Journal of Scientific Computing (2020) 82:49
https://doi.org/10.1007/s10915-020-01153-9

®

Check for
updates

Stability and Convergence of Spectral Mixed Discontinuous
Galerkin Methods for 3D Linear Elasticity on Anisotropic
Geometric Meshes

Thomas P. Wihler'@® - Marcel Wirz'

Received: 13 August 2019 / Revised: 4 November 2019 / Accepted: 1 February 2020 /
Published online: 12 February 2020
© Springer Science+Business Media, LLC, part of Springer Nature 2020

Abstract

We consider spectral mixed discontinuous Galerkin finite element discretizations of the Lamé
system of linear elasticity in polyhedral domains in R3. In order to resolve possible corner,
edge, and corner-edge singularities, anisotropic geometric edge meshes consisting of hex-
ahedral elements are applied. We perform a computational study on the discrete inf-sup
stability of these methods, and especially focus on the robustness with respect to the Poisson
ratio close to the incompressible limit (i.e. the Stokes system). Furthermore, under certain
realistic assumptions (for analytic data) on the regularity of the exact solution, we illustrate
numerically that the proposed mixed DG schemes converge exponentially in a natural DG
norm.

Keywords Linear elasticity in polyhedra - Anisotropic geometric meshes - Spectral
methods - Discontinuous Galerkin methods - Inf-sup stability - Exponential convergence

Mathematics Subject Classification 65N30

1 Introduction

Consider an axi-parallel, open and bounded polyhedron £2 ¢ R3, with Lipschitz boundary
042, in the three-dimensional Cartesian system. Using a spectral discontinuous Galerkin finite
element method (DGFEM), we shall study the numerical approximation of the following lin-
ear elasticity problem in mixed form: Find a displacement field u = (u1, u2, u3) € Ho1 (£2)3,
and a pressure function p € L%(Q ) such that
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—Au+Vp=f inf2, (€))]
Veu+(1-2v)p=0 in$2, 2)
u=0 onods2. 3)

Here, V- is the divergence operator, v € (0, 1/2] is the Poisson ratio, and f € L?(2)3isan
external force (scaled by 2(1+v)/E, where E > 0 is Young’s modulus). We shall include the
limit case v = 1/2 which corresponds to the Stokes equations of incompressible fluid flow.

Elliptic boundary value problems in three-dimensional polyhedral domains are well-
known to exhibit isotropic corner and anisotropic edge singularities, as well as a combination
of the both; see, e.g., [7,19,20]. In a recent series of papers [25—27] on the numerical approx-
imation of the Poisson equation in 3d polyhedra the use of hp-version DG methods has been
proposed (see also [17] for eigenvalue problems with singular potentials). These schemes
provide a convenient framework to resolve anisotropic edge singularities on (irregular) geo-
metrically and anisotropically refined meshes, whilst using high-order spectral elements in
the interior. Furthermore, supposing that the data is sufficiently smooth, it has been proved
in [26,27] that exponential convergence rates for #p-DG methods can be achieved.

In our previous work [31], we have employed the approach [25-27] in order to apply
the high-order mixed DG methods introduced in [14] to the three-dimensional framework.
More precisely, we have analyzed high-order interior penalty (IP) DG methods (of uniform
but arbitrarily high polynomial degree) for the numerical approximation of (1)—(3) on geo-
metrically refined edge meshes. They can be seen as hp-methods with fixed and uniform
polynomial degrees, or as spectral methods on locally refined meshes; in this paper they shall
simply be termed spectral DGFEM. Incidentally, in contrast to classical IPDG methods, these
DG schemes feature anisotropically scaled penalty terms which account for possible element
anisotropies; see also [8]. A focal point of the article [31] has been to provide an inf-sup
stability analysis for mixed IPDG schemes on anisotropic meshes. Our results, which are
based in parts on [24], are explicit with respect to both the (uniform) polynomial degree
and the Poisson ratio v. In particular, for fixed (but arbitrarily high) polynomial degrees, our
stability analysis proves that the behaviour of the mixed DG scheme remains robust as v
tends to the critical limit of 1/2 of incompressible materials. Furthermore, following the tech-
niques presented in [26-28] we showed that the proposed DG schemes are able to achieve
exponential rates of convergence for the class of piecewise analytic functions in weighted
Sobolev spaces studied in [7].

The goal of the present paper is to provide a computational investigation of the theoretical
inf-sup stability results of mixed spectral DGFEM on anisotropic geometric edge meshes
presented in [24, Thm. 9] and [31, Thm. 5.1]; in the context of mixed-type spectral and
higher-order finite element discretizations of the Stokes equations and the system of linear
elasticity, we additionally point to the earlier works [1,16,18,21,22,29,30]. A further aim of
our current work is to confirm the asserted exponential convergence of the spectral mixed
DG method, see [31, Thm. 6.2], for a number of examples with typical edge and corner
singularities in polyhedral domains. We will also look into the robustness of the DG approach
with respect to the Poisson ratio as v — 1/2. The precise outline of the paper is as follows:
In Sect.2, we present the mixed formulation of (1)—(3), and recall its regularity in terms of
anisotropically weighted Sobolev spaces. Furthermore, in Sect. 3 the geometric edge meshes
and the spectral mixed DG discretizations will be introduced; in addition, in Sect. 3.4, we
revisit a discrete inf-sup stability framework together with the well-posedness of the DG
scheme on anisotropic geometric edge meshes. Then, in Sect. 4, we discuss the practical
computation of the DG solution as well as of the discrete inf-sup constants, and present some
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numerical results in a few typical reference situations. In Sect. 5 we perform a number of
experiments which confirm the exponential convergence as well as the robustness of the DG
method with respect to the Poisson ratio. Finally, we add a few concluding remarks in Sect. 6.

