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A high-order exponential integrator for nonlinear parabolic equations with
nonsmooth initial data

Buyang Li and Shu Ma

Abstract A variable stepsize exponential multistep integrator, with contour integral approximation of the operator-
valued exponential functions, is proposed for solving semilinear parabolic equations with nonsmooth initial data. By
this approach, the exponential k-step method would have k*"-order convergence in approximating a mild solution, pos-
sibly nonsmooth at the initial time. In consistency with the theoretical analysis, a numerical example shows that the
method can achieve high-order convergence in the maximum norm for semilinear parabolic equations with discontinu-
ous initial data.

Key words nonlinear parabolic equation, nonsmooth initial data, exponential integrator, variable stepsize, high-order
accuracy, discontinuous initial data.

1 Introduction

Let A be the generator of a bounded analytic semigroup on a Banach space X, with domain D(A) C X, and consider
the abstract semilinear initial-value problem

{u/(t) — Au(t) = f(t,u(t)) for t € (0,T],

u(0) = wo, M

where ugp € X and f : [0,00) x X — X is a smooth (locally Lipschitz continuous) function. A function v €
C([0,T); X) is called a mild solution of (I)) if it satisfies the integral equation

t
u(t) = eug + / e (s u(s))ds, Vte (0,T], )
0
where e*“ denotes the semigroup generated by the operator A.
In the linear case f(t,u) = f(t), time discretization of (I) by a k*"-order Runge—Kutta method satisfies the follow-
ing error estimate:
lur, — u(tn)] < cr*t;F for wo € X, 3)

where 7 denotes the stepsize of time discretization; see [22,128]). In particular, for a nonsmooth initial value up € X, the
methods have k'"-order accuracy when t,, is not close to zero. This result also holds for implicit backward difference
formulae (BDF), exponential integrators [[12/16]], and fractional-order evolution equations [[15, Remark 2.6].

However, such high-order convergence as (B) does not hold when the source function f(t, ) is nonlinear with
respect to u. A counter example constructed in [4] shows that a k*"-order Runge—Kutta method normally has only
first-order convergence for a general nonsmooth initial data ug € X, i.e.,

Cittnt < |lun — u(tn)|] < Cortyt for up € X. 4)
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Similarly, semi-implicit Runge—Kutta methods also suffer from this barrier of convergence rate [24]. For nonlinear
problems with nonsmooth initial data, existing error estimates for exponential integrators also yield only first-order
convergence (see [11,23,24]])

|urn — u(tn)]] < Cr  for up € X. Q)

No method has been proved to have high-order convergence for semilinear parabolic equations with general nonsmooth
initial data ug € X.

Of course, if the initial value is sufficiently smooth and satisfies certain compatibility conditions, e.g., ug € D(A’“),
then O(7") convergence can be achieved uniformly for t,, € [0, 77 for the nonlinear problem (I). This has been proved
for most time discretization methods, including Runge—Kutta methods [4]], implicit A(«)-stable multistep methods [20]],
implicit—-explicit BDF methods [1L2], splitting methods [5lI6l[10] and several types of exponential integrators [3L[11}
12125]). Extension to quasi-linear parabolic problems has also been done; see [7L8L19,[13[14,21]. The error estimates
presented in these articles do not apply to nonsmooth initial data.

Due to the presence of the factor t,, ', the first-order convergence of Runge—Kutta methods cannot be improved
by using variable stepsizes. However, compared with other time discretization methods, exponential integrators were
proved to have an error bound of O(r) uniformly for ¢, € [0,7] for nonsmooth initial data ug € X, without the
factor t,, 1 appearing in the error estimates for other methods (see [11,23,24])). This uniform convergence motivates us
to consider the possibility of constructing high-order exponential integrators with variable stepsizes.

In this paper, we propose a variable stepsize exponential k-step integrator for (I)) with general nonsmooth initial data
uo € X, by choosing

1
T = O((tn/T)"7), forsome B> 1— o 6)
where 7, = t,, — tn—1 denotes the nth stepsize in the partition 0 = tp < t1 < --- < tn§y = T, and 7 the maximal

stepsize. For the convenience of implementation, we also integrate in the numerical method (and the error analysis) an
algorithm for approximating the exponential integrator by using the contour integral techniques developed in [[17L{19]
27]).

