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Superconvergence of Discontinuous Galerkin methods
for Elliptic Boundary Value Problems

Limin Ma*

Abstract

In this paper, we present a unified analysis of the superconvergence property for a large class
of mixed discontinuous Galerkin methods. This analysis applies to both the Poisson equation and
linear elasticity problems with symmetric stress formulations. Based on this result, some locally
postprocess schemes are employed to improve the accuracy of displacement by order min(k+1, 2)
if polynomials of degree k are employed for displacement. Some numerical experiments are
carried out to validate the theoretical results.
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1 Introduction and Notation

1.1 Introduction

In this work, we investigate the superconvergence property and postprocess schemes of mixed
discontinuous Galerkin methods for two classes of problems. One is the second order model
problem

cp—Vu=0 inQ,
divp=f inQ),

1.1
u=0 onlp, (1.1)

p-n=0 only,

with Q CR" (n = 2,3) and dQ =Tp UT'y, I'p NI'y = 0. Here c is a bounded and positive definite
matrix from IR” to IR", u is a scalar function and p is a vector-valued function. The other one is the
linear elasticity problem

Ao —€e(u)=0 in Q,

dive = f in Q,
(1.2)

u=0 onlIp,

on=0 onTy,
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with Q ¢ R" (n = 2,3) and dQ = Tp UTn, I'p NIy = 0. Here the displacement is denoted by
u : Q — R” and the stress tensor is denoted by o : 3 — S, where S is the set of symmetric n X n
tensors. The linearized strain tensor e(u) = %(Vu + VuT). The compliance tensor A: S —» S

1+v %

F o Etr(a)[ (1.3)

is assumed to be bounded and symmetric positive definite, where E and v are the Young’s modulus
and Poisson ratio of the elastic material under consideration, respectively.

Ao =

Postprocessing type of superconvergence property was discussed in literature, see [2,16,(18,35]
for instance. There are two main ingredients for this kind of superconvergence. One is the
superclose property of the projection of the exact solution, and the other one is an appropriate
postprocess scheme which is performed seperately on each element. For the scalar elliptic problem
(1.1), the postprocessing type of superconvergence has been analyzed for the conforming elements,
mixed element and nonconforming elements with superclose property, see for instance, [2,15, 7
10, [17, 22, 24, 126, 135] and the references therein. For some nonconforming elements, the lack
of this superclose property of the canonical interpolation leads to the difficulty in analyzing the
superconvergence result. Recently, a superconvergence of two nonconforming elements in this
case was analyzed in [28, 29] by employing the superclose property of a related mixed element.
The superconvergence property was also analyzed for various discontinuous Galerkin methods
[14,15,137]. For the linear elasticity problem (1.2), the strong symmetry of the stress tensor causes
a substantial additional difficulty for developing stable mixed elements for elasticity problem
[1,4,123,30-33]. The mixed methodsin [12,120] and hybridizable discontinuous Galerkin methods in
[16] imposed weak symmetry on the stress tensor, and achieved optimal convergence for stress and
superconvergence for displacement by post processing. A postprocessing schemes was analyzed
for a mixed element methods solving the linear elasticity problems ([L.2) in [34]. A superconvergent
hybridizable discontinuous Galerkin method with strong symmetry was analyzed in [11].

In this paper, a unified superconvergence analysis of a large class of mixed discontinuous
Galerkin methods is presented for both the scalar elliptic problem (L.I) and linear elasticity problem
(1.2) in [21,25] . Mixed discontinuous Galerkin methods employ discontinuous polynomials with
degree k and k + 1 for the displacement u and the stress o, respectively. Thanks to a conforming
projection and the corresponding commuting diagram, the L2 projections of u for (II) and u for (I.2)
admit a superclose property. Note that this property can be advantageously exploited to design
a high accuracy approximation to # and u. Indeed, following the idea in [2, |14, [15, [17, 35, 137],
we propose four postprocessing schemes for the mixed discontinuous Galerkin method in [25]
and get new approximations to u with high accuracy for second order scalar elliptic problem
(L.I). For some special choices of parameters, the mixed discontinuous Galerkin method in [25] is
hybridizable and leads to a much smaller system. The variable pj in the hybridized formulation is
an approximation to p on edges. This Py, together with the aforementioned postprocessing scheme,
gives rise to a superconvergent approximation to the solution u of (LI). For the elasticity problem
(1.2), a post processing scheme in [34] was analyzed for a mixed element method. In this paper, a
similar scheme is proposed for the discontinuous Galerkin method with symmetric stress in [21].
The proposed postprocessing scheme is analyzed to admit a desirable superconvergence property
when k > n, which improves the accuracy of displacement by order min(k + 1, 2) if polynomials of
degree k is employed for displacement. The current result provides the first analysis for a number
of new methods [13,21,124,136]. The numerical tests for linear elasticity problems also indicate that
there is no such conforming interpolation which admits the commuting diagram when k < n.



The rest of the paper is organized as follows. Section2landBlanalyze the postprocessing schemes
and the superconvergence property for scalar elliptic problems and linear elasticity problems,
respectively. Some numerical examples are tested in Sectiondto verify the theoretical results.

