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Abstract

We derive optimal L2-error estimates for semilinear time-fractional subdiffusion
problems involving Caputo derivatives in time of order o € (0,1), for cases with
smooth and nonsmooth initial data. A general framework is introduced allowing a
unified error analysis of Galerkin type space approximation methods. The analysis
is based on a semigroup type approach and exploits the properties of the inverse
of the associated elliptic operator. Completely discrete schemes are analyzed in the
same framework using a backward Euler convolution quadrature method in time.
Numerical examples including conforming, nonconforming and mixed finite element
(FE) methods are presented to illustrate the theoretical results.
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1 Introduction

The purpose of this paper is to discuss some aspects of the numerical solution of the semilinear
time-fractional initial boundary value problem

Cofu + Lu = f(x,t,u) in Qx(0,Tp], u(r,0)=ug(z) inQ, (1.1)

subject to a homogeneous Dirichlet boundary condition, where @ C R¢ (d > 2) is a bounded
convex polyhedral domain with a boundary 02 and Ty > 0 is a fixed time. Here ug is a given
initial data and f is a smooth function of its arguments satisfying

sup  ([0uf (2, t,u)| + |0uf(z,t,u)]) <L VueR. (1.2)

z€Q,t€(0,Tp)
The operator L is defined by Lu = —div[A(z)Vu] + k(x)u, where A(z) = [a;(z)] is a d x d
symmetric and uniformly positive definite in { matrix, and £ € L°>°(Q) is nonnegative. The
coefficients a;; and k are assumed to be sufficiently smooth on Q. The operator “0¢ is the Caputo

fractional derivative in time of order a € (0,1) defined by

Copp(t) = ﬁ/o (t—s)"0up(s)ds, 0<a<l, (1.3)
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where 9,0 = 0¢/0s and I'(-) denotes the usual Gamma function. As o — 17, 9% converges to
O, and thus, problem (LI]) reduces to the standard semilinear parabolic problem [34].

Let (+,-) denote the inner product in L?(Q) with induced norm || - ||. Since  is convex, the
solution of the elliptic problem Lu = f in , with u = 0 on 9Q and f € L?(9), belongs to H?(Q).
With D(L£) = H?(2) N Hg (), recall that the operator £ : D(L) — L%(Q) is selfadjoint, positive
definite and has a compact inverse. Let {);, ¢;}32, denotes the eigenvalues and eigenfunctions of
L with {@;}22, an orthonormal basis in L*(). By spectral method, the fractional powers of £
are defined by

L' = Z)\]'f(v, wi)pi, v >0,
j=1

with domains D(LY) = {v € L*(Q) : ||[£LYv|| < co}. Note that {D(L")} form a Hilbert scale of
interpolation spaces and D(L) C D(L¥) C D(LP) € D(L") = L?(Q) with continuous and compact
embeddings for 0 < S < v < 1.

The regularity of the solution in (II]) plays a key role in our error analysis. For initial data
ug € D(LY), v € (0,1], problem (1)) has a unique solution u satisfying [I, Theorem 3.1]:

u € CCW([O’ TO]; LQ(Q)) N C([Oa TO]; D(‘Cu)) N C((Oa TO]; D(‘C))a (14)
o2 € C((0,To); L*(Q)), (1.5)
Owu(t) € L*() and ||Qu(t)]| < ct®™ ™, t € (0,Tp). (1.6)

The results show that the solution of the semilinear problem () enjoys (to some extent) smooth-
ing properties analogous to those of the homogeneous linear problem. For ug € L?(2), it is shown
that ([Il, Theorem 3.2])

u € C([0,To]; LA(Q)) N LY(0, To; D(L)), v < 1/a. (1.7)

Note that the first time derivative of u is not smooth enough in space even in the case of a smooth
initial data. This actually causes a major difficulty in deriving optimal error estimates based on
standard techniques, such as the energy method.

The numerical approximation of fractional differential equations has received considerable at-
tention over the last two decades. For linear time-fractional equations, a vast literature is now
available. See the short list [26] 27, [T, 10, [16l 18] on problems with nonsmooth data and [12]
for a concise overview and recent developments. In contrast, numerical studies on nonlinear time-
fractional evolution problems are rather limited. In [21], a linearized L!-Galerkin FEM was pro-
posed to solve a nonlinear time-fractional Schrédinger equation. In [20], L!-type schemes have been
analyzed for approximating the solution of ([II]). The error estimates in [21] and [20] are derived
under high regularity assumptions on the exact solution, so the limited smoothing property of the
model (L)) was not taken into consideration. In [I3], the numerical solution of (LI]) was investi-
gated assuming that the nonlinearity f is uniformly Lipschitz in u and the initial data ug € D(L).
Error estimates are established for linearized time-stepping schemes based on the L'-method and
a convolution quadrature generated by the backward Euler difference formula. In the recent paper
[1], we derived error estimates for the same problem with initial data uo € D(L"), v € (0,1].
The new estimates extend known results obtained for the standard semilinear parabolic problem
[14]. For other types of time-fractional problems, one may refer to [5] for fractional diffusion-wave
equations and to [28] for an integro-differential equation.

In this paper, we approximate the solution of the semilinear problem ([I]) by general Galerkin
type approximation methods in space and a convolution quadrature in time. Our aim is to develop
a unified error analysis with optimal error estimates with respect to the data regularity. We shall
follow a semigroup type approach and make use of the inverse of the associated elliptic operator
[3]. The current study extends the recent work [I6] dealing with the homogeneous linear problem,
which relied on the energy technique. Our analysis includes conforming, nonconforming and mixed



FEMs, and the results are applicable to nonlinear multi-term diffusion problems. It is worth noting
that most of our results hold in the limiting case a = 1, i.e., our study also generalizes the work
[3]. Particularly interesting are the estimates derived for the mixed FEM, which are new and have
not been established earlier.

The paper is organized as follows. In section 2] a general setting of the problem is introduced
and preliminary error estimates are derived, which require regularity properties analogous to those
of the homogeneous linear problem. In section [B] an alternative error estimation is proposed
without a priori regularity assumptions on the exact solution. Time-stepping schemes based on
a backward Euler convolution quadrature method are analyzed in section @l Applications are
presented in section Bl The mixed form of problem (L) is considered in section [(] and related
convergence rates are obtained. Finally, numerical results are provided to validate the theoretical
findings.

Throughout the paper, we denote by ¢ a constant which may vary at different occurrences,
but is always independent of the mesh size h and the time step size 7. We shall also use the
abbreviation f(u) and f(t) for f(z,t,u) and f(x,t), respectively.

2 General setting and preliminary estimates

Set T = L£~!. Then, T : L*(2) — D(L) is compact, selfadjoint and positive definite. In terms of
T, we may write (LI]) as

T u+u=Tf(u), t>0, u(0)=muo. (2.1)

For the purpose of approximating the solution of this problem, let V;, C L?(Q) be a family of finite-
dimensional spaces that depends on h, 0 < h < 1. We assume that we are given a corresponding
family of linear operators T}, : L?(Q) — V}, which approximate 7. Then consider the semidiscrete
problem: find up(t) € V3 for ¢t > 0 such that

Thc Pup + up = Tnf(un), t>0, up(0)=mupy € V, (2.2)

where wugy, is a suitably chosen approximation of ug. In our analysis, we shall make the following
assumptions:

(i) Ty, is selfadjoint, positive semidefinite on L?(£2) and positive definite on V,.