The proposed variable stepsize method, with contour integral approximation of the exponential integrator, can
achieve k*"-order accuracy in approximating a mild solution of (), i.e.,

k
max [ = u(tn)]| < 7" ™)

This is the first high-order convergence result in approximating semilinear parabolic equations with nonsmooth initial
data (without any regularity in addition to up € X). In view of the result @) for the Runge-Kutta methods, the con-
vergence result (Z) shows the superiority of the variable stepsize exponential integrator for problems with nonsmooth
initial data. The approximation of exponential integrator would require O(In(7 ")) parallel solutions of linear equa-
tions, and there are N = O(7~ ') time levels by using the stepsize in (G). Therefore, the total computational cost is
O(r~ ' In(r™1)) for an accuracy of O(7").

For rigorous analysis without extra regularity assumptions on the solution, we assume that the nonlinear source
function satisfies the following estimates:

If(t,u) — f(t,v)]] < Csuwl|lu—2| for u,v € X, (local Lipschitz continuity) (8)
de
H Wf(@ u(t)) H (smoothness in ¢ and )
¢
Scf’u’ez Z H@Z"lu(t)HHa??u(t)H Hatmlu(t)‘lv ¢=0,1,..., &)

=1 mi+4-4m; <L

where || - || denotes the norm of X, Cy ,, ., is a constant depending on f, ||u|| and ||v||; similarly, C ., ¢ is a constant
depending on f, ||u(t)||, ¢, and the summation above extends over all possible positive integers m1, . .., m; satisfying
m1 + -+ m; < £ foragiven j.

Assumptions (B)—(9) are naturally satisfied by a general smooth function f : R — R in a semilinear parabolic partial
differential equation (PDE)

Owu(z,t) — Au(z,t) = f(u(z,t)) for (z,t) € 2 x (0,77,
u(z,t) =0 for (z,t) € 92 x (0,7, (10)
u(z,0) = uo(x) for x € (2.
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In this case, the Dirichlet Laplacian A generates a bounded analytic semigroup on X = Co (£2), the space of continuous
functions on {2 which equal zero on the boundary 9(2; see [26]. Furthermore, the smooth function f naturally extends
to a function of u € Co({2), satisfying

I1f (u) *f(v)”cn(ﬁ) <cC |85f(s)|||u7v||cn(ﬁ)

max
[s|<llull+[v]

and

d
S (ule,) = 0uf (o,

T, 0)) = 21 () @)? + DS (s,
3

S (. 0) = 02 () (Ou)® + 302 (w)Dudhet + Ouf ()uset,

Obviously, all these time derivatives of f(u(z,t)) satisfy @). Hence, the semilinear parabolic PDE (I0) with a general
smooth function f : R — R is an example of the abstract problem (IJ) satisfying assumptions (8)—(9).

Assumption (§) is the same as the local Lipschitz continuity assumption used in [3]] and [11]. In [3], authors proved
high-order convergence with an addition assumption that the solution is in C* ([0, 7], X ), which is not satisfied when the
initial data is nonsmooth, i.e., ug € X instead of D(Ak ). In [11]], authors proved high-order convergence of exponential
integrators with an additional assumption that 87 f (u(t)) is uniformly bounded for ¢ € [0, T, which is also not satisfied
when the initial data is nonsmooth. These additional assumptions in [3[11] are replaced by @) in this paper, which is
used to prove the weighted estimates

l8fu(t)|| < Ct™* for £=1,...,k,

which allow the solution to be nonsmooth at ¢ = 0. These weighted estimates are used to prove high-order convergence
of the exponential integrator in this paper.

Both the regularity analysis and the error analysis in this paper can be similarly extended to semilinear parabolic
equations with smoothly varying time-dependent operators. However, the extension to quasilinear parabolic equations
with nonsmooth initial data is still not obvious.

2 Numerical method

We denote by §(z) := [;° e~ *tg(t)dt the Laplace transform of a given function g. Then we let g(t) := f(¢,u(t)) and
take the Laplace transform of (2)) in time. This yields

a(z) = (2 — A) " uo + (2 — A) TG (2). (1

Since A generates a bounded analytic semigroup on X, there exists an angle ¢ € (0, 5) such that the operator (z—A)~ 1

is analytic with respect to z in the sector
Yr_gp:={z€C:|arg(z)| <7 — ¢}.