1.2 Notation

Given a nonnegative integer m and a bounded domain D ¢ R”, let H"(D), || - ||l;,,p and | - |.,p be
the usual Sobolev space, norm and semi-norm, respectively. The L2-inner product on D and 9D are
denoted by (-,-)p and (-, -)op, respectively. Let || - |lo,p and || - [lo,op be the norms of L*(D) and L?(dD),
respectively. The norms || - ||,p and | - |,;,p are abbreviated as || - ||, and | - |5, respectively, when D
is chosen as (). Suppose that O c R" is a bounded polygonal domain covered exactly by a shape-
regular partition 7 into polyhedrons. Let /ix be the diameter of element K € 7~ and & = maxges hk.
Denote the set of all interior edges/faces of 7 by &!, and all edges/faces on boundary I'p and T'y
by EP and &V, respectively. Let &, = & UEP U EY and h, be the diameter of edge/face e € &;. For
any interior edge/face e = K* N K7, let n' = n|;x be the unit outward normal vector on JK' with
i = +,—. For K ¢ R" and any nonnegative integer 7, let P,(K, R) be the space of all polynomials of
degree not greater than r on K.

Throughout this paper, we shall use letter C, which is independent of mesh-size h, stabilization
parameters 7,7, ), to denote a generic positive constant which may stand for different values at
different occurrences. Following [38], the notations x < ¥ and x 2 y mean x < Cy and x > Cy,
respectively. Denote x Sy S xbyx = v.

2 Scalar elliptic problems

This section analyzes the postprocessing schemes and the superconvergence result for the scalar
elliptic problem (2.5).

2.1 Discontinuous Galerkin methods for scalar elliptic problems
Consider the second order elliptic model problem (L.1). For any scalar-valued function vj, and

vector-valued function g, that are piecewise smooth with respect to 77, let v} = vplox=, @j; = @ulok=-
Define the average {-} and the jump [-] on interior edges/faces e € 8,1,1 as follows:

{an) = 3(gf +q;), lal=q -n*+q, -1,

(2.1)
{on} = 20} +03), [on] =vfn* +v;n".
For any boundary edge/face ¢ C JQ), define
=q, =0, ot =on, [on] =ovm, onlp,
{an} = an,  [an] {on} =op,  [on] = o4m D 2.2)

lal=an, lal=an-n, {opy=vp, [o] =0, onTy.



For any scalar-valued function v;, and vector-valued function g, define the piecewise gradient V;,
and piecewise divergence divj by

Vion| = V(oulk),  divagu|, = div(galk) YK€ T.

Define some inner products as follows:
()7 = Z(/ I (= Z</ Yer (Vo = Z<, oK. (2.3)
KeT ee&y KeT

Whenever there is no ambiguity, we simplify (-, )7 as (-,-). With the aforementioned definitions,
the following DG identity [3] holds:

(gn, Vior) = —=(diviqy, vp) + {laqnl, {on}) + {an}, [o4])- (24)

The four-field extended Galerkin formulation in [25] seeks (p, Pr, n, 111) € Qp X Qp X Vi, X V), such
that

(cpn, qn) + (un, divign) — {Qun} + ity = ylunl, [qu]) =0, Yan € Qu,
—(divipn, o) = (ylpnl + Bu, [on]) + [pn) o)) = =(f,0n) Yo €V, 25)
(' + [l @) =0, Y € Qn,
(7Y + [pu], On)e =0, Vo, € Vi,

where

Qi ={qy € LX(QR") : qylk € QK), YK € T3},
Qn =g € LX(EL R : gilk € Q(K), YK € T},
Vi ={on € LA(Q,R) : gilx € V(K), VK € T3},
-

Vi = {0 € L&, R) : gulk € V(K), YK € T3}

Here y is constant, p, and iij, are the modifications to p; and u; on elementary boundaries, respec-
tively. Define the discontinuous spaces Qy, Qp,, Vi, and V), with

Q(K) = Pk(K/ ]Rn)/ Q(K) = Pk(K/ ]Rn)/ V(K) = Pk(K/ ]R)/ V(K) = Pk(K/ ]R)

by Qf, Qf, V¥ and V¥, respectively. Define

@ty 1 = (can, @n) + Idivagnlls + 10 [gulll,  1Gall5, = Iz~ Gull3,

(2.6)
lloall3 ;, = llonll§ + I 2 [o]115 + lln~ (o) 115, 14113,5, = 1l ™"/20u13.
For H(div)-based formulations (2.5), the well-posedness and the error estimate is analyzed in
[25] under a set of assumptions as presented below. The error estimate of pj, in L?-norm is similar
to the one for the stress tensor in [21], thus the details of the proof is omitted here.

Lemma 2.1. For H(div)-based four-field formulation 2.5) with n = (phe)_1 ,T =171 = ph, if the spaces
Qu, Vi, Vi satisfy the conditions



(C1) Let Ry, := QN H(div, Q) and Ry, X V), is a stable pair for mixed method;
(C2) dthQh = V;l
(C3) {Vi} ¢V

Then, the formulation 2.5) is uniformly well-posed with respect to the norms (2.6) when p € (0, pol.
Namely, if (P, Pn, tn, thy) € Qn X Qu X Vi X Vy, is the solution of 2.5), it holds that

lprllaiv,n + 1Ballon + lunllon + nllon < Nlflloq-
Ifpe H*2(Q,R"), u € H*Y{(Q,R)(k > 0), and Q X Q, X Vi, X V), = Qf1 x QF x Vi x VKk+1,
Il = Pallaivn + IBallos + e = wnllon + Nitallon S HF (Iplksz + lutlisr)- (2.7)
Furthermore, if p € H*?(Q,R"),

lip = pullo < K2 (Iplerz + lulie)- 2.8)

We can establish the following superclose property for the extended Galerkin formulation (2.5).

Theorem 2.2. Suppose p € H**2(Q, R"), u € H*Y(Q, R)(k > 0), and (py, Pp, un, ity) € QK X Qf x V¥ x
V&L is the solution of the four-field formulation @.5) with n = (phg)_1 , =17 = phe. It holds that

1Pk — upllo < B 2R4) (1pl o + [ulsr),

where P} is the L2-projection onto V¥.

