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Abstract

In this paper, we discuss the application of the Generalized Finite Element Method (GFEM) to
approximate the solutions of quasilinear elliptic equations with multiple interfaces in one dimen-
sional space. The problem is characterized by spatial discontinuity of the elliptic coefficient that
depends on the unknown solution. It is known that unless the partition of the domain matches
the discontinuity configuration, accuracy of standard finite element techniques significantly deteri-
orates and standard refinement of the partition may not suffice. The GFEM is a viable alternative
to overcome this predicament. It is based on the construction of certain enrichment functions sup-
plied to the standard space that capture effects of the discontinuity. This approach is called stable
(SGFEM) if it maintains an optimal rate of convergence and the conditioning of GFEM is not
worse than that of the standard FEM. A convergence analysis is derived and performance of the
method is illustrated by several numerical examples. Furthermore, it is known that typical global
formulations such as FEMs do not enjoy the numerical local conservation property that is crucial in
many conservation law-based applications. To remedy this issue, a Lagrange multiplier technique
is adopted to enforce the local conservation. A numerical example is given to demonstrate the
performance of proposed technique.

Keywords: interface problem, quasilinear problem, SGFEM, local conservation, Lagrange
multiplier

1. Introduction

Realistic mathematical modelings and simulations must often deal with various forms of dis-
continuities and problems with inherent interfaces. A common illustrative example is simulation of
flow and transport of fluids in porous media. An underground soil, for instance, is characterized by
spatial heterogeneity, perhaps the simplest one being realized as a layered system, where each layer
exhibits a unique conductivity, and with abrupt changes in between. In this context, a relevant
motivation comes from modeling the water movement/infiltration in the region near the surface
where the pores are filled with water and air (unsaturated zone). Modeling this groundwater flow
in unsaturated zone is described by Richards equation

0b(u) — V- (k(z,u)V(u—2)) =0,

which has been proposed by L.A. Richards in 1930 [1]. The nonlinearity of this equation arises
from the water content 6 and the hydraulic conductivity of the soil denoted by x in which both
functions are depending on pressure head u. The variable z stands for the height against the
gravitational direction. The hydraulic conductivity x of different soil types such as sand, clay, and
silt has different ability to transmit the water through pore spaces. This condition will lead to
a discontinuity of x at the interfaces of two different types of soil. The situation is made worse
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by the dependence of xk on the pressure head, u. Due to the limitation of the availability of the
closed-form solution, numerical approximations such as finite difference, finite volume, and finite
element are arguably the only reliable procedures to solve this problem (see for example [2] for a
recent review).

Unfortunately, general application of standard finite element approximation to problems of this
type fails to maintain an accepted accuracy and convergence optimality. This can be alleviated,
for example, by designing discretization of the computational domain to match the discontinuities,
which mainly results in a restrictive mesh configuration that cannot allow an interface to cross
internal region of the finite element geometry. However, this may not be suitable in many respects.
The main reason stems from the lack of knowledge on the exact location of the interfaces. Even
when a reasonably adequate information can be gathered on the location of interfaces, it is often
realized into an irregular configuration, which in turn presents various challenges in the numerical
discretization of the problem. Furthermore, to quantify uncertainty associated with the location
of interfaces and the relevant parameters, a common approach is of Monte Carlo type simulations,
in which a large number of realizations/samples of interface configurations is proposed and is
used as a data, whose results are gathered in the form of some relevant statistics. Since many
computational works must be performed, it becomes impractical to change the discretization every
time as a different interface configuration is proposed. Against this backdrop is placed an intention
to develop a numerical approximation that is flexible toward handling interfaces inherent in the
problem. An ideal feature is one that can capture accurately the effects of discontinuity without
the necessity to dynamically rearrange discretization of the computational domain. This is indeed
desired especially in the realm of Monte Carlo simulations alluded to earlier.

All the above issues give a strong motivation to approximate the solution by a direct extension
of the standard FEM called generalized or extended FEM (GFEM/XFEM) that is developed to
handle problems that involve the material discontinuity, moving interface and, crack propagation.
The first development of such methods was recorded in [3], and was referred to as Partition of
Unity Method (PUM). Later this method was called GFEM in [4, 5, 6, 7]. The idea of GFEM is to
reduce the discretization errors of the standard FEM without having to change the finite element
meshes. This is done by adding more basis that have a compact support around the elements with
interface such that they mimic the local behavior of the unknown solution.