In order to use the established contour integral techniques of [17l[19], we take inverse Laplace transform of (I} along
the contour
I ={\1—-sin(a+1is)) : s e R} C Yr_y,

where o = % — % and A is to be determined. Then we have
ut) = —— / e (x — A) 1 G(2) + uo)d.
2mi Jp,

Similarly, by considering t,,—1 as the initial time, the solution at ¢ = ¢,, can be written as

ul(tn) = = /F (5 — A Ga(2) + ulta_1))dz, (12)

2mri
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where gn(s) = f(tn—1 + s, u(tn-1 + 5)).
In [17, Theorem 1] the authors proved that, by choosing the parameter

_ 2ndK(1 - 0)
=T (13)
with
Q 1 1
d= E, 0=1-— ? and G/(Q) = arccosh(m),

there are quadrature nodes and weights on the contour I’y ,

ze = M1 — sin(a + i¢h)) and w, = ;\—hcos(aJriEh), {=-K,...,K, with h= Klg)
T

)

such that (I2)) can be approximated by a quadrature

K

u(te) Y wee™ (ze = A) 7 (Gnlze) + ultn-1))
(=—K

with an error of Oge_K/C).
Therefore, if u{™ = (u,)2_, denotes the numerical approximation of (u(t,))2_1, then we approximate the source
function f(¢,u(t)) by an extrapolation polynomial of degree k& — 1:

k
fn(t?u(T)) = ZLj(t)f(tnfj:Unfj) fort € (tn—1,tn],
j=1
where L;(t) is the unique polynomial of degree k& — 1 such that
Lj(tn_i):éij, i=1,...,k.
Forn > k + 1 and given numerical solutions u,—;, j = 1, ..., k, we denote
gn(s:u ") = fultn—1 +5u'7),  Ljn(s) = Li(ta—1 +5),

and compute

K
Up = Z wee™ (zg — A) " (@n(ze;u ™) + un_1)

=—K
K k .
= Z wee " * (Z@ - A)_l( ij(Z@)f(tnfj, un,j) + unfl). (14)
(=K i=1

The numerical solution at the starting k steps can be computed by using the exponential Euler method

K
Uy = Z wee " (zg — A)_l(z[lf(tnfl,unfl) —|—un,1), n=1,...,k. (15)
(=—K

Since the stepsize choice in (@) implies 7, = O(Tﬁ) = O(Tk) for the starting k steps, the exponential Euler scheme
(@) can keep the errors of numerical solutions within O(7%) at the starting k steps.
The main result of this paper is the following theorem.

Theorem 1 Let ug € X and assume that the nonlinear problem (1) has a mild solution u € C([0,T]; X). Then there
exist constants To and co such that for r < 19 and K > %co ln(Tﬁl), the solutions uy, n = 1,..., N, given by

(@4)-[@3) with stepsize choice from (@), satisfies the following error estimate:

max [tn, — u(tn)]| < CTF + Cr~te /%0, (16)
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Remark 1 For K > (k + 1)coIn(77?) there holds 7~ te~%/¢ < 7% Therefore, O(In(1/7)) quadrature nodes are
needed to have an error of O(7").

Remark 2 Instead of choosing different )\, at different time steps, one can also divide the time interval [t1, 7 into
O(log(t™1)) parts [A™I 7 T, AT, j = 0,...,J = O(log(T™ 1)), with

_ 27dK(1—0)

An = m being constant for ¢, € [A_j_lTyA_jT]v an
and
a 1 A
d_§7 0_1—? and a(@)—arccosh(m>y

where 7k ; denotes the minimal stepsize for ¢,, € [Afj*lT, Aij]. This was used in many articles; see [17,118L[19,27].
By this method, at most O(log(7 1)) different contours are needed to have an error of O(7%).

3 Proof of Theorem[]

The proof consists of two parts. In section[3.1] we prove the regularity of the solution u. By using the regularity result,
we estimate errors of numerical solutions in section

3.1 Regularity of solution

It is well known that the solution of a linear parabolic equation has higher regularity at positive time and satisfies the
estimate ||0fu(t)|| < Ct~%, £ =0,1,..., for a nonsmooth initial data uo € X. In this subsection, we prove that this
is also true for the nonlinear problem () if the source function f is smooth with respect to ¢ and u in the sense of (@).
Since we have not found such a result in the literature for semilinear parabolic equations, we present the proof in the
following lemma.