(ii) TPy = Th, where Py, : L?(Q2) — V}, is the orthogonal L?-projection onto V.

(iii) For some constants v > 0 and ¢ > 0, there holds

IThf = TFII < k| fI Vf € L2(Q). (2.3)

Since T} ! exists on Vy, [22) may be solved uniquely for ¢ > 0. The following diagram displays
the different links between the operators under consideration:

_ —1
Do) —L=£— 12q)
T
Ry, I P,
T
Vh h Vh

In the diagram, the operator Ry, : D(L) — V}, is defined by R, = TpL. It is the analogue of the
Ritz elliptic projection in the context of Galerkin FE methods. Note that RyT = T}, and in view
of 23), Ry, satisfies

|Rrv — v|| = ||ThLy — TLo|| < ch?||Lv]| Vv € D(L). (2.4)



Further, by the definition of Py, we see that |Prv — v|| < ||Rpv — v|| Vv € D(L).

Examples of family {7} } with the above properties are exhibited by the standard Galerkin FE
and spectral methods in the case Vj, C H}(Q), and by other nonconforming Galerkin methods in
the case Vi, ¢ H}(Q2). The mixed FE method applied to (L)) is a typical example which has the
above properties and will be considered in this study.

By our assumptions on T}, the operator (z=*I +T},)~1 : L?(Q) — L*(Q) satisfies

(2= +T3) Y| < M|2|* Vz € X, (2.5)

where Yy is the sector Xy = {z € C, z # 0, |argz| < 0} with § € (7/2,7) being fixed and M
depends on 6. In (Z3]), and in the sequel, we keep the same notation || - || to denote the operator
norm from L?(Q2) — L?(Q). Using that

(T +Tp) T =1— 272" T +Tp) ", (2.6)
we obtain
[T+ Tp) ' Th|| <1+ M Vze Xy (2.7)

Note that [235) and ([27) hold for T. By means of the Laplace transform, the solution of problem
[22) is represented by

up(t) = Ex(t)uon + /0 En(t—s)f(un(s))ds, t>0. (2.8)

The operators Ej,(t) : L2(Q) — L?(2) and Ej(t) : L?(Q) — L%*(Q) are defined by
1

_ 1
En(t) = — UK (2) d d Et) = — K (2) d 2.
(L) 5] /FM etz n(z)dz an n(t) i /FM etz n(2)dz, (2.9)

respectively, where K, (2) := (7% + T3,) "' T). The contour 'y s = {pe® : p > 6} U {5 : || <
0}, with 6 € (w/2,7) and 6 > 0, is oriented with an increasing imaginary part. Similarly, the
solution u of problem (2.1)) is given by

u(t) = E(t)ug +/0 E(t—s)f(u(s))ds, t>0, (2.10)

where the operators E and E are respectively defined in terms of K(z) := (=% +T)~'T as in
@3). Standard arguments show that (see for instance [25])

IE@©l + 1 En (vl + ¢~ (IE@] + [Eat)oll) < clloll Vv e L*(Q). (2.11)

Now let e(t) = up(t) — u(t) denote the error at time ¢. Define the intermediate solution
vp(t) € Vi, t >0, by
TEOMvp + vy, = Thf(u), >0, v(0) = ugp. (2.12)

Then, by splitting the error e = (up, — vp) + (v, — u) =: n + &£, and subtracting (Z12) from (2],
we find that £ satisfies

TLORE() + £(t) = (Th — T)(f(u) = Ofu)(t), t>0. (2.13)
With
p(t) == (Th = T)(f (u) = 0fu)(t), (2.14)
we thus obtain
TROpEt) +E(t) = p(t), >0, £(0) € L*(Q). (2.15)

Before proving the main result of this section, we recall the following lemma which generalizes
the classical Gronwall’s inequality, see [6].



Lemma 2.1. Assume that y is a nonnegative function in L'(0,Ty) which satisfies

y(t) < glt) + 8 / (t—s)y(s)ds forte (0.T0),

where g(t) >0, >0, and 0 < a < 1. Then there exists a constant Cr, such that
t
y(t) < g(t)+ Cr, / (t—s5)"%g(s)ds fort e (0,Tp).
0

Note that, by using 210), (ZII)) and the inequality

1f (DI < £ (@) = FON + 1 FO) < Lllull + [ £ O], ¢ >0, (2.16)

Lemma [ZTlimplies that ||u(t)| < c(||uol|+1/f(0)]]) for ¢ > 0 with ¢ = ¢(e, L, Tp). Now we are ready
to prove an error estimate for problem (2.I)). Here p is given by ([Z.14) and p(t) := fot p(s) ds.

Lemma 2.2. Let u and up be the solutions of (Z1)) and (Z2)), respectively. Assume that Tp(ug —
uor) = 0. Then, fort >0,

et < e (60 + [[¢-o6t)as). (217)

where
G(t)=t" ilil?(Hﬁ(S)H +sllp(s) ] + [l pe(s)])), (2.18)

and c is independent of h.

Proof. First we derive a bound for the difference between u and the intermediate solution v,. Since
Tr£(0) = 0, an application of Lemma 3.5 in [I6] to (ZI)) and ZI2)) yields [|£(t)]] < ¢G(t), where
G is given by ([ZI8)). In view of the splitting e = n + &, it suffices to estimate ||n]|. Note that 7
satisfies

Tofn(t) + n(t) = Tu(f(un) — f(u)), t>0, n(0)=0.

Hence, by Duhamel’s principle,

n(t) = / En(t — )(f(un(s)) — f(u(s)) ds, ¢ > 0.

Using the property of Ej, in (ZI]) and condition (IZ), we see that

In@) < CL/O (t =) Hun(s) —u(s)| ds, t>0,

and thus ,
le@)] < €@l +C/O (t—s)* " e(s)l ds, t>0.
An application of Lemma 2] yields (Z2I7)), which completes the proof. O

Clearly the error estimate in Lemma is meaningful provided that G € L*(0,7). Recalling
that p = (T, — T)Lu, we have by Z3), ||0p(t)|| < ch?||LOwu(t)||. Hence, to achieve a O(hY)
order of convergence, we need to assume that du(t) € D(L) for t € (0,Tp]. It turns out that,
without additional conditions on initial data and nonlinearity, this property, which holds in the
linear case, does not generalize to the semilinear problem. This remark equally applies to the
semilinear parabalic problem, see the discussion in [31] pp. 228].



3 Error estimates without regularity assumptions

We shall present below an alternative derivation of the error bound without a priori regularity
assumptions on the exact solution. To do so, we first introduce the operator

Sp(z) = (27T +T) "' Ty, — (27T +T)7'T.

Then S}, satisfies the following property.
Lemma 3.1. There holds

|Sh(2)v]| < ch?|z|*A=)|| LY Yz e By, velo,1]. (3.1)
Proof. Using the identity ([2.6]), we verify that

Sp(z) = 27T+ T) " [z T+ Th) — 7T+ T)] (z7*T+Tp)""
= 27T+ T) N T —T)(z" T +Tn) .

Then, by [23) and (23]),

1S (=)ol < €ll(Th — T) (21 + T) ™ "ol < ch?]z|*|lv].

