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SUPERCONVERGENCE OF HIGH ORDER FINITE DIFFERENCE
SCHEMES BASED ON VARIATIONAL FORMULATION FOR
ELLIPTIC EQUATIONS *

HAO LIT AND XIANGXIONG ZHANG T

Abstract. The classical continuous finite element method with Lagrangian Q¥ basis reduces to
a finite difference scheme when all the integrals are replaced by the (k + 1) x (k+ 1) Gauss-Lobatto
quadrature. We prove that this finite difference scheme is (k + 2)-th order accurate in the discrete 2-
norm for an elliptic equation with Dirichlet boundary conditions, which is a superconvergence result
of function values.
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1. Introduction.

1.1. Motivation. In this paper we consider solving a two-dimensional elliptic
equation with smooth coefficients on a rectangular domain by high order finite dif-
ference schemes, which are constructed via using suitable quadrature in the classical
continuous finite element method on a rectangular mesh. Consider the following
model problem as an example: a variable coefficient Poisson equation —V (a(x)Vu) =
fya(x) > 0 on a square domain Q = (0,1) x (0, 1) with homogeneous Dirichlet bound-
ary conditions. The variational form is to find u € H(Q) = {v € H'(Q) : v|aq = 0}
satisfying

Au,v) = (f,v), Yve H&(Q),
where A(u,v) = [[,aVu - Vodzdy, (f,v) = [[, fvdzdy. Let h be the mesh size of
an uniform rectangular mesh and V§* C H}(2) be the continuous finite element space

consisting of piecewise Q* polynomials (i.e., tensor product of piecewise polynomials
of degree k), then the C°-QF finite element solution is defined as u;, € V! satisfying

(1.1) A(up,vn) = (f,vn), Yop € Voh.

Standard error estimates of (1.1) are ||u — up|; < Ch*||ullxr1 and ||u — unllo <
Ch*¥1||u|lg+1 where || - ||z denotes H*(Q)-norm, see [5]. For k > 2, O(h**!) su-
perconvergence for the gradient at Gauss quadrature points and O(h*¥*2) supercon-
vergence for functions values at Gauss-Lobatto quadrature points were proven for
one-dimensional case in [11, 2, 1] and for two-dimensional case in [8, 17, 4, 14].

When implementing the scheme (1.1), integrals are usually approximated by
quadrature. The most convenient implementation is to use (k + 1) x (k + 1) Gauss-
Lobatto quadrature because they not only are superconvergence points but also can
define all the degree of freedoms of Lagrangian Q" basis. See Figure 1 for the case
k = 2. Such a quadrature scheme can be denoted as finding u;, € V! satisfying

(12) Ah(uhuvh) - <f7 Uh>h7 V’Uh S ‘/Ohu

where Ap(up,vp) and (f,vn)n denote using tensor product of (k + 1)-point Gauss-
Lobatto quadrature for integrals A(up,vy) and (f,vy) respectively.
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(a) The quadrature points and a FEM (b) The corresponding finite differ-
mesh ence grid

Fic. 1. An illustration of Lagrangian Q2 element and the 3 x 3 Gauss-Lobatto quadrature.

It is well known that many classical finite difference schemes are exactly finite
element methods with specific quadrature scheme, see [5]. We will write scheme
(1.2) as an exact finite difference type scheme in Section 7 for k = 2. Such a finite
difference scheme not only provides an efficient way for assembling the stiffness matrix
especially for a variable coefficient problem, but also with has advantages inherited
from the variational formulation, such as symmetry of stiffness matrix and easiness of
handling boundary conditions in high order schemes. This is the variational approach
to construct a high order accurate finite difference scheme .

Classical quadrature error estimates imply that standard finite element error es-
timates still hold for (1.2), see [7, 5]. The focus of this paper is to prove that the
superconvergence of function values at Gauss-Lobatto points still holds. To be more
specific, for Dirichlet type boundary conditions, we will show that (1.2) is a (k+2)-th
order accurate finite difference scheme in the discrete 2-norm under suitable smooth-
ness assumptions on the exact solution and the coefficients.

In this paper, the main motivation to study superconvergence is to use it for
constructing (k + 2)-th order accurate finite difference schemes. For such a task,
superconvergence points should define all degree of freedoms over the whole compu-
tational domain including boundary points. For high order finite element methods,
this seems possible only on quite structured meshes such as rectangular meshes for
a rectangular domain and equilateral triangles for a hexagonal domain, even though
there are numerous superconvergence results for interior cells in unstructured meshes.

1.2. Related work and difficulty in using standard tools. To illustrate
our perspectives and difficulties, we focus on the case k = 2 in the following. For
computing the bilinear form in the scheme (1.1), another convenient implementation
is to replace the smooth coefficient a(z,y) by a piecewise Q% polynomial a;(x,y) ob-
tained by interpolating a(z,y) at the quadrature points in each cell shown in Figure
1. Then one can compute the integrals in the bilinear form exactly since the inte-
grand is a polynomial. Superconvergence of function values for such an approximated
coefficient scheme was proven in [13] and the proof can be easily extended to higher
order polynomials and three-dimensional cases. This result might seem surprising
since interpolation error a(x,y) — ay(x,y) is of third order. On the other hand, all
the tools used in [13] are standard in the literature.

From a practical point of view, (1.2) is more interesting since it gives a genuine
finite difference scheme. It is straightforward to use standard tools in the literature for
showing superconvergence still holds for accurate enough quadrature. Even though
the 3 x 3 Gauss-Lobatto quadrature is fourth order accurate, the standard quadrature
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error estimates cannot be used directly to establish the fourth order accuracy of (1.2),
as will be explained in detail in Remark 3.8 in Section 3.2.

We can also rewrite (1.2) for k¥ = 2 as a finite difference scheme but its local
truncation error is only second order as will be shown in Section 7.4. The phenomenon
that truncation errors have lower orders was named supraconvergence in the literature.
The second order truncation error makes it difficult to establish the fourth order
accuracy following any traditional finite difference analysis approaches.

To construct high order finite difference schemes from variational formulation, we
can also consider finite element method with P? basis on a regular triangular mesh
(two adjacent triangles form a rectangle) [18]. Superconvergence of function values
in C°-P? finite element method at the three vertices and three edge centers can be
proven [4, 17]. See also [10]. Even though the quadrature using only three edge
centers is third order accurate, error cancellations happen on two adjacent triangles
forming a rectangle, thus fourth order accuracy of the corresponding finite difference
scheme is still possible. However, extensions to construct higher order finite difference
schemes are much more difficult.

1.3. Contributions and organization of the paper. The main contribution
is to give the proof of the (k + 2)-th order accuracy of (1.2), which is an easy con-
struction of high order finite difference schemes for variable coefficient problems. An
important step is to obtain desired sharp quadrature estimate for the bilinear form,
for which it is necessary to count in quadrature error cancellations between neigh-
boring cells. Conventional quadrature estimating tools such as the Bramble-Hilbert
Lemma only give the sharp estimate on each cell thus cannot be used directly. A key
technique in this paper is to apply the Bramble-Hilbert Lemma after integration by
parts on proper interpolation polynomials to allow error cancellations.

The paper is organized as follows. In Section 2, we introduce our notations and
assumptions. In Section 3, standard quadrature estimates are reviewed. Supercon-
vergence of bilinear forms with quadrature is shown in Section 4. Then we prove
the main result for homogeneous Dirichlet boundary conditions in Section 5 and for
nonhomogeneous Dirichlet boundary conditions in Section 6. Section 7 provides a
simple finite difference implementation of (1.2). Section 8 contains numerical tests.
Concluding remarks are given in Section 9.

2. Notations and assumptions.

2.1. Notations and basic tools. We will use the same notations as in [13]:

e We only consider a rectangular domain Q = (0,1) x (0,1) with its boundary
denoted as 0.

e Only for convenience, we assume ), is an uniform rectangular mesh for €
and e = [z, — h,Ze + h] X [ye — h,ye + h] denotes any cell in Qj with cell
center (z.,y.). The assumption of an uniform mesh is not essential
to the discussion of superconvergence.

k. k o
e QF(e) = {p(:v, y) = Z:o Zopiszyj, (x,y) € e} is the set of tensor product of
i=0j=

polynomials of degree k on a cell e.

o Vi = Ip(z,y) € C°() : ple € Q¥(e), Ve € Qp,} denotes the continuous
piecewise QF finite element space on €2j,.

o Vli={v,€Vl:v, =0 on 0Q}.

e The norm and seminorms for W*P(Q) and 1 < p < +oo, with standard
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modification for p = +oc:
1/p

flepo = [ 3 / 0 00u(z, y)Pdady |

i+ji<k

1/p

[ulkp.o = Z // |81(’9J u(z,y)|Pdzdy ,

i+j=k

1/p
Wy = < [ 10kutepasay+ [ |a§u<x,y>|pdxdy> .
Q Q

Notice that [u]x11.p.0 = 0 if u is a Q¥ polynomial.

For simplicity, sometimes we may use ||ul|x.q, ||k, and [u]x o denote norm
and seminorms for H*(Q) = W*2(Q).

When there is no confusion, 2 may be dropped in the norm and seminorms,
e.g, [lullk = llullk2.0-

ForanythVh, 1<p<+4+ocand k>1,

1 1
P P
vnllkp0 = (Z ||vh|kpe> ;o onlkpo = <Z|vh|£,p,e> , o [nlkpo = <
[

Let Zy . denote the set of (k+ 1) x (k4 1) Gauss-Lobatto points on a cell e.
Zo =, Zo,e denotes all Gauss-Lobatto points in the mesh €2y,.

Let ||ull2,z, and ||u|/co,z, denote the discrete 2-norm and the maximum norm
over Zg respectively:

= |»? lu@,y)?|  ulloezo = max Ju(z,y)|.
0

(@9)eZo (@v)€Z

For a continuous function f(x,%), let fr(z,y) denote its piecewise Q* La-
grange interpolant at Zg . on each cell e, i.e., f; € V" satisfies:

f(x,y):fj(x,y), V(Iay) € Zo.

Pk(t) denotes the polynomial of degree k of variable .
(f,v) denotes the inner product in L?(e) and (f,v) denotes the inner product
in L2( ):

()= [[ fodaty. r0= [ odady =32(5 )

(f,v)e,n denotes the approximation to (f,v). by using (k+1) x (k+ 1)-point
Gauss Lobatto quadrature for integration over cell e.

(f,v)p denotes the approximation to (f,v) by using (k + 1) x (k + 1)-point
Gauss Lobatto quadrature for integration over each cell e.

K =[-1,1] x [~1, 1] denotes a reference cell.

For f(z,y) defined on e, consider f(s,t) = f(sh+ Ze, th + ye) defined on K.
Let f; denote the QF Lagrange interpolation of [ at the (k4 1) x (k + 1)
Gauss Lobatto quadrature points on K.

p

k.p,

)

8=
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o (f,0)p = ffkff;dsdt.

o (f, #) - denotes the approximation to (f,®) by using (k+1) x (k+1)-point
Gauss-Lobatto quadrature.

e On the reference cell K, for convenience we use the superscript h over the
ds or dt to denote we use (k + 1)-point Gauss-Lobatto quadrature on the
corresponding variable. For example,

k

~ 1 A~ ~ A~
/Rfdhsdt:/71[w1f(—1,t)+wk+1f(1,t)—I—Zwif(a:i,t)]dt.