There are several examples of GFEM for the interface problem: Geometric GFEM, Topological
GFEM, M-GFEM, and Stable GFEM. The difference between each of these examples is primarily
in the way of defining the local enrichment function. Details can be seen in [8, 6]. In topological
FEM, the rate of convergence of the H' semi-norm error is at h'/2, where h is mesh parameter,
which is similar to the well-known result for standard FEM with uniform mesh and the interface
not located at a node. Geometric-FEM and M-FEM have a rate of convergence h” where p is
the degree of Lagrange polynomial interpolation. This rate is similar to the optimal rate of the
standard FEM for smooth solution.

Despite the clear advantage of maintaining optimal convergence properties, studies also found
that these GFEMs lead to an extremely high condition number of the stiffness matrix [9, 10], which
gives challenges in solving the corresponding algebraic equations. Later, this issue was addressed
in [11] by doing a simple modification on the local enrichment function, creating the Stable GFEM
(SGFEM). This reference demonstrates that with this modification, the optimal convergence can
be attained without deteriorating the condition number of the system. A further investigation on
the conditioning of SGFEM and the comparison with the standard GFEM is given in [8], confirming
that SGFEM maintains the optimal convergences in H' semi-norm, and the conditioning number
of the associated SGFEM matrix is not worse than the standard FEM matrix.

Although a simple modification on the local enrichment function that is suggested in [11] will
guarantee a stable GFEM, it is not always the case for some problems in higher dimensions as



shown in the application of 2D and 3D fracture mechanics [12, 13]. Another application for 2D
two phase flow problem in [14] also shows loss accuracy of the optimal convergence particularly in
the case of straight interface problem. Therefore, different modification on the local enrichment is
required for a GFEM to be stable.

A lot of studies have made use of the modified enrichment proposed in [11] and investigated
its performance numerically and theoretically for several interface problems. Recently, SGFEM
has been implemented in two-dimensional parabolic (time-dependent) interface problem [15]. The
higher order SGFEM has also been developed for the elliptic eigenvalue and source interface prob-
lem in [16]. However, there are still not many literatures studying the application of SGFEM for
nonlinear interface problems. As reported in [14], SGFEM is applied to industrially relevant two
phase/free-surface flow problems governed by the Navier-Stokes equation, which is nonlinear in
convection term of its equation. The convergence analysis of the linear SGFEM was established
in [11, 8, 17] and later was generalized to arbitrary order in 1D setting in [16].

Other relevant motivation of the present investigation is a desire to produce approximate so-
lution that satisfies the local conservation property of the quantity of interest in the presence of
the interface system. For Richards’ equation in particular, conservative property of the pressure
head is needed not only to improve the performance of numerical solutions [18, 19], but also when
the resulting velocity —k(x,u)V(u — z) is coupled to other governing equations, such as for ex-
ample, concentration of a certain fluid phase invading the soil. In this setting, it is imperative
for the approximate velocity to be locally conservative. Several methods such as finite volume
method, mixed finite element method, and discontinuous Galerkin method are specifically de-
signed to satisfy this property. However traditional continuous Galerkin finite element methods
fail to yield locally conservative velocity approximation. Applying post-processing technique for
such methods has been developed to address this issue. Several work on this subject can be seen in
[20, 21, 22, 23, 24]. Another technique is called enriched Galerkin (EG) that is done by enriching
the approximation space of the CG method with elementwise constant functions [25]. Yet another
interesting approach was proposed in [26, 27] that is proceeded by constructing the approximate
solution that combines the continuous Galerkin formulation and concurrently satisfies the local
conservation restrictions. Procedures of this type utilizes a Lagrange multiplier technique, where
the approximation is viewed a minimization of the energy functional over the finite element space
under the constraint of algebraic representation of the local conservation property.

In this paper, we investigate an application of high order SGFEM to construct approximate
solution of a quasilinear elliptic two-point boundary value problem that possesses a set of discon-
tinuities in its nonlinear elliptic coefficient. This effort can be considered as a first attempt toward
the ultimate goal of applying SGFEM to the unsaturated Richards’ equation for heterogeneous
and layered soil system. As in [16], the approximate solution is represented in terms of the usual
finite element basis and the enrichment functions aimed at capturing the effects of discontinuity.
The resulting nonlinear algebraic system is solved by utilizing Newton’s method of iteration. An
error analysis in L? and H' spaces is carried out that confirms the optimality of SGFEM. Next,
we employ the Lagrange multiplier technique as described in [26] to construct the SGFEM solu-
tion that satisfies the local conservation property. This is then validated by a numerical example
showing that the optimal convergence behavior of the SGFEM is still maintained and at the same
time the local conservation property is satisfied.

The outline of this paper is as follows. In Section 2, we describe the benchmark problem and
review the standard continuous Galerkin finite element approximation. In Section 3, we describe
the enriched finite element space that is used in the SGFEM approximation. Section 4 is devoted
to a discussion on the existence of the approximate solutions along with convergence and error
analysis. It is then followed by some representative numerical examples in Section 5. Next in
Section 6, we present Lagrange multiplier formulation for the FEM/SGFEM solution that satisfies



a local conservation property and give a numerical example in Section 7. Finally we close the
paper with some concluding remarks in Section 8.