This shows @) for v = 0. For v =1, i.e., v € D(L), we have TLv = v. Then, by (Z3) and (1),
we get
1Sh(2)v|| < e|[(Th = T)(2=“I +T)"'TLv|| < ch?|| L]

The desired estimate (23] follows now by interpolation. O

We further introduce the following operators: Fj,(t) = Ej(t) — E(t) and Fj,(t) = Ep(t) — E(t).
Then, by Lemma 3]

[Fn(t)oll < Chv/ el |dz |Jof| < et~ R o] (3.2)

Lo/t
Similarly, based on (B1]), the following estimate
1En()oll < et~ L], v=0,1, (3.3)

holds for Fj,(t). Now we are ready to prove a nonsmooth data error estimate. Here and the
throughout the paper, ¢,(v) = |Inh| if v = 0 and 1 otherwise.

Theorem 3.1. Let ug € D(LY), v € [0,1]. Let u and up be the solutions defined by (210)
and (2.8)), respectively, with uop, = Ppug. Then there is a constant ¢ = c(r,L,Ty), where r >
(1LY uol| + || f(O)||, such that

lun(t) — u(t)|| < chl, (W)t~ t e (0, Tp). (3.4)

Proof. Recall that e = up, — u. From (28] and (ZI0), we get after rearrangements
t t
e(t) = Fy(t)uo + / En(t — s)[f(un(s)) — f(u(s))]ds + / Fn(t — s)f(u(s)) ds. (3.5)
0 0
The last term in (3.35]) can be written as I + I where

I:/O Fy(t — s)(f(u(s)) — f(u(t)))ds and II= </0 Fh(ts)ds) flu(t)).



For v € (0,1], we use 3.2), (L2) and the property u € C*¥([0,Tp], L*(Q)) to get
t
1< e [ (=)= 9 ds < e
0

To estimate I7, we introduce the operator E(t) = — Jros e*'271728, (2) dz. Then E'(t) = F(t)
<

and [|E(t)|| < ch? for all t > 0 since ||Sy(2)|| < ch?|2|*. Hence, |[II]| < || f(u(t))|| | E(t) — E(0)]|
ch? as || f(u)|| is bounded, see (2I6]). Now, using the properties of Ej, and F}, in (ZI1]) and B3),
respectively, we obtain

t
le@)|| < ct= =R || LY uol| + c/ (t —s)* Y e(s)|| ds + ch? + ch 't (3.6)
0

The desired estimate follows now by applying Lemma [2.Il To establish the estimate for v = 0, we
follow the same arguments presented in the proof of Theorem 4.4 in [I]. O

As an immediate application of Theorem [3.1] consider the standard conforming Galerkin FEM
with Vi, € H}(Q) consists of piecewise linear functions on a shape-regular triangulation with a
mesh parameter h. Let T}, : L?(Q) — V}, be the solution operator of the discrete problem:

a(Tpf,v) = (f,v) Vv €V, (3.7)

where a(-,-) is the bilinear form associated with the elliptic operator £. Then, T}, is selfadjoint,
positive semidefinite on L?(2) and positive definite on V},, see [3], and satisfies [Z3) with v = 2.
Thus, by Theorem [B.1]

lun(t) — u(t)|| < ch?0, ()t~ ¢ >0, (3.8)

for v € [0,1]. This improves the following estimate
llun(t) — u(t)|| < ch? (t’”‘(l’”) + max(0, In(t*(1—) /h2))) . >0, (3.9)

established in [I]. We notice that the logarithmic factor is also present in the parabolic case when
v =0, see [14] Theorem 1.1].

As a second example, we show that the present semidiscrete error analysis extends to the
following multi-term time-fractional diffusion problem:

PO )u+ Lu= f(u) in Qx(0,Tp], u(0)=wup inQ, u=0 ondQx (0,To], (3.10)

where the multi-term differential operator P(d;) is defined by P(d;) = 95 + > i, b;0;" with
0 < am < -+ <a; <a <1 being the orders of the fractional Caputo derivatives, and b; > 0,
i =1,...,m. This model was derived to improve the modeling accuracy of the single-term model
(1) for describing anomalous diffusion. An inspection of the proof of the Theorem B reveals that
its main arguments are based on the bounds derived for the operators F}, E;, and F,. Following
[11], one can verify that these operators satisfy the same bounds as in the single-term case. This
readily implies that the estimate (8.4) remains valid for the multi-term diffusion problem (Z.I0]).

Remark 3.1. In the parabolic case, a singularity in time appears which has the same form as in
B2). Hence, the estimate [B.4) remains valid when a = 1.

Remark 3.2. For smooth initial data ug € D(L), the estimate [BAl) still holds for the choice
uon, = Rpug. Indeed, we have

En(t)Rpug — E(t)ug = Ex(t)(Rpuo — ug) + (En(t)ug — E(t)ug).
By the stability of the operator Ej(t),
[ En (t)(Rruo — uo)|l < cl[Rnuo — uoll < ch™[| Lug]-

Then we Teach our conclusion by following the arguments in the proof of Theorem [Tl



4 Fully discrete schemes

This section is devoted to the analysis of a fully discrete scheme for problem ([22)) based on
a convolution quadrature (CQ) generated by the backward Euler method, using the framework
developed in [25] 5]. Divide the time interval [0,7p] into N equal subintervals with a time step
size T = Ty /N, and let t; = j7. The convolution quadrature [23] refers to an approximation of any
function of the form k % ¢ as

(s )(t) = [ bt = )pls)ds = 3 Byl

where the weights 8; = 3;(7) are computed from the Laplace transform K(z) of k rather than
the kernel k(t). With 0, being time differentiation, define K (9;) as the operator of (distributional)
convolution with the kernel k: K (9;)p = k x ¢ for a function ¢(t) with suitable smoothness. Then
a convolution quadrature will approximate K (0;)¢ by a discrete convolution K(9;)¢ at t = t,
as K(9;)p(tn) = 27— Bn—j(T)p(t;), where the quadrature weights {3;(7)}32, are determined by
the generating power series > B;(1)&7 = K(6(€)/7) with §(¢) being a rational function, chosen
as the quotient of the generating polynomials of a stable and consistent linear multistep method.
For the backward Euler method, §(§) =1 — &.

An important property of the convolution quadrature is that it maintains some relations of the
continuous convolution. For instance, the associativity of convolution is valid for the convolution
quadrature [5] such as

KQ(@T)Kl(aT) = KgKl((?T) and KQ(QT)(kl * (p) = (KQ(@T)]{q) * Q. (41)

In the following lemma, we state an interesting result on the error of the convolution quadrature
[24, Theorem 5.2].

Lemma 4.1. Let G(z) be analytic in the sector Xy and such that
IGR)I < clz[7" vz € T,

for some real p and c. Then, for o(t) = ct®~L, the convolution quadrature based on the backward
FEuler method satisfies

Cttto=2r o>1
16090 - GoeOl < { Gt 020y (12)

Upon using the relation between the Riemann-Liouville derivative denoted by 0f and the
Caputo derivative “9¢, the semidiscrete scheme ([Z.2)) can be rewritten as

Thata(uh — uoh) + up = Thf(uh), t>0, uh(()) = UQh- (43)
Thus, the proposed backward Euler CQ scheme is to seek U;' € V3, n > 0, such that

1,08 (U = Up) + Uy = Tuf(Uy), n>1, Uy =uon (4.4)

4.1 The linear case

We begin by investigating the time discretization of the inhomogeneous linear problem
TN+ u=Tf(t), t>0, u(0)=u, (4.5)
with a semidiscrete solution wup(t) € V}, satisfying

Thcaf‘uh + up = Thf(ﬁ), t>0, uh(()) = Pyug. (4.6)



The fully discrete solution U] € V}, is defined by
T007 (U} = UR) + Uyl = Tuf(ta), n>1, Up = Puo. (4.7)
Then we establish the following result.