We omit the proof here since it is similar to the analysis for linear elasticity problems (L.2) in
the next section.

2.2 Postprocess techniques for scalar elliptic problems

Consider the H(div)-based four-field formulation (Z5) with @, = Q*!, @, = QF, v, = V¥ and

Vy = V&1, Define
Pn = {pn} + ylpnl + Pn- 29)
Note that py, is an approximation to p on elementary boundaries.

We list three postprocessing techniques [2, 14,15, 19,34, 135] for the elliptic problem (LI). Here
there are two choices of the projection operator P, one is the L? projection to piecewise constant
space, namely

Pyu = Pdu,
where P¥ is the L? projection to V¥, and the other one is the L? projection to the discrete space Vj,
namely

/Phuvh dxz/uv;l dx, Nu, € V.
Q Q

For either choice of Py, consider the following three postprocessing schemes:



1. Letu;, € V¥*2 be the solution of

/ aVuy,, - Vopdx = — / fopdx + / py - nupds, Vo € (1-Pp)ViT?
K K K

Ph(u;h - uh) =0.

K (2.10)

with @ = ¢ L.

2. Letuy, € VF*2 be the solution of

/ aVuz/h . Vvhdx = - / fvhdx + / ﬁh . nvhds, Yoy, € (I - Ph)V’,j”
K K JK

Ph(u;/h - uh) =0.

K (2.11)
with a = ¢! and pj, defined in (2.9).
3. Let u}, € V}*2 be the solution of

/ Vi, - Voydx = /cph -Vuudx, Vo, € (1-PHVE2
K K

Pi(us ), — up) = 0.

K (2.12)

Note that the schemes (2.11)) and (2.12) are identical in some special cases. If a is a constant matrix,
the first equation in (2.12) is equivalent to

/aVugh -Vopdx = /ph-Vvhdx: —/divhphvhdx+/ prnUds
K ’ K K oK

for any v, € (I - P))VE*2|,. By @5), the above equation reads

/aVug,h -Voudx = —/fvhdx+/ Prnoyds.
K K K

It implies that for this particular a, the postprocess algorithms (2.11) with P, = P) and (2.12) are
the same.

We analyze in the following theorem that the above postprocessing techniques can improve the
accuracy for the mixed discontinuous Galerkin formulation (Z.5).

Theorem 2.3. Suppose p € H**(Q), u € H*3(Q)(k > 0), and (py, B, un, ) € QF! X QF x VI x Vk+1
is the solution of the four-field formulation @5) with n = (ph.) s ! = phe. It holds that

< hmin(2k+2,k+3)|u|k+3,

[l = upyllo
where u;, = u; , in @.10), 1}, in @II) or u}, in @.12).
Proof. Let vy = (I — P)(PE*2u — uj). Since PYuy, = 0,
0
lonlloq = llon = Pronlloa S hlowl b (2.13)



It follows from the trace inequality that
Ilwnlll, + fondlle, < B~ llonlloa < B oxl . (2.14)
By @2.10) and @.11),
lonl} , =(@Vi(Pyu — u3), Vioy) — (Vi Pu(Py2u — 1), Vioy)
=@V Py u, Viow) + (f,01) = ([Bul, fon}) = ({Bn), [oa])
— (@ViPu(Pyu — ), Vo),
where py = py if wj, = uj;, and p, = Py if uj, = u3 . Since f = V- (aVu) and p = aVu,

onl3 , =(aVu(PE? = Du, Vor,) — ([Bu], {vn}) + ({p — Bu}, [val)

2.15
— @V PPy u — 1), Vo). 219

If P, = P), the last term on the right hand side of the above equation equals zero. If Py is the L2
projection to Vj,, namely Pj, = P¥, by the triangle inequality and the inverse estimate,

@V Pu(PE 20 — u3), Viow)| < B IP(PEu — uj)llolonl -
Since Phu; = P;luh,
@V PL(PE 20 — u3), Viow)| S B IP(PEu — up)llolonl -
If py, = py, by the error estimates in (2.7) and (2.14),
KIBnl, {onhl < 07 21 2Ipullls, londlle, < K20l n(plksa + [ulks1),
[Kip = B}, [on]) < B721lp — pullollontlle, < K onln(1Plksa + lutlisr)-
If Py = Py, Py - m is continuous on interior edges. Thus,
([Pn], {vn}) = 0.
The error estimates in (Z.7) and (2.14) imply that
K{p = B}, [oal)l < [ = pu), [oul)l + [<yLpn] + Brs [on])| < K2 onh p(1Plkrz + litlisn)-
Substituting the above estimates, Theorem 2.2]and
I(PE*2 — Dulyj < K2 ulkss

into 2.15),
[onln S 1aVa(PE? = Dullo.o + B2 + B PL(PE2u — wp)llo S K |ulkss. (2.16)

By the definition of P¥, u; and the superconvergence result in Theorem 2.2
P4 (P21 = )llo = 1Py (Pt = up)llo < B 29 (Ipli 5 + fulesa)-
It follows [@2.13), (2.16) and the above estimate that
I = w3llo < Il = P 2ullo + IP(Py*u = 1)l + llonllo < K20y 5,

which completes the proof for uj = uj , and u5 ;. The proof for uj = u3), is similar to the analysis in
Theorem [3.5]for linear elasticity problem, which is omitted here. o



Remark 2.1. Similar to the analysis in [21] which is also presented in Section B for the linear elasticity
problem, the formulation @2.5) with
t=0h), n=1",y=0 (2.17)

is hybridizable, and can be reduced to a formulation with py. By solving this reduced formulation with much
less computational cost, we can construct an approximation u, to u with accuracy O(h™n*+2k+3)) if the
solution u is smooth enough.