Notation

Throughout this article, we use the following notation: For a domain D c RY, d > 1, let
L*(D) signify the Lebesgue space of square-integrable functions equipped with the usual
norm || - || z2(p). Furthermore, we write L(z)(D) to denote the subspace of L2(D) of all func-
tions with vanishing mean value on D. The standard Sobolev space of functions with integer
regularity exponents > Ois signified by H*(D); we write ||-|| gs(p) and |-| gs (p) for the corre-
sponding norms and semi-norms, respectively. As usual, we define Hol (D) as the subspace of
functions in H'! (D) with zero trace on 3 D. For vector- and tensor-valued functions we use the
standard notation (Vv);; := d;v;, and (V - g); := Z§=1 djo;jando @ 1 = Z?,j:l 0ijTij,
respectively. Moreover, for vectors v, w € R3, let v @ w € R3*3 be the matrix whose i jth
component is v; w;.

2 Linear Elasticity in Polyhedra

We discuss the weak formulation of the mixed system of linear elasticity (1)—(3). Furthermore,
we review its regularity in polyhedral domains.

2.1 Mixed Formulation and Well-Posedness

A standard mixed formulation of (1)-(3) is to find (u, p) € HO1 (£2)3 x L%(.Q) such that

A(u, v)—l—B(v,p):/ f-vdx,
2

“
—B(u,q)+C(p,q) =0,
for all (v, q) € H}(£2)? x L3(2), where
Au, v) ::/ Vu : Vvdx, B(v, q) ::—/ qV -vdx,
2 Q
Clp.q):=(1- ZV)/ pq dx.
2
More compactly, we can write (4) equivalently in the form
a(u, p;v.q) = /Qf-vdx V(v.q) € Hy(2)° x L§(R2), ®)

with
a(u, p;v,q) = A(u,v) + B(v, p) — B(u,q) + C(p, q).

Itis straightforward to verify that a is a bounded bilinear form on HOl (£2)3 x L% (£2), and that,
for v € (0, 1/2), it is also coercive. In particular, by application of the Lax-Milgram theorem,
we conclude that the solution (u, p) € HO1 (£2)3 x L(Z)(.Q) of (5), and, thus, of (4), exists and
is unique. In addition, for v = 1/2, which corresponds to the Stokes equations, problem (5)
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is still well-posed. Indeed, this is an immediate consequence of the inf-sup condition

— V-vdx
inf Jo a
OinL%(Q) 0¢HEH&(Q)3 ”Vv”LZ(Q)”q”LZ(Q)

>k >0,
where « is the inf-sup constant, depending only on §2; see [6,9] for details.

2.2 Regularity

Following [7] we recall the regularity of the solution of (1)—(3) in weighted Sobolev spaces;
cf. also [11-13]. To this end, we denote by C the set of corners, and by £ the set of edges
of §2. Potential singularities of the solution are located on the skeleton of £2 given by

(L)) e

Given a corner ¢ € C, anedge e € £, and x € £2, we define the distance functions
re(x) = dist(x, ¢), re(x) =dist(x, €), pee(x) = re(x)/re(x).

Furthermore, for each corner ¢ € C, we signify by & = {ee€ & : cNe # B} the set of
all edges of 2 which meet at ¢. For any e € &, the set of corners of e is given by C, =
{ceC: cne#0} Then, forc € C, e € &, respectively e € &, and a sufficiently small
parameter ¢ > 0, we define the neighbourhoods

we={x € :rc(x) <€ A pee(x)>e Veekt}
wWe={x €N : re(x) <e ANre(x)>e VYecelel},

Wee ={x €2 :1:(x) <& A pee(x) <e}.

Moreover, we define the interior part of £2 by 20 = {x € £ : dist(x, 082) > ¢}.

Near corners ¢ € C and edges e € £, we shall use local coordinate systems in w, and
wee, Which are chosen such that e corresponds to the direction (0, 0, 1). Then, we denote
quantities that are transversal to e by (-)*, and quantities parallel to e by (-)!I. For instance,
ifa e Ng is a multi-index associated with the three local coordinate directions in w, Or wee,
then we write @ = (at, a!l), where ot = (a1, o) and o = «3. In addition, we use the
notation |et| = a; + a2, and |a| = |at| + .

Following [7, Def. 6.2 and Eq. (6.9)], we introduce anisotropically weighted Sobolev
spaces. To this end, to each ¢ € C and e € £, we associate a corner and an edge exponent
Bes Be € R, respectively. We collect these quantities in the weight vector § = {B; : ¢ €
CYU{Be : e € &} € RICHIEI Then, for m € Ny, we define the weighted semi-norm

1
[y = 01 y) +30 0 [ o,

ec& aeNg
lee|=m

LD DD I ol /O

ceC 3
meNO

o|=m

4 Z Z H’fﬁ‘a‘/’feﬁlal‘Da””iz(wce)’

ceC ec&,
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as well as the full norm ||v||2,., n2) = =y ||v||ML @’ ; here, the operator D* denotes the

partial derivative in the local coordmate directions correspondmg to the multi-index ac. The
space M 21 (£2) is the weighted Sobolev space obtained as the closure of C°(§2) with respect
to the norm ”’“MZ’(Q).