Theorem 4.1. Let ug € D(LY), v € [0,1]. Let u and U] be the solutions of (A1) and (&),
respectively, with f = 0. Then, fort, >0,

U3 = ulta)ll < e(rty” ™" + 1782 L g . (4.8)
Proof. We first notice that |lup(tn) — u(t,)| < ct;a(lfy)hVHE”uOH, which follows from Theorem

B in the case f = 0. In order to estimate ||U}* — uy(t,)|, apply 9, “ and - to (@6) and (ZL7),
respectively, use the associativity of convolution and the property Ty Py, = T}, to deduce that

Ui = un(tn) = — (G(9r) — G(84)) uo, (4.9)
where G(z) = (271 + T},) ~'T),. We recall that, by Z3), ||G(2)|| < ¢ Vz € 3y. Then, Lemma (A1l
(with = 0, o = 1) and the L?-stability of P, yield

UL — un(ta)ll < ety luoll. (4.10)
For ug € D(L), consider first the choice up(0) = Rpug. Recalling that R, = TpL, we use the
identity G(z) = I — 2=%(2=*I + T},) ! to get

Up = un(tn) = — (G(9;) — G(8y)) L,
where G(z) = 2=%(2=“I + Tj,) "' T},. Since ||G(2)|| < c|z|~® Vz € Xy, an application of Lemma E.T]
(with p = 0, 0 = 1) yields

1UR = un(ta)ll < ety = Lo]]. (4.11)
For the choice uy = Ppv, we split the new error
G(&T)uo - G(&t)uo = G(&T)(uo - Rhuo) + G(@T)Rhuo — G(@t)uo

By the stability of the discrete scheme, the estimate (£II)) and remark B2l we deduce that
|G (0 )uog — G(O¢)uo|| < c(hY + 7t2~1)||Lupl|. This shows (£E) when v = 1. Finally, for v € (0, 1),
the estimate (L8] follows by interpolation. O

Now we prove an error estimate when f # 0 but with ug = 0.

Theorem 4.2. Let u and U’ be the solutions of (&D) and [@T), respectively, with ug = 0. If f
satisfies | f(t) — f(s)| < c|t — s|? Vt,s € R with some 0 € (0,1) and fg(t — 5) | f(s)||ds < o0
vt € (0,To], then, for t, >0,

W07 — u(t)]] < eh +c (wfz-lnf(mn or [N S)a‘lllf’(8)||d8> EENTRE)

Proof. Using the assumptions on f in the proof of Theorem Bl we conclude that ||up(t) — u(t)]| <
ch?. From (&0 and (@7, the semidiscrete and fully discrete solutions are now given by uj =
G(8:)f and U' = G(8-)f, respectively, where G(z) is defined in the previous proof. Using the
expansion f(t) = f(0) + (1 % f')(¢) and the second relation in (&I]), we find that

Ui — un(tn) = (G(9-) — G(9:))£(0) + ((G(9) = G(e))1) * f'(tn) = T + 1.
By Lemma [EJ] (with ¢ = « and o = 1), we have
Il < erty = FO)]I-

For the second term, Lemma [£.1] yields
tn

11 < / " 1(G@) — GOt — 5) ()] < er / (tn — )V £/(5) s,

which completes the proof of (L.I12]). O



4.2 The semilinear case

We consider now the time approximation of the nonlinear problem (Z1]) and prove related error
estimates. The time-stepping scheme is now defined as follows: find U}’ € V3, n > 0, such that

Tho2 (U — U + U = Tuf (U7), n>1, U= Pyu. (4.13)

This scheme is written in an expanded form as

T.(Up —UR) + 7 g\ i =1 Y dl F(U)),
=0 j=0

where q§a) = (—1) ( —ja ) , see [24]. Since q(()a) = 1, the implicit equation for U} is of the form
(T I +Tp)Up =ThC+n+7Thf(UR), n>1, (4.14)
where ¢, n € V3. The solvability of ([@I4]) is discussed below.

Proposition 4.1. Under the restriction T*ML < 1, the nonlinear system (EId) has a unique
solution UJl € V3, for every n > 1.

Proof. The solvability of (£I4) is equivalent to the existence of a fixed point for the mapping
Sh i Vi, — Vi, defined by

Sh(v) = (TaI+Th)_1(ThC+7’]+TaThf(U)). (4.15)
Recalling that ||(791 + T) 1T} || < M, we have Yo, w € Vj,
[[Sh(w) = Sn ()]l 7L + Th) " Tn(f (v) = f(w))]

T M| fn(v) = fr(w)]|
TML|v— wl.

VAN VANVAN

Hence, S}, is a contraction if 7ML < 1, and therefore, (£I5)) has a unique fixed point in V}, which
is also the unique solution of (£14). O

To investigate the stability of the scheme ([I3]), we rewrite it in the form
(07 + Tn)Uy = TwUy + 07 “Tn f (U}). (4.16)

Noting that U}* depends linearly and boundedly on Uy, f (U,{), 0 < 7 < n, we deduce the existence
of linear and bounded operators F,, and R,, : Vi, = V;,, n > 0, such that U}’ is represented by

U;zl :PnUl?"i_TZRn—jf(U}Z)a (417)
=0

see [Bl, Section 4]. In view of (@I6l), the operators TR,, n > 0, are the convolution quadrature
weights corresponding to the Laplace transform K(z) = 2=%(2=%I + T},) " T}, i.e., they are the
coefficients in the series expansion

T R€ = K((1-9)/n).

Since ||K(2)| < ¢|z|%, an application of Lemma 3.1 in [5] with x = «, shows that there is a
constant B > 0, independent of 7, such that

|R.| < Btori, n=0,1,2,.... (4.18)
Based on this bound, we show that the scheme ([I3) is stable in L?(12).
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Proposition 4.2. Under the restriction 7 BL < 1, there exists a constant C independent of h

and T such that
IOz < CUURN+ [1f (o)D), n>1. (4.19)

Proof. Taking L?(2)-norms in (@I7) and using ([@IS)), we deduce that

U < ellURll + 7B Y =3 IO
j=0

Since, ||f(U;Jl)|| < LHU;JLH + (1 £(0)]],

U1 < el TR + Tallf ||+TBLZ Sl

With the assumption that 7*BL < 1, a generalized discrete Gronwall’s lemma (see, e.g., Theorem
6.1 in [8]) readily implies (Z.19). O
Now we are ready to prove the main result of this section.