Lemma 1 Ifu € C([0,T]; X) is a mild solution of @), then v € C*((0,T); X) and
lofu®)|| < Ct™, ¢=0,1,... k.

Proof Ifu € C([0,T7]; X) then the constant C ,, ¢ in (@) is bounded for 1 < £ < k. We simply denote this constant by

C'. By mathematical induction, we assume that form = 0,...,¢ — 1,
[0 u(®)|| < Ct™™, t€(0,T]. (18)
Then (@) implies
i—if(t,u(t)) <Cct™™, te(0,T], for m=0,...,0—1. (19)

In the following, we prove that (I8) also holds for m = £.
Multiplying @) by t¢ yields

¢
thu(t) = t'e"tug + / (t— s+ 8) e f(s, u(s))ds
0
e t . .
= t'eup + Z (f) / (t —s)7e =947 £ (s, u(s))ds
=0 0
¢
=: teetAuo + Z (ﬁ) we ;(t), (20)
3=0

with

t
we,;(t) = / g;(t,s)ds and g;(t,s) = (t— s)je(tfs)Aszfjf(s,u(s)). 21)
0
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Note that
Hwe ;(t) = O] / g5(t,5)ds = 10, / 05(t, 5) ds
0 0
P / Drg (£, 5) ds + 0] [g (1, )] st]
0

= 3572/ 0795 (t,8) + 0] " *[0rg (t, 8) s=e] + 0] g (t, 5)]s=t]
0

:/8tg]tsds+26] 0 g (t, 8) |s=e).- (22)
m=1
From the expression of g; in I) we know that 97" ' g;(t,s)|s=+ = 0 form = 1,..., 5. As a result, we have

D (1) = / 9ig;(t,s) ds.

/ B[t — 5 eI 4)sE f(s, u(s))ds

/ o’ [ J SA] (t— S)efjf(t —s,u(t —s))ds (change of variable)
0

¢
=: / he—;(t,s)ds.
0

Since the function he—;(t,s) = 9 [s7e**](t — s)* 7 f(t — s,u(t — s)) contains a factor (¢t — s)*~7, by a similar
argument as (22)) we have

. . . t t .
af_Jain(t):af_J/o hg,j(t,s)ds:/o O T he_j(t,s)ds,

which implies that

Bfwe ;(t) = / 8 (s7e™ ) dte 5 [(t —8) I f(t — s, u(t —s))]ds, for0<j </

As a result, we have

t
. s d
fofuesl < [ Clode o | 5

[7

(= )7t — s, u(tsm'ds

< [[o| St 9= sute— ) fas 5

where we have used ||07 (s7e*#)|| x - x < C, which is a consequence of the analytic semigroup estimate
|0 e* | xx <Cs™™, m=0,1,...
If 1 < j < £ then substituting (T9) into 23) yields
lofwe; (B <€, 1<j<e 24)
If j = 0 then substituting (9) and (]IQI) into 23) yields

fofueato)] < [ H ((t—s) f(tSU(ts))]‘

[
el

<o+ [0l Seste—s.uti- )

= ds

=5y L <t—s>>]j

(product rule)

[(t — s)ewf(t —s,u(t — s))]‘ ds

ds (25)
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where we have used (I9) in estimating (¢ — s)zfj%f(t — s,u(t — s)) for 7 > 1. By considering the cases j > 2

and j = 1 in (@), separately, we have
a¢
|t sute - )|

4
<cy Y 107" u(t = )10 ut = )] - 107" u(t = s)|| + Cllo7u(t — s)]|

J=2 matetmy <t

< Ot — )"+ C||ofu(t — ).

Substituting the inequality above into (23)), we obtain
t t
10Fwe,0(t)]| < C+/ Cll(t - s) Ou(t — 5)[|ds = C+/ C||s*Ocu(s)||ds. (26)
0 0

Then substituting @24) and 26)) into 20) yields
0
10F (@) ) < 10F(t e yuoll + S (§) 10fwes()]
j=0

t
§C+/ C||s“0fu(s)||ds. @7
0

By using the product rule we can derive that
’
20 07,0 —jol—j 00,0
£ B u() ] < 119F (" u()] +C Y 1778, T u(t) || < 1|0 (tu(®)] + C,
j=1

where we have used the induction assumption (I8) in the last inequality. The above inequality and @27) imply
‘ 20
I¢ofu(oll <€+ [ Clls‘ofus)lds. e8)
0

By using Gronwall’s inequality, we derive
[tofu(®)|l < €, Yte (0,T]. (29)

This proves (I8) for m = £, and therefore the mathematical induction is closed.