Remark 2.2. For the first two postprocessing procedures, we let uj , and u , in the discrete space V2 to
gquarantee the superconvergence in Theorem 2.3 For a general mixed discontinuous Galerkin formulatzon
with the conditions (C1)-(C3), if uy, superconverges to the projection of the exact displacement, namely

IIPpu — uplloo < hr inf  (llp — qulldgiv,n + [ = vnlloy),
heQn,oneVy

pRin@r=D - nf o (lp - Gillaivn + lu — vpllon). We can choose a similar postprocessing

qn€Qn,vnEVy

technique by replacing V*2 in @10) and 2I1) by a large enough discrete space V, with V), ¢ V), and

and ||p — pullo <

inf llu—oullo + hlu — oplp S H™D Ainf (llp — gullaivn + 11 — vallon)-
o €Vy an€Qy, i€V,

Then, a similar analysis proves the superconvergence result

" in(2 .
llu = wyllo < B™0 inf (Ilp = qullaivn + 11 = oullo)-
an€Qn,vnEVy

Next we introduce a Taylor expansion type postprocessing scheme, which follows [6]. Recall
that P is the L2-projection onto V%. Define the operator Pf*2 onto V*2 by

/&“(u—f’ﬁ*zu)dxzo, Vk+1<l|a|<k+2,
K
Pf(u — Pi2u) = 0.

Define ¢, by ¢ulx = %(x — Mk)®, where M is the centroid of element K. There exists the Taylor
expansion

k+2
(PF2 = Phu = (I-PHPE2u= Y call - Ph)a (2.18)
la|=k+1
with constants ¢, to be determined. Since
k+2
POy = 0ap,  FPfPu= D cadlpa
la|=k+1
forany k+ 1 < |al, Bl < k + 2, it holds that
= PY9*Pk2u = Plo"u, (2.19)



which can be written as a function of p = cVu, namely, ¢, = ¢,(p). Define the Taylor expansion
type postprocessing u; , € V2 in [6] by

k+2

wy, =up+ Y calpn)(I = Pfa. (2.20)
laf=k+1

The proof for the following theorem indicates that the same superconvergence result can be
obtained if p; in (2.20) is replaced by any high accuracy approximation to p.

Theorem 2.4. Suppose p € H**(Q), u € H*3(Q)(k > 0), and (py, Pn, un, ) € QF X QF x VF x Vk+1
is the solution of the four-field formulation @5) with n = (ph.) e 0t = ph,. It holds that

0< hmin(2k+2,k+3)|u|k+3'

o — 1
Proof. Note that
k+2
=y, = (Phu —uy) + (u = Pf2u) + (Of2u = Phu— > calp)(I - P)da)
la|=k+1
k+2
= (Phu —up) + (=P 2u) + Y (calp) — calpn))(I = P)a.
la|=k+1
By the definition of c,(-),
llca(P) = cal@nllo < H*Ip = pillo.- (2.21)

It follows from the above equation and the fact [|(I — P¥)¢,llo < h! that

k+2
Il — 15 llo <IIPhu — wllo + Il = P 2ullo + > lea(p) = cal@)llollT = Pf)allo (2.22)
lev|=k+1
<IIPfu — unllo + H*uliss + hllp — pallo- (2.23)

A substitution of (2.8) and Theorem[2.2]into the above inequality leads to

llu = 143 llo < B FH (|ply o + fulisa), (2.24)

which completes the proof. |

3 Linear elasticity problems

This section analyzes the superconvergence result for the linear elasticity problem (3.5).



3.1 Discontinuous Galerkin method for linear elasticity problems

Consider the linear elasticity problem (L.2). Let
=g € LA(Q,S) : qulk € Q(K), YK € T3},
Vi = {vp € L2(Q,R") : qulx € V(K), YK € T3},
3= {dn € L8 S) - anlk € Q(K), YK € T},
Vit = {0 € L2(E, R : qulx € V(K), VK € T3},
where X, 3, V;, Vj, are subspaces of L*(Q, S), L2(&, S), L*(Q, R") and L*(&;,, R"), respectively. For

any vector-valued function v;, € Vj, and tensor-valued function 7, € X, let vj; = vylox=, 7 = Thlox-
Define the average {-} and the jump [-] on interior edges/faces e € 8,1,1 as follows:

() =4rr+7), [ml=mn*+7n,

(3.1)
{vp} = %(v,:' +v;), [v]l=vfon"+v,0n - (v -n"+v,-n7),
where v, ®n = vyn! + nv!. For any boundary edge/face e C JQ, define
(=71, [m]=0, {on} =, [l =vOn—(vy-n)l, onlp, (3.2)

(=71, [ml=mmn, {vn}=wv, [w]=0, onI'y.
With the aforementioned definitions, the following identities [3] holds:
(Thm, vh)a’fh = (), [on]) + Aml {vn)), V€ 2y, vy €V (33)

For any vector-valued function v;, and tensor-valued function 7y, define the piecewise symmetric
strain tensor €, and piecewise divergence divy, by

Gh('Uh)‘K = e(”hh()/ diV}'lT}'l‘K = diV(T}'llK)/ YK e 7'h
There exists a similar DG identity to (2.4) as below

(T, €n(vp)) = =(divym, vp) + [Tl {on}) + {mudn, [vpIn), it 7, € Xy (34)

For the linear elasticity problem (L.2), consider the four-field extended Galerkin formulation in
[21], which seeks (o7, &, up, ) € 3j, X 33, X Vi, X 'V, such that

(Ao, ) + (up, divymy) — (unt + a4, — (- n)[upln, [1]) =0, V1, € 3y,
(divyoy, vp) = [on) {vn)) +(&n + [on]y, [oa]) = (fon) Yo, €V, (35)

(t71& + [wn], F)e =0, Vi € 3y,

(taay + [og], o) =0, Yoy, € V.