Theorem 4.3. Let ug € D(LY), v € (0,1]. Let u be the solution of ([ZI)). Then there exists
70 > 0 such that, for 0 < T < 19, the numerical solution U} given by (@I3)) is uniquely defined

and satisfies
U7 = wu(ty)| < e(rte =t + 2=y ¢, > 0. (4.20)

Proof. Select g such that 7' M L < 1. Then, for 0 < 7 < 79, the discrete solution U}' € V}, is well
defined. Let v}, n > 0, be the intermediate discrete solution defined by

Th0% (v —v)) + vt = Thf(u(t,)), n>1, o) =Up. (4.21)

Then [{21)) can be viewed as a fully discretization of (2.1]) with a given right-hand side function
f(u). Hence, by applying Theorems 1] and 2] and using the bound |dyu(s)|| < es® 1, we
deduce that

lutn) = vp|| <erti =t 4 ch 3D 4 eh” + erty ™| £ (u(0)) |

+ CT/ n(tn —8)*Y0s f (s, 2, u(s)) 4+ Ouf (s, 2,u(s))Ou(s)| ds
0

Sc('rtg”_l + h”tf{(”_l) +ch” + 'rlfg_1 + 'rtg"'o‘”_l)
Ze(rtevt 4 prerh),

(4.22)

On the other hand, expressing v}’ in terms of the data, through the discrete operators P, and R,,
as in (I7), we obtain

o = PaU 7> Rus fulty). (1.23)
3=0
Thus, in view of [@I7) and [@23]), we have for 0 < t,, < Ty,
Uy —u(tn) = Uy —uvp +op —ultn)

= v —ultn) + 7Y R (f(U]) = flulty).
=0
By ([[2)) and the estimate in ([@I])) for R,,, we obtain
105 = u(ta)|l < [lvog = u(tn)]] +TLBZt 5 lU = ult)| + TLBE || Pauo — uol.

Using the estimate (£22) and making the additional assumption 7§'LB < 1, we now apply a
generalized Gronwall’s inequality, see Lemma 5.1 in [I], to finally derive (Z20). O
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5 Galerkin type approximations

In this section, we apply our analysis to approximate the solution of (1) by general Galerkin type
methods and derive optimal L?(Q)-error estimates for cases with smooth and nonsmooth initial
data. For a general setting, we assume that we are given a bilinear form ay, : Vj, x Vj, — R which
has the following property:

Property A. a(-,-) is symmetric positive definite, and the discrete problem

an(Tnf,x) = (f,x) Yx €V, (5.1)

defines a linear operator T}, : L?(Q2) — V}, satisfying the estimate (Z3)).
The solution of the continuous problem (L) will be approximated through the semidiscrete
problem: find up(t) € V3 such that

(Caguhvx) + ah(uha X) = (f(uh>a X) VX € Vh; t> 05 (52)

with up(0) = Pyug. We recall that Py, : L?(Q) — V}, is the L?-projection onto V},. Next we define
the fully discrete scheme based on the backward Euler CQ method as follows: with Uy = Pjuo,
find U} € Vi, n > 1, such that

(07U}, x) + an(Uy, x) = (9703, x) + (F(UR), X)  ¥x € Vi (5-3)
Then we have the following result.

Theorem 5.1. Let u be the solution of problem [LI) with uop € D(LY), v € (0,1]. Let U} be the
solution of problem ([B.3) with Up = Pyug. Assume that ay(-,-) satisfies Property A. Then there
holds:

|UR — u(ty)]| < e(rte =t + B2 =D) ¢, >0, (5.4)

where ¢ is independent of h and T.

Proof. Since ap(+,-) is symmetric, the operator T}, is selfadjoint and positive semidefinite on L2(£2):
for all f,g € L*()

(f,Thg) = an(Trf, Trhg) = (Tnf,g) and  (f,Twf) = an(Tnf, Tnf) > 0.

If f € V}, and Ty f = 0, then (&) implies that f = 0, that is T}, is positive definite on V. Further,
as from (B1)), we have Ty, = T}, P,. Hence, T}, satisfies all the conditions stated in section In
view of (B.1]), the fully discrete scheme (B3] is equivalently written as

T, 02 (U — U+ U = Tnf(US), n>1, U = Pyuo. (5.5)
Thus, the desired estimate is a direct consequence of Theorem[43] O

We notice that Property A is quite standard and holds for a large class of Galerkin type
approximation methods, including FE and spectral methods. For the spectral methods, one may
choose the notation Viy instead of V}, and replace the estimate (Z3) by | Thf =T f|| < ecN77| f|| Vf €
L?(Q). Further, since we are not imposing restrictions on the space Vj,, our analysis applies to
nonconforming space approximations, such as the early method by Nitsche [29] and the method
by Crouzeix and Raviart [4]. Recent examples of nonconforming methods include discontinuous
Galerkin (DG) FE methods. An interesting case is the symmetric DG interior penalty method,
see [2]. Here the discrete bilinear form aj, for the Laplacian operator is given by

ap(u,v) = Z /Kc2Vu~Vvdx— Z /F[[u]]~{{02Vv}}ds

KeTn FeFy
Feth/F[[v]] A{AVul} ds+F;h php /Fc (o] - [[]] ds, (5.6)
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where Tj, = {K} is a regular partition of Q and Fj, = {F} is the set of all interior and boundary
edges or faces of T, = {K}. The last three terms in (56) correspond to jump and flux terms at
element boundaries, with hp denoting the diameter of the edge or the face F', see [2] for more
details. The parameter p > 0 is the interior penalty stabilization parameter that has to be chosen
sufficiently large, independent of the mesh size. The bilinear form a;, is clearly symmetric and
satisfies property A with v = 2. Our analysis extends to other symmetric spatial DG methods as
long as property A is satisfied.

6 Mixed FE methods

We consider now the mixed form of the problem (I]) and establish a priori error estimates for
smooth and nonsmooth initial data. For the sake of simplicity, we choose £ = —A and Q C R2.
One notable advantage of the mixed FEM is that it approximates the solution v and its gradient
simultaneously, resulting in a high convergence rate for the gradient.

By introducing the new variable o = Vu, the problem can be formulated as

Ofu — Vo= flu), o =Vu, u=0 on 09,

with w(0) = ug. Let H(div; Q) = {o € (L*(Q))? : V-0 € L*(Q)} be a Hilbert space equipped
with norm ||o|lw = (|2 + ||V - &[|2)2. Then, with V = L*(Q) and W = H(div; ), the weak
mixed formulation of () is defined as follows: find (u, o) : (0,75] — V x W such that

(Ou,x) = (V-a,x) = (f(u),x) ¥xeV, (6.1)
(o, w)+ (u,V-w) = 0 VYweWw, (6.2)

with u(0) = ug. Note that the boundary condition v = 0 on 0% is implicitly contained in ([G.2).
By Green’s formula, we formally obtain & = Vu in Q and u = 0 on 9f).

For the mixed form of problem (L.1J), a few numerical studies are available, dealing only with the
linear case. In [7], the authors investigated a hybridizable DG method for the space discretization.
In [32], a non-standard mixed FE method was proposed and analysed. Another related analysis for
mixed method applied to the time-fractional Navier-Stokes equations was presented in [22]. The
convergence analyses in all these studies require high regularity assumptions on the exact solution,
which is not in general reasonable. In the recent work [16], we investigated a mixed FE method
for (LI) with f = 0 and derived optimal error estimates for semidiscrete schemes with smooth
and nonsmooth initial data. The estimates extend the results obtained for the standard linear
parabolic problem [I5]. In the present analysis, we shall avoid energy arguments as employed in
[16] due to the weak regularity of the solution.