1=2

Since ( fv ); coincides with fv at the quadrature points, we have

// (f0) Idiﬂdyz//k(fﬁ)zdhxdhy:/Kfﬁdh:cdhy:<f,ﬁ)k,

The following are commonly used tools and facts:
e For two-dimensional problems,

hk_2/p|”|k,p,e = |ﬁ|k,p7f<v hk_Q/p[U]k,p,e = [ﬁ]k,p,fo l<p=oo

e Inverse estimates for polynomials:

(2.1) ||’Uth+17e < Ch*1||vh||k,e, Yoy, € Vh, k> 0.

e Sobolev’s embedding in two and three dimensions: H2(K) < CO(K).
e The embedding implies

1 llo,ooic < Cllf o ier VF € HHE) k> 2,

11l o it < CMfllisroier VS € HFHE) k> 2,
e Cauchy-Schwarz inequalities in two dimensions:

1 1
2 2
D lullkelvline < (Z IIUIIi,e> (Z IIUIi,e> v Nullere = OM)lullk2.e-
€ € €

e Poincaré inequality: let % be the average of u € H*(2) on Q, then
lu—1tlop0 < ClVulope, p=1
If 4 is the average of u € H!(e) on a cell e, we have

lu —lope < Ch|Vulope, p>1.

e For k > 2, the (k + 1) x (k + 1) Gauss-Lobatto quadrature is exact for
integration of polynomials of degree 2k —1 >k + 1 on K.
e Define the projection operator II; : 4 € L*(K) — Il14 € Q'(K) by

(2.2) / /K (I 4)wdsdt = / /K twdsdt,Yw € Q' (K).

Notice that all degree of freedoms of I1; 4 can be representedAas a linear combi-
nation of [ (s, t)p(s,t)dsdt for p(s,t) =1,s, t, st, thus II; is a continuous

linear mapping from L%(K) to H'(K) (or H*(K)) by Cauchy-Schwarz in-
equality |ffK (s, t)p(s,t)dsdt] < ||ﬁ||0127f(||p|\0127K < C||u|\0127K.
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2.2. Coercivity and elliptic regularity. We consider the elliptic variational
problem of finding u € H{ () to satisfy

(2.3) Au,v) := //Q(VvTaVu + bVuv + cuv) dedy = (f,v), Vv € H}(Q),

112
where a = <Z21 a22> is positive definite and b = [b!  b%]. Assume the coefficients

a, b and ¢ are smooth with uniform upper bounds, thus A(u,v) < Cllu|1]jv|: for
any u,v € H}(2). We denote A, as the smallest eigenvalues of a. Assume A\, has a
positive lower bound and V - b < 2¢, so that coercivity of the bilinear form can be
easily achieved. Since

(b Vu,v) :/ uvb - nds — (V - (vb), u) :/ wvb - nds — (b - Vo, u) — (vV - b, u),
o0 a0

we have

(2.4) 2(b-Vov,v) + 2(cw,v) = / v?b-nds + ((2¢ — V-b)v,v) >0, Vo€ Hy ().
G19)

By the equivalence of two norms |- |; and || - ||; for the space HJ(Q) (see [5]), we
conclude that the bilinear form A(u,v) = (aVu, Vv) + (b - Vu,v) + (cu, v) satisfies
coercivity A(v,v) > C||v|j; for any v € H}(Q).

The coercivity can also be achieved if we assume |b| < 4\,¢. By Young’s inequal-
ity
[b|?

b- 2
% + clv|?dzdy < < 1

b-u0) < [ L
we have

(2.5)
A(v,v) > (a-Vu, Vo)+(cv,v)—|(b-Vv,v)| > (()\a

Vo, V’U) + (ev,v),
Q

[bJ?

— I)V’U, V’U) >0, WYve H(} (Q)I

We need to make an additional assumption for (2.3): the elliptic regularity holds
for the dual problem. Let A* be the dual operator of A, i.e., A*(u,v) = A(v,u).
We assume the elliptic regularity |w|l2 < C||f|lo holds for the exact dual problem of
finding w € H(Q) satisfying A*(w,v) = (f,v), Vv € H}(Q). See [16, 9] for the
elliptic regularity with Lipschitz continuous coeflicients on a Lipschitz domain.

3. Quadrature error estimates. In the following, we will use " for a function
to emphasize the function is defined on or transformed to the reference cell K =
[-1,1] x [-1,1] from a mesh cell.

3.1. Standard estimates. The Bramble-Hilbert Lemma for QF polynomials
can be stated as follows, see Exercise 3.1.1 and Theorem 4.1.3 in [6]:

THEOREM 3.1. If a continuous linear mapping I: HY(K) — HY(K) satis-
fies Il = for any © € Q¥(K), then

(3.1) = Tlilly g < Clidsr g Vi € HU(R).
Thus if 1(-) is a continuous linear form on the space H***(K) satisfying 1(d) = 0,V €

Q*(K), then R
@) < Cllillyyy gl@r 5, Vo€ HMHEK),

where [|1| is the norm in the dual space of H*(K).

/
k+1,K
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By applying Bramble-Hilbert Lemma, we have the following standard quadrature
estimates. See [13] for the detailed proof.

THEOREM 3.2. For a sufficiently smooth function a(x,y), let m is an integer
satisfying k < m < 2k, we have

//6 a(x,y)drdy — //6 ar(z,y)dedy = O(h™ ) [a]m.e = OW™ ) [a]m coc-

X THEOREM 3.3. If f € H"**(Q), (f,0n)—(f,vn)n = O )| flle+2lonllzs  Yon €l
v
REMARK 3.4. By the theorems above, on the reference cell K, we have

(3.2) // a(s,t) —ay(s,t)dsdt < C[d]kﬂﬁ < C[&]k+2,oo,f(’
K

and

(3-3) ||d - dl||k+1,f( < C[d]k+1,k'

The following two results are also standard estimates obtained by applying the
Bramble-Hilbert Lemma.

LEMMA 3.5. If f € H?(Q) or f € V!, we have (f,vn)—(f,vn)n = Oh2)|fl2llvnllo, Von €f]
Vi,

Proof. For simplicity, we ignore the subscript in vy. Let E(f) denote the quadra-
ture error for integrating f(x,y) on e. Let E(f) denote the quadrature error for

integrating f(s,t) = f(we + sh,ye + th) on the reference cell K. Due to the embed-
ding H?(K) — C°(K), we have

[E(f0)] < Clfoly o,k < Clflo,00,2 000,00, 5 < ClF N2 & 19Mlo, -

Thus the mapping f — E( fﬁ) is a continuous linear form on H? (K ) and its norm is
bounded by C|d]|, z. If f € Q'(K), then we have E(f#) = 0. By the Bramble-Hilbert
Lemma Theorem 3.1 on this continuous linear form, we get

|E(f@)| < C[f]QK”ﬁHOK
So on a cell e, we get
(3.4) E(fv) = B2 E(f0) < CR*[fl, g lléllo & < CR2|fla.ellv]o.e-

Summing over all elements and use Cauchy-Schwarz inequality, we get the desired
result. a

THEOREM 3.6. Assume all coefficients of (2.3) are in W>°(Q). We have
A(zh,vh) - Ah(zh,vh) = O(h)”vhHQHZhHl, Vvh,zh S Vh.
Proof. By setting f = a'l(vy), in (3.4), we get

(@' (z1) > (vn)z) = (@ (zn) 2, (Vh)2)n| < CR?(la™ (vn)a 2]l (zn)]l0

<Ch*[[a" [l2,00]|vnllslznl1 < Chlla™ |2.00llon 2|21,
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where the inverse estimate (2.1) is used in the last inequality. Similarly, we have

)z (Vn)y)n = Chlla"?(|2,00]lvn 2] 201,
1)y (0n)y)h = Chlla®?||2,00llvn 2] 201,

)
)
(z1)z, vn)n = Chl[b|2,00|vn 2] 210,
)n
=

Zh)ys Vh Chl[b?||2,00|lvn ||21210,
— (czn, vn Chllcll2,00llvnl1]2no,
which implies

A(zn,vn) — An(zn,vn) = O(h)|lvall2]znl]1- a

3.2. A refined consistency error. In this subsection, we will show how to
establish the desired consistency error estimate for smooth enough coefficients:

O ) ullssllonlla, Vo € VI

A —-A = 3
o) = ) {0<hk+‘5>||u||k+3||vh||2, Vo € V!

THEOREM 3.7. Assume a(z,y) € Wkt2:0(Q), u € H¥T3(Q), then

(3.5a -
(3'§%%wu, 0:v1) — (a0pu, Opvp)p = {

O ) lallks200lullissllonllz,  Von € V',

O(h**3)|allksz,00 lullkssllvnllz, Yo € VP,

(3. 68%
é u, Oyvp) — (a0zpu, Oyvn)p =

O(W*2) || all kg0 lltllkrsllonllz, Vo € Vi,
O(W**3)|all ks 2,00 lullkssllvnllz, Yo € VP,

(3.7)  (adyu,vn) — {adzu,vn)n = O(h**?)|allks2,00llullirslvnll2,  Von € V',

(3-8) (au, vn) = {aw, vp)n = O(W**2) allkra,00[ullks2llvnll2, Yo € V7'

REMARK 3.8. We emphasize that Theorem 3.7 cannot be proven by applying the
Bramble-Hilbert Lemma directly. Consider the constant coefficient case a(z,y) = 1
and k = 2 as an example,

(Ozt, Oyvp) — (Oru, Dpp)p = (//um vp)zdedy — //uw (V) dh:bdh )

Since the 3 x 3 Gauss-Lobatto quadrature is exact for integrating Q3 polynomials, by

Theorem 3.1 we have
_ ‘// i1 () sdsdt — // i1 (in) " st
K K

[t [ttt

Notice that ¥y, is Q2 thus (0y)si does mot vanish and [(0n)s]y g < Clonls - So by
Bramble-Hilbert Lemma for Q* polynomials, we can only get

/ / o (on oy — / / o (vn)ad"zdy = O |luls.cllon3e.

Thus by Cauchy-Schwarz inequality after summing over e, we only have

(Owtt, Dzon) — (Dwt, Dz} = O(h*) ulls|lvnlls.

< C[as@h)su,k-l
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In order to get the desired estimate involving only the H2-norm of v, we will
take advantage of error cancellations between neighboring cells through integration
by parts.

Proof. For simplicity, we ignore the subscript 5, of vy in this proof and all the
following v are in V" which are Q¥ polynomials in each cell. First, by Theorem 3.3,
we easily obtain (3.7) and (3.8):

(atg, v) = {aug, v)n = O(h* )|l aus[s2llvllz = OB ) |lall k2,00l ullissllv]l2,

(au,v) = {au,v)n = OB *?)|lau]er2llv]l2 = Oh**?)allk+2,00]lull er2llv]l2-

We will only discuss (auy,v,) — {(aug,v,)n and the same discussion also applies to
derive (3.6a) and (3.6b).