For any (73, T, vy, Op) € X, X Zv:h X Vj, X ‘v/;z/ define

2 : 2 1/2 2 ~ 112 -1/2x 112
Il = (A, ) + lIdivimill§ + ln"2[mdlE,, IBllG 5 = 2R,

2 2 1/2 2 ~ 112 =1/2 112
lonlls = lolly + e [0l I5ull5 = i~ 6illZ,,

10



and the L2 norm of 7, by
Imlli = (Am,m),  ¥Ym € LA(Q,S).

For H(div)-based formulations (3.5), the well-posedness and the error estimate are analyzed in
[21] under a set of assumptions as listed in the following lemma.

Lemma 3.1. The four-field formulation B.5) which satisfies the conditions

(A1) 3, = 3K div, =), = V, c VE k> 0;

(A2) V1 c v,

(A3) T = p1he, 1 = p3th; ! and there exist positive constants C1, Ca, C3 and Cy such that

0<p12C, G<pp<C, 07y,

is uniformly well-posed with respect to the norms when py and p,. Namely, if o € H*%(Q,S), u €
H*Y(Q, R")(k > 0) and let (o, &, wn, ) € 1 X 2 X VEx V1 e the solution of (B5), then we have
the following error estimate:

. . k+1
llo = onllaivn + 1&allos + llw = wpllo + ll@nlloy S B (1o lksn + [utlis)- (3.6)
Furthermore, if k > n, it holds that

llo = anlla S K (1o lker + [ulir)- (3.7)

Here discrete spaces ¥, 3k V¥ and V¥ are subspaces of L%(Q,S), L*(&, S), L2(Q, R") and
L*(&y, R"), respectively, and contain all piecewise polynomials of degree not larger than k.

The analysis in [21] shows that a special case of (3.5) is hybridizable as presented below. Denote
Zpy = {uy € Vy : ep(up) =0},
Vit ={uy € Vi i (uy, vp) = 0, Yoy, € Zy).

Theorem 3.2. The formulation (3.5) with discrete spaces satisfying the assumptions in Lemma [3.1] and
condition Z.I7) can be decomposed into two sub-problems as:

(I) Local problems. For each element K, given &, € %y, find (of,ul) € =), x V;* such that for any
(Th,vn) € By x V,-

Aok, )k — (en(ul), @)k + (nokn, mmdx = (Méwm, mindax, (3.8)

(oK, en(o))x = (f, vk — (6um, vpYok.
Denote Wy, : £, = =y and Wy : 3, — V.- by
Ws(6n)lk = o and Wy (64)lk = uj,,

respectively.

11



(II) Global problem. Find (61, ul) € £), X Zy, such that for any v\) € Zy, and ¥, € 3y,

{ (16 - Wol@n)m, (B, — WoE)mar, + (ul, Wy )ar, = —(f, Wy (), 59

<6'hn/ UE)&'T,,/ = (f/ ’U;(?)‘

Let (61, u)) be the solution of B9), (o, uy) be the solution of B8), and (o, &y, wp, ) be the solution of

BR). Then,

oX = aulk, uf +ul) = uplk, 6, = & + {on).

Theorem[3.Zlindicates that the discontinuous Galerkin formulation (3.5) with this special choice
(217) of parameters can be written as a system of &, and u)), which reduces the degree of freedom
and the computational cost.

3.2 Superclose analysis for linear elasticity problems

This section considers the superclose result for linear elasticity problems (3.5). The analysis for
the superclose property requires two main ingredients: a conforming interpolation onto ¥, and
the commuting property of this interpolation.

Let P}, be the standard Lz—projection onto V}, namely
Pru, vp) = (u,v), Yo, € V.

For V;, = V¥, denote the L2-projection by P§. The analysis for the linear elasticity problem requires
the following assumption

Assumption 3.1. There exists a projection I, onto a conforming subspace X of Xy, and the projection
IT), admits the commuting diagram

divIL,r = Pydivr, V7 e H(div, Q). (3.10)
Let (o, &, upn, i) € 3y X 3, X Vi, X Vj, be the solution of the four-field formulation (3.5). Define

ew=Pyu—-u,, d,=o0-oy. (3.11)

Lemma 3.3. Suppose that the conditions (A1)-(A3) and the AssumptionB.Ilhold. For any 1 € L*(Q,R"),
let ¢ be the solution of Problem (L2) with f = v, which implies that div(A~'e(¢p)) = 1. It holds that

(e, ¥) =(dividy, (I = Py)¢) + (Ady, (I - TL)(A™'e())) — ([an], (P, — I)p))

5 T (3.12)
+(Fn + [only”, [Prod]).
Proof. Note that the formulation (3.5) is consistant, namely, (o, 0, u, 0) satisfies (3.5). Let
en=Aon +lowly" + 6, @ ={w) - (- n)lupln +w, (3.13)
with y € R™!. By the DG identity (3.4), the formulation (3.5) and div, %), C Vj,
(Ady, 7)) + (€, divymy) = ({u — an}, [11]) V1, € 3y (3.14)
—(divpdp, vp) = ({on = 61}, [vn]) + [on], fvn}) Yo € Vi '