For the FE approximation of problem (G.I)-([6.2)), let 75, be a shape regular and quasi-uniform
partition of the polygonal convex domain ) into triangles K of diameter h. Further, let Vj, and
W), be the Raviart-Thomas FE spaces [30] of index ¢ > 0 given respectively by

Vi ={w e L*Q): wlx € P(K)VK € T;,}
and
W, = {V S H(div,ﬂ) : V|K € RT@(K) VK € 7;1},
where RTy(K) = (Py(K))? + 2P(K), £ > 0. Other examples of mixed FE spaces may also be
considered. We shall restrict our analysis to the low order cases £ = 0,1, as high order Thomas-
Raviart elements are not attractive due to the limited smoothing property of the time-fractional
model, see [16].
For (u,0) € VXW, we define the intermediate mixed projection as the pair (ap, &) € Vi X W,
satisfying
(V-(e—=0n),xn) = 0 Vxn €V, (6.3)
((U—&h),Wh)—l—(u—’ﬁh,v-Wh) = 0 Vw, € Wy, (6.4)
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Then, with (u, o) = (u, Vu), the following estimates hold [I5, Theorem 1.1]:
lu—anll < CHYLul, |l — &4l < ChllLul, £=0,1. (6.5)

For a given function f € L?(Q), let (up, o) € Vi, x W}, be the unique solution of the mixed
elliptic problem

—(Veonxn) = (fixn) Vxn € Vi, (6.6)
(O'h,Wh)—l—(uh,V-Wh) = 0 Vwp, € Wy, (6.7)

Then, we define a pair of operators (1), Sp) : L2(2) — Vi x Wy, as Ty, f = uy, and Sy, f = op,. With
T : L?(2) — D(L) being the inverse of the operator £, the following result holds [I5, Lemma 1.5].

Lemma 6.1. The operator Ty, : L2(2) — Vj, defined by Ty, f = uy, is selfadjoint, positive semidefi-
nite on L?(Q) and positive definite on Vi,. Further, we have

ITwf = TF < ch™ | fll, €=0,1.

6.1 Semidiscrete scheme

The semidiscrete mixed FE scheme is to seek a pair (up, op) : (0,Tp] — Vi, x Wy, such that

(COfun, xn) = (V-onxn) = (f(un),xn) Yxn € Vi, (6.8)
(O'h,Wh) + (uh, V- Wh) = 0 Vwp, € Wy, (6.9)

with up(0) = Ppug. Since V;, and Wy, are finite-dimensional, we can eliminate o, in the discrete
level using ([G.9) by writing it in terms of uj. Therefore, substituting in ([G.8]), we obtain a system
of time-fractional ODEs. Existence and uniqueness can be shown using standard results from
fractional ODE theory [34].

For the error analysis, define e, = up — v and e, = o — 0. Then, from (GI)-(G2) and

E3)-[69), e, and e, satisfy

(Ofew, xn) = (V-eayxn) = (fun) = f(u),x) VYxu € Vi, (6.10)
(eo-,Wh)—l—(eu,v-Wh) = 0 VYw, € Wy (6.11)

Using the projections (ap, &), we split the errors e, = (up, — @p) — (Up —u) =: 0 — p, and e =

(o —0oh) — (6 — o) =: &€ — ¢. From (6.10)-(GIT]), we then obtain

(O ew,xn) — (V-&xn) = (fun) — f(u),Xx) Yxu € Vi, (6.12)
(ﬁ,Wh)—f—(e,V'Wh) = 0 Vw, € Wy, (6.13)

Next we state our results for the semidiscrete problem.

Theorem 6.1. Let (u, o) and (up, o) be the solutions of (6.1)-(G2) and (6.8)-(C.9), respectively,
with up(0) = Prug. Then, for ug € D(LY), v € [0,1], the following error estimates hold for t > 0:

un(t) — u(®)|| < ch*e, W)= p=0,1, (6.14)

and

lon(t) — o) < chly ()t =1, (6.15)

Proof. From the definition of the operator T} above, the semidiscrete problem may also be written
as
TEOMup + up = Tnf(up), t>0, up(0) = Pyug. (6.16)
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Note that T}, satisfies the properties in Lemma and Ty P, = Tj. Recalling the definition of the
continuous operator T', see (2.1]), the estimate (6.14) follows immediately from Theorem Bl Now,
using ([BI3) and the standard inverse inequality: ||V - &|| < ch™!||€|| V& € W}, we have

€1 < N0V - €]l < ch ™ [1o] 1€l

Further, [|0]| < |lew||+lpl| < ch?€n(v)t= ) by @5) and (6.14), so that ||€(t)| < chly(v)t=*(—¥),
Together with ||¢(t)|| < ch|Lu(t)]| < cht=*(=)||lug||, this shows (G.I5). O

Remark 6.1. Avoiding the inverse inequality in the estimation of the flux variable o seems to be
challenging as estimates for the first and second time derivatives of u are mot available, even in
the HY(Q)-norm.

Remark 6.2. The following estimate holds in the stronger L°°(§))-norm:
un(t) — w(t)|| Loy < ch|Inh[t=*=) t>0, (=1 (6.17)

Indeed, from [©I3), we may get [|0(t)||L~) < C|Inh||&(t)], see [15, Lemma 1.2]. Noting also
that ||C(t)] < ch|Inh|||Lu(t)||, see [1H, Theorem 1.1], we obtain ([GIT).

Remark 6.3. For the linear problem with f = 0 and ug € D(LY), v € [1/2,1], the solution
u(t) € H3(Q) for t > 0. As a consequence, when £ = 1, approzimations of order O(h?) are
achieved for both variables u and o, see [16, Thorem 5.4].

6.2 Fully discrete scheme

The fully mixed FE scheme based on the backward Euler CQ method is to find a pair (U}, X}) €
Vi, x Wy, such that for n > 1,

(07U, xn) = (V- B, xn) = (07U, xn) + (FUR) xn) Vxn € Vi, (6.18)
(ZZ,W}L)-F(U,?,V-W}L) = 0 Vwy € Wy, (6.19)
with Up = Pyug. We now prove the following result.

Theorem 6.2. Let (u, o) be the solution @1I)-(62). Let (U}, L}) be the solution of ([EI8)-G19)
with U = Ppug. Then, for ug € D(LY), v € (0,1], the following error estimate holds for t, > 0:

|UR — u(ty)]] < e(rte¥ =t + p1+e 0=y p =01, (6.20)
where c¢ is independent of h and 7.
Proof. In view of Lemma [6.J] the fully semidiscrete problem is rewritten as
TROMUR + U = Tho2UR + Tnf(US), n>1, U= Pyuo. (6.21)

Recalling again the definition of the continuous operator T', the estimate ([G.20) follows immediately
from Theorem O

We conclude this section by showing error estimates for the linear problem with f = 0. The
results are intended to complete the semidiscrete mixed FE error analysis presented in [16].

Theorem 6.3. Let (u, o) be the solution [6I)-@2) with f = 0. Let (U, X}) be the solution of
6I8)-@I9) with f = 0 and Uy = Pyug. Then, for ug € D(LY), v € [0,1], the following error
estimate holds for t, > 0:

U7 — u(ty)|| < c(rte =t + p1+e-c0=2))| LYy, £ =0,1. (6.22)
Furthermore, in the case v =0,
157 = o(ta)ll < e(rt, 7 + bty uoll, £=1, (6.23)

where c¢ is independent of h and 7.
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Proof. The first estimate is given in Theorem Il To derive ([6.23]), we use ([6.8)-(G9) and (E.I8)-
(©19) so that, with u}! = up(t,) and o} = o(t,), we have

OF Uy —up),xn) = (V- (Zh —op)xn) = —(07 = 07)(uf —uo),Xn) VXn € Vi,
(EZ — O'Z,Wh) + (U;: — UZ, V- Wh) = 0 Vwy € Wy

Choose xp = U;! — uy and wy, = X} — o} so that
IS5 = ohl® + (07 Uy = up), Uy = up) = =((0F = 07)(upy — uo), Uy — up). (6.24)
From (6.16) and (6.21)), we see that UJ» —ul! = G(0;)ug — G(d;)ug, where G(z) = (z=*I+T},) " T),.