Since we have

((I’U/I,’Um) <(I’U/1,’Uw h = (// auwvmdxdy // aumvmdhxdhy)
=2 ( [[ adebasic - | / dﬁsﬁsthdht) -y < [[ adeoasac~ [[ (dﬁs)zﬁsdhsdht),
= i K >\ JJx ; I

where we use the fact 4505 = (as)r0s on the Gauss-Lobatto quadrature points. For
fixed t, (Gts) 105 is a polynomial of degree 2k—1 w.r.t. variable s, thus the (k-+1)-point
Gauss-Lobatto quadrature is exact for its s-integration, i.e.,

/ / (ais) rood" sd"t = / / (ais) r0sdsd"t.
K K

To estimate the quadrature error we introduce some intermediate values then do
interpretation by parts,

(3.9) // augvsdsdt — // Gl ) 10 d"sd"t
(3.10)
:// dﬁsﬁsdsdt—// atig Iﬁsdsdt—i-// (dﬁs)lﬁsdsdt—// (dﬁs)lﬁsdsdht
// (atis) ] Dsdsdt + <// atis) g vdsdht — // atis) g vdsdt>

(3.12) + (/1(aus)1vdt )

(3.11)

- / (aus)wdh ) =T+ I1+III.
s=—1 -1

For the first term in (3.12), let 0, be the cell average of o, on K, then

// (i) 1) Dsdsdt + // $)1) (Ds — g)dsdt.

By (3.2) we have

‘ / / () )stdt‘ < Clats)yyg &

s=—1

05| = O(h**?)allks2,00,e 1l k43,61l -




10 H. LI AND X. ZHANG

By Cauchy-Schwarz inequality, the Bramble-Hilbert Lemma on interpolation error
and Poincaré inequality, we have

[ @ = @) 6. = Tasa] < o~ @il o~ T g
K
<Ol el i = OGS Dol oelullraclvls

Thus we have
I = OB *)|allkyz.00.ellullirs.ellvllz.e.

For the second term in (3.12), we can estimate it the same way as in the proof of
Theorem 2.4. in [13]. For each ¢ € Q*(K) we can define a linear form as

Ey(f) = / /K (Fr)sbdsdt — / K<F1>s@dsdht,

where F is an antiderivative of f w.r.t. variable s. Due to the linearity of interpo-
lation operator and differentiating operation, Ej; is well defined. By the embedding
H?(K) — C°(K), we have

Es(f) < ClFllg oo, icloll0,00, & < Clllo oo, ic0llg,00 2 < CULAlg, 1000, i < CllF g 00,1

which implies that the mapping E; is a continuous linear form on H k(f( ). With
projection II; defined in (2.2), we have

Eo(f) = Eo_mo(f) + Emo(f), Vo € QF(K).

Since Q¥ 1(K) C ker E_1,4, thus by the Bramble-Hilbert Lemma,

Eq- Hw(f) Clf ]kK”ﬁ - Hlﬁ”o,f( < C[f]k,f(lmzfo

and we also have

Enlﬁ(f)://R(ﬁ})sﬂlf;dsdt—//R(FI)Sﬂlﬁdsdht:O.

Thus we have

// (atis)s], ddsd"t — // (atis)1], Ddsdt = —Ey((atis)s) = —Eo—mm,0((a1s)s)
SC[(CWS)S]IQ,RWHQ,K < C|da5|k+1,f<|v|2,f< = O(hk+2)”a”k-l-l,oo,e||u||k+2,e|v|2,e

Now we only need to discuss the line integral term. Let Lo and L4 denote the left
and right boundary of 2 and let [§ and [§ denote the left and right edge of element
e or I and IX for K. Since (ail);o mapped back to e will be +(aug)rv which is
continuous across [§ and [f, after summing over all elements e, the line integrals along
the inner edges are canceled out and only the line integrals on Lo and L4 remain.

For a cell e adjacent to Lg, consider its reference cell K , and define a linear form

:f_llf —1,t)dt — f f(=1,t)d"t, then we have

E(/9) < C1fly 15 1000 ot < Ol Fll e 19 5
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which means that the mapping f — FE(f9) is continuous with operator norm less
than C||0[|, ,x for some C. Clearly we have
i)

E(fo) = E(fTI10) + E(f(b — 119)).
By the Bramble-Hilbert Lemma (3.1) we get
B(ain)r(5 — T1h9)) < Cll@aie)1), g [, 6 < Cllais — (@in)il e + sl ), 5
(s g yx + ads], 0)[0], 1 = O™ ) allierr oo, [l k425 V]2,
and
E((ats)11,0) = 0.

For the third term in (3.12), we sum them up over all the elements. Then for the
line integral along Lo

1 1
/(d&s)f(—l,t)ﬁ(—l,t)dt— > /(dﬁs)f(—l,t)ﬁ(—l,t)dht

eNLa#0) -1 eNL2#D -1
= Y E(@ads)0) = > OhF)allksr o0 l[wllkras vl
eNLo#() eNLo#Q

Let so and wy (@ =1,2,--- , k+2) denote the quadrature points and weights in
(k 4 2)-point, Gauss-Lobatto quadrature rule for s € [—1,1]. Since 9% (s,t) € Q**(K),
(k + 2)-point Gauss-Lobatto quadrature is exact for s-lntegratlon thus

k+2
/ / 02, (s,t)dsdt = Zwa/ 02, (80, t

which implies

1
(3.13) / 0% (1, t)dt < C/ / 0% (s,t)dsdt,

-1

thus

h2[vl2g < Clv]a,e

1 s=1 1 s=1
> < / (adis) Odt )
s=—1
eNLo#D

By Cauchy-Schwarz inequality and trace inequality, we have
- / (atis) rodt
enLy#0 \7 1 s=—1 /-1
= > O ) allks 000 ltllkro.sv]2.
3 3
Y O E)lallks 0,5 k2 0l2.e = O 2)lallkr1,000llull k42, Lo v]20
eNLa#0)

=O(W*2)all 1,000/ ullk+3000]2.0:

Combine all the estimates above, we get (3.5b). Since the % order loss is only due
to the line integral along the boundary 9. If v € V', vy, = 0 on Ly and L4 so we
have (3.5a). O
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4. Superconvergence of bilinear forms. The M-type projection in [3, 4] is
a very convenient tool for discussing the superconvergence of function values. Let
u, be the M-type Q¥ projection of the smooth exact solution u and its definition
will be given in the following subsection. To establish the superconvergence of the
original finite element method (1.1) for a generic elliptic problem (2.3) with smooth
coefficients, one can show the following superconvergence of bilinear forms, see [4, 14]
(see also [13] for a detailed proof):

O ) [ullersllvnll2, Yo € Vi,
O** ) [ullksallvnllz, Vo € VI

Alu — up,vp) = {

In this section we will show the superconvergence of the bilinear form Ap:

(4.1a)
(4.1b)

O ) ullkssllonll2, Vo € Vg,

Ap(u — up,vp) = .
: O 3)[|ullissllonllz,  Vor € V.

4.1. Definition of M-type projection. We first recall the definition of M-type
projection. More detailed definition can also be found in [13]. Legendre polynomials
on the reference interval [—1, 1] are given as

Lodv o, 1,9

which are L?-orthogonal to one another. Define their antiderivatives as M-type poly-
nomials:

1 dkfl
My (t) = WW(tQ—l)k i Mo(t) =1, Ma(t) =t, Ma(t) =

l\DI»—A

which satisfy the following properties:

o If j —i# 0,42, then M;(t) L M;(t), i.e., [1, My(t)M;(t)dt = 0.

e Roots of M(t) are the k-point Gauss-Lobatto quadrature points for [—1, 1].
Since Legendre polynomials form a complete orthogonal basis for L?([—1, 1]), for any
f(t) € H'([-1,1]), its derivative f'(t) can be expressed as Fourier-Legendre series

Zb]-i-ll , b=+ /f

The one-dimensional M-type projection is defined as fi(t) = Z;C:O b; M;(t), where
by = w is determined by by = w so that f(£1) = f(£1). We have
f@t) = klim fu(t) = > bjM;(t). The remainder R[f]x(t) of one-dimensional M-type

projection is

R = £ - felt) = Y b
j=k+1
For a function f(s,t) € H2(K) on the reference cell K = [—1,1] x [—1,1], its

two-dimensional M-type expansion is given as

0= 303 b MM 1),

i=0 j=0

(1), Ms(t) = 5 (1), -+
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where

boo = FF(-1 =1+ F(-1,1)+ F(1,~1) + F(1,1)],
. 2j —1 !

Do, b1, = [fe(1,t) £ fe(—1, 0]l ()dt, 5> 1,
—1

FUA 1 1
bi,Oabi,lz

(s,1) % fo(s,—1D))li_1(s)ds, i>1,

bi,j = M/ A fst(S,t)lifl(s)ljfl(t)dsdt, ’L,j Z 1
K

The M-type Q* projection of f on K and its remainder are defined as

k k
frw(s,t) = Z > bi g Mi(s)M;(t),  Rflkr(s,t) = f(s,) = frr(s,t).

The M-type QF projection is equivalent to the point-line-plane interpolation used in
[15, 14]. See [13] for the proof of the following fact:

THEOREM 4.1. The M-type Q* projection is equivalent to the Q* point-line-plane
projection 11 defined as follows:
1. i = @ at four corners of K = [—1,1] x [—1,1].
2. IIa — 4 s orthogonal to polynomials of degree k — 2 on each edge of K.
3. IIa — u is orthogonal to any v € Qk_2(f() on K.

For f(xz,y) on e = [we — h,we + h] X [ye — h, ye + h], let f(s,1) = f(sh+ e, th + ye)
then the M-type Q¥ projection of f on e and its remainder are defined as

(@, y) = fon(= xe y—hye% Rlflex(z,y) = f(2,y) = fer(z,y).

Now consider a function u(x,y) € H*2(Q), let u,(z,y) denote its piecewise M-type
Q" projection on each element e in the mesh . The first two properties in Theorem
4.1 imply that u,(x,y) on each edge of e is uniquely determined by u(z,y) along that
edge. So u,(z,y) is a piecewise continuous Q* polynomial on .

M-type projection has the following properties. See [13] for the proof.

