy argument
Lemma 3.10. We have

lef (D115, + VT (eR(t) — )37, < C<H(qu - q)(0)[|3; +/ 92>7
0
where

S = TIvq — qll7, + IHMwut — uellz, + [Ty g: — gtll7, + dkolTTwu — ul| 7,

(3.14)
+ |1F(u) — T F (w7, + lu — Zpullz, + AV (u = Zpu) | 7.

11
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Proof. Take (rp,vp,vp) = (71,0,0) in the error equation (3.10) and differentiate the result with
respect to time. Also take (rp,vn, ) = (0, vp,0p) in (3.10]) to get

(el v) T, — (01el, V- )75 + (O, - m)om, = (v ar — @i, Th) T (3.15a)

(Oeehy o) + (V- e, vn) 7 — (efy -, Un)or,
H(r(ed =€), vn — DnYor, + (F(u) — TnF(uf), va) 7, = (s — ue, vp)7 5 (3.15b)
epli=o0 = 0, (3.15¢)

for all (rh,wh,ﬁh) € Vi, x Wy, x Mjy,.

Next, take rp = e in ([3.154), v, = dse in (3.15b)), and ), = 6,552 in (3.15b)) to obtain

10wel|F,, + (Oeed,eD)Ts, + (T(eh =€), ek — Deenyor,
= (ITyq; — q;, €Z)Th + (Mwrus — uy, Ol T8 — (F(u) — TnF(up,), atngh-

Integrating in time gives
1 2 a 2 ‘ 2
SR @7, + VT (ER ) — eh(@)57] +/0 1017,
1 u u !
= 5RO + V7 (5(0) = £h(0)llo7] +/0 (TIvq: — g1, €) 7,

t t
+ / (Mg — g, )y — / (F(u) - T F(ul), )5
0 0

Use the Cauchy-Schwarz inequality, h < 1, [Lemma 3.7, and [Lemma 3.8|to get

IR @I, + VTR () = i)l

t
< R 0)IF, + VT (€5 (0) = i ()57, + C/O (S* + llehlF, + llefl7,) -
Apply the integral Gronwall’s inequality to obtain
e @)117;, + IV (Eh(t) — eh ()37,
t t
< 0 (BB, + IVAeR©) - o) + [ 6%+ [ ekl )
Next, let t = 0 in (3.13]) and use €}}(0) = 0 to get
Ie7(0)117;, + IV (el = ei) (0137, = ((TTvg — g)(0),£7(0))7;..
Therefore,
lef ()17, + VT (eh = )O3, < I(TTvg — a)(0)[17,

and the estimate for ||5}ZLH%—h in completes the proof. O

12
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3.2.4 Step 4: Superconvergent estimate for ¢} in L>(L?) by a duality argument

To get a superconvergent rate for ||e}'| 7, , we adopt a duality argument from Wheeler [37]. In that
work, an elliptic projection is used and it commutes with the time derivative. It is easy to check
that the operator Il defined in commutes with the time derivative, i.e, Ol u = Iy uy,.

For any ¢ € [0, T, let (qy,, up, up) € Vi, x W, x My, be the solution of the following steady state
problem

B(Qp» Ty Uns Thy Oh, 0) = (f — Mg — F(u), vn)7;,, (3.16)

for all (Th,’l)h,@\h) e Vi, x Wy x My,
The following estimates are proved in

Lemma 3.11. For any t € [0,T], we have

ITvg — Gyl < C(lg — Tvally, + llu — Tuelz ), (3.17a)
1w —4ll7, < CR™E1 (g — Ty gl + [lu — a7 ), (3.17b)
10T — ) |7, < CR™1 (|lgy — Tygll7, + lluee — Mywune7,)- (3.17¢)

Lemma 3.12. Let el = q, —qy,, €} = up — Uy, and eg = U —up. Then for any t € [0,T] we have

t
ek ()11, < ITwuo — @ (0)]17;, + C/O (110 (ywru = wp) 17, + h2[|(Thvq — @)(0)|[7;, + %K),

where

X = h(l1lvg = ql7, + [Mwu — w7, + [[Tva — gill7;)

(3.18)
+ 1 (w) = ZpF(u)ll7, + [lu = Znull7, + bV (w = Zpu) |75, + Okol e — ull7;,.