3.2 Error estimate

We shall introduce a function v(¢) which is intermediate between u(¢,) and un, and denote
en = u(tn) — un, n(t):=u(t)—o(t), and &, :=v(tn) — un, (30)
which imply the error decomposition
en =1(tn) + &n.

Then we shall estimate 7)(t,,) and &, separately.
To this end, we define v(¢x) = uk and consider n > k + 1: for given v(t,—1) we define v(t) for t € (tn—1,tn] by

v(t) = L / e(t_t"*l)z(z — A)_l@n(z; u(T)) + v(tn—1))dz. (31)
27 I,

Comparing (1)) with (I2)), we see that v(#) is actually the solution of the initial-value problem

{v/(t) — Av(t) = £ (t; u(T)) for ¢ € (¢, T, 32)

U(tk) = ug,
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where
Ot = futu), for t € (tho1,tn), n=k+1,k+2,...

To estimate 7)(t,,), we consider the difference between (1) and (32). By using the notation in (30), we see that n(t)
satisfies the following equation:

{77'(75) — An(t) = f(t,u(t)) — FO(t,uT) for t € (t, T,

(33)
n(te) = ek
where
£t u()) — £ @t u ™))
= It u(®)) = F (Bulta)nzo) + f7 (ultn)nZo) — F 7 (t,ul7)]
< Om _max [t u@)]| + Couer max, llen—s| - (use E-ED here)
k,—k
S CTntnfk + Cn,u(") 11%1]‘3%{16 ||€n7]||
<O+ O,y max |len_jll, for t € (tn_1,tn], n>k+1.
<<k
where C,, - is a constant depending on ||u,—;|| for j = 1,... k.
By using mathematical induction, we assume that
Juj —u(ty)l = llejl <1 for 1<j<m-—1, (34)
then C), (=) is bounded for £ + 1 < n < m, and therefore
1t u() = F7 (@t u))
< Crit " + C max |len—jl|, for t € (tn—1,tn], k+1<n<m.
1<;<k
Then we have
tn—tp)A e A
(i)l = oo™ et [T o) 1)
th
tn
< Cllerll +C [ 1If(s,u(s)) = f 7 (s;ul™)ds
th
k,—k
<Clexll+C Y. mrit P40 Tllesll
j=k+1 j=1
n
k
<C max fles +C Y rllesl + O, (35)

j=k+1
where we have used the following estimate in the last inequality:
n n tn
S omrft <ot Y i < CT’“/ #P-Vat < or®, it k(B—1)+1> 0.
j=k+1 j=k+1 bk

This justifies the choice of 3 in (6).
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To estimate &, = v(tn) — un, we note that

1

O(tn) = 5= [ € (2 = A) T Gn(zuT)) + v(tn-1))dz
2mi I,
=L €™ (2= A) Gz u) +un—1)dz + e
2mi I,

= Un + €T"A§n—1
1

+ 5= e (2 — A) M (Gn(zu) + un_1)dz
27 I,
K
— Z wee " (zp — A)_l(ﬁn(zg u(T)) + Un—1), (36)
=K

where we have used the identity 2%” fl} e™m*(z — A)71§n71dz = eT"Afnfl. Since

k
gn(zu ) =" Lin(z0) f(tnj tin—j)
j=1
and the polynomial L; ,(z) satisfies |[Tj\n(z)| < C|z| ™" for some v > 0, it follows that

k
1z = A) 7 @a(zu™) + )l < Ol (127 D1ty )l + fun-a ).
j=1

For a function satisfying the estimate above, in [19, Theorem 1] (also see [[17]) the authors proved that

|

€ / e (2 — A) " Gn (20 + un_1)dz
I

27

K
— 3 wie™ (2 — A) " Gz u ™)+ unc)
I=—K

k
< 0™ (37 1 (tnmgun=g) | + luna]])