2. Problem Statement and Standard Finite Element Method

For K C R, integer k > 0 and real number 1 < p < oo, we employ standard notation for the
Sobolev spaces WkP(K), with the norm || - || .k and the seminorm |- |, x [28, 29]. In order to
simplify the notation, we denote W*2(K) by H*(K) and skip the index p = 2, i.e., ||ullx2.rx =
|||, - We also skip putting K when it is clear that K is the domain of the original problem (later
denoted by ), thus we will use ||u|lx,p.0 = l|ullkps |tllk2,0 = |ullx and ||ullo,2,0 = ||u||. The same
convention is used for the seminorms as well. In addition, H(Q) = {v € H(Q)]v =0 on 9Q}.
In what follows, the symbol |- | will denote the area of a domain, and (-,-) denote the L?(Q) inner

product.

Let = (0,L) CR, T ={y; :j=1,---,mp} C Qwith 0 < v; < vj41 < L for j =
L.+ ,mp — 1. Let Qo =0,m), Q = (vj,7+1), j =1,--- ,mpr — 1, and Q. = (Ymr, L), such
that Q = U;"ZFOQJ-. For every j = 0,--- ,mr, let 0 < Kjmin < Kjmax < 00 and k; : ; x R —
[K5,min; Kj,max] such that x; € C(ﬁj x R) and it is Lipschitz continuous with respect to the second
variable, namely,

|f€j($7C1) - Hj($,<2)| S CL,j|<1 - <2|a v(laCQ S Ra and z € Q] (21)
Given f : Q — R, the problem is stated as follows:

find u : Q = R governed by

d d
5 (/ij(m,u(x))(iz) = f(z), ©e€Qy, forevery j=0,1,--- ,mp,
du du (2.2)
_/@j_l(x,u(x))& - = —mj(x,u(x))& ot for every j =1,--- ,mp,
u =0 on 0N.
The variational formulation of (2.2) is to find u € H}(Q) such that
a(uu,w) = L(w), Yw € HY(Q), (2.3)
where
mr
a(v;u,w) = Z/ ki(z,v)u (2)w' (z)dz, l(w):= / flx)w(z)dz.
§=0"%% Q
Given v € C(Q),
a(v;w, w) > Kmin|w|? and a(v; 2, w) < Fmax|2]1 w1 < Fmax|2]]1 W], (2.4)
for every z,w € H'(Q2), where fmin = mMin  Kjmin a0d Kmax = MaX  Kjmax. By Friedrich’s
0<j<mr 0<j<mr
inequality, there is a constant Cy > 0 such that
Collw|? < a(v;w,w), Yw € Hi(Q). (2.5)

In the forthcoming presentation, finite element approximations are investigated. Existence of such
solutions in the appropriate Sobolev space is established, which is then followed by a study of a
sequence of the approximations. In particular, it is shown that limit of the sequence satisfies (2.3),
thereby confirming the existence of a weak solution to (2.2) in H(Q).



For the corresponding approximation, we introduce a partition of Q: 0 = zg < 1 < -+ <
zy-1 < zy = L and set h; = z; — ;1 with h = maxi<j<n h;. A restriction that x; ¢ I' for
every i = 0,--- , N is enforced, which makes a nonconforming partition with respect to I'. Denote
Tn ={(zj—1,2;) : j=1,--- ,N}. Here it is assumed that an element 7 € 7}, can contain only one
v €T or not at all.

The standard continuous finite element space of order p is denoted by V;’ € H}(€2), which con-
tains all continuous piecewise polynomials of degree p vanishing on 9. Setting N} = {1,2,--- ,pN—
1}, this space is characterized as V' = span{ep, : j € N}, where ¢, is the usual nodal Lagrangian
polynomial of degree p. The continuous Galerkin finite element approximation to (2.3) reads: find
up, € V}¥ such that

a(up; up, wy) = L(wy), Yw, € V. (2.6)

Standard practice determines the quality of uj € V)P through an examination of the approxima-
tion property of V;, which is usually realized through the interpolation operator Z} : Hg(Q) — VP
defined as

Thw =Y w(t;)e;,

JENT

where t; € Q is such that ¢;(t;) = &;;. At the elemental level, we may set

TPy = I,’zw‘T = Z w(t;)ej, (2.7)
JENT

where NP C N} is the set of degree of freedom indices associated with a 7 € Tj,. It is also known
that the approximation quality of Z}w depends on the smoothness of w, in particular (see for
example Chapter 1 of [30]).