Proof. By the definition of the operator B in (3.8), we have

(Ocer, vn) 7 + B(ez, ey, e%, Th, Up, Up)
= (Oyun, v0) 7, + B(@ns n, Un, Ty Vh, Bn) — (Ortin, v) 75, — B(@ps Uns Uk, Ty Vs )
= (fsvn)7, — (TuF(uh), vn)7, — (Otin, vn) 7, — (f — wwe — F(u), )7,
= (O(Mwu —p), vp) 7, + (F(u) — LpF'(uj), vn)7,-

Take (7, vp, 0p) = (ef, €}, e%) and use |Lemma 3.7L |Lemma 3.8L |Lemma 3.1OL the bound

lerll = Hwu —up — ey < [[Hwu —unl + ez,
and also to give
1d u||2 q2 u u u u
5@”%”7@ + e |7, + (T(er — er), en — en)oT

< C(K2 + (|0, (Mwu — ) |7, + 12||(Thvq — q)(0)|7;, + CllexlI7,) -

Integration from 0 to ¢ gives
t
leh @17, + [ |llefll7, + (r(eh — er), er — en)or,
0

t t
< ep(O)3 +C / (110 (T — @)% + K2[[(Tyg — )O3 + %K)+ C / et

13
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By Gronwall’s inequality and e}!(0) = u(0) — 4 (0) = Hywug — ux(0), we have

t
lei (D117, < ITwuo — @ (0)]17;, + C/O (10 (Mywu — ) |7, + 72| (Tvq — @)(0)|[7;, + %K2).

O
A combination of [Lemma 3.11| and [Lemma 3.12| gives the following lemma:
Lemma 3.13. For any t € [0,T], we have
legi(t)]|7;, < CR™m1 ([l q(0) — Ty q(0)]|7;, + [|ue(0) — Twuy (0)]7,) + C/Ot&
where
L = h(|Tyq — q|l7;, + [[Twus — uell7,) + 2 (Jug — M|z, + [Tva: — gl 7) (3.19)

+[F(u) = TnF (u)l|7, + lu = Znull7, + AlIV (u = w7, + drollTwu — ull7,.

Using u—up = (u—wu) +ef, ¢ —qn = (q =y q) +¢f, u—uj = (u—ppu) + (Mpyru —uj),
and the triangle inequality gives the main result:

Theorem 3.14. If the nonlinearity F satisfies the global Lipschitz condition in[Assumption 3.4 and
the assumptions at the beginning of hold, then for all 0 <t < T the solution (qn,un,u})
of the semidiscrete Interpolatory HDG}, equations satisfy

M@—mﬁﬁmSWW%JHde+CWmm—®®Nn+CA9,
mw—wwm<wm—mwwm+cgﬂ,
() — i (1)1, < CH™0 (g 0) — Ty (0) 75 + ue(0) — e (0)]7)

t
+mw—mﬂmwn+c/5,
0

where G, H and L are defined in (3.14)), (3.12)) and (3.19)), respectively.

By|Lemma 3.2} [Lemma 3.3| and[Theorem 3.14] we obtain convergence rates for smooth solutions.

Corollary 3.15. If, in addition, u, q, and F(u) are sufficiently smooth for t € [0,T], then for all
0 <t < T the solution (qp,un,uy) of the semidiscrete Interpolatory HDG), equations satisfy

la(t) —an(®t)||7 < Chk+17 lu(t) — up(t)|7, < Chk+17 u(t) — ul ()7, < Cpf+1+min{k,1}

3.3 Error analysis under a local Lipschitz condition

In applications, the nonlinearity F' might not satisfy the global Lipschitz condition, see
Instead, let

M = max{|u(t,z)|,z € Q,t € [0,T]} + 1. (3.20)

In this section, we assume the mesh is quasi-uniform, the polynomial degree satisfies kK > 1, and
the nonlinearity F' satisfies the following local Lipschitz condition:

14
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Assumption 3.16. There is a constant L(M) > 0 such that
|F(u) = F(v)|lr < L(M)[u - v[r
for all u,v € [-M, M].
Our proof relies on techniques used in [36]. Below, we use the notation pz* =1 —uj.

Lemma 3.17. If h is small enough and k > 1, then there exists t; € (0,7 such that
and hold for all t € [0,t}].