12



For any 1 € V},, since e,, € V}, by the commuting diagram (3.10),

(ew, ) = (ew, divIL(A™ (). (3.15)
Let 7, = IT, (A 'e(¢)) in (B.14). It follows from [73,] = 0 that
(eu, ) = —(Ady, TL(A™' () = ~(dy, €(9)) + (Ady, (I - TT,)(A™'e())). (3.16)
Let v, = P in (3.14). It holds that
(dividy, @) =(dividy, (I = Pr)@) — ({on — 61}, [Prd]) — ([on], {Prep}). (3.17)
A combination of (3.16), (3.17) and
(dn, (@) = —(dividy, @) + ([dn], {&}) (3.18)
gives
(ew, ) =(divydy, (I - P)@) + (Ady, (I - IL)A () — (o], {Prop)) (3.19)
—[dn] {9}) = Hon — 61}, [Pud])- .
According to (3.11) and (3.13),
([on], {Pup}) +([dn], {@}) =([on], {(Py — D}), (3.20)
o — 6}, [Puepl) = — (&1 + [ouly”, [Prop)). '
Substituting (3.20) into (3.19),
(ew, ¥) =(divydy, (I - Pp)) + (Ady, (I - II;)(A™ () - ([on], (P, — Dp})
+ (& + [only", [Prop]),
which completes the proof. o

It was analyzed in [27] that there exists such a conforming interpolation IT; with commuting
property (3.10) for k > n, and it holds that

lo = Iyolly < K2 ol (3.21)

The following theorem shows that ||e,||o converges at the rate k + 3 if solutions are smooth enough.
The accuracy is presented in the form of F™n#+25+3) to be consistent with the result in Theorem[2.2]
for scalar elliptic problems.
Theorem 3.4. Suppose o € H**(Q,S), u € H*YQ,R")(k > n), and (o, &n, upy, W), which is in
Skl x Sk 5 Vk 5 V1, is the solution of the four-field formulation @5) withn = (ph) ™, T = 7! = ph,.
It holds that '

IPju — unllon < BP9 (o + ul). (3.22)

Proof. Since P} is the L?-projection onto vk,

I = Phyvllox < H  olkarx, Yo € HFY(KRY). (3.23)
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By the triangle inequality, (3.6) and (3.23),

|(dividy, (I = Pp))| < IIdividalloll(I = P)@llo s F™" 2@l (ol + [ulisn)-

The L? error estimate of ||djlo in (32), 3.21) and (3.23) indicate that

|(Ady, (1 - TL)(A™e(@))] < IIAdilblI( - TE)A™ e(@)lo
< hmin(2k+4,k+3)|¢|2(|0.|k+2 + |U|k+1)'

It follows from the error estimates (3.6), (3.23) and trace inequality that

[l A0 = PRoh| < (i)™ lIn' P lonllle, I~ PRbllo
< B gl (|l + lulisn),

on + [only™, [PE@D| < B2 llen + [anly N, I = PHllo

< BRI Bl (s + Tualesn)-
A substitution of (3.24), 3.25), (3.26) and (3.27) into (3.12) leads to
(€w, )| < ™25 (|0 lrn + [ulisr)-

Since |¢l2 < ll9llo,

(e ,1/’) i
lleullo = sup ”;;“0 < WM (g + i),
0£4peL2(Q)

which completes the proof.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

O

Remark 3.1. Since the four-field extended Galerkin method recovers most of discontinuous Galerkin methods
in literature [21, 1251, Theorem 2.2 and Theorem [3.4] imply that most of the H(div)-based discontinuous

Galerkin methods in literature [13,121,124,136] admit this superclose property.

3.3 Postprocess technique for linear elasticity problems

Consider the linear elasticity problems (1.2). Denote the rigid motion, the kernel of the sym-

metric gradient operator e(-), by

o)) 1)

For any v € L?(K,IR?), define L2-projection onto RM(K, R?) by P; v, namely,
/ (I-P)v-wydx=0, Ywy,eRM(K R?.
K

Note that for any positive integer k > 1,

«pk. . _ p*
P}lth = Ph'U.

14
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ansidgr the H(div)-based four-field formulation (B.5) with X, = E’ﬁ*l, 3, = f]’,j, V, = V;lk
and V;, = V/*1. Lemma [B.I] guarantees the wellposedness of this problem. We introduce a new
postprocess procedure for linear elasticity problem. Let u; € V**2 be the solution of the following
problem

{(e(u;), ek = (Aaw e(n))k, Yoy € Prao(K R?) (3.31)

P, (uj, —up) =0,
where (o7, 3, up, ) is the solution of the mixed discontinuous Galerkin formulation (3.5).

The following theorem illustrates that the postprocessing solution u; admits a higher accuracy
compared to the approximation uy,.

Theorem 3.5. Suppose o € H**(Q), u € H*3(Q)(k > n), and (o, &y, wp, W) € TiTx Sk x VEix vkl
is the solution of the four-field formulation 85) with n = (ph.) e 0t = ph,. It holds that

llu — wjllo < KK ), o,
Proof. A combination of (1.2) and (3.3T) gives
(e(uy) — e(Pyu), e(vy)) = (Alon — o), €(vy)) + (e(u) — e(P;u), e(vy)) (3.32)
According to LemmaB.dland the definition of Pi*?,
llo = alla < B2 (ol + fuler),  lle(w) — e 2wl s ulis.
Let vy, = uj, — P}y in (3:32). It follows from (3.7) that
lenllo < I1A(es = @)llo + lle(w) — e(P;u)llo < K+ ulis. (3.33)
Since k > n > 1, by (3.30) and Theorem[3.4
1P vnllo = 1P}, (. — Phawllo < [l — Phauslly < 13 ufes. (3.34)
Since (I — P;)wy, = 0 for any wy, € RM(K, R?), it follows from (3.33) and the scaling technique that
I = Pi)wallo < Hlle(wa)llo < K lulies. (3.35)
A combination of (3.34) and (3.35) gives
lloallo < PG wsllo + I = Ph)wallo < K+ fuliss.