Lemma 2.1. If w € H}(Q), then }lbirrb lw — ZPw|; = 0. Furthermore, if w € H}(Q) N HPTH(Q),
—
then |w — Ihw|; < ChP|wlpyq.

As indicated in the above lemma, when the function to be approximated is only in Hg (), only
convergence is guaranteed; no information about the optimal convergence order can be gathered.
Raising the quality of the approximation of V; so that this aspect may be displayed hinges on the
regularity of the function to be approximated. However, notice that the presence of the interface
system I" in (2.2) prevents its solution to exhibit a full elliptic regularity. Intuitively, provided that
k; is sufficiently smoother than is prescribed earlier and f € H*(Q2) for s > 0, then it is expected
that any solution of (2.2) would at most belong to

HEP(Q) == {w € HJ(Q) : w|o, € H*?(Q;), Vj=0,-- ,mp}.

Thus, it is not surprising that when standard continuous Galerkin finite element methods are
applied to problems of this type, accuracy of the approximation is suboptimal as hinted in the first
part of Lemma 2.1. Specifically, it will occur when 7y, is not conformed to the interface system T'.
This gives a motivation for the discussion in the next section.

3. Stable Generalized Finite Element Methods (SGFEM)

In this section, we adopt the same discretization setting for standard continuous Galerkin finite
element method laid out in the previous section. As mentioned earlier, it is assumed that an
element 7 € T, can contain only one v € I'. A collection of such elements is

Thor = {7 € Ty : v is located in 7, ¥y € I'}.



The idea of generalized finite element methods is to construct a finite element space that is an

enlargement of the standard finite element space by a set of auxiliary functions. These functions

are associated with 7 € Tj, r such that they capture effects of the discontinuity to the solution.
Denoting such an enriched space by V;/, C H(Q), it is defined as

V};ZE = V,f’+Vh,E = {’U1 +ve v € V]f,Ug S Vh,E},

and
Vi :==span{pr g : k € RE,VT € Tr.r},

where R? C NP is a set of degree of freedom indices associated with a 7 € Ty, r. The set V, g is
called the enrichment space of SGFEM and ¢y, g := w, ¢k, where {w; : 7 € Tj, r} is called the set of
enrichment functions that are chosen to mimic the true solution near the interfaces. As described
in [11, 12, 8, 17] the choice of w, and R? determines the stability and accuracy properties of the
enriched space. For a 7 that is located in 7 € 7, r, the enrichment functions that maintain stability
of the approximation are chosen as

w, = Thwk — wk, where wi(z) = |z — 7|, (3.1)

with R? = NP. Obviously w, is piecewise linear and continuous in £ with w, = 0 outside 7. See
Figure 3.1 for a typical example of w} and w, and Figure 3.2 for the resulting piecewise quadratic
enriched basis functions as applied to V..

wk =]z — 1 wy = Tjiwi — wk
0.87 0.81
0.4+ 0.4+
o ¥ o—>s O /\ O—s
To - Tk Y Th+1 TN T To -+ Tk Y Th+1 IN T

Figure 3.1: An example of w* (left plot) and w (right plot) associated with a =y that is located in 7 = (2, xx4+1) €
Th,r C Th

PkE Prk+1,E
0.1 0.1
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To -+ Tk Y Thk+1 TN T To -+ Tk Y Th+1 IN T

Figure 3.2: The resulting enriched basis functions as applied to V;! with R} (1) = {k,k+ 1}

The stable generalized continuous Galerkin finite element approximation to (2.3) reads: find
up,g € V' such that
a(up g;un e, whe) =wyE), Yw,g € V,ﬁE. (3.2)

Before embarking on the analysis of existence of uj g and its convergence, a discussion on the
robustness of V}ﬁ g is warranted, especially on its quality as an approximation space. The following
lemma presents the existence of a local interpolation in V,ﬁ g that is applicable to any element with
an interface (i.e., any 7 € T, r). Proof of the lemma below has a slightly different flavor to the one
given in [16].



Lemma 3.1. (local interpolant) Let 7 = (x;,x,) € Tnr be associated with a v € T'. Given
v e C(T), let IF yv € C(T) such that its restriction to [x;,~] and [y, z,] is a polynomial of degree p,
and [T 50)(&) = v(;), where & = oy+i(y—m)[p and €ppiss = y+i(we—7)/p fori =01, ,p.
Then there exists a set of unique {a; : j=1,--- ,p+1} CRand {f;: j=1,--- ,p+1} CR such
that

p+1
22 5ol () =Y (0 + Bijw-(x))p;(x),
j=1
where {¢; :j=1,--- ,p+ 1} is the usual nodal Lagrangian polynomial basis of degree p on T and

w, is as stated in (3.1).