Proof. Take (vp,, v, 0) = (€7, €%, %) in (3.10) to give

1d _ _
5%”5%”% +||elF, + (T(el — ), el — o,
= (Iyq — q,&}) 75, — (F(u) — T F(up,), €)1,

Take t = 0 and use the fact £}/(0) = 0 to obtain

(3.21)

15 0)ll7:, < C[ITIyq(0) — q(0)]7-
By [Lemmma 3.7, we have
o5 (0|7, < Cllu(0) = Zyu(0) |7 + Ch(|[Tvq(0) — q(0) |7, + [V (w(0) = Zyu(0)) || 7,)-
The inverse inequality gives
. _d
1ok (0)l[Loo () < Ch™2[Ju(0) — Zpu(0)| 7,
_d
+Ch'™2 (| Ty q(0) — q(0)||7;, + [V (u(0) — Zyu(0))||7;,)-

Since the exact solution is smooth at ¢ = 0, we can choose h small enough so that || (0)]| Leo(q) <
1/2. Also, since the error equation (3.10) is continuous with respect to the time ¢, again using an
inverse inequality shows that there exists ¢t} € (0,77 such that for all h small enough,

o} (8|l () < 1/2  for all t € [0,¢}]. (3.22)
For all h sufficiently small we have
lu(t) = Mgyqu(t)| ooy < 1/2 forall t € [0,t}]. (3.23)
This implies for all 2 small enough and all ¢ € [0, ¢}],

[Mrrul[ee < fluflpee + [lu = Migprullpe < fullze +1/2 < M,
[upllzee < [Mpgaullpee + [Mpau — ujl[ree < (lullze +1/2) +1/2 = M.
Therefore, u, Il u, and uj are located in the interval [—M, M], where M is defined in (3.20).

This allows us to take advantage of the local Lipschitz condition of F'(u) for all ¢ € [0,¢7]. Hence,
[Lemma 3.10| and [Lemma 3.13| hold for all ¢ € [0, t}]. O

Lemma 3.18. For h small enough and k > 1, the conclusions of [Lemma 3.10 and [Lemma 3.1

are true on the whole time interval [0, T].

15
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Table 1: History of convergence.
Example 1: Errors for gy, uj, and uj, of Interpolatory HDGy,

b lg — anllo.o lu — unllo.0 [u = ujllo.
Degree | 05 Error Rate Error Rate Error Rate
2~ 1 1.2889 5.0344E-01 4.5836E-01
22 | 7.0471E-01 | 0.87 | 2.8491E-01 | 0.82 | 2.5673E-01 | 0.84
E=0 | 272 | 3.5473E-01 | 0.99 | 1.5511E-01 | 0.88 | 1.4105E-01 | 0.86
2-4 | 1.7648E-01 | 1.00 | 8.0617E-02 | 0.94 | 7.3725E-02 | 0.94
275 | 8.7855E-02 | 1.00 | 4.1025E-02 | 0.97 | 3.7627E-02 | 0.97
2- 1 [ 3.7304E-01 1.7028E-01 3.0236E-02
272 | 9.9820E-02 | 1.90 | 4.8288E-02 | 1.82 | 3.9074E-03 | 2.95
k=1 23 | 2.5307E-02 | 1.98 | 1.2561E-02 | 1.94 | 4.7940E-04 | 3.02
24 | 6.3422E-03 | 2.00 | 3.1825E-03 | 1.98 | 5.9047E-05 | 3.02
2-5 | 1.5858E-03 | 2.00 | 7.9966E-04 | 2.00 | 7.3168E-06 | 3.01

Proof. Fix h* > 0 so that (3.22)), (3.23)), and [Lemma 3.17| are true for all A < h*, and assume t} is
the largest value for which (3.22)) is true for all h < h*. Define the set A = {h € [0,h*] : t} # T}.
If the result is not true, then A is nonempty, inf{h : h € A} = 0, and also

oy &) |y = 1/2 for all h € A. (3.24)
However, by the inverse inequality, & > 1, and since is true, we have
o )l L) < Ch‘%llp}i* )17, < Ch3~42 for all h € A.

Since C' does not depend on h, there exists hi < h* such that ||p} (¢})|| 1) < 1/2 for all h € A
such that h < hj. This contradicts (3.24]), and therefore t; =T for all h small enough. O

Theorem 3.19. If the nonlinearity F' satisfies the local Lipschitz condition in |Assumption 3.16,
the mesh is quasi-uniform, k > 1, and the assumptions at the beginning of [Section 3 hold, then for
all h small enough the conclusions of [Theorem 3.14] and [Corollary 3.15 are true for all 0 <t <T.