THEOREM 4.2.
lu—upllz,z, = O**?) ullkra, Vu e H*2(Q).
lu = uplloo,zo = O(hk+2)”u”k+2,oov Vu e Wk+2’oo(ﬂ)'
LEMMA 4.3. For f € H" (K ), k> 2,
: |R[ ]Imklo,oo,}{ < C[f]k+1,K= |a R[ ]k k|0 o0, K < C[f]k—i-l,f{'
2. R[flrprnir—RU ek = Mia(t) Yrg bikesr Mi(s)+Miyr (s) 32550 bryr i M; () ]
|Bl k+l| < Ck|f|k+1 2,K |I;/€+1 1| < Ck|f|k+1 2,K> 0<i<k+1
4. If f € H*2(K), then |b; py1] < Ck|f|k+22K, 1<i<k+1.
4.2. Estimates of M-type projection with quadrature.
LEMMA 4.4. Assume f(s,t) € H*3(K),

(Rlf 11 — B lews Vg =0, 1O RIflrsrb1: 1) gl < Clflys i
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Proof. First, we have

k+1
(RIfkr1 ka1 = B kw 1) g = (Mya (¢ sz b1 Mi(s) + Mir1(s) > brpr jM(1), 1) g =

due to the fact that roots of My41(t) are the (k + 1)-point Gauss-Lobatto quadrature
points for [—1, 1].
We have

(0 R[f]k+1 k+1> 1)

=(0sR[flrs2,h42, 1) g — (Os (R flrs2,hs2 — Blfles1.e1), 1) g
k+1 k+2

=(0sR[flkr2h42: 1) g — (Mipa(t sz w2 M(s) + Mii5(s) Y brro i M(t), 1)

k42
=(0sR[flet2,kv2,1) g — (Mri2(t Z bit1,kt2li(s + (lpt1(s Z b2, M;(t), 1) 4.

Then by Lemma 4.3,
|<88R[f]k+2,k+271>f(| < C|f|k+3,f(' d

Notice that we have (lj11(s) Zfig bry2. M; (1), 1) x = O since the (k+1)-point Gauss-
Lobatto quadrature for s-integration is exact and lk+1(s) is orthogonal to 1. Lemma
4.3 implies |bi+1 p12| < C[f ]k+3 i for i >0, thus we have

[( M o(t sz+1 kr2li(s), 1) x| < O[f]k+3,f(-

LEMMA 4.5. Assume a(x,y) € W*>(Q). Then
(a(u = up)e, (vn)a)n = O(W**?)|lallzoollullissllvnllz,  Yon € V.

Proof. As before, we ignore the subscript of v, for simplicity. We have
(a(u = up)as van = Y _(alu = p)es veden,
and on each cell e,
(@t = up)e, va)en = (Rltlnk)e, aVs)en = (Rit]k,k)s, ads)
(4.2) =((Rl]ks1,5+1)s: @05) g + (Rlalkg = Rlilke1mr)s, @0s) -

For the first term in (4.2), we have

((Rlalk1,041)s@05) g = (Rlilkr1ke1)s, @05) g + (R8s p41)s, 805 —B)) -

By Lemma 4.4,

(Rla)kg1,k41)s, @ 0s) i < Clalo,ooltlyyg 1011 4
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By Lemma 4.3,
|(R[ ]k+1 k+1) |o 00, K < C[ ]k+2,f<'

By Bramble-Hilbert Lemma Theorem 3.1 we have

(R[@k41,641) s> @0s) i = (Rlaks1,k41)s, @ 05) g + (Rl@k41,641)s, (@ — @)05)

<C(lalo, 00|ﬁ|k+37f<|17|1,f( +la— a|0,00|u|k+27f<|v|1,f()

<C(lalo,oolly 5 101 & + 1,00l 10 21011 &) = OB ) all1,00,ellullhts,ellv]lre,
and

(Rlalks1,h11)s, 005 = 05)) g < Clily g lalo o 105 = Dslo oo it
Sc[a]k+2,2,f(|d|0,oo,f(|ﬁs - E|o,2,f( = O(thrz)[U]k+272,e|a|0,oo,e|U|2,27e-

Thus,
(4.3) (Bla]k41,k41)s,005) g = OB ) [lall1 o0, [ulis3,2,e[[0]]2,e-

For the second term in (4.2), we have

(R[] — R[A]k-i-l k1)s, A0s)

k1
(Mg (t sz k1M () + Myt (s Zbk-i-l,g ads)
k1
— (M4 (t Z biv1,kr1li(s) + k(s Z br+1,jM;(t), avs) i
=0
k—1 k+1
(4.4) — (M1 (1) Z bivt+1li(s), abs) g Z bir1,3 M (1), abs) -

Since My1(t) vanishes at (k + 1) Gauss-Lobatto points, we have

(M (t sz+13l ), abs) i =

For the second term in (4.4),

k+1 k+1 k+1

S) E bk+1)ij(t), fL E bk+1 Wi E bk+1 i
J=0
k+1 k+1

(8) D b M(1), (@ — T11a)ds) g + (k(s) Y bira My (t), (Tha)ds) x
=0 =0

k+1 k+1

)Y b Mj(t), (@ — @)(8s — 05)) g + (i(s) Y bryr g Mi(1), a(0s — 05))
=0 =0

k+1 k+1

(5) > bryr i M), (@ — Tha)ds) g + ((s) D bryr i M;(#), (@ — @) (Bs — b))
=0 =0

» (s
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where the last step is due to the facts that (I1;a)d, and a(ds — 05) are polynomials
of degree at most k — 1 with respect to variable s, the (k + 1)-point Gauss-Lobatto
quadrature on s-integration is exact for polynomial of degree 2k — 1, and I(s) is
orthogonal to polynomials of lower degree. With Lemma 4.3, we have

(4.5)
k+1

(I(s) D bryr g My (8),a05) g < Clitly 5 g (al2,00l0]y g + 18]1,00[015, 1) = OB |all2,00 [ullkr 1,6 0]]2,e
7=0

Combined with (4.3), we have proved the estimate. a
LEMMA 4.6. Assume a(z,y) € W2°°(Q). Then

(alu —up), vn)n = OB 2)all2,collulli2llonll2, Vo € V.

Proof. As before, we ignore the subscript of vy, for simplicity and

(alu—up),0)n =D (alu —up), v)e -

On each cell e we have

(4.6)
<a(u — up)7 U>e,h = <R[U]k,ka a’l}>e)h = h? <R[’ﬁ]k7k, df)>f< = h2<R[a]k,k, av — d’ﬁ>k + h2<R[ﬁ]k,ka%>f('l

For the first term in (4.6), due to the embedding H?(K) < C9(K), Bramble-Hilbert
Lemma Theorem 3.1 and Lemma 4.3, we have

W (Rl i, ad — d) gz < Ch?|R[it]j. k|oo]a — aD|oo < Ch2[il],, g llad — @b, ¢
< WPl g (160 — adl| o gy + @], g + |ad], 4)
< CR?[alyy, g (1a0], g +1adl, z) = OB ) |lallz,c0elltllkrellv]2,e-

For the second term in (4.6), we have

W2 (R[] k41,k4+1,0) g = h*(R[0]pr1,641, a0) g — B2 (Rl s 1,041 — Rk, @0) -
By Lemma 4.3 and Lemma 4.4 we have
W2 (Rlalk11,k41,80) g < Oy, 18], ¢ = OB ) alloccelltllkra,ellv]oe,

and

W (R[] s 1,541 — Rla]k g, a0) z = 0.
Thus, we have (a(u — up), va)n = O(hF2)||all2 00wl k+2]vn | 2- O
LEMMA 4.7. Assume a(x,y) € W2°°(Q). Then

(a(u = up)z, vn)n = O(h* ) lall2,ccllullessllvnll2,  Von € V.

Proof. As before, we ignore the subscript in v;, and we have

(a(u = up)e, 0)n = D {a(u = up)e, v)e,n.

€
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On each cell e, we have
(a(u—up)z, vV)e,n = ((R[ulk,k)z: av)e,n = h(( [ Jhk)s
(4.7) =h((Rla]ks1,611)s,@0) g = (R[] k41,541 — Rl11) s, @0
For the first term in (4.7), we have
(Rl pr1,041)s, @0) g < ((R[pr1,641) s, @0) g + (Rl kt1,k41) s, @0 — a0)
Due to Lemma 4.4,
W{(Rla]k41,5+1)s:9) g < Chlallo,colulyys g I1vllo x = OB )alloccllullirs.elvlo.e,

and by the same arguments as in the proof of Lemma 4.6 we have

av)
Vi

h((Rla]is1p41)s, @0 — a0) g < Chl(R[@k+1,k41)sl00|a0 — @0]oo < Chlaly 5 glldd — @]y &
SChlaly g 5 (160 — a0l 2 gy + 1ad], g +1adly z) < Chlaly, g (180], g +atly z) = O(R*?)|allz,c0ullerz.elvll2.e ]

Thus

(4.8) h{(Rla]k+1,641)s,00) - = O(h*?)allz,c0[ullk43.ellv]]2.c.

For the second term in (4.7), we have
(R[] 41,541 — Rl@p)s, a0) g
k+1

=((My41 (¢ szk—i-lM )+ Mi1(s) Y birr, M ()5, a0)

k1
=(Mj11(2) Z bit1kr1li(s) + (s Z biy1,5M;(t), a0) &
=0
kflA k+1A
=(Mi1(t) Y bisagralils),a0) g + (e(s) Y by M;(t), ad) g
1=0
k1

$) Y by, M;(t), ad) &,
=0

where the last step is due to that Mj.1(t) vanishes at (k + 1) Gauss-Lobatto points.

Then
k+1
(Rla]g,x — R[U]r11,8+1)s,00) Zka j >
k+1A k+1
$) Y biy1 M;(t), a0 — I (ad)) ¢ Z brg1,; M (2), 101 (40))
k1 )
me M (1), a0 — 11y (ad)) 4,

where the last step is due to the facts that IT; (a0) is a linear function in s thus the
(k+1)-point Gauss-Lobatto quadrature on s-variable is exact, and Ix(s) is orthogonal
to linear functions.
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By Lemma 4.3 and Theorem 3.1, we have

. . k1 A
((Rla]gx — Rl@]g41,5+1)s, a0) Z bryr,; M;(1), av — T1; (a0)) z

<Clulyy gladly g < C|U|k+1,k(|a|2,m,k|v|o,k +laly oo 51011 & + lalo,c |95 &)
Thus
(4.9)  h{(R[@rr — Rlilpr1,e41)s,@0) g = OhFT2)]|all2,00 | ull s1,e[[0]]2,e-

By (4.8) and (4.9) and sum up over all the cells, we get the desired estimate.
LEMMA 4.8. Assume a(x,y) € W4>(Q). Then

3
(vn)y)n = O™ %) |lallk+2,00 lullkrallonllzs  Von € VP,
O™ *?)lall k2,00 [ullissllvnllz,  Von € Vg

(4.10a)<a(u ),
(4.10b)
Proof. We ignore the subscript in v, and we have
(a(u = up)a, vy)n = Z<a(“ — Up)z, Vy)e,h

and on each cell e

(@(w = tp)asvy)en = ((Rlulkk)es avy)en = ((Rli]k,k)s, ad) 4
(4.11) =((R[a]k+1,541)5, a08) g + (R[kx — Ry 1,611)s5 @0) -
By the same arguments as in the proof of Lemma 4.5, we have

(4.12) (R@ 41 p41)s0 @00) g = OBMF2) ally oolulissz.e | 0ll2,es

and
k+1

(Rlt]k e — Rlaks1,h41) s, @01) 5 = —(li(s) Zl;kﬂ,ij(t), avt) -

For simplicity, we define
k+1

bri1(t) Z brt1,; M

then by the third and fourth estimates in Lemma 4.3, we have

k+1
br+1(2)] < OZ |br+1,5] < O|ﬁ|k+1,f<’
=0
k+1
|bk+1( )<C Z |brs1,j] < Clitlyyp 0 1<