=1

k+

for some constant co. By choosing e =5/ = 7*+1 which requires m = O(In(7~!)), substituting the inequality above

into (36) yields

k
€ — €™ AEn 1| < Ce™ K/ ( > N f g un—j)ll + ||Un71||)-

j=1
If (34) holds then || f(tn—j, un—j)|| < Cforj=1,...,kand k + 1 < n < m, and therefore
€0 — €™ An 1| < Ce K/ fork+1<n<m.
Therefore, g, := & — eT"Afn,1 satisfies || gn || < Ce K/ and

gn =qn + 6T"A§n71

=gn+ g1 4T T

A ntTh-1)A ntTn—1+Tn—2)A
=g+ e guoy eI Ag o Tt ) Ay

n—k—1

tn—tn—j)A
3 elttnAg,
j=0
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where the last equality holds because &, = 0. From the equation above we derive, fork 4+ 1 < n < m,

n—k—1 n—k—1 n—k—1

gl < D7 et DAl < DT Cllan—sll < Y Cem ™o <ormtem /e, 37)

Jj=0 j=0 j=0
Combining (33) and (37) and using the decomposition e,, = n(t,) + &, we have
llenll < [In(tn)ll + (1€l
= Corélga%(k llesll + Cj%f”ejll +orf ot 0 fork+1<n<m.

By using Gronwall’s inequality, we obtain

len]] < C’Olgagk lejl| + CmF + Cr~te 5/ fork+1<n<m. (38)
<5<
If the starting steps are approximated sufficiently accurate, i.e.,

1
< =
a3 e < 5

(39

then there exists a positive constant 71 such that for m > %co In(1/7) (thus e =% /e < 7-%) and 7 < 71 there holds
lemll < 1. (40)

This completes the mathematical induction from (34) to Q), provided that (39) holds. Then (38)) holds for m = N.
Since the starting & steps are computed by the exponential Euler method, which is the special case kK = 1 of the
analysis above. Therefore, the analysis above also implies

max |le;|| < CTF + Ce K/, 41)
0<j<k

This verifies (39) for sufficiently small stepsize 7 and sufficiently large m, say 7 < 72 and m > ma. Then substituting

(1)) into (38) yields

max_|len| < Cr* 4 Cr=te K/, (42)
k+1<n<N

This completes the proof of Theorem [[Junder the stepsize condition 7 < 79 = min(71,72) and K > %co In(1/7).

4 Numerical example

In this section, we present a numerical example to support our theoretical analysis and illustrate the convergence of
the proposed time stepping method. Since the proposed numerical method is only for time discretization, which is
independent of the spatial regularity of solution, we shall present a one-dimensional example with sufficiently accurate
spatial discretization in order to observe the error and order of convergence of the time discretization method.

We consider the nonlinear parabolic equation

Ovu(x,t) — Opzu(z,t) = u(z,t) —u’(z,t) for (z,t) € 2 x (0,T],
u(z,t) =0 for (x,t) € 02 x (0,71, (43)
u(z,0) = uo(x) for z € (2,
in a domain {2 x (0,7") , with a discontinuous initial condition

0 2e(0,05] “
W@ =31 e 051). “9

The function f(u) = u — u® is a smooth function of u and therefore satisfying the assumptions (8)-(3), as mentioned
in the example of semilinear parabolic equation (T0).
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The problem (@3)) has a unique solution

u € C([0,T); LP(£2)) N C((0,T); Co(£2)), with u ¢ C([0,T]; L>=(£2)).

Therefore, X = L°°({2) does not fit the abstract problem directly. Nevertheless, the smoothing property of the heat
semigroup guarantees that u(-,t) € Co({2) for arbitrarily small ¢t > 0 and therefore X = Cp(£2) would fit the abstract
problem if we replace the initial time ¢ = 0 by an infinitesimal positive time. Therefore, Theorem [Il implies that the
numerical solution given by (I4)-(I3) has an error bound of

k
ln = u(ta)lleym < O

for sufficiently large K = O(In(1/7)).