4 Numerical Results

In this section, we present two examples to demonstrate the performance of the Interpolatory HDGy
method.

Example 4.1 (The Allen-Cahn or Chaffee-Infante equation). We begin with an example with
an exact solution in order to illustrate the convergence theory. The domain is the unit square
Q = [0,1] x [0,1] C R2?, the nonlinear term is F(u) = u® — u, and the source term f is chosen
so that the exact solution is u = sin(¢) sin(7x) sin(7y). Backward Euler and Crank-Nicolson are
applied for the time discretization when k£ = 0 and k£ = 1, respectively, where k is the degree of the
polynomial. The time step is chosen as At = h when k = 0 and At = h? when k = 1. We report
the errors at the final time 7" = 1 for polynomial degrees k = 0 and k = 1 in The observed
convergence rates match the theory.

Example 4.2 (The Schnakenberg model). Next, we consider a more complicated example of a
reaction diffusion PDE system with zero Neumann boundary conditions that does not satisfy the
assumptions for the convergence theory established here. We consider such an example to demon-
strate the applicability of the Interpolatory HDGy method to more general problems.
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Specifically, we consider the Schnakenberg model, which has been used to model the spatial
distribution of a morphogen; see [42] for more details. The Schnakenberg system has the form

886;0 = D,V?C, + k(a—Cy + C’gCZ-),
‘951' = DoV2C; + k(b — C2CY),

with initial conditions

Ca(-0) =a+b+10"3exp ( — 100((z — 1/3)* + (y — 1/2)?)),
b

Ci(+,0) = @t

and homogeneous Neumann boundary conditions. The parameter values are x = 100, a = 0.1305,
b=0.7695, D; = 0.05, and Dy = 1. We choose polynomial degree k = 1 and apply Crank-Nicolson
for the time discretization with time step At = 0.001.

We vary the spatial domain, but keep all of parameters in the model unchanged. The first
domain is the unit square Q = [0, 1] x [0, 1], and the domain is partitioned into 2048 elements. The
second domain is the circle Q = {(x,7) : (z — 0.5)? + (y — 0.5)? < 0.52} and we use 7168 elements.

Numerical results are shown in [Figure IHFigure 2| Spot patterns form on the square and circular
domains. Our numerical results are very similar to results reported in [42].

5 Conclusion

In our earlier work [8], we considered an Interpolatory HDGj methods for semilinear parabolic
PDEs with a general nonlinearity of the form F(Vu,u). The interpolatory approach achieves
optimal convergence rates and reduces the computational cost compared to standard HDG since
all of the HDG matrices are assembled once before the time stepping procedure. However, the
method does not have superconvergence by postprocessing.

In this work, we proposed a new superconvergent Interpolatory HDGy method for approximating
the solution of reaction diffusion PDEs. Unlike our earlier Interpolatory HDGy work [8], the
new method uses a postprocessing uj to evaluate the nonlinear term. This change provides the
superconvergence, and the new method also keeps all of the computational advantages of using an
interpolatory approach for the nonlinear term. We proved the superconvergence under a global
Lipschitz condition for the nonlinearity, and then extended the superconvergence results to a local
Lipschitz condition assuming the mesh is quasi-uniform.

In the second part of this work [5], we again consider reaction diffusion equations and extend
the ideas here to derive other superconvergent interpolatory HDG methods inspired by hybrid high-
order methods [9]. However, it is currently not clear whether the present approach can be used
to obtain the superconvergence for semilinear PDEs with a general nonlinearity F'(Vu,u). We are
currently exploring this issue.

6 Appendix A

Recall the steady state problem (3.16|) from [Section 3.2.4] which we repeat here for convenience:
let (g, up,up) € Vi, x Wy x M}, be the solution of

B(ah)ﬂhuﬁhvrh)vhuah) = (f - HWut - F(u)avh)'rha (61)
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t=0.1 t=0.4

t=05 t=0.6

Figure 1: Contour plots of the time evolution of the concentration of the activator C, on the unit
square.