We notice the following regularity property of the solution of (1)—(3) in terms of the
weighted Sobolev spaces defined above; see [7] (in addition, cf. [19,20]):

Proposition 1 There exist upper bounds Bg, Bc > 0 such that, if the weight vector B satisfies
0<Be<Be, 0<PBe<pPe, ec&, celC,

then, for every m € N, the solution (u, p) € HOI(Q)3 « L%(.Q) of (1)-(3) with f €
Mi"_ﬂ(gﬁfulﬁlls (u, p) € MTl—ﬂ(‘Q); « Mm 1(9)

3 Mixed Discontinuous Galerkin Methods on Geometric Meshes

In the following section we will introduce spectral mixed DG discretizations on geometric
meshes for the numerical solution of (1)—(3).

3.1 Hexahedral Geometric Edge Meshes

In order to numerically resolve possible corner and edge singularities in the solution (u, p)
of (1)—(3), we employ anisotropic geometric edge meshes. To this end, we follow the con-
struction in [24], where such meshes have been studied in the context of DGFEM for the
Stokes equations; see also the earlier paper [3] on conforming hp-version finite element
methods. Specifically, we begin from a coarse regular and shape-regular, quasi-uniform
partition 79 = {0 j}]J , of §£2 into J convex axi-parallel hexahedra. Each of these ele-

ments Q; € 7Vi isthe image under an affine mapping G ; of the reference patch 0 = (—1,1)3,
ie. 0; =G (Q) The mappings G are composmons of (isotropic) dilations and transla-
tions.

Based on the coarse partition (macro mesh) 7° 0 we will use three canonical geometric
refinements (patches) towards corners, edges and corner-edges of 0; see Fig. 1. They feature
a refinement ratio o € (0, 1), as well as a number of refinement levels £ € Ny; to give an
example, in Fig. 1, we have selected o = 1/2, and ¢ = 3.

Given a (fixed) refinement ratio o € (0, 1) as well as a refinement level value £ € Ny, geo-
metric meshes in £2 are now built by applying the patch mappings G ; to transform the above
canonical geometric mesh patches on the reference patch Q to the macro-elements Q ; € 79,

thereby yielding a local patch mesh M j ¢ on Q ;. The patches Q; away from the singular

support S (i.e. with @l/ NS = @) are left unrefined, i.e. in this case we let M‘;’e ={0Q;}. Itis
important to note that the geometric refinements in the canonical patches have to be suitably
selected, oriented and combined in order to achieve a proper geometric reﬁnement towards
corners and edges of £2. Then, a o-geometric mesh in £2 is given by 7%/ = U =1 ./\/l

Furthermore, the sequence {7 ! }een, is referred to as a o-geometric mesh family. We note
that this family of meshes is anisotropic as well as irregular. For a more general construction
of geometric meshes on polyhedral domains, we refer to [25].
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macro mesh 770 1

=

patches # #

Fig. 1 Canonical geometric refinements (patches) towards edges, corners, and corner-edges (bottom) to be
built into the macro mesh 79 (top) by means of suitable affine transformations

3.2 Faces and Face Operators

We denote the set of all interior faces in 77 by Fr (T 1) and the set of all boundary faces
by F(T"). Further, let F(T%!) = Fr(T%') U Fg(T") signify the set of all (smallest)
faces of 77! In addition, for an element K € 77!, we denote the set of its faces by
Fxk={feF: fCIK}

Next, we recall the standard DG trace operators. For this purpose, consider an interior
face f = 0K N K" € Fr(T') shared by two neighbouring elements K%, K” € 7.
Furthermore, let #, v and w be scalar-, vector, and tensor-valued functions, respectively, all
sufficiently smooth inside the elements K *, K°. Then, we define the following trace operators
along f:

[ull = ulgenge + ulgongo, {{u}}ZI/Z(M|Kn+M|Kb),
[v] = vige - ngs + | - g, )} =12 (vlg: + vlgo)
Twl = wlg: @ng: + wlg Sngo, fwl) =172 (wlg: +wlgs) .

Here, for an element K € 77!, we denote by nk the outward unit normal vector on 0K .
Similarly, for a boundary face f = 0K N 32 € Fp (7o), with K € 7! and a sufficiently
smooth scalar function u, we let [u]] = u|gng, and {u}} = u|g, where ng, is the outward
unit normal vector on 052; obvious modifications are made for vector- and tensor-valued
functions in accordance with the definition above.

Finally, V;, and V- denote the element-wise gradient and divergence operators, respec-
tively. Here and in the sequel, we use abbreviations like

/f(-)ds =

/f Ods, IViOlT2g = D IVOIT2 k)
feF

KeTo!

3.3 Spectral DG Discretizations

Given a geometric edge mesh 77 on £2 and a (variable) polynomial degree k > 1 (which is
assumed uniform and isotropic on 7°*'), we approximate (1)—(3) by finite element functions
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(up, pn) € Vi x Qp, where
Vi ={veL*(2): vk € Q(K)?, K e T},

2 o,l (6)
On:={q € Ly(2):qlgk € Q—1(K), K €T }.