Consequently,
k+2 k
I, = ullo < Ilwnllo + 1P 2w = ullo s K luliss,

which completes the proof. |

Remark 3.2. For the case k < n, the analysis in [21] indicates that as long as Assumption 3.1 holds with

Ir — TLyllo S K27 lksa, V7 € HYH(Q, S), (3.36)
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there exists
k+2
llo = onllo < H(lolkea + [ulen),

where (o, &, wy, y) is the solution of the discontinuous Galerkin formulation (3.5) in 2’,;*1 X 2’; X
V¥ x VK1 This means that Assumption B guarantees the superclose property (3.22), which implies
the superconvergence of the postprocessed approximation w;, following the analysis of Theorem [3.5] The
numerical results in Table[6l and [2 show that w; converges at the same rate as wy, for k < n. This implies
that Assumption [3.1] is not true for k < n, namely there exists no such H(div)-conforming projection for
low order discrete spaces.

Remark 3.3. For a general mixed discontinuous Galerkin formulation (3.5) with the conditions (A1)-(A3),

if there holds

lo—oulloa sk inf (o = mllgivn + llw = villon),
QEDy,VEV),

and

I = Pu)ollo < Hlpla, NI = TL)A e(@)llo S HlBla.
Then, a similar analysis proves the superconvergence result

hmin(s+r,t)

llw — wupllo < inf  (llo = mllaivn + llu = villoy)-

THED,VREV),

4 Numerical Tests

In this section, some numerical experiments in 2D are presented to verify the estimate provided

in Theorem [2.2] B4land

4.1 Example 1: scalar elliptic problems

We consider the model problem (L.1) on the unit square Q = (0, 1)* with
u = sin(mx) sin(nty),

and set f and g to satisfy the above exact solution of (I.I). The domain is partitioned by uniform
triangles. The level one triangulation 77 consists of two right triangles, obtained by cutting the
unit square with a north-east line. Each triangulation 77 is refined into a half-sized triangulation
uniformly, to get a higher level triangulation 77,1.

Consider the four-field formulation @2.5) with n = h;!, t = h,, » = 1 and
Qu=Q, Qu=Q, V=V, V= Vi,

where a = (a1, a2, a3, ay) satisfies a; = ay = k+1,a, = a3 = kfork = 0,1and 2. According to Lemma
2.7 these formulations are well posed. Denote the corresponding solution by (py, Bn, un, tin)-

Table[dl-Blrecord the errors |[u — uyllo, 1Pyt — upllo, llu — 15 llo, llu — 15 ,llo and the corresponding

convergence rates for the aforementioned four-field formulations 2.5) with P, = P in (2.10) and
@.10). Tt reveals in these tables that |[Pyu — upllo, [t — u] llo and |[u — 1 ,|lo converge at the same
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[lu —upllo | rates | |lun — Puully | rates | |lu— M}/;,Ho rates | |ju — M;,h”[) rates
75 | 1.45E-01 | 0.92 6.81E-02 093 | 6.91E-02 1.00 6.87E-02 1.04
T4 | 6.89E-02 | 1.08 2.26E-02 1.59 | 2.27E-02 1.61 2.26E-02 1.60
75 | 3.33E-02 | 1.05 6.24E-03 1.86 | 6.25E-03 1.86 6.24E-03 1.86
T6 | 1.64E-02 | 1.02 1.62E-03 1.95 1.62E-03 1.95 1.62E-03 1.95
77 | 8.19E-03 | 1.00 4.11E-04 1.98 | 4.11E-04 198 | 4.11E-04 1.98
Ts | 4.09E-03 | 1.00 1.03E-04 1.99 1.03E-04 1.99 1.03E-04 1.99

Table 1: Superconvergence for the scalar elliptic problem using & = (1,0, 0, 1).

llw —upllo | rates | |lup —Puully | rates | [lu—uj,llo | rates | [lu—uj,llo | rates
73 | 1.96E-02 | 1.95 1.99E-03 3.35 2.41E-03 3.42 2.22E-03 3.52
T | 495E-03 | 1.98 1.43E-04 3.80 1.68E-04 3.84 1.49E-04 3.89
Ts | 1.24E-03 | 1.99 9.40E-06 392 | 1.10E-05 | 3.94 | 9.63E-06 | 3.96
Te | 3.11E-04 | 2.00 6.02E-07 3.97 7.00E-07 3.97 6.11E-07 3.98
T7 | 7.78E-05 | 2.00 3.80E-08 3.98 4.42E-08 3.99 3.85E-08 3.99

Table 2: Superconvergence for the scalar elliptic problem using a = (2,1,1,2).

llw —upllo | rates | |lup —Puully | rates | [lu—uj,llo | rates | [lu—uj,llo | rates
75 | 217E-03 | 2.92 8.89E-05 4.42 3.48E-04 3.91 1.55E-04 3.78
Ty | 2.75E-04 | 2.98 3.20E-06 4.80 1.34E-05 4.70 6.07E-06 4.68
75 | 3.45E-05 | 2.99 1.06E-07 4.92 4.50E-07 4.90 2.04E-07 4.89
Te | 4.31E-06 | 3.00 3.39E-09 497 | 144E-08 | 496 | 6.56E-09 | 4.96
77 | 5.39E-07 | 3.00 1.07E-10 4.98 4.57E-10 4.98 2.08E-10 4.98