Proof. Fix a v such that it is located inside 7 = (2, 2,). Given a function v € C(7), the existence
and uniqueness of piecewise polynomial in 7 that interpolates v is clear from the theory of standard
nodal polynomial interpolation. In this case, IﬁEv interpolates v at {§; : i =0,---,2p+1} CR
as described in the lemma. Set

p+1

Qz) =) (a5 + Bjwr (2))pj(x), weT, (3-3)

Jj=1

where w; is as stated in (3.1). The goal is to show the existence of {a; : j =1,--- ,p+1} C R
and {8 :j =1,---,p+ 1} C R such that Q(z) = [Z yv](x) for every x € 7.

The idea is to construct a linear system governing those coefficients. Notice that by the above
construction, @ is a polynomial of degree at most p + 1 in [z;,7] and [y,z,]. Since If,Ev is a
piecewise polynomial of degree p, maintaining equality of () to Z, gv requires removing the term

2Pt in (3.3), yielding an equation
p+1

Z%ﬂj =0, (3.4)
j=1

with {a; : j=1,--- ,p+ 1} C R, not all of them are zero. Furthermore, since If,Ev interpolates v
at 2p + 1 distinct points §; € 7, it must satisfy

Q(&’L) = [If,EU](g’L) = U(é-i)ﬂ 1= 07 1apap + 271) + 3a U 72p + 1) (35)

where £,11 = 7 has been excluded since interpolatory condition at v has been imposed at &, = 7.
This gives 2p + 1 linear system of equations governing

q = [041, T 7ap+1aﬁla e 7ﬁp+1] S RQIH-Q.
Combinations of (3.4) and (3.5) gives a (2p + 2) linear system
Ag =b, (3.6)

where b = [0,v(&),v(&1), + ,v(&), v(Ept2), v(Epta)s -, v(Tapt1)] € R?PFT2 and A is a square
matrix of dimension 2p + 2. If A is nonsingular, then there is a unique q € R??*2 satisfying (3.6),
and the equality of @ to If)Ev is achieved.

To establish nonsingularity of A, it is sufficient to show that g = 0 € R?’*2 is the only solution
to Agq = 0. But this homogeneous system is equivalent to having

p+1 p+1
Q(x) = Z(dj + Bijw.(z))p;j(x), with Q(&) =0, fori=0,1,---,2p+ 1, and Z a;B; = 0.
j=1 j=1



Thus Q is a piecewise polynomial of degree of at most p having p + 1 simple zeros in [z;,7] and
p + 1 simple zeros in [y, z,]. This means it can be expressed as

P
C1 H(ﬁ—fz), T e [xla’}/]a
=0

2p+1

oo [[ =¢), =€l

1=p+1

for some constants c; and cp. But, the equation in (3.7) gives the leading term c;zP™* and coxP™!
that is one degree higher than what is prescribed. The only way for such a Q to exist is when
c1 = co = 0, or equivalently, Q = 0. But this implies that every &; = 0 and every Bl =0,
confirming that ¢ = 0.

Hence A is invertible, therefore there is a unique q = [aq, -, apt1,B1, -, Bpp1] € R*PH2
satisfying (3.6) and thus If’Ev = @ in 7. This completes the proof. O

The next lemma is established in [16] for a problem with an interface. We extend it to multiple

number of interfaces over €.

Lemma 3.2. (global interpolant) Define T} y : Hy(Q) — Vg as follows:

If)Ev if T € Thr,

T

I}’Z EY
TPy if 7€ T \ Thrs

where I7 1 is as in Lemma 3.1 and I is as in (2.7). Ifv € HETH(Q), then

1
mr 2
v — I}I;,Evh < Ch? ( Z |U|;27+1,Qj> : (3.8)

J=0

Proof. Fix v € HXT'(Q) (and thus v € C(Q)). By taking into account the interface system in €,
mrp
14 2 _ /4 2
lv—Ij gli = Z v =T}, gvlig, (3.9)
=0

so proving (3.8) is relegated to establishing a similar estimate for every |v — I,’;Evh’gj.

Since T is nonconforming with respect to I' such that only one v € I is located in a 7 € Tp 1,
every ; has at least one and at most two of such 7 € Tpr. Notice that Z} |, = I for these
7. Furthermore, recall from Lemma 3.1 restriction of Z” to (x7,7) or (v,2,) is a polynomial of
degree p on 7 = (x;,z,). Thus, IZ7E'U|Q]. is a piecewise polynomial of degree p that is continuous
in ;. Since v € HPT1(§;), standard polynomial interpolation estimate (see for example Chapter
1 of [30]) gives

v = I} gvlie, < CRPlpt1,0;,

which on its substitution in (3.9) results in (3.8). O

To reiterate what has been mentioned earlier, when the function to be interpolated does not
enjoy a global smoothness (in this case in H?T()) due to the presence of I' and T;, does not
conform with T, then the standard interpolation operator Z} cannot attain the optimal approx-
imation property of I,f’E. This is translated into the performance of the approximate solutions,
which will be made clear in the error analysis. In a related matter, the next lemma is particularly
needed in the error analysis to handle the quasilinear nature of the original problem, i.e., due to
the appearance of x;(z,u) in (2.2).