Here, fork > 0, K € T%!, Qk(K) denotes the space of all polynomials of degree at most k
in each variable on K. In addition, we let

V(h) = Vi + Hj (22)°.
On the space V', we consider the stabilization function ¢ € L (F) given by
c(x) :== yh~ ' (x0)k?, @)

where y > 0 is a penalty parameter independent of the refinement ratio o, the number of
refinement levels £, and the polynomial degree k. Furthermore, for x € f, with f € F, the
mesh function h is defined by

. {mm{h;nf,h;b sy e fCFr f =K 0K’ with K, K’ eT!,
X) = ’ ’

h;f, xefCFp f=0KNaR, withK € T,

In this definition, for K € 7% and f € Fk,wedenote by hk f the diameter of the element K
in the direction perpendicular to the face f. )

Then, we consider the following mixed discontinuous Galerkin discretization of (4): Find
(up, pr) € Vi, x Qp, such that

Ah(uhvv)‘f‘Bh(vvph):/Qf'vdxv

3
=B (un, q) + Cn(pn,q) =0,
for all (v, q) € Vj x Qp. The forms Ay, By, and Cy, are given, respectively, by
Ap(u,v) = / Vyu : Vyvdx —/ (9{{th}} Cul 4 {Vaul} : [[v]]) ds
Q F
+/ c[[u] : [v]ds,
f

Bi.q)i=— [ 4V -vdx+ [ gdions ©)

Q F

Cn(p,q) = (1—2v)/9pqu,

where 6 € [—1, 1]is a fixed parameter. Different choices of 6 refer to various types of interior
penalty DG methods: for instance, the form Aj, may be chosen to correspond to the symmetric
(for 6 = 1), incomplete (for & = 0), or non-symmetric (for &6 = —1) interior penalty DG
discretization of the Laplacian; for a detailed review on a wide class of DG methods for the
Poisson problem and the Stokes system, we refer to the articles [2,23], respectively.

As in (5), the discrete DG formulation (8) is equivalent to finding (u,, py) € Vi, x Oy,
such that

ah(uh,ph;v,q):/ﬂf-vdx (10)
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for all (v, q) € Vj x Qp, where

ap(u, p;v,q) == Ap(u,v) + B,(v, p) — Br(u, q) + Cp(p, q). (1D

3.4 Discrete Inf-Sup Stability and Well-Posedness

In this section we recapitulate an inf-sup stability result from [31] for the form a; given
in (11). We first define the DG-norm

I, Dlidg =Vl + 2 =20 glI75 g, (12)

for any (v, g) € V(h) x L?(£2), where
Il = ||vhv||iz(m+/Fc|[[v]1|2ds, ve V.

If the Poisson ratio satisfies v € (0, 1/2), and provided that the penalty parameter y featured
in (7) is chosen sufficiently large, then the following coercivity estimate can be shown:

an(u, psu, p) = Clulj + (1 =20)pl72 g, = C(1 = 20)l @, p)li3e,

for all (u, p) € Vi, x Qp; here, C > 0 is a constant independent of v, k, [, and the aspect
ratio of the anisotropic elements.

This result can be made stronger if a discrete inf-sup condition on the form By, on geometric
edge meshes is assumed: Let 77 be a geometric edge mesh on £2 as defined in Sect. 3.1,
with refinement ratio o € (0, 1), and £ > 1 layers of refinement. Suppose that there exist
constants » > 0 and p > 0 that may depend on o, y, and on the macro-element mesh 7° 0
but are independent of k, £, and the aspect ratio of the anisotropic elements in 7° 2. such that
there holds

Bh(v5q) > kP

inf S —_— > ) (13)
0£4€0n 0vev,, IV1nllgllL2()

VB =
as k — oo.
Remark 1 1In [24] it was proved that this assumption is fulfilled with p = 3/2 (and any k > 2).
Our numerical computations in Sect. 4.4.1 below indicate, however, that the dependence of

the right-hand side of (13) on k is much weaker than k=2,

The following result, which implies the well-posedness of (8) even in the incompressible
limit v = 1/2, follows immediately from [31, Theorem 5.1].

Theorem 1 Let v € (0, 1/2]. If (13) holds true, then we have the inf-sup condition

Vo= inf ap(u, p; v, q)
0

= up
@neVix0y wgev,xg, 1@, P)lioll(v, ¢)llog
wpFO0 - .g)#0.0)

> Cmax{k™ 2, 1—2v}, (14

with a constant C > 0 that depends on the penalty parameter y, however, is independent of
v, k, 1, and the aspect ratio of the anisotropic elements.

We emphasize that, for fixed k, the stability bound (14) does not deteriorate as v — 1/2.
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4 Computing the DG Solution and the Inf-Sup Constants

Our goal is to investigate the behavior of the inf-sup conditions from (13) and (14) numer-
ically. We note that both of them involve the discrete space Qy from (6). Due to the global
zero mean constraint contained in L%(.Q), the construction of Qy, in terms of standard local
basis functions, as provided by most finite element packages, causes difficulties. The classical
remedy is to use the full space

On:={qeL*2):qlg € %_1(K), KT}, (15)

and to impose the zero mean condition by means of a Lagrange multiplier technique. Noticing
thatdim(Qp,) = dim( é n)— 1, we emphasize that this approach is of equivalent computational
cost as the original DG system (8), yet, it allows to employ standard discrete spaces. This, in
turn, leads to a more convenient practical framework for the computation of the DG solution
and the evaluation of inf-sup constants.

4.1 Reformulation of the Mixed DG Discretization

We rewrite the original system (8), which is based on the discrete DG space Vj x Qj, on
the new space V, x éh x R, where @ 1 1s the full space from (15). To this end, we introduce
an auxiliary variable 7 € R which takes the role of the mean value of the pressure p;, on £2.
More precisely, let us consider the following augmented DG formulation: Find (@, pj,7) €
Vi x éh X R such that

Ap(p, ) + By (@, pp) = /9 f-vdx,

—BaGin, D) + Co (P ) —7/9 Gdr =0, (16)

E][ 5y dy — 7 = 0,
2

forall (v,q,5) € V), x éh x R. Here we use the notation

1
Jdx = — )d
]é()x |Q|/Q()x

to denote the mean value integral on £2. Note also that this new system may be written in a
more compact way: Find (@, p,,7) € Vj, x Qp x R such that

a‘hah,ﬁh,m,aﬁ):/ Fvdy Y@.3.5) € Vi x On x R,
2

where

an @y, pn, 759, q,5) == Ay @y, ) + Br(@, pp) — By (n, ) + Ch(Ph, q)

_’f/ Zidx—i—?][ 5y dx — 75,
2 2

We again stress the fact that this system can be expressed in terms of standard local basis
functions, and, thereby, permits to apply a straightforward implementational setting.