Hence,

T

07Uy —up) = (97U} = 0fup) — (07 — OF Jujy
(G(0r) = G(0r))uo — (07 — 07 )upy,

where G(z) = 2*G(z). Inserting this result in 624), we get

15 — ol + ((G(0:) — G(0))uo, Uy — ujp) = ((92

T

— Mo Up — ), (6.25)
and therefore

155 = ol < (1(G0r) = GOl + 102 — 0 yuoll) U7 = ull

Applying Lemma BTl (with . = —a, 0 = 1), we obtain [|(82 — 0f)uo|| < ert;;* ! |ug||. Similarly,
|G(2)|| < c|z|*Vz € Xy implies that ||(G(0%) — G(08))uo|| < ert,;* |lugl|. The estimate ([G.23))
follows now since ||y (tn) — o (tn)|| < cht~%||ugl|, see [16]. This completes the proof. O

Remark 6.4. For problem (1) with Lu = —div[A(x)Vu]+ k(x)u, one may consider an expanded
mized FE method by setting q = Vu and o = Aq, see [33]. Thus, the scalar unknown u, its
gradient and its flux o are treated explicitly. The new mized Galerkin method is to find (u,q,0) :
(0,To] =V x W x W such that

(COpu,x) — (V-o,x) + (ku,x) = (f(u),x) Vx €V,
(Q5W)+(uavw) - 0 VWGVV7
(o,w) — (Aq,w) = 0 VYweW,

with u(0) = ug. We define the semidiscrete approzimation as the triple (un,qn,or) : (0,To] —
Vi, x Wp, x Wy, satisfying

(O un, xn) — (V- on,xn) + (kun, xn) = (f(un),xn) Yxu € Vi,
(qh,wh) + (uh, V- Wh) = 0 VYwp € Wy,
(Uhawh) - (AQh;Wh) = 0 th S Wh;

with up(0) = Ppug. Then, in order to extend the previous analysis to the expanded mized FE
method, one may prove a result similar to Lemma[G1. This can be achicved by using the approzi-
mation properties derived in [33, Theorem 4.8].

7 Numerical Experiments

In this part, we present numerical examples to verify the theoretical results. We consider problem
(L) and its mixed form (@I)-(E.2) in the unit square Q = (0,1)? with £L = —A. We choose
f(u) = v/14 u? and perform numerical tests with the following smooth and nonsmooth initial
data:
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(a) wo(w,y) = zy(1 — 2)(1 - y) € H*(Q).
(b) U’O(‘T’y) = XD(‘T’y) € H1/2_6(Q)7 €>0,

where yp(z,y) denotes the characteristic function of the domain D := {(z,y) € Q: 2% + y* < 1}.

Since the error analysis of the standard conforming Galerkin FEM has thoroughly been in-
vestigated, see for instance [10], we shall mainly focus on spatial errors from nonconforming and
mixed FEMs. The backward Euler CQ method is used for the time discretization,

In the computation, we divide the domain €2 into regular right triangles with M equal subinter-
vals of length h = 1/M on each side of the domain. We choose o = 0.5 and the final time 7' = 0.1.
Since the exact solution is difficult to obtain, we compute a reference solution on a refined mesh
in each case. All the numerical results are obtained using FreeFEM++ [9].

To check the spatial discretization errors, we display in TableMthe L?()-norm of the errors in
the discrete solutions in cases (a) and (b), computed by the Crouzeix-Raviart nonconforming FEM
(Plnc) based on the numerical scheme (5.3)) and its analogue used with the standard conforming
FEM. From the table, we observe a convergence rate of order O(h?) for smooth and nonsmmoth
initial data, which confirms the theoretical convergence rates. Similar results have been obtained
with different values of a. We notice that the nonconforming method yields slightly better results.

Table 1: L%-errors for cases (a) and (b); P1 and Plnc FEMs.

P1 (Conforming) Plnc (Crouzeix-Raviart)
Problem (a) Problem (b) Problem (a) Problem (b)
M | L%-error Rate | L?-error Rate | L%-error Rate | L%-error Rate
8 1.83e-3 1.82e-3 9.26e-4 9.39e-4

16 | 4.47e-4 1.97 4.64e-4 1.98 2.43e-4 1.93 2.46e-4 1.93
32 | 1.15e-4 2.02 1.14e-4 2.01 6.15e-5 1.98 6.23e-5 1.99
64 | 2.73e-5 2.06 2.71le-5 2.05 1.52e-5 2.01 1.54e-5 2.02

For the mixed FEM, we perform the computation using the lowest-order Raviart-Thomas FE
spaces (RT0, P0) and (RT'1, P1ldc), where PO and Pldc denote the sets of piecewise constant and
linear functions, respectively. Here, we adopt the notation used in FreeFEM++. In our tests, we
include the case & = 1 (i.e., the parabolic case) in order to investigate the effect of the solution
regularity.

The numerical results for problem (a) are given in Table[2l They show a convergence rate of
order O(h) in the case of (RT0, P0) and of order O(h?) in the case of (RT'1, Pldc) for both values
a = 0.5 and o = 1, which agrees well with the theoretical results.

In Table Bl we present the numerical results for problem (b). The results reveal that the
convergence rates are maintained in the cases of (RT0, PO) with o = 0.5 and (RT'1, Pldc) with
a = 1, which agrees well with our convergence analysis. By contrast, the convergence rate reduces
to O(h'7) in the case of (RT'1, Pldc) with a = 0.5. This confirms our prediction that the optimal
O(h?) convergence rate is no longer attainable when the initial data is not smooth. Note that, since
the numerical results do not show a convergence rate of O(h), this may be seen as an unexpected
result. However, as the initial data uy has some smoothness, ug is roughly in HY 2=¢(Q) for some
€ > 0, the numerical results do not contradict our theoretical findings. Indeed, the smoothness
of the particular initial data wy could then have a positive effect on the convergence rate. This
fact has also been observed in the study of a homogeneous linear time-fractional problem with
time-dependent coefficients [17].
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Table 2: L?-errors and convergence rates for case (a); mixed FEMs.
M | [lu—unllz2 Rate [lo —onl2 Rate
(RT1,Pldc), a =0.5

8 4.63e-4 3.31e-3
16 1.11e-4 2.05 8.23e-4 1.86
32 2.49e-5 2.16 2.49e-4 1.89

64 6.28e-6 1.99 5.48e-5 1.96
(RT'1,Pldc), a=1

8 4.61e-4 3.32e-3
16 1.10e-4 2.06 9.24e-4 1.86
32 2.47e-5 2.15 2.49e-4 1.90
64 6.24e-6 1.99 6.45e-5 1.96
(RT0,P0O), «a =05

8 5.41e-3 2.73e-2
16 2.71e-3 1.00 1.40e-2 0.97
32 1.35e-3 1.00 7.04e-3 0.97
64 6.81e-4 1.00 3.52e-3 1.00

References

1]
2]

[3]

[11]

[12]

M. Al-Maskari and S. Karaa, Numerical approximation of semilinear subdiffusion equations
with nonsmooth initial data, SIAM J. Numer. Anal., 57 (2019), 1524-1544.