J m

We use the same technique in the proof of Theorem 3.7,

(R[], — Rt]gt1,111)s» G02) p = (5)br1 (1), aty)

// Ui ()bt (H)at,d sd"t = — // (b)) r0pd" sd™t
// lkbk+1a ]Utd Sdht—F// lkbk+1avtdsdt //A lkbk+1&’0td8dt.
K
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/ / (Lebiy1d) ropd sd™t + / / Libjy1adedsdt
:// libisra — (lbpsrd) @tdsdt—l—//A (lki)kﬂamtdsdt—// (Ixbgy10) ryd" sdt
K K K

- / / [zkékﬂa—(lkl}kﬂa)]} Dydsdt + / Oy (Ikbys1a) rod" sdt — /  Oy(Ixbys1a) rodsdt
K K K

1 t=1 1
+ ( / (Inby10) 10ds - / (kb 10)0d" s
-1 t=—1

-1

t=1

>_I—|—II—|—III.

t=—1
After integration by parts with respect to the variable s, we have
/ / Io(s)bs(t)avydsdt = — / - M;3(8)b3(t)(asty + avs)dsd,
K K
which is exactly the same integral estimated in the proof of Lemma 3.7 in [13]. By

the same proof of Lemma 3.7 in [13], after summing over all elements, we have the
estimate for the term [ [ Ix(s)b11 (t)at,dsdt:

. O(hk+2 o Yo e Vh
> //Alk@)bm(tmmdsdt_{< Dllallzccllullrallvlz, Yo e V",
o K

O™ *2)lall k2,00 ullkssllv]lz, Vo € V.

Then we can do similar estimation as in Theorem 3.7 for I, 11,111 separately.
For term I, by Theorem 3.1 and the estimate (3.2), we have

// [zki)kﬂa - (zkékﬂa)f} bodsdt

K

:// [lki)kﬂd — (lkl;k-q-lfl)[} Oedsdt + // [lki)k_,_ld — (lkl;k+1d)1} (0 — g )dsdt
K K

<C [zkbkﬂa} et +C [zkbkﬂa} LY

k+2 k+2
~ ~ k+2—m ~
(Z il 005, [ (¢ >|> 6], 4 +C (Z il i, >|> o],

m=2 m=0 L1
k+1 k+1
k+1—m ~
+C<Z| il 0 |bk+1<>|> |v|2K+C<Z|a|WK max [H, ><>|> ol &
m=1 m=0
:O(hk+2)”a”k+2,ooH'UJHkJrQ,e”UHZe- |

For term I, as in the proof of Theorem 3.7, we define the linear form as

Ey(f) Z//K(Fl)tﬁdé’df—/K(Fl)tﬁdhé’dt,

for each v € Qk( ) and F is an antiderivative of f w.r.t. variable t. We can easily see
that Ej is well defined and Ej is a continuous linear form on H k(K ). With projection
IT; defined in (2.2), we have

Es(f) = Ey_q, ,(f) + Eq, . (f), V0 eQNK).
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Since Q*~1(K) C ker E,_y; ; thus

E,_q,:(f) < Clflugllo =l < Clf], 10y 5

Eﬁlﬁ(f)://I%(F,)tﬂlﬁdsdt—//I%(Ff)tﬂlﬁdhsdtz0.

Thus we have

and

/ Oy (Ibryra) rod" sdt — / Oy (lkbryra) rodsdt = —Ey ((lbry1a):)
K K

= — Eo o ((Ikbr10)e) < Cl(lkbrira)ily glonly g = O ) allki1,00.ellullhsz,elv]a.e ]

Now we only need to discuss term I1]. Let Ly and L3 denote the top and bottom
boundaries of Q and let £, I§ denote the top and bottom edges of element e (and I
and [£ for K ). Notice that after mapping back to the cell e we have

k+1
biy1(Ye +h) = bryi (1 Z bry1,;Mj(1) = bprr,0 + b1

1 1 R 1 Te+h T — T,
=(k+ 5)/ Ostu(s, )l (s)ds = (k + 5)/ Ozu(x, ye + h)li( " )dx,
—1 Te—h

)dx.

Thus the term I(#57< )by y1(y) My y1av is continuous across the top and bottom edges
of cells. Therefore if summing over all elements e, the line integral on the inner
edges are cancelled out. So after summing over all elements, the line integral reduces
to two line integrals along Li and Ls. We only need to discuss one of them. For
a cell e adjacent to Ly, consider its reference cell K and define linear form E( f) =

f_ll f(s,1)ds — f_ll f(s,1)d"s, then we have

and similarly we get by 1 (ye—h) = bpy1(—1) = (k+3) f””e_*,fa u(w, ye—h)lp (555

x

E(f0) < Clflg o [0lg o iz < Cllf Il 1[0l 155

thus the mapping f — E(f?) is continuous with operator norm less than Cllo]ly ,x
LSt
for some C. Since E((ats)r1110) = 0 we have

1 1
/ (Inby18) rods — / (Inbpy1a) rod" s

enL 707 1 -1
= > BE(Wbind)d)= Y B((kben1d)r(6 —110) < Y Olllibes1)ily e (0], 15
eNLy#0 eNLq#0 eNLy#0
< > O(|lk6k+1d_(lkl;k+1d)l|kﬁl{<+|lk6k+1d|kﬁl{?)[@]zyl{?
eNL1#0
< Y (kbrrraly g e + [kbrgraly x)[0]y 5 < > Cllally, oo, & 10x+1 (WI[0], 1 -
eNL1#0 eNnL1#0
Since Ix(t) = 377 d—k,c(t2 — 1)*, after integration by parts k times,

Vdt
1 1
b1 (1) = (k + %) /_1 dsu(s, Dlg(s)dx = (=1)%(k + %) /_1 O lu(s, 1)L(s)ds,
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where L(s) is a polynomial of degree 2k by taking antiderivatives of lj(s) k times.
Then by Cauchy-Schwarz inequality we have

1
1 2
bes1(1) <C (/ 5 as, 1)|2d8) < CRF* 3 ulky1 5.
1

By (3.13), we get |ﬁ|2,l{( = h%|ﬁ|27l«f < Ch|v|z,e. Thus we have

1
| (bisadsids - / (bir@)rod's < 3" Clll g e (DIl 16
eNL1#0 -1 eNL1#0

=0(h**=) Y |l [vl2.e = O(RFF2)]
eNL1#0

o =O(h"3)]

where the trace inequality |[ullx+1,00 < C||lullk+2,0 is used.
Combine all the estimates above, we get (4.10a). Since the % order loss is only
due to the line integral along L; and L3, on which v,, = 0 if v € V!, we get (4.10b).0

By all the discussions in this subsection, we have proven (4.1a) and (4.1b).

5. Homogeneous Dirichlet Boundary Conditions.

5.1. V'-ellipticity. In order to discuss the scheme (1.2), we need to show A
satisfies V"-ellipticity
(5.1) Vo, € Vi, Cllonl|? < An(vn,vn).
We first consider the Vj,-ellipticity for the case b = 0.

LEMMA 5.1. Assume the coefficients in (2.3) satisfy that b = 0, both c¢(x,y) and
the eigenvalues of a(x,y) have a uniform upper bound and a uniform positive lower
bound, then there exist two constants Cy,Cs > 0 independent of mesh size h such that

Vor € Vy',  Cillonll} < Ao, va) < Collunll3-

Proof. Let Z r denote the set of (k + 1) x (k + 1) Gauss-Lobatto points on the

reference cell K. First we notice that the set ek Qk(K )-unisolvent subset. Since
the Gauss-Lobatto quadrature weights are strictly positive, we have

Mw

Vp € Q )s (0:p, O =0 = 0;p = 0 at quadrature points,

i=1
where ¢ = 1,2 represents the spatial derivative on variable z; respectively. Since
dip € QF(K) and it vamshes on a Q¥ (K)-unisolvent subset, we have 8;p = 0. Asacon-
sequence, \/> ., (9;p, 0ip)r, defines a norm over the quotient space Q*(K)/Q°(K).
Since that | - |1, # is also a norm over the same quotient space, by the equivalence of
norms over a finite dimensional space, we have

n

vp € Q¥(K), cl|p|1K_Z b, 0ip) ¢ < Calpl?

On the reference cell K , by the assumption on the coefficients, we have

n n

C1|17h|if< < Z(aﬁh,aﬂwg < Z ((@i;050n, 0;0n) g + (E0n, 0p) ) < O2H'Uh||

i i,j=1
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Mapping these back to the original cell e and summing over all elements, by

the equivalence of two norms |- |; and || - ||; for the space H(Q2) D V! [5], we get
Ctllvall < An(vn,vn) < Collunl?. 0
For discussing Vj,-ellipticity when b is nonzero, by Young’s inequality we have

b - Vup)? b|?
[(b- Vv, vp)n| < Z//% —|—c|vh|2dh3:dhy < <quh,Vvh>h + {cvp, Vr)h-

4c I
Thus we have
[bf
4c

where A\, is smallest eigenvalue of a. Then we have the following Lemma

<aVvh, Vvh>h + <b . V’Uh,’Uh>h + <C’Uh, vh>h > <)\aVvh, V’Uh>h — < V’Uh, Vvh>h,

LEMMA 5.2. Assume 4\ac > |b|?, then there exists a constant C > 0 independent
of mesh size h such that
Yoy, € Voh, Ah(vh,vh) > Oth”%

5.2. Standard estimates for the dual problem. In order to apply the Aubin-
Nitsche duality argument for establishing superconvergence of function values, we need
certain estimates on a proper dual problem. Define 0, := uj, — u,. Then we consider
the dual problem: find w € Hg(Q) satisfying

(5.2) A*(w,v) = (O,v), Yo € HYHRQ),
where A*(-,-) is the adjoint bilinear form of A(:,-) such that
A" (u,v) = A(v,u) = (aVv, Vu) + (b - Vo, u) + (cv, u).
Let wy, € V{* be the solution to
(5.3) Al (wh,vn) = (O, vn), Yo € V.

Notice that the right hand side of (5.3) is different from the right hand side of the
scheme (1.2).
We need the following standard estimates on wy, for the dual problem.