To show the equivalence of the two formulations (8) and (16), we require the following
lemma. Here, we shall denote by Qg (£2) ~ R the space of all (globally) constant functions
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on £2, and we note that
On = 0n ® Q. (17
Lemma 1 The form By, from (9) satisfies
Bp(v,q) =0 V(v,q) € V) x Qo(£2). (18)

Conversely, if, for given q € éh, there holds that By(v,q) = 0 for any v € Vy, then it
follows that g € Qy(£2).

Proof Given (v, q) € V;, x Qp(£2). Since Qy(£2) is one-dimensional we may, without loss
of generality, suppose that ¢ = 1. Then, we have

Byv,q)=— ) /Vh~vdx+/[[v]]ds.
kerol 'K F

By applying the Gauss—Green theorem on each element K € 77/, we obtain two expressions
which are identical, and, thus, cancel out:

By(v,q) = — / v-ans—i-/[[v]]ds:O.
KEZ’T"J 0K F

Let now g € éh, with ¢ — f, gdx # 0, and By (v, q) = O for all v € V},. Then, the
inf-sup condition (13) implies that

B —
0<yp =< sup h(v,q fﬂqu)
0vev; I0lln g — fo g dx ||L2(.Q)
—B
— ap n (v, fo qdx) )
02vev, 1vlln |la — fo qdx ||L2(:2)

Applying (18) yields a contradiction, and, consequently, we deduce that g — fQ gdx = 0.
Thus, we have g = fg g dx € Q. This completes the proof. O

Now we can state the equivalence of the two formulations.

ProposNition 2 The augmented DG discretization from (16) has a unique solution (i, py, 0) €
Vi x OQn xR, and (4, py) is the solution of the original DG formulation (8) with py, € Q.

Proof We proceed in three steps.

Step 1:
We first show that the new formulation enforces the pressure py to have zero mean. To this
end, we choose the test variable to be s = 1. Thus, from the third equation of (16), we deduce

that
][ ydy =7
2

Furthermore, let us choose § = 1 € Q. From the second equation of (16), and with the aid
of (18), we infer that

0:(1—2v)/5hdx—<7[ﬁhdx></ ldx):—2v/17hdx,
2 J2 2 Q
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ie. fo ppdx =7 =0,since v # 0.

Step 2:

Next, we show that (&j, pp,7) := (un, pr,0) € Vi x Qp x R, where (uy, pp) is the
solution from (8), solves (16). The first and last equation in (16) are clearly fulfilled with
@y, pn,T) = (up, pr,0). The second equation in (16) simplifies to

—By(up, @) + Co(pn, @ =0, ¥q € On.

To show that this equation does indeed hold true, we notice that

—Bp(up, q) + Cp(pn,q) = —By, (”h]L Zidx) ~ B (uh’ Zi_][ dx)
o 2

+ Cy (th][ EdX>+Ch (Phﬁ—][ dx).
2 2

Due to (18), the first term on the right-hand side is zero. For the second term, since § — f, g €

0Oy, it holds
By, <uh,§—][ adx> =Cy (ph,a—][ adx> R
2 2

simply by the second equation in (8). Hence, we end up with

N

)

—Bj,(un, ) + Cr(pn. §) = Ch (Ph,][ 670‘)6)
2

e ) f70)

where we have used the fact that pj, has zero mean. Thus, all three equations from (16) are
fulfilled with (&y,, py,7) = (up, pn, 0) from above.

Step 3:

It remains to show that the solution of (16) is unique. To this end, we assume that there exist
two solutions (&p1, pr1, 0), (Wha, Pr2, 0) € Vi, x Q) x R. Using again (18) as well as the
fact that the pressures have zero mean, the second equation in (16) implies that

0=-By, (iihl - ﬁhzﬁ—][ Zidx> — By (ﬁhl —iihz,][ 5dx>
17 2
+ Cp (5;11 - 5;,2,5—][ 5dx> +Cy <l7h1 - ﬁhz,][ 5dx>
17 2
= —By (ﬁhl —ﬁhzﬁ—][ ?idx> +Cy <17h1 - l7h2,¢7—][ 5dx> .
17 17

Therefore, we get the following system for the difference (&1 — U2, pr1 — Pr2) € Vi x On
of the two solutions:

Ap(Up — Up2, V) + By (@, pp1 — pi2) = 0,

—By, (ﬁhl—ﬁhzﬁ—][?dx>+ch (ﬁhl_ﬁhz,zi_][zidx>=0,
2 2

forall (7,4 — f, g dx) € V), x Qy. This, in turn, is just the mixed formulation (8) with the
unique zero solution. O
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4.2 Inf-Sup Constant of the Form B,

We will now discuss how to compute the inf-sup constant yp from (13) numerically. To do
so, we proceed along the lines of [6, Chapter I1.3.2]. Let us choose two sets of basis functions
{$; } —; C Vjand {1//]} 1 C Qh, with M = dim(V}y) and N = dlm(Qh) Forany v € V},

and g € Qh, we store the associated coefficients in two vectors v := (vy, ..., vy) ' and
q:=(qi1,...,qn) ", respectively. Counting degrees of freedom in each element, we remark
that
3(k+1)3
M= %N > 3N. (19)

Furthermore, we define the matrix B € RM*N by
Bij == Bp(¢;,j), 1<i<M,1<j<N.