Lemma 3.3. Ifv € HE'(Q), then

1
_1 — :
lv— I} golie < hP73 (Z W10, | (3.10)

j=0
where If;E is the global interpolant defined in Lemma 3.2.

Proof. Similar to the previous lemma, we may write

[

mry
lv—1I EU|16 = (ZV’_ EU|169 ) . (3.11)

7=0

Because Z! V], is a continuous piecewise polynomial of degree p, we can further write

o =T gelSen, = 3 lo— Y -l

TET; T1/2€T;,r

(3.12)

where T, = {7 € To \ Th,r : TN Q; # @} and T;r = {7 NQ; : 7 € Ty r}, and thus the union of all
these intervals is €2;. The first summation is coming from adding the interpolation error over all
elements 7 in ; that have no interface v € I', whereas the second summation is the interpolation
error in half portion of 7 € 7, r belonging in §2; and is denoted by 71,5 = 7N §2;. Note that for
every €;, there are at most two of such 7y /5. Recall that both Z2v|, for any 7 € T; and Z% po|,
for any 7,/ € T;r are polynomials of degree p that interpolate v in 7.

Let ¢ be either 7 € T; or 71/2 € Tjr, and define e : ¢ - R as e = (v — IﬁyEv)\g. Applying
the fundamental theorem of calculus to the k** order derivative of e, k < p, we have for any point
T eg,

T Tk

x x
e (z) = e®)(z1) + / e (1) dty, = / B (1) dty, (3.13)

where 7, € ¢ with e (z;) = 0 (guaranteed by Rolle’s theorem). Applying (3.13) up to pt*
derivative of e, we can express the first derivative of e as follows

p—1
e(z) = / "(t1) dt: = / / "(t) dtadty = / / / PO (¢,) dtydt, o ---dty.

Note that (Z} pv)#™)(z) = 0 for every z € S, so e@®™) = v®P+D|which can then be used to
bound the following integral along with an application of Cauchy-Schwarz inequality:

tp—1
/ Pt (1) dt, < /\v(”“)(tp)I dt, < hE o) o,
Z <

p

where h. has been bounded by h. Thus,
t1 tp—2 . |
z)| < / / / hEHU(m— )”07@ dtp—1---dy,
1 JI2 T
h3 Hv(”“)Hogh” 1_ h”_fﬂv(p“)”o
Taking the LS-norm of e’ over ¢ gives

_1 —
el 6. = /Ie’(ﬂc)l6 dz < /hﬁ(” D[o@V dx = RIS .
S S



Substituting this into (3.12) yields

o= T8 golf 60, < D AP @IIS 4 YT P8
TET; T12€T;,r

Because v € HP*1(§);), we can combine the summation, therefore
P 6 6p—2 p+1)16
v =T} goliga, <h v )Ho,Qj~

Upon substitution of this last inequality to (3.11) yields

o=

mrp
v =T} gvlie < (Zhﬁp_2||v(p+l)||g,nj>

Jj=0
1

mrp 3 %
_ pp—3 (p+1)(6
o ((z n))
§=0

mr %
_1
< hP3 (Z ||v(p+1)||§79j> 7

j=0
and the proof is complete. O

Remark 3.1. Lemma 3.8 can be generalized for any positive integer r € [2,00), so that

1

141
v = I} goli, < O(RP7277).

4. An Analysis

In this section, we give an analysis pertaining to the approximations of the solution of (2.2).
We begin with establishing existence of the approximation and demonstrate that it converges to
a weak solution of (2.2). This is then followed by an error estimation of the SGFEM solution.
Various mathematical tools and techniques used in the analysis can be seen for example in [31] and
[32]. Due to procedural similarity in conducting the analysis, in what follows, the finite element
space in which the approximation is sought is generically denoted by ‘N/h C H} (), where ‘N/h is
either V) for standard continuous Galerkin FEM or V,ﬁ g for SGFEM.

4.1. Existence of Approximate Solutions and Convergence Analysis

Existence of the approximate solutions and their convergence require an assumption that there
is Zp, : HE(Q)) — Vj, such that
IZrv — ||y — 0 as h — 0. (4.1)

An example of such an operator is established for V), = V/? by utilizing Lemma 2.1 and for Vi, = VPs
by utilizing Lemma 3.2 with the help of Friedrich’s inequality.