THEOREM 5.3. Assume all coefficients in (2.3) are in W2°°(Q), elliptic regularity
and V" ellipticity holds, we have

[w = whlly < Chljwl|z,

[[wnll2 < C[6nllo-

Proof. By V" ellipticity, we have Ci|jwy, — v |3 < Aj(wn, — vp, wn — vp). By the
definition of the dual problem, we have

A;;(wh,wh — ’Uh) = (Hh,wh — Uh) = A*(w,wh — Uh), V’Uh S Voh.
Thus for any vj, € Vi, by Theorem 3.6, we have

Cillwn — vnl[¥ < Ajy(w, — va, wp, — vp)
=A"(w — vp,wp, — vp) + [Af,(wp, wp, — o) — A" (W, wp, — vp)] + [A" (Vh, W — v) — A} (Vn, WL — Vp)]
=A"(w — vp, wn — vn) + [A(wn — vn, vn) — Ap(wn = vn, va)]
<Cllw = vnl[rllwn = vallL + Chllvnll2]lwn — vall1.
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Thus
(5.4) [w—wnl1 < lw—=wnlli + [wp —vally < Cllw — valls + Chllon |2

Now consider II;w € VJ* where II; is the piecewise Q! projection and its definition
on each cell is defined through (2.2) on the reference cell. By the Bramble Hilbert
Lemma Theorem 3.1 on the projection error, we have

(5.5) [w —Thwly < Chllwllz,  [lw—Thw|z < Cllwlls,

thus [|ITywl|l2 < ||w|l2 + |Jw — Liw|l2 < C|lw||2. By setting v, = Ijw, from (5.4) we
have

(5.6) [w —wnlly < Cllw — hwl|ly + Ch|ywllz < Chljwl],.

By the inverse estimate on the piecewise polynomial w;, — II;w, we get

(5.7) Jlwnllz < llwn = M|z + [[Thw = w]lz + [lw]2 < Ch™HJws — Mw|i + Cllwll2.
By (5.5) and (5.6), we also have

(5.8) lwn = Thwly < flw = Thwl)y + [w — w1 < Chlw].

With (5.7), (5.8) and the elliptic regularity ||w||2 < C||01]l0, we get
lwnllz < Cllwllz < Cll0n]lo-

5.3. Superconvergence of function values.

THEOREM 5.4. Assume a;j, bi,c € WF22(Q) and u(z,y) € H*3(Q), f(z,y) €
H*2(Q). Assume V" ellipticity holds. Then uy, is a (k + 2)-th order accurate ap-
prozimation to u in the discrete 2-norm over all the (k+ 1) x (k + 1) Gauss-Lobatto
points:

lun, = ull2,z, = OB ) (Jullk+s.0 + |1 fllir2.0)-
Proof. By Theorem 3.7 and Theorem 3.3, for any v;, € V!,
Ap(u — up,vp) = [A(u,vp) — Ap(up, vp)] + [An(u, vr) — A(u, vp)]
= A(u,vn) = Ap(un, vn) + O(W**2)||a] k12,00l [ul k-+5]|vn]l2
= [(fion) = (f,on)n] + OBF ) [ullerslonllz = ORF2)(|lulliss + 1| Flln+2) vnll2.

Let 0, = up — up, then 0, € V&* due to the properties of the M-type projection. So
by (4.1a) and Theorem 5.3, we get

100112 = (0n,01) = An(On,wn) = Ap(un — u, wp) + Ap(u — up, wy)
=An(u = up,wn) + OB ) ([[ullers + [ fller2) w2
=O(W**2)([[ullers + | fll+2)llwnlle = OB ) ([ullrs + | Fllk+2)[16x o,

thus

lur, = upllo = 10llo = OBF2) ([ullkts + | Flli+2).

Finally, by the equivalence of the discrete 2-norm on Z and the L?(2) norm in
finite-dimensional space V" and Theorem 4.2, we obtain

lun = ull2,zy < lJun = upll2,z, + [[up = ull2,20 < Cllun — upllo + [lup — ull2,z,
= O(h"*?)(lulless + I fles2). O
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REMARK 5.5. To extend the discussions to Neumann type boundary conditions,
due to (4.1b) and Lemma 3.7, one can only prove (k + 2)-th order accuracy:

2,20 = O(WT2)([ull s + || fllns2)-

On the other hand, for solving a general elliptic equation, only O(thr%) superconver-

l[un — ul

gence at all Lobatto point can be proven for Neumann boundary conditions even for
the full finite element scheme (1.1), see [/].

REMARK 5.6. All key discussions can be extended to three-dimensional cases.

6. Nonhomogeneous Dirichlet Boundary Conditions. We consider a two-
dimensional elliptic problem on © = (0, 1)? with nonhomogeneous Dirichlet boundary
condition,

—V(@Vu)+b-Vu+cu = fon{

(6.1) u = g on 0N).

Assume there is a function g € H'(Q) as a smooth extension of g so that glsq = g.
The variational form is to find @ = u — g € H}(Q) satisfying

(6.2) Ala,v) = (f,v) — A(g,v), Yo Hi(Q).

In practice, g is not used explicitly. By abusing notations, the most convenient
implementation is to consider

=30 if (z,y) € (0,1) x (0,1),
o(y) {g(x,y), if (z,y) € 09,

and gr € V" which is defined as the Q* Lagrange interpolation at (k + 1) x (k + 1)
Gauss-Lobatto points for each cell on Q of g(x,y). Namely, g; € V" is the piecewise
P*¥ interpolation of g along the boundary grid points and g; = 0 at the interior grid
points. The numerical scheme is to find @, € V!, s.t.

(6.3) Ah(ﬁh,vh) = <f, Uh>h — Ah(g], ’Uh), Vvh S Voh.

Then up = ap, + gr will be our numerical solution for (6.1). Notice that (6.3) is
not a straightforward approximation to (6.2) since g is never used. Assuming elliptic
regularity and V" ellipticity hold, we will show that uj, — u is of (k + 2)-th order in
the discrete 2-norm over all (k + 1) x (k + 1) Gauss-Lobatto points.

6.1. An auxiliary scheme. In order to discuss the superconvergence of (6.3),
we need to prove the superconvergence of an auxiliary scheme. Notice that we discuss
the auxiliary scheme only for proving the accuracy of (6.3). In practice one should not
implement the auxiliary scheme since (6.3) is a much more convenient implementation
with the same accuracy.

Let g, € V" be the piecewise M-type QF projection of the smooth extension
function g, and define g, € V" as g, = g, on 9Q and g, = 0 at all the inner grids.
The auxiliary scheme is to find @} € Vi satisfying

(6.4) An(@y,vn) = (f.vndn — An(gp,vn), Vo € VY,

Then uj = 4} + gp is the numerical solution of scheme (6.4) for problem (6.2).
Define 6, = u} — u,, then by Theorem 4.1 we have ), € VJ'. Following Section 5.2,
define the following dual problem: find w € Hg () satisfying

(6.5) A*(w,v) = (O,v), Yo € HYHRQ).
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Let wy, € Voh be the solution to
(6.6) A;‘l(wh,vh) = (Hh, ’Uh), Yoy € Voh.

Notice that the dual problem has homogeneous Dirichlet boundary conditions. By
Theorem 3.7, Theorem 3.3, for any vy, € Vi,

Ap(u —up,vn) = [A(u,vn) — Ap(uj,, vn)] + [An(u, vn) — Ay, vp)]
= A(u,vn) = An(uj,, vn) + O(W**2) @]l k42,00 [[ull k5] vn |2
= [(fion) = (fron)n] + O ) lullissllvnllz = OB ) (ullirs + [ flln+2) [onll2-

By (4.1a) and Theorem 5.3, we get
164115 = (6n,01) = An(On, wn) = An(uj, — u,wp) + An(u — up, wy)
=An(u = up,wn) + OR"2)(Jullkrs + | fllrs2) lwnll2
=O(h* ) (Jlulless + [ flles2)lwnll2 = OB 2) (Jullkrs + [1f |lk+2) 10k o,

thus ||u} —upllo = |0nllo = O(R**2)(||ullk+3 + || fl|lk+2)- So Theorem 5.4 still holds for
the auxiliary scheme (6.4):

(6.7) lur, = ull2.zy = O ) (Jullkss + [1fllk42)-
6.2. The main result. In order to extend Theorem 5.4 to (6.3), we only need
to prove

lu, = uhllo = O(h**?).

The difference between (6.4) and (6.3) is
(6.8) Ap (@}, = @n,vn) = An(gr — gprvn), Vo € Vg

We need the following Lemma.

LEMMA 6.1. Assuming u € H**(Q), then we have
(6.9) An(gr = gprvn) = OB ) ullkyacllvnllze,  Von € Vg

Proof. For simplicity, we ignore the subscript 5, of vy in this proof and all the
following v are in V",

Notice that gr — g, = 0 in interior cells. Thus we only consider cells adjacent
to 0. Let Ly, Lo, Ly and L4 denote the top, left, bottom and right boundary edges
of Q = [0,1] x [0, 1] respectively. Without loss of generality, we consider cell e =
[€e — h, e + h] X [ye — h, ye + h] adjacent to the left boundary Lo, i.e., x. —h = 0. Let
1$,15,15 and I§ denote the top, left, bottom and right boundary edges of e respectively.

On ly C Lo, Let ¢y;(x,y),4,5 = 0,1,...,k, be Lagrange basis functions on
edge 1§ for the (k + 1) x (k 4+ 1) Gauss-Lobatto points in cell e. Then g; — g, =
Zﬁj:o Xijbii(zyy) and |Aij] < |lgr — gplloo,z,- Due to Sobolev’s embedding, we have
u € WF+2:°0(Q)). By Theorem 4.2, we have

lgr = gplloe.z0 < llu = tplloe,zy = OB *2) ullk12,00.0 = OBF?)ullisa.0-

Thus we get Vv € Vi,

k k
(a(gr = gp)asvade = (@ D Xijdij(2,9)a, v2)e < Cllalloc0 max [As;] D 60 (T, Y)s vadel.

i,5=0 1,5=0
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Since for polynomials on K all the norm are equivalent, we have

k k
(D Gi(@y)asvadel = (D Bis(5,0)5,05) gl < Clisl o i < Cloly g = Clohre,

4,5=0 4,7=0

which implies

(@91 = gp)er ) < Cllallcn Y- max Nyl = Ol [ullsa ol
Y

Similarly, for any v € V!, we have

(algr = gp)ys vyhn =00 2)llalloolulli-r4lv]]2,
(algr = gp)o, vyhn =00 2)llall ool 44l ]2,
(b V(g1 = gp)v)n =O(h**?)|[bllclulli+4]lvll2,
(clgr = gp), v)n =0 2)clloo k4]l v]l2-

Thus we conclude that

An(gr = gp,vn) = O(h*?)[ullkrallvnllz,  Yon € V5
By (6.8) and Lemma 6.1, we have
(6.10) An(@;, = an, vn) = OV F2)|ullksallonllz,  Von € V5"

Let 0, = uj, —tp € V. Following Section 5.2, define the following dual problem: find
w € HY(Q) satisfying

(6.11) A*(w,v) = (0y,v), Vv e Hy(Q).

Let wy, € V' be the solution to

(6.12) Af(wp,vp) = (On,vp), Yup € Voh.

By (6.10) and Theorem 5.3, we get

10815 = (81, 0n) = A3 (wn, 0n) = An(@h—an, wp) = O0*?) ullkralwnllz = OR2)||ullksa]l6n]lo l

thus ||@; —anllo = [|0allo = O(R*+2)|Ju|k+4. By equivalence of norms for polynomials,
we have

(6.13) 155, = nll2.z, < Cllay, — anllo = O™ |[ullira.0.

Notice that both 4, and @ are constant zero along 052, and uplog = gr is the
Lagrangian interpolation of g along 9. With (6.7), we have proven the following
main result.