Due to Lemma 1, we notice that g € Qo if and only if the associated coefficient vector q
satisfies q € ker(B). Moreover, by virtue of (17), we conclude that ¢ € Qy, if and only if
g € R"/ker(B). Moreover, since dim(Qp) = 1, it follows that dim(ker(B)) = 1, and, in
view of (19),

rank(B) = rank(B") = N — 1. (20)

Let us further introduce the symmetric positive definite matrices D € RM*M and E €
RN*N corresponding to the norms || - ||, and || - || 12(s2)- Tespectively, through

loll; =v'Dv, llgli7> o, = a'Eq.

Taking into account our considerations above, we infer that

£ v'Bq
= in
"= okaeB Y jher®) o;éveRM (vTDV)2(qTEq)'?

f v'Bg
= in sup
0£QERY /ker(®) yepM /kergT) (VI DV (@TEQ)Y2

To proceed, we define
B:=D""?BE""~. 1)

On a practical note, for the purpose of our numerical experiments below, the matrix Bis
computed as follows: In a first step, we solve the equation D/?Y = B for Y := BE"2. Here,
following the approach [10, Sec. 4.2.10], the matrix square root of D is obtained by employing
the Cholesky decomposition, i.e. D = LLT, and by applying a singular value decomposition
(SVD) of L = USVT, with two orthogonal matrices U and V, and a diagonal matrix S; this
ylelds D> = USUT. In a second step, exploiting the symmetry of E, we determine B from
EY 2B =Y, where the matrix square root of E is computed analogously as before.
Let the SVD of B be given by

B=: Vzc”f,
with the singular values o7 > --- > ON-1 > ON = 0, cf. (20) bemg contained on the
diagonal of ¥, and orthogonal matrices V and Q with columns Vi, ...,V andq, ..., dy,
respectively. In addition, we set
Vi:=D""?V; Vie(l,....M}, G, :=E'?G, Vie{l,...,N}. (22)
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Fori € {1, ..., N} we then conclude
BG, = D'?BE'*G, = D/VXQ E*§, = D'VXQ' §, = DV Vxe;,
where e; is the ith standard unit vector in RY. Hence, we have
BG; = 0;D"V& = 0;D"*V; = 0;DV;, (23)
where &; is the ith standard unit vector in R Involving (22), we deduce that
VDV, =68 Vi,jell,..., M}, o1
quq;—5u Vi,je{l,...,N}.

Given linear combinations

N—-1 N—-1

v=: Y V; eRM/ker®"), q=: ) B;q; € RV/ker(B), (25)
i=1 j=1

and using (23) and (24), we obtain

N—-1 N—-1

VIBg= Y «f;V/BG; = Y o;xB;V;DV; = Zala,ﬂ,

i,j=1 i,j=1

Moreover, employing (24) and (25), the norms are represented by

T\ = 2 " Te )2 i 2 h
ol =(v'ov) " = (Y e?) . lalag = (a"Ea) = (282 -
i=1

i=1

We will now evaluate the inf-sup constant

yp = inf sup Z’N:_ll 91 fi
~B#0 No1 2\ (N=1 52\
oF0 (Zi:l “iz) (Zi:l /312)

with ¢ := (a1, ...,ay—1) and B := (B1, ..., Bn—1). Without loss of generality, we may
— 1 — 1

suppose that [[o]l, = (XV5'a2)”* = 1, and llgll 2@y = (25" 82)" = 1. Then, (26)

simplifies to yp = infg sup, Z,N: _11 o;ia; Bi. By applying the Cauchy-Schwarz inequality,

that is,

(26)

N—1 N—1 2 N—1 12 N—1 1/2
zﬂ(z) (zofﬂf) (zﬁ) ,
i=1 i=l1 i=l1 i=1

. . _ —1 .
we observe that the supremum is attained for o; = (Zf\;ll Uf ﬂlz) / Zai Bi. This leads to

1/2
= inf (Zoﬂ) =OoN_1.

BT B=1

Proposition 3 The inf-sup constant yg from (13) is given by the smallest positive singular
value, on_1, of the matrix B from (21).

@ Springer



49 Page 14 0f 24 Journal of Scientific Computing (2020) 82:49

4.3 Inf-Sup Constant of the Form aj,

In order to compute the inf-sup constant from (14), we proceed analogously as in the previous
section. To this end, we choose a basis { x; }iAiTN of V, x Qp,, and define the system matrix M €
RM+N)x(M+N) by

Mij :=ap(xj, X;), 1<i,j<M+N,

with aj, from (11). For brevity, we consider only the limit case v = 1/2. Due to Lemma 1 and
the coercivity of the form Aj from (8), we conclude that M has a one-dimensional kernel.
Denoting by D € RIM+N)x(M+N) the symmetric positive matrix defining the || - ||pg-norm
through

i, p)li3g = v Dv,

where v e R¥*V is the coefficient vector of a given pair (u, p) € V), x é » with respect to
the basis {xi}iAiTN, we let

M:=D~"?MD~"%; @7

the computation of M can be performed analogously as in (21). Given the SVD of M by
M =: XZVT, with the singular values o > > omiN—1 > omiN =0 being contained
on the diagonal of ¥, and orthogonal matrices X and Y, we infer the following result.