Theorem 4.1. If f € L*(Q), then there exists a Uy, € Vi governed by
a(ﬂh;ﬂh,ﬁh) = g(’ﬁh), Yoy, € ‘7h. (42)
Proof. Consider a mapping T : Vi, — Vi, defined by the relation

a(y; T(y), ) = €(@), Yon € Vi (4.3)
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In this regard, existence of u, € Vi satisfying (4.2) is equivalent to showing that T has a fixed
point in XN/h. For a given y € Vh, existence of a unique T(y) is established by the Lax-Milgram
theorem (see for example, p. 317 of [33]). By setting v, = T(y) in (4.3), and using (2.5) and the
boundedness of ¢, we get

CollTW)I1T < aly: T(y), T(y)) = UT(y)) < IFIIT@)]1, (4.4)

from which we confirm that T(y) € Vj, is bounded, i.e.,

IT@W)h < G5 I f1- (4.5)

Next, to show the continuity of T, it is sufficient to demonstrate that it is Lipschitz continuous.
Replacing vy, in (4.3) by T(y)—T(z), and using (2.5) and linearity of a(+; -, ) on the second argument
yields

Collon]l? < aly; T(y), vn) — aly; T(=),0n)
(vn) = a(z;T(2), 0n) + a(z; T(2),0n) — aly; T(z),vn)
(n) = £(vn) + a(z; T(2), on) — aly; T(z), vn)
(2:T(2),vn) — aly; T(2),vn)-

By Lipschitz continuity of x; and Cauchy-Schwarz inequality,

a(z;T(2),0n) — aly; T(2),0) < Z/ |5 (2, 2) = k5 (2, y) | [[T(2)] ()] [0, ()] dz
< Z/Q_CL,J'IZ(:L’) —y@) [T )] ()] [0 ()| da

<CL/ |2(x )| [[T(2)] (2)] [0}, (2)] dz
< CLlly = 2llo,00 I T(2) 1 1[Tn[1,

where Cf, = jmax Cp, ;. Note that since y,z € Vi, C HY (), |ly — zllo,0 < Caly — 2|1, which
i<m

together with (4.5) implies
Colltnll < CLCq CallfIl ly — 21
Thus T is Lipschitz continuous i.e., | T(y) —T(2)[|1 < CrCy2Callf|l lly—=]|1. Since T is continuous,

existence of a uy, € V4, satisfying T(@yp,) = wp, is guaranteed by the Brouwer Fixed Point Theorem.
This completes the proof. O

Remark 4.1. Note that the Brouwer Fized Point Theorem does not guarantee the uniqueness of
Up. If in addition f € L*(Q) is chosen such that Cr.Cy2Cql|f|| < 1, then T in the above proof
is actually a contraction. In this setting, existence and uniqueness of up can be obtained from the
Banach Fized Point Theorem.

In the following theorem, we show the existence of a weak solution of (2.2) as a weak limit of
the Galerkin approximations uy € V.

Theorem 4.2. Let {f/h}h%o be a family of finite dimensional subspaces of H3 () and let {tup}n—0
be a sequence of the Galerkin approzimations satisfying (4.2). Then there exists a subsequence
{up} c {un} and an element u € HE(Q) such that

U —u € Hy () as h — 0, (4.6)

and u is a weak solution of (2.2), i.e., it satisfies a(u;u,w) = L(w) for every w € HL(Q).
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Proof. First, existence of {uy,} satisfying (4.2) is already established in Theorem 4.1. Furthermore,
by (4.5), |[un|li < Cyt||f|l. Since {up} is bounded in H}(RQ), it has a subsequence {u;} C {un}
that is converging weakly to a limit in Hg (£2) (see for example, p. 726 of [33]). Suppose u € H}(Q)
is the weak limit of subsequence {uj;} such that (4.6) holds, then for any £ € [HJ(Q)]*,

L(T@5) — L(u) as b — 0. (4.7)

Furthermore, the Rellich-Kondrachov theorem in (see for example, p. 288 of [33]) says that the
subsequence {u} converges strongly to u in L?(Q), i.e,

lap — ul| = 0 as h — 0. (4.8)

Now we show that u is governed by a(u;u, w) = £(w) for every w € H}(2). Consider an arbitrary
v € C5°(Q) and let Z,v € Vj, be its approximation that satisfies (4.1). Using (4.2), adding and
subtracting a(u; 4y, v) and a(uy; uy, v),

la(u;u,v) — L(v)| = |a(u; u,v) — al@z: G5, Zpv) + L(Tpv) — )| < It + I + Is + Iy, (4.9)
where
= |a(u; )*a(u ug,,v)|,
|a( ) - a(uhvuhv )|7
= |a(ujy, ,UB,'U) — a(uh,uh,Ihv|,
I = [U(Zyv) — L(v)].