THEOREM 6.2. For a nonhomogeneous Dirichlet boundary problem (6.1), with
suitable smoothness assumptions a;j,b;,c € W*+2°(Q), w(x,y) € H*4(Q) and
f(z,y) € H*2(Q), the numerical solution uy by scheme (6.3) is a (k + 2)-th or-
der accurate approximation to u in the discrete 2-norm over all the (k+1) x (k+1)
Gauss-Lobatto points:

lun = ull2,zy = O ) (lullisa + 11f 1k42)-
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7. Finite difference implementation. In this section we present the finite
difference implementation of the scheme (6.3) for the case k = 2 on a uniform mesh.
The finite difference implementation of the nonhomogeneous Dirichlet boundary value
problem is based on a homogeneous Neumann boundary value problem, which will
be discussed first. We demonstrate how it is derived for the one-dimensional case
then give the two-dimensional implementation. It provides efficient assembling of the
stiffness matrix and one can easily implement it in MATLAB. Implementations for
higher order elements or quasi-uniform meshes can be similarly derived, even though
it will no longer be a conventional finite difference scheme on a uniform grid.

7.1. One-dimensional case. Consider a homogeneous Neumann boundary valuelj
problem —(au’)’ = f on [0,1],4/(0) = 0,4/(1) = 0, and its variational form is to seek
u € H([0,1]) satisfying

(7.1) (au',v") = (f,v), Vv e H'([0,1]).
Consider a uniform mesh z; = ¢h, i = 0,1,....,n+ 1, h = %_H Assume n is odd
and let N = "T'H Define intervals I = [xak, Tok42] for Kk =0,...,N — 1 as a finite

element mesh for P? basis. Define
Vh={veC0,1]) : v|r, € P*(I}),k=0,...,N —1}.
Let {v; ;fol C V" be a basis of V" such that v;(x;) = &5, 4,7 = 0,1,...,n+ 1. With

3-point Gauss-Lobatto quadrature, the C°-P? finite element method for (7.1) is to
seek uy, € V' satisfying

(7.2) (aup,, Vi) = (fyvi)n, 1=0,1,...,n+1.

n+1
Let u; = up(z;), a; = a(z;) and f; = f(z;) then up(z) = > ujv;(z). We have
=0

n+1 n+1
Zuﬂav},vg)h = (auy,, vj)n = (f,vi)n = Zj}(vj,vi)h, i=0,1,...,n+1
=0 =0

The matrix form of this scheme is St = Mf, where

u= I:UO;ul)' . 5un7un+1}T7 f: I:fO;flv-- -;fnvfn+1:|T

)

the stiffness matrix S is has size (n + 2) x (n + 2) with (i, j)-th entry as (avi, V%) n,

and the lumped mass matrix M is a (n + 2) x (n + 2) diagonal matrix with diagonal
entries h (1, 4,2 42 2 41y )

Next we derive an explicit representation of the matrix S. Since basis functions
v; € VP and up () are not C! at the knots zox, (k= 1,2,..., N — 1), their derivatives
at the knots are double valued. We will use superscripts 4+ and — to denote derivatives
obtained from the right and from the left respectively, e.g., vy} and v5, ,, denote the
derivatives of vo and vey42 respectively in the interval Iy, = [zak, X2g+2]. Then in the

interval Iy, = [za, Z2k+2] we have the following representation of derivatives

vor (2) 1 [3 4 1] [ va(@)
(7.3) Vg (7) | = o7 -1 0 1| |vopgi(®)
Vo2 (2) 1 -4 3] |vakte2(2)
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By abusing notations, we use (v;)5, to denote the average of two derivatives of v;
at the knots xog:

1 _
(vi)or = 5[(“2‘)21@ + (0)a)-
Let [v;] denote the difference between the right derivative and left derivative:
[Wio = [Wiln42 =0, [v]]ok = ()5, — (W), k=1,2,...,N—1.

Then at the knots, we have

(7.4) ()30 (0)3 + (0D 30 = 20 on (0] )on + =

5 [vilak [vj]2k-

We also have

(7.5)

1 4 1 _ _
(v}, v])p,, = h {gazk(v});(vé)g} + g2k (V))on1 (V)21 + §G2k+2(0§)zk+z(vi)zk+z] I

Let v; denote a column vector of size n + 2 consisting of grid point values of v;(z).
Plugging (7.4) into (7.5), with (7.3), we get
N—

,_.

1
_ T T
(av], vi)n g (av}, vi) 1y, = Vi vl (DTWAD + ETW AE)v;,
k=0
where A is a diagonal matrix with diagonal entries ag, as, ..., an, ap+1, and
_ 14242 2 41
W_dza/g(gv37373735"'535353)(n+2)x(n+2)7
-3 4 -1
10 1 998
120 2 -3 —-12-32-1
10 1 000
1 L 20 2 -1 1 -32-3 2 -3}
D == 10 1 E=- 0 0 0
-10 1 0 0 o
3 =2 0 2 —3 -1 2 —32-1
-10 1 000
1 -4 3/ (n42)x(n+2) 000

Since {v;}1, are the Lagrangian basis for V", we have

o1
(7.6) S = E(DTWAD + ETWAE).

Now consider the one-dimensional Dirichlet boundary value problem:
—(au") =f on [0, 1],
u(0) =01, u(l) = o2.
Consider the same mesh as above and define
Vi = {v e C0,1]) : v|z, € P*(I),k=0,...,N —1;v(0) = v(1) = 0}.

Then {v;}}., C V" is a basis of V' for {v;}/) defined above. The one-dimensional

version of (6 3) is to seek uy, € V! satisfying
(7 7) <CL’UJ;”’UZ/->}1: <f7'Ui>h_ <agllavz/’>ha 1= 1527'-'77715
' g1(x) = oovo () + o1Vn41 ().

Notice that we can obtain (7.7) by simply setting up,(0) = o¢ and up (1) = o1 in (7.2).
So the finite difference implementation of (7.7) is given as follows:

(n+2)x (n+2) l
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1. Assemble the (n +2) x (n + 2) stiffness matrix S for homogeneous Neumann
problem as in (7.6). B B

2. Let S denote the n x n submatrix S(2 : n+ 1,2 : n + 1), ie., [Sy] for
i, j =2, ,n+1. i

3. Let 1 denote the n x 1 submatrix S(2 : n + 1,1) and r denote the n x 1
submatrix S(2 : n + 1,n + 2), which correspond to vo(z) and v,41(x).

4. Let u = [ul ug - un}T and f = [fl fa - fn}T
[%, %, %, %, e %, %} as a column vector of size n. The scheme (7.7) can be
implemented as

Define w =

Su = hw'f — oyl — oyr.

7.2. Notations and tools for the two-dimensional case. We will need two
operators:
e Kronecker product of two matrices: if A is m xn and B is p X g, then A® B
is mp X nq give by

allB alnB

am1B - amnB

e For a m x n matrix X, vec(X) denotes the vectorization of the matrix X by
rearranging X into a vector column by column.

The following properties will be used:

1. (A® B)(C®D)=AC® BD.

2. (A®B) ' =A@ B L

3. (BT ® A)vec(X) = vec(AXB).

4. (Ao B)T = AT @ BT.

Consider a uniform grid (z;,y;) for a rectangular domain Q = [0, 1] x [0, 1] where
i =ihg,i=0,1,... ., np+1, hy = ﬁ and y; = jhy, 5 =0,1,...,n,+1, hy = =L
Ny +1
2

ny+1°

Assume n, and n, are odd and let N, = ”ITH and N, = . We consider rect-
angular cells ey = [®ak, Tokt2] X [Yor, You+2] for k=0,...,Ny,—land [ =0,...,N,—1
as a finite element mesh for Q? basis. Define

Vi ={veC®Q): v, €Q*ewn)k=0,....,N, —1,1=0,...,N, — 1},
Vit ={v e C%Q) : v|e, € Q*ent), k=0,...,N; —1,1=0,...,N, — 1;v]p0 = 0}.

112
For the coefficients a(z,y) = (Zm 322 , b = [ %] and c in the elliptic
operator (2.3), consider their grid point values in the following form:
oo ao1 e a0,n,+1
aio a1l s A1,mn,+1
Akl = . . . 3 A5 :akl(xjayi)7 k7l 1727
any-i-l,o any—i-l,l e any-l-l,,nw-‘rl (ny+2)><(nw+2)
boo bo1 o bo,n,+1
bio bi1 o b1n,+1
B™ = . . . B bl]:bm(xjayl)v m:1727

bny—i-l,O bny-i-l,l bny+1,nm+1 (ny+2) % (nx+2)
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€00 Co1 cee Co,ne+1
C10 C11 ce Clng+1
C = y  Cij = c(xjayi)'
Cny+1,0  Cny+11 -oo Cnytlinatl/ (5 49)x(n,+2)

Let diag(x) denote a diagonal matrix with the vector x as diagonal entries and
define

T gioo(l 4242 241
Wx_dlag(3737373737 "737373)(nl/_+2)><(n1;+2)7
Vo digg(l 4242 241
W, =diag (3.3.3: 3. 3 ’3’3’3)(ny+2)><(ny+2)7
diao(t 242 24 digo (i 242 24
Wm_dwg(3=3=3=3="'=3=B)nzmz’Wy_dla9(37373=37"'7373)nymy'

Let s = z or y, we define the D and F matrices with dimension (ns + 2) x (ns + 2)
for each variable:

00 0
7—2013—15 -12-32-3%
i 20 2 -1 70137032—l
1 2 ~1 0 12 1 : 0 0 02
DSZE ) ES:§
10 1 0o o0 o
3 —2 0 2 —3 -1 2 —32-1
-10 1 000
1 -4 3 000

Define an inflation operator Infl : R™v*"s — R(*v+2)x(n2+2) by adding zeros:

0 --- 0
InflU)y=|: p

0 (ny+2)x(na+2)

and its matrix representation is given as I, ® I, where

B 0 ~ 0
Ix - Inmxnz 7Iy - Inyxny
0 (ne+2)Xng 0 (ny+2)Xny

Its adjoint is a restriction operator Res : R("w+2)x(ne42) __y R xna g4
Res(X)=X(2:n,4+1,2:n, +1) ,¥X € RMwHDx(a+2),

and its matrix representation is I:[ ® IZ}F .

7.3. Two-dimensional case. For Q = [0,1]? we first consider an elliptic equa-
tion with homogeneous Neumann boundary condition:

(7.8) -V - (aVu) + bVu+cu=f on Q,
(7.9) aVu -n =0 on 0fL.