Table 3: Superconvergence for the scalar elliptic problem using a = (3,2,2, 3).
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rate 2.00 if « = (1,0,0,1), 4.00 if « = (2,1,1,2) and 5.00 if a = (3,2,2,3), which coincides with
the analysis in Theorem [2.2land Theorem [2.3] The comparison between |[[u — uj yllo and [fu — 13 ,llo
shows that the postprocessing approximations u; , admit a slightly higher accuracy than uj . It is
analyzed in [25] that the four-field formulation (Z.5) with 7 = 7! and y = 0 is hybridizable. For
this formulation, the postprocess technique (2.11) with p;, = Py, is better than the other one 2.10)
in two aspects, one is the higher accuracy of u; , and the other one is that there is no need to solve
py, from the reduced formulation.

4.2 Example 2: linear elasticity problems

We consider the linear elasticity problem (L.2) on the unit square Q = (0,1)> with the exact
displacement
u = (sin(rx) sin(rty), sin(rx) sin(ry))’,

and set f and g are chosen corresponding to the above exact solution of (L2) with E = 1and v = 0.4.
The domain is partitioned by uniform triangles. The level one triangulation 77 consists of two
right triangles, obtained by cutting the unit square with a north-east line. Each triangulation 77 is
refined into a half-sized triangulation uniformly, to get a higher level triangulation 7. For this
numerical tests, fix the parameters py = pp =y = 1.

llu —upllo | rates | |luy — Prullp | rates | [lu —wjllo | rates
71 | 9.87E-02 - 2.90E-02 - 3.68E-02 -

7> | 2.37E-02 | 2.06 5.65E-03 2.36 | 6.83E-03 | 2.43
73 | 3.08E-03 | 2.94 3.71E-04 3.93 | 3.74E-04 | 4.19
T4 | 3.89E-04 | 2.99 1.51E-05 4.62 | 143E-05 | 4.71
75 | 4.87E-05 | 3.00 5.17E-07 4.87 | 4.79E-07 | 4.90
76 | 6.10E-06 | 3.00 1.67E-08 495 | 1.54E-08 | 4.96

Table 4: Superconvergence for the elasticity problem with @ = (3,2,2,3)

llw —upllo | rates | |luy — Pyully | rates | |lu—ujllo | rates
71 | 7.17E-02 - 2.51E-02 - 3.47E-02 -

T2 | 4.12E-03 | 4.12 7.52E-04 5.06 | 8.82E-04 | 5.30
T3 | 2.69E-04 | 3.94 2.27E-05 5.05 | 2.28E-05 | 5.27
T4 | 1.70E-05 | 3.98 5.76E-07 5.30 | 5.29E-07 | 5.43
75 | 1.06E-06 | 4.00 1.13E-08 5.68 | 1.01E-08 | 5.71

Table 5: Superconvergence for the elasticity problem with @ = (4,3, 3, 4)
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Table[d and B]list the errors ||u —wyllo, [Py — wyllo, [l —ujllo and the corresponding convergence
rates of the discontinuous Galerkin formulation (8.5) with k > n for elasticity problem (L.2). It is
shown that both ||P,u — ullp and |lu — u;|lo of the discontinuous Galerkin formulation (3.5) with
k =2 and k = 3 converge at the rates 5.00 and 6.00, respectively. This verifies that error estimates
in Theorem 3.5

We also test the postprocessing scheme (3.31) on the formulation (3.5) with k < 1, namely,
a=(1,0,0,1) and (2,1,1,2),

where the results are listed in Tablel6land [} respectively. It shows that postprocessing solution u;
converges at the same rate as the finite element solution u;,, which is k + 1 for the case k < n. This
implies that there is no such H(div)-conforming projection that admits the commuting diagram

G.I19.

llw —upllo | rates | |luy — Pyully | rates | |lu—ujllo | rates
7> | 4.25E-01 - 2.50E-01 - 3.45E-01 -

73 | 2.13E-01 | 0.99 1.12E-01 1.16 | 1.29E-01 | 142
74 | 1.00E-01 | 1.09 3.89E-02 1.53 | 4.61E-02 | 1.48
s | 4.83E-02 | 1.05 1.41E-02 146 | 1.84E-02 | 1.33
Te | 2.39E-02 | 1.02 6.06E-03 1.22 | 8.39E-03 | 1.13
77 | 1.19E-02 | 1.00 2.88E-03 1.07 | 4.08E-03 | 1.04
Ts | 5.96E-03 | 1.00 1.42E-03 1.02 | 2.03E-03 | 1.01

Table 6: Superconvergence for the elasticity problem with o = (1,0,0, 1)

llw —upllo | rates | |luy — Pyully | rates | |lu—ujllo | rates
71 | 4.74E-01 - 3.08E-01 - 4.00E-01 -

7> | 1.11E-01 | 2.09 4.11E-02 290 | 5.27E-02 | 2.92
T3 | 2.85E-02 | 1.97 7.20E-03 2.51 | 8.57E-03 | 2.62
T4 | 7.22E-03 | 1.98 1.77E-03 2.02 | 1.89E-03 | 2.18
75 | 1.82E-03 | 1.99 4.56E-04 1.96 | 4.64E-04 | 2.03
T6 | 4.55E-04 | 2.00 1.16E-04 1.98 | 1.16E-04 | 2.00
77 | 1.14E-04 | 2.00 2.91E-05 1.99 | 2.91E-05 | 2.00

Table 7: Superconvergence for the elasticity problem with o = (2,1, 1, 2)
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