We solve (@3) by the method (T4)-(I3) with 3 = 2 for k = 2 and k = 3, respectively, using @ = Z and
K =10 log(1/7) quadrature nodes, and investigate the time discretization errors of the proposed time stepping method
for several different 7". The spatial discretization is done by using the standard finite difference method with a sufficiently
small mesh size 2719 so that further decreasing spatial mesh size has negligible influence in observing the order of
convergence in time. The errors of numerical solutions between two consecutive stepszies are presented in Tables[Tland
2l where the orders of convergence are computed by the formula

lun” — ui ™ lleyo
order of convergence = log ( =72 =70 o(2) )/log(2)
lun'" —uy ||cn(5)

based on the finest three meshes. The orders of convergence observed in these numerical tests are O(7"), which is
consistent with the theoretical result proved in Theorem [

Table 1 Numerical results of Hug\;) - ug\;m) e, (@) fork = 2.

T=1/2 T=1/4 T=1/8 T =1/16
T =1/64 2.934x107% [ 3.935x107° | 1.286x10~% [1.864x10~°
T =1/128 7.410x10~7 [ 9.351x10~7 | 3.053x10~7 |7.297x10~"
T =1/256 1.779x10~7 | 2.269x10~7 | 7.735x10~8 | 1.838x10~"
Order of convergence o(r% 1) O(r%70) O(r%0) O(r%70)

Table 2 Numerical results of Hug\;) - ug\;m) e, (@) fork = 3.

T=1/2 T=1/4 T=1/8 T =1/16
T =1/64 2.082x10~7 | 5.807x10~8 [2.945x10~7 [3.425x10~"
T =1/128 2.614x10~8 | 7.756x10~9 [3.188x10~38 [4.129x10~8
T =1/256 2.928x10~9 | 9.988x10~ 10 [3.982x10~9 [5.064x10~7
Order of convergence o(r31) O(r39) O(r39) O(r39)

For comparison with the exponential integrator, we also present in Table [3] the numerical results for the Crank—
Nicolson method, 2-stage Gauss Runge—Kutta method and 2-stage Radau Runge—Kutta method for (3)), with uniform
stepsize 7 = T'/N. The numerical results in Table Blshow that the standard Crank-Nicolson method and Gauss Runge—
Kutta method cannot yield any convergence rates. Indeed, these two methods do not satisfy the condition |r(c0)| < 1in
[4, Theorem 1] when proving (IQ). This shows the necessary of this condition in solving problems with nonsmooth initial
data. The numerical results in Table [3] also show that the 2-stage Radau Runge—Kutta method has roughly first-order
convergence, instead of the optimal third-order convergence, for nonsmooth initial data.

5 Conclusion

We have proved that a variable stepsize exponential multistep integrator, with contour integral approximation of the
operator-valued exponential functions, can produce high-order accurate numerical solutions for a semilinear parabolic
equation with nonsmooth initial data (with no differentiability at all). The numerical example also supports this theo-
retical result. Both the regularity analysis and the error analysis in this paper can be similarly extended to semilinear
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Table 3 Numerical results of ||ug\;) — ug\;/m ”Co @ T = 1/2 (with b = 27 14),

T =1/256 T =1/512 T =1/1024 Order of convergence
Crank-Nicolson 1.465x10~T | 1.466x10~ T | 1.466x10~ T O(790)
Gauss Runge—Kutta (2 stages) | 2.930x10~T | 2.930x10~T | 2.933x10~ ! O(709)
Radau Runge—Kutta (2 stages) | 2.215x10~% | 1.085x10~% | 4.022x10~9 O(TLQ)

parabolic equations with time-dependent coefficients. However, the extension to quasilinear parabolic equations with
nonsmooth initial data is not trivial.

The proposed method in this paper is essentially the multistep ETD with variable stepsize and contour integral
approximation to the exponential operator. We have proved the first high-order convergence result in approximating
semilinear parabolic equations with nonsmooth initial data (without any regularity in addition to up € X). For smooth
initial data the exponential time differencing Runge—Kutta (ETD-RK) method would have the same complexity as the
proposed multistep exponential integrator in this paper, both requiring to solve the equation for O(7 ') time levels
to achieve the accuracy of O(7"*). However, since high-order accuracy of ETD-RK method has not been proved for
nonsmooth initial data, the computational complexity of ETD-RK to achieve the accuracy of O(Tk) is still unknown in
this case. We believe the techniques of this paper may also be adapted to ETD-RK to yield high-order convergence for
nonsmooth initial data.
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