Proposition 4 In the incompressible case v = 1/2, the inf-sup constant from (14) satisfies
Ya = OM+N—1, where oy N—1 is the smallest positive singular value of the matrix M
Sfrom (27).

4.4 Numerical Computation of the Inf-Sup Constants

We shall now investigate the inf-sup constants yp and y, from (13) and (14), respectively, by
means of a number of numerical experiments. In particular, we will investigate the dependence
on the approximation degree k and on the Poisson ratio v. In the sequel, we choose 6 from (9)
to be 1 (i.e. we use the symmetric interior penalty DG method), the mesh grading factor from
Sect. 3.1 as o = 1/2, and the penalty parameter from (7) is set to y = 10. As shape functions
we use tensorized Lagrange polynomials in the Gauss quadrature points. All our computations
are performed with the finite element library deal.ll; see, e.g., [4,5].

4.4.1 Inf-Sup Constant

We consider the canonical edge, corner, and corner-edge patch meshes presented in Sect. 3.1,
see Fig. 1, with the modification that, in case of the corner-edge mesh, we refine one corner
and all adjacent neighbouring edges. Furthermore, we study the situation of geometrically
refined meshes on a Fichera domain given by (—1, 13 \ [0, 1)3, where we simultaneously
refine the reentrant corner and all three adjacent edges.

Let us first fix the approximation degree k, and refine the meshes by increasing the number
of refinement levels € step by step. For different approximation degrees the results are depicted
in Fig. 2. We clearly observe that the values of yp level off after some initial refinement steps,
thereby underlining the robustness of the inf-sup constant of Bj, with respect to the anisotropic
geometric refinements. The asymptotic values are visualized in Fig. 3; itis observed that there
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Fig.2 Inf-sup constant yp of the form By, in case of geometrically refined edge, corner, corner-edge patches,
as well as for a Fichera corner refinement, for different approximation degrees k
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Fig.3 Asymptotic values of the inf-sup constants from Fig. 2 (on the right with logarithmic scaling; the dashed
line shows a slope of —3/2)

is a mild k-dependence of the inf-sup constant y5, however, our results indicate that, for the
given examples, the dependence is considerably more optimistic than the theoretical bound
k=¥? proved in [24], cf. Remark 1.
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Fig.4 Inf-sup constant y, of the form ay, in case of geometric edge, corner, and corner-edge refinements, with
different approximation degrees k and v = 1/2

4.4.2 Inf-Sup Constant of the Form aj,

Let us turn to the behavior of the inf-sup constant y,, from (14) with respect to k, with v = 1/2.
From Theorem 1 recall the theoretical dependence y,, 2, max{k‘zf’ , 1 —2v}; this result holds
true with a theoretical value of p = 3/2, cf. Remark 1. Since we set v = 1/2, we deduce
Ya 2 k3.

We focus on the canonical geometric edge, corner, and corner-edge refinements from
Sect. 3.1. As before, we first fix the approximation degree k, and refine the meshes step by
step in order to monitor the inf-sup constant; see Fig. 4 for the resulting plots with different
approximation degrees. Again, we display the asymptotic values of y, for increasing k in
Fig. 5. The results are qualitatively similar to the inf-sup constant yp discussed earlier.
There is a k-dependence of the inf-sup constant y, which is again much weaker than k3.
Furthermore, our results show that the inf-sup constant y,, does not deteriorate in the critical
limit v = 1/2 as shown in Theorem 1.
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Fig.5 Asymptotic values of the inf-sup constants from Fig. 4 (on the right with logarithmic scaling; the dashed
line shows a slope of —3)

5 Exponential Convergence on Geometric Meshes

In this section we turn to the exponential convergence of the spectral mixed DG method (8).
Inspired by the regularity theory from [7] for analytic data (cf., in particular, Theorem 6.9),
we suppose that the solution (u, p) of (1)—(3) belongsto A_;_g (£2)3 x A_g(82), where, for
a weight vector y € RICII€l we consider the countably normed space of piecewise analytic
functions

Ay(£2) = {v € m M} (£2) : Ivllmz @) < Cl')""']m!\?’m € N},
m>1

with a constant C;, > 0 depending on the function v. Under this assumption, referring to [31,
Theorem 6.2], it can be shown that the DG approximation (u, p;,) from (8) converges at an
exponential rate. To quantify this fact, let v € (0, 1/2], and consider a sequence of geometric
edge meshes 77/ as in Sect. 3.1. Moreover, choose a uniform polynomial degree k > 2 that
is proportional to the number of layers £ > 1 in 7" .l Then, the DG approximation (uy, pp)
from (8) satisfies the error bound

I =, p— p)l5g S exp(—bV/N), (28)

where N := dim(V;, x Qp) denotes the number of degrees of freedom.

5.1 Exponential Convergence on Canonical Patches

In our numerical examples, we use manufactured solutions, which feature typical singularities
close to S in the displacement u = (u1, uz, u3), and then test the spectral DGFEM (8) with
the resulting right-hand side force functions f in (1). The domain £2 is chosen to be the unit
cube. To cover all possible cases, we consider one solution with an edge, one with a corner,
and another one with a corner-edge singularity:

— Displacement with an anisotropic edge singularity along the z-axis:
wy=uz =0, u3=@>+yH"z(1-2).
— Displacement with an isotropic corner singularity at the origin:

ur=ur =0, uz=>+y*+%z(1 - 2).
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k=1 k=2 k=3 k=4 k=5

Fig. 6 The mesh and the approximation degree during the first 4 refinement steps for the approximation of
the solution with a corner-edge singularity

— Displacement which combines the above edge and corner singularities:
uy=ur =0, uz=x>+y>+2)"0*+yH"%z2(0 -2).