The variational form is to find u € H'(Q2) satisfying

(7.10) A(u,v) = (f,v), Yve HY(Q).
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The C°-Q? finite element method with 3 x 3 Gauss-Lobatto quadrature is to find
up, € VI satisfying

(7.11) (aVup, Vvh>h + <quh,Uh>h + <cuh,vh>h = <f, ’Uh>ha Yy, € Vh,

Let U be a (ny + 2) x (n, + 2) matrix such that its (j,i)-th entry is U(j,4) =
un(Tic1,yj-1), i =1,...,n, +2,5=1,...,n, +2. Let F be a (n, +2) x (ng +2)
matrix such that its (j,4)-th entry is F(j,i) = f(2i—1,9j—1). Then the matrix form
of (7.11) is

(7.12) Svec(U) = Mvec(F), M = hyh,W, @ W,, S

I
NS
e
_|_
NE
n
<3
+
S

where

h - - h _ _
S;l = h—y(Df ® Iy)diag(vec(WyAHWz))(Dz ®1L,)+ h—y(Eg ® Iy)diag(vec(WyAqu))(Em ® 1),

S2 — (DT Iy)diag(vec(WyAmWw))(Iw ® Dy) + (ET ® Iy)diag(vec(WyAmV_Vm))(Iw ® E,),
S = (I, ® Df)diag(vec(WyAﬂWm))(Dz @1y) + (I ® EyT)diag(vec(WyAﬂWz))(Em ® 1),
he , B hy , o
522 — h_y(]m ® D;)dzag(vec(WyA22Wz))(Im ® Dy) + h—y(Iw ® Eg)dmg(vec(wyA%Wm))(Iw ® E,),
St = hydiag(vec(WyBlww))(Dw ® 1), SE = hwdiag(vec(WyBQV_Vm))(Im ® D,),
S, = hyhydiag(vec(W,CW,,).

Now consider the scheme (6.3) for nonhomogeneous Dirichlet boundary condi-
tions. Its numerical solution can be represented as a matrix U of size ny x nz with
(4,9)-entry U(j, i) = up(zs,y;) for i =1,--- ,na;j = 1,--- ,ny. Similar to the one-
dimensional case, its stiffness matrix can be obtained as the submatrix of S in (7.12).
Let G be a (n, +2) by (n, + 2) matrix with (j,7)-th entry as G(j,7) = g(zi—1,yj-1),
where

o it (z,y) € (0,1) x (0,1),
9 ’y)_{g(x,y), if (z,y) € 09.

In particular, G(j + 1,i+1) =0for j=1,...,ny,i=1,...,n;. Let F be a matrix
of size ny x nx with (j,7)-entry as F(j,1) = f(x;,y;) fori=1,--- ,nz;j=1,--- ,ny.
Then the scheme (6.3) becomes

(7.13) (IF'e fg)g’(fm ® I)vec(U) = (W, @ Wy )vec(F) — (IF' @ fg)gvec(@).

Even though the stiffness matrix is given as S = (I7 ® fg)g(fw ® I,), S should be
implemented as a linear operator in iterative linear system solvers. For example, the
matrix vector multiplication (I7 ® I1)S3! (I, ® I, )vec(U) is equivalent to the following
linear operator from R™*"* to R™Y*"®:

ho - _ B - _ _ . -
2ay {1, (W, A" Wa o [1,(1,UIE) DY) D, + 1, (W, A" Wa] o [1,(1,UIN) BT ) E. | fz,l

where o is the Hadamard product (i.e., entrywise multiplication).
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7.4. The Laplacian case. For one-dimensional constant coefficient case with
homogeneous Dirichlet boundary condition, the scheme can be written as a classical
finite difference scheme Hu = f with

2 -1
2} -2
12 -1
TEEEEEE
H=M"1'S=— 12 -1
B2
-2 7 -2
“1 02
In other words, if x; is a cell center, the scheme is
—Ui—1 +2U; — U1 f
- (3

B2

and if x; is a knot away from the boundary, the scheme is
Uj—o — 8ui—1 + 14u; — 8uiqp1 + Uit2

4h? =fi

It is straightforward to verify that the local truncation error is only second order.
For the two-dimensional Laplacian case homogeneous Dirichlet boundary condi-
tion, the scheme can be rewritten as

(Hy ® 1) + (I @ Hy)vec(U) = vec(F),

where H, and H, are the same H matrix above with size n, x ng and ny, x ny
respectively. The inverse of (H, ® I,) + (I, ® H,) can be efficiently constructed via
the eigen-decomposition of small matrices H, and Hy:

1. Compute eigen-decomposition of H, = T,A, T, ' and H, = T,A, T, ".

2. The properties of Kronecker product imply that

(He @ 1y) + (Lo @ Hy) = (T, 9 T))(Aa @ Iy + I ®Ay)(T;1 ® TJI)a
thus
(He @ 1,) + (L © H) ™' = (T @ Ty) (A @ Iy + L @ Ay) (T, @ T, ).

3. It is nontrivial to determine whether H is diagonalizable. In all our numerical
tests, H has no repeated eigenvalues. So if assuming A, and A, are diagonal
matrices, the matrix vector multiplication [(H, ® I,) + (I, ® H,)] tvec(F)
can be implemented as a linear operator on F":

(7.14) T[T, F(T /MY

where A is a n, X n, matrix with (¢, j)-th entry as A4, j) = Ay (i,9) + Ax (4, 7)
and ./ denotes entry-wise division for two matrices of the same size.

For the 3D Laplacian, the matrix can be represented as H, ® I, @ I, + I, ® Hy ®
I, + 1, ® I, ® H, thus can be efficiently inverted through eigen-decomposition of small
matrices H,, H, and H, as well.

Since the eigen-decomposition of small matrices H, and H, can be precomputed,
and (7.14) costs only O(n?) for a 2D problem on a mesh size n x n, in practice (7.14)
can be used as a simple preconditioner in conjugate gradient solvers for the following
linear system equivalent to (7.13):

W, oW, HIF @ INS(I, ® I,)vec(U) = vec(F) — (W, '@ W, ) (IL @ IT) Svec(G),

even though the multigrid method as reviewed in [19] is the optimal solver in terms
of computational complexity.
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8. Numerical results. In this section we show a few numerical tests verifying
the accuracy of the scheme (6.3) for k£ = 2 implemented as a finite difference scheme
on a uniform grid. We first consider the following two dimensional elliptic equation:

(8.1) —V-(aVu)+b-Vu+cu=f on]0,1] x [0,2]
where a = ( le 212 ), aj; = 10+30y° + xcosy+y, aj2 = az; = 2+ 0.5(sin(rx) +
21 @22

23)(sin(my) + y3) + cos(x? + y3), aze = 10 +2°, b =0, ¢ = 1 + 2>, with an exact
solution
u(z,y) = 0.1(sin(mz) + 23)(sin(my) + v*) + cos(z? + y3).

The errors at grid points are listed in Table 1 for purely Dirichlet boundary
condition and Table 2 for purely Neumann boundary condition. We observe fourth
order accuracy in the discrete 2-norm for both tests, even though only O(h3?) can
be proven for Neumann boundary condition as discussed in Remark 5.5. Regarding
the maximum norm of the superconvergence of the function values at Gauss-Lobatto
points, one can only prove O(h3logh) even for the full finite element scheme (1.1)
since discrete Green’s function is used, see [4].

TABLE 1
A 2D elliptic equation with Dirichlet boundary conditions. The first column is the number of
regqular cells in a finite element mesh. The second column is the number of grid points in a finite
difference implementation, i.e., number of degree of freedoms.

A 2D elliptic equation with Neumann boundary conditions.

FEM Mesh | FD Grid | % error order | {® error order
2x4 3xT7 3.94E-2 - 7.15E-2 -
4x8 7 x 15 1.23E-2 1.67 | 3.28E-2 1.12
8 x 16 15 x 31 1.46E-3 3.08 | 5.42E-3  2.60

16 x 32 31 x 63 1.14E-4 3.68 | 3.96E-4  3.78

32 x 64 63 x 127 | 7.75E-6  3.88 | 2.62E-5  3.92

64 x 128 127 x 255 | 5.02E-7 3.95 | 1.73E-6  3.92

128 x 256 | 255 x 511 | 3.23E-8 3.96 | 1.13E-7 3.94
TABLE 2

FEM Mesh | FD Grid | I error order | [ error order
2 x4 5%x9 1.38E0 - 2.27E0 -
4x8 9x 17 1.46E-1 3.24 | 2.52E-1 3.17
8 x 16 17 x 33 | 7.49E-3 4.28 | 1.64E-2 3.94

16 x 32 33x65 | 4.31E-4 4.12 | 1.02E-3  4.01
32 x 64 65 x 129 | 2.61E-5 4.04 | 747E-5 3.78

Next we consider a three-dimensional problem —Aw = f with homogeneous
Dirichlet boundary conditions on a cube [0, 1]3 with the following exact solution

u(z,y, 2) = sin(rz) sin(27y) sin(372) + (x — 2%)(y* — y*)(z — 2?).

See Table 3 for the performance of the finite difference scheme. There is no es-
sential difficulty to extend the proof to three dimensions, even though it is not
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very straightforward. Nonetheless we observe that the scheme is indeed fourth or-
der accurate. The linear system is solved by the eigenvector method shown in
Section 7.4. The discrete 2-norm over the set of all grid points Zj is defined as

1
2
llzzo = |18 S ymyez il 2) 2]

TABLE 3
—Au = f in 3D with homogeneous Dirichlet boundary condition.

Finite Difference Grid | [2 error order | {* error order

TXTxT 1.51E-2 - 4.87E-2 -
15 x15x 15 9.23E-4 4.04 | 3.12E-3 3.96
31 x 31 x 31 5.68E-5 4.02 | 1.95E-4 4.00
63 x 63 x 63 3.54E-6 4.01 | 1.22E-5 4.00

127 x 127 x 127 2.21E-7  4.00 | 7.59E-7  4.00

Last we consider (8.1) with convection term and the coefficients b is incompress-

ible V-b=0 a=[ % %) 4, =100+ 3005+ zcosy +y, a2 = as =
az1 a2

2 + 0.5(sin(mz) + 22)(sin(my) + y®) + cos(z* + ¢%), aze = 100 + 2°, b = ( lb)l ),
2
b1 =y, by = =y, b = zwexp(a? +y), ¢ = 1 + 2ty3, with an exact solution

u(z,y) = 0.1(sin(mz) + 2°)(sin(my) + y*) + cos(z? + y*).
The errors at grid points are listed in Table 4 for Dirichlet boundary conditions.

TABLE 4
A 2D elliptic equation with convection term and Dirichlet boundary conditions.

FEM Mesh | FD Grid | [? error order | [ error order
2x4 3 X7 1.26E-1 - 2.71E-1 -

4 x 8 7x15 2.85E-2 2.15 9.70E-2 1.48

8 x 16 15 x 31 1.89E-3  3.92 7.25E-3 3.74

16 x 32 31 x63 | 1.17TE-4 4.01 4.01E-4 4.17

32 x 64 63 x 127 | 7.41E-6 3.98 2.54E-5 3.98

9. Concluding remarks. In this paper we have proven the superconvergence of
function values in the simplest finite difference implementation of C°-QF finite element
method for elliptic equations. In particular, for the case k = 2 the scheme (6.3) can
be easily implemented as a fourth order accurate finite difference scheme as shown in
Section 7. It provides only only an convenient approach for constructing fourth order
accurate finite difference schemes but also the most efficient implementation of C%-Q¥
finite element method without losing superconvergence of function values. In a follow
up paper [12], we will show that discrete maximum principle can be proven for the
scheme (6.3) in the case k = 2 when solving a variable coefficient Poisson equation.
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