D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified analysis of discontinuous
Galerkin methods for elliptic problems, STAM J. Numer. Anal., 39 (2002), pp. 1749-1779.

J. H. Bramble, A. H. Schatz, V. Thomée, and L. B. Wahlbin, Some convergence estimates for
semidiscrete Galerkin type approximations for parabolic equations, STAM J. Numer. Anal., 14

(1977), pp. 218-241.

M. Crouzeix and P. Raviart, Conforming and nonconforming finite element methods for solv-
ing the stationary Stokes equations, RAIRO: Anal. Numér., 7 (1973), pp. 33-76.

E. Cuesta, C. Lubich, and C. Palencia, Convolution quadrature time discretization of fractional
diffusion-wave equations, Math. Comp., 75 (2006), pp. 673-696.

C. Chen, V. Thomée, and L. B. Wahlbin, Finite element approximation of a parabolic integro-
differential equation with a weakly singular kernel, Math. Comp., 58 (1992), pp. 587-602.

B. Cockburn and K. Mustapha, A hybridizable discontinuous Galerkin method for fractional
diffusion problems, Numer. Math., 130 (2015) pp. 293-314.

J. Dixon and S. McKee, Weakly singular discrete Gronwall inequalities, 7. Angew. Math.
Mech., 66 (1986), pp. 535-544.

F. Hecht, O. Pironneau, and A. Le Hyaric, www.freefem.org/ff+-+.

B. Jin, R. Lazarov, and Z. Zhou, Two fully discrete schemes for fractional diffusion and
diffusion-wave equations with nonsmooth data, STAM J. Sci. Comput., 38 (2016), pp. A146-
A170.

B. Jin, R. Lazarov, Y. Liu and Z. Zhou, The Galerkin finite element method for a multi-term
time-fractional diffusion equation, J. Comput. Phys., 281 (2015), pp. 825-843

B. Jin, R. Lazarov, and Z. Zhou, Numerical methods for time-fractional evolution equations
with nonsmooth data: A concise overview, Comput. Methods Appl. Mech. Engrg., 346 (2019),
pp. 332-358.

18



[13]

[14]

[15]
[16]
[17]
18]
[19]
[20]
[21]

22]

Table 3: L%-errors and convergence rates for case (b); mixed FEMs.
M | [lu—unllz2 Rate [lo —onl2 Rate
(RT1,Pldc), a =0.5

8 1.21e-3 8.83e-3

16 2.93e-4 2.04 2.69e-3 1.71
32 6.72e-5 2.12 8.36e-4 1.70
64 1.62e-5 2.05 2.54e-5 1.71
(RT'1,Pldc), a=1

8 1.35e-3 5.40e-3

16 3.21e-4 2.07 1.39e-3 1.97
32 7.27e-5 2.14 3.59%e-4 1.97
64 1.57e-5 2.19 9.39%-5 1.94
(RT0, P0), a =05

8 1.37e-2 6.60e-2

16 6.92¢-3 0.99 3.38¢e-2 0.97
32 3.46e-3 1.00 1.07e-2 0.99
64 1.74e-3 1.00 8.52e-3 1.00

B. Jin, B. Li, and Z. Zhou, Numerical Analysis of nonlinear subdiffusion equations, STAM J.
Numer. Anal., 56 (2018), pp. 1-23.

C. Johnson, S. Larsson, V. Thomée, and L. B. Wahlbin, Error estimates for spatially discrete
approzimations of semilinear parabolic equations with nonsmooth initial data, Math. Comp.,
49 (1987), pp. 331-357.

C. Johnson and V. Thomée, Error estimates for some mized finite element methods for
parabolic type problems, R.A.LR.O., Anal. Numér., 14 (1981), 41-78.

S. Karaa, Semidiscrete finite element analysis of time fractional parabolic problems: A unified
approach, STAM J. Numer. Anal. 56 (2018), 1673-1692.

S. Karaa and A. K. Pani, Mized FEM for time-fractional diffusion problems with time-
dependent coefficients, Submitted.

S. Karaa and A. K. Pani, Error analysis of a FVEM for fractional order evolution equations
with nonsmooth initial data, ESAIM Math. Model. Numer. Anal. 52 (2018), pp. 773-801.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.

D. Li, H. Liao, W. Sun, J. Wang, and J. Zhang, Analysis of L'-Galerkin FEMs for time-
fractional nonlinear parabolic problems, Commun. Comput. Phys., 24 (2017), pp. 86-103.

D. Li, J. Wang, and J. Zhang, Unconditionally Convergent L'-Galerkin FEMs for Nonlinear
Time-Fractional Schrédinger Equations, STAM J. Sci. Comput., 39 (2017), pp. A3067-A3088.

X. Li, X. Yang, and Y. Zhang, Error estimates of mized finite element methods for time-
fractional Navier-Stokes equations, J. Sci. Comput., 70 (2017), pp. 500-515.

C. Lubich, Discretized fractional calculus, STAM J. Math. Anal., 17 (1986), pp. 704-719.

C. Lubich, Convolution quadrature and discretized operational calculus-I, Numer. Math., 52

(1988), pp. 129-145.

C. Lubich, I. H. Sloan, and V. Thomée, Nonsmooth data error estimates for approximations
of an evolution equation with a positive-type memory term, Math. Comp., 65 (1996), pp. 1-17.

19



[26]

[27]

[28]

[31]
[32]
[33]

[34]

W. McLean and V. Thomée, Numerical solution via Laplace transforms of a fractional order
evolution equation, J. Integral Equations Appl., 22 (2010), pp. 57-94.

W. McLean and V. Thomée, Maximum-norm error analysis of a numerical solution via
Laplace transformation and quadrature of a fractional order evolution equation, IMA J. Nu-

mer. Anal., 30 (2010), 208-230.

K. Mustapha and H. Mustapha, A second-order accurate numerical method for a semilinear
integro-differential equation with a weakly singular kernel, IMA J. Numer. Anal., 30 (2010),
pp. 555-578.

J. A. Nitsche, Uber ein Variationsprinzip zur Losung yon Dirichlet-Problemen bei Verwendung
von Teilrddumen, die keinen Randbedingungen unterworfen sind, Abh. Math. Sem. Univ.
Hamburg, 36 (1971), pp. 9-15.

P. Raviart and J. A. Thomas, Mixed finite element method for second order elliptic problems.
In Mathematical Aspects of the Finite Element Method, Galligani I, Magenes E (eds). Lecture
Notes in Mathematics, vol. 606. Springer: Berlin, 1977.

V. Thomée, Galerkin finite element methods for parabolic problems, Springer-Verlag, Berlin,
1997.

Y. Zhao, P. Chen, W. Bu, X. Liu, and Y. Tang, Two mized finite element methods for time-
fractional diffusion equations, J. Sci. Comput., 70 (2017), pp. 407-428.

Z. Chen, Ezxpanded mized finite element methods for linear second-order elliptic problems, 1.
RAIRO Modél. Math. Anal. Numér. 32 (1998), pp. 479-499.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.

20



	1 Introduction
	2 General setting and preliminary estimates
	3 Error estimates without regularity assumptions
	4 Fully discrete schemes
	4.1 The linear case
	4.2 The semilinear case

	5 Galerkin type approximations
	6 Mixed FE methods
	6.1 Semidiscrete scheme
	6.2 Fully discrete scheme

	7 Numerical Experiments