The corresponding pressures p for these displacements are then given via (2):

= — V.u, v#lp.
p T2 # 1/

Incidentally, in order to avoid too complicated right-hand sides f, we do not enforce the
displacements u to vanish on the whole boundary d£2. More precisely, they are chosen such
thatu - n | 2o = 0, i.e. the normal component of the displacement field is zero. Then, by the

Gauss—Green theorem, notice the mean value property of the pressure,

1 1
/pdx:— /V~udx:— / u-nds =0.
Q 1—2v Q 1—2v 90

The nonzero Dirichlet boundary conditions are accounted for by means of a standard flux
term which is added to the right-hand side of the DGFEM formulation (10).

For our test examples, we use v € {1/8,1/2,3/8}. In order to solve the resulting linear
systems we employ the GMRES method in combination with the SparselLU preconditioner
implemented in deal.ll. The iterations terminate as soon as the Euclidean norm of the (unpre-
conditioned) residual becomes smaller or equal to 10~!2. The initial meshes consist of a
single element, and an approximation degree k = 1. In the following, we refine successively
the meshes towards the singularities, and simultaneously increase the approximation degree
by one in each refinement step such that k ~ ¢, where £ is the number of layers. Since the
singularities (and thereby their location) in the examples above are known explicitly, we only
refine the corresponding edge and/or corner; see Fig. 6 for the corner-edge example.

In Figs. 7 and 8we display the error of the approximation in the DG-norm (12) in a semi-
logarithmic coordinate system with respect to the 4th, respectively the 5th root of the number
of degrees of freedom N; cf. (28). Indeed, on a single element, the number of degrees of
freedom grows with O(k?); in addition, when resolving a corner-edge singularity, the number
of elements grows with O(£%), while, for an edge or a corner singularity, only O(¢) many
elements are needed. Hence, recalling that k ~ ¢, in the cases of the edge and the corner
singularity examples a growth of O(N*) degrees of freedom is obtained, while in the case of
the corner-edge example we even have O(N 5) (thus the 5th root in (28)). The graphs show
that, after some initial refinement steps, we obtain nearly constant slopes in all three situations.
Hence, these experiments confirm that the proposed spectral DGFEM (8) on geometric edge
meshes is able to resolve isotropic as well as anisotropic singularities at exponential rates.
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Fig. 7 Performance of the DGFEM for the solutions with an edge singularity (top) and a corner singularity
(bottom)
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Fig.8 Performance of the DGFEM for the solution with a corner-edge singularity

5.2 Robustness with Respect to the Poisson Ratio

The purpose of the second series of experiments is to investigate the robustness of the expo-
nential convergence bound (28) with respect to v as v — 1/2. The domain £2 is again chosen
to be the unit cube.

Example 1 We first consider an example where the displacement u is smooth and divergence-
free:

sin(;rx) cos(y) cos(mwz)
u = sin(wrx) sin(ry) sin(wz) - sin(ry) cos(mx) cos(mwz)
—2sin(z) cos(mwx) cos(wy)

In this case it immediately follows that p = 0, and, hence, —Au = f; in particular, the
resulting right-hand side force function f is independent of v.

For this example, we use a fixed uniform mesh consisting of 64 elements, and simply
vary the uniform polynomial degree k. For this setup, since the solution (u, p) is analytic,
we expect exponential convergence with respect to the 3rd root of the number of degrees of
freedom. In order to study the convergence with respect v as v — 1/2, in Fig. 9, we plot the
error of the DG method with respect to different values of the Poisson ratio v. Clearly, the
deviations between the different exponential convergence curves are almost negligible, and,
thereby, underline the robustness of the DGFEM with respect to v for this example.
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Divergence free solution
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Fig.9 Example 1: Performance of the spectral DGFEM for different values of v
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Fig. 10 The mesh and the approximation degree k for the first five refinement steps for the approximation of
the reference solution

Example 2 In our last experiment, we choose a circular force in the x-y-plane and a linear
force in the z-direction, i.e.

_y_]/2
f=x-1p
x -1

Since the exact solution is not known in this example, we compute a reference solution based
on refining all edges and corners of £2 with k = ¢ = 5; cf. Figure 10. The DG error for
different values of v is depicted in Fig. 11; as in the previous example, we observe that the
DGFEM remains stable when v tends to the incompressible limit 1/2. Furthermore, the nearly
straight graphs indicate that exponential convergence is also achieved in these computations.
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Reference solution
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Fig. 11 Example 2: Performance of the spectral DGFEM for different values of v

6 Conclusions

This paper centres on spectral mixed discontinuous Galerkin discretizations for linear elas-
ticity and Stokes flow in three dimensional polyhedral domains. In a series of numerical
experiments we have validated our theoretical results from [31] for various canonical ref-
erence situations. In particular, we have performed a computational study on the inf-sup
stability and the exponential convergence of this class of methods on anisotropic geometric
edge meshes. For the former purpose we have derived a simple procedure to determine the
discrete inf-sup constants based on a singular value decomposition approach along the lines
of [6].

Following the approach [25-27], our work may be extended to variable (and possibly
anisotropic) polynomial degree distributions, thereby leading to hp-version DGFEM. To
prove stability results in that context, however, the discrete inf-sup condition (13) would
need to be generalized to the corresponding /#p-meshes. Finally, let us mention that the linear
mixed DG discretizations addressed in the present work could be combined with the iterative
Newton DG (NDG) approach [15] in order to approximate problems in nonlinear elasticity
in three dimensions.
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