18



Superconvergent interpolatory HDG methods for reaction diffusion I

t=0.1

t=0.7

t=1.4 t=3.0

Figure 2:  Contour plots of the time evolution of the concentration of the activator C, on the
circular domain.
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for all (rp, vp, Up) € Vi, x Wp, X M. Since Iy commutes with the time derivative, taking the partial
derivative of (6.1)) with respect to t shows (0,qy,, Ovun, Oyup) € Vi, x Wy, x M, is the solution of

B(DeGp, Oin, O, Thy Vs On) = (fr — Mg — F'(w)ug, vp) 75,5 (6.2)

for all (rp, vp, 0p) € Vi, x Wi X M.
The proof of the following lemma is very similar to a proof in [15], hence we omit it here.

Lemma 6.1. For £Z =1Ilyq —qy, €} = wu —1uy, and €} = Pyyu — ay, we have

3(527 5% 5%3 Th, Wh, i)\h) = (qu —q, rh)Th + (HWut — Ut, vh)Tha (63)
for all (rh,vh,ﬁh) e Vi, x Wy, x My,

The next step is the consideration of the dual problem (3.1)), which we again repeat for conve-
nience: Let

b +VU =0 in Q,
V-®=0 in Q, (6.4)
U =0 on 0f).

By the assumption at the beginning of this boundary value problem admits the regularity
estimate

@ a1 ) + ¥l a2 < ClIOllL2(0) (6.5)

for all © € L2(Q).
Lemma 6.2. We have

IeFlm < Ch™nY (g — Tyqll + lur — Tyuel7)

leill7, < Cllqg — Tvqll7, + [lue — Mwu 7).
Proof. Let © = €} in the dual problem (6.4), and take (v, vy, 0p) = (—IIy @,y ¥, Py ¥) in the
definition of B (3.8)) to get

B(e, 7, ef; — Ty ®, Ty U, Py W)
—(eL My ®)7;, + (e, V - My ®) 7, — (€}, My ® - n)or, + (V- e, My ¥)7,

— (7, Py U)oy, + < (gg—gg),anf—PM\I/>aT
h

(€g7 (I)) (5h7 ¢ — qu))ﬁ (gg’ \E CI))Th - (Eg’ V- (q) - HV(I)))f/-h
+ (e}, (2 —IIy®) - n n)or, + (V- az, V)7 + (V- Eg, My¥ — )7,
_ <sz n, Vo7, + <T(Eg — Eg),HWlII — PM\I/>87_h

= (], ® — Ty @)7;, + [|<}i]17;.-
On the other hand, take (rp, v, 0p) = (—IIy @, Iy ¥, Py ¥) in (6.3)) to get

B(ef, eh, eh; —Tly @, Ty ¥, Py ¥) = (g — Ty q, Ty @) 7;, + (Mywuy — ug, Ty ¥)7;,. (6.6)
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Comparing the above two equalities gives

(Eh, b — Hvi’)f/‘h + (q — Ilyq, Hv‘:]?) + (HWUt — U, HW\I’)Th
—(ef,® -y ®)7, + (¢ — Myq, Iy ® — ®)7,

+(q — Iy q, ®)7;, + (wus — ug, Hyw V)7,
—(e;, @ — Iy ®)7, + (¢ — Hyq, Iy ® — @),
—(e

Hé‘thrh

(

— (g —Tlyq, V¥)7, + (Hwus — ug, Hw ¥)7;,

0@ —Iy®)7, + (¢ — yq, Iy ® — @)7,

—(q—Iyq, V(¥ —wV¥))7, + Twur — ug, Iy ¥ — min{k, 1}HIo¥) 7,

Hence, by the regularity of the dual PDE (6.5, we have
I<FI3, < CRETI, -+ Chmm2+2)|g — TIy gl + Chm™252Hju, — Ty w3
Next, take (rp,,vp,0p) = (ag, er, 5%) in to obtain
il + ((ek — <. <k — eho
= (Myq — q.£0)7, + (Mwue — up, €57,
< CllTIvg — ali}, + 5 IfI3, + 40w, — wllf, + s T

This implies

— _ =~ _ =~ ]_ —
|17, + (m(eh = 2h), ek — eh)om, < 2C(Tvg — g7, +8C|TMwus — will7, + 5511k 17,

Next, use h < 1 and substitute into (6.7)) to yield the result.
Following the same steps, we obtain the following result:

Lemma 6.3. We have

10 (Tywu — @) || 75, < CA™ R (|l gy — Ty qul| 75, + [Juse — Twuee|75,)-
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