Since a(;+,-) is bounded in Hg (), then L£(w) = a(u;w,v) is bounded, and by the fact that
uy, — u in H (), it is clear that a(u;uy, v) — a(u;u,v) as h — 0, resulting in I; — 0.
Taking into account the Lipschitz continuity of x; yields the following estimate

<3 | st o)1 01 (2]
<30y [, Iute) = BN @) V()]

SCLHU'Ho,oo/QIU(fE)—ﬂﬁ(fﬂ)llﬂ%(w)\dm

< Cy|
< CLC AN Nlo,0e Nl — g -

Utilizing (4.8), it is confirmed that Iy — 0 as h — 0.

Due to the boundedness of a(-;-,-), Is < fmax|[tn |1 ]|v — Zav||1, which along with (4.1) estab-
lishes I3 — 0 as h — 0. Likewise, Iy < ||f]||Zav — v|l1 — 0 as h — 0.

By taking into consideration convergence of all these terms back in (4.9), we arrive at

a(u;u,v) =£L(v), Vv e C§F(N). (4.10)

Finally, recall that C§° () is dense in H} (), so that given w € H{ () there exists a sequence
(vi) C C§°(£2) such that ||w — v;||[1 — 0 as i — co. By using v = v; in (4.10) and the boundedness
of a(+;-,-) and £(+),

|a(u; u, w) = L(w)] < la(u; u,w = v;)| + [€(vi = W) < (Kmaxl|ulls + [[fID]Jw = vils = 0,

as i — 00. Therefore u € H}(Q) is a weak solution of (2.2). O
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4.2. An Error Analysis for the SGFEM Solution

In this section, a detailed error analysis of the SGFEM solution is presented. The main purpose
behind the analysis is to demonstrate that under the assumption that the solution of (2.2) belongs
to HIIZH(Q), then its approximation sought in V/”; maintains the convergence optimality. As
stated earlier, this is a desirable trait that the standard finite element space V' cannot achieve
when 7y, is not conformed to the interface system I'. As before, let u € H} () be a weak solution
of (2.2) and let @, € Vj, be its approximation, which is governed by (4.2).

Lemma 4.1. There exists a positive constant C' independent of h and u such that
lu— Tl < Clu—@nls + @3 gllu — @nll), ¥V @ € Vi (4.11)
Proof. Given any wy, € ‘7;“ triangle inequality gives
lu — 1|t < |u—wp|1 + |wp, — U1, (4.12)

so the remainder of the proof is concentrated on estimating €, = (W —uy) € ‘711- By coercivity and
the fact that a(up; un, vn) = a(u;u,vy) for every vy, € Vj, and adding and subtracting a(u; wp, €p,),

Kmin|€n|T < a(tn; en,en) = a(tn; W, €n) — altn; un, en) = I + I, (4.13)

where
I = a(up; Wh, en) — a(u; Wy, ep) and Iy = a(u; Wy, — u, €p).

Because r; is Lipschitz continuous and using Cauchy-Schwarz inequality and Holder inequality,
mr
D S WA OITATCARE
j=0"%%

mp
<> [ Cughu— Tl 13127z
3=075Y

<cy / |(u — ) 2 d
Q

< Cll(u — n)wy]| e

< Cpllu—1up

(4.14)

0,3/l Wy llo,6 [€nl1-

To proceed further, a bound for |[u—p||13(q) is desired. To simplify the presentation, set e = u—y,.
By Cauchy-Schwarz inequality and Holder inequality,

lellZs ) < llelllle®[I < llell lellosllelo.- (4.15)

By Sobolev embedding theorem (see for example p. 85 of [34]), H*(Q2) — L5(£2), which implies
llell s (o) < Cale|r. With this, the inequality in (4.15) yields

lellZs ) < Callell el

Using this in (4.14) gives

I < O/ Callu — | fu — s ||@,

0,6 |€nl1-
Notice also, due to the boundedness of a(;-,-),

12 S Kmax|u - {Dh‘l |gh|1-
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Using all these estimates in (4.13) gives

Fmin|nlt < Cr/Callu — | |u — an|1 [|@ 0.6 + Fmax|w — @n1,

from which we obtain

lens < C(\/H@LH%@'

fu =l fu = nly + fu = @y ).

where
_ -1 1/2
C = kK, max (C’LCS1 ,Hmax).

Putting this last inequality back to (4.12) and applying inequality

Vab < /(672a2 + 62b2)/2 <

a b
—+—, a>0,b>0,6 >0,
=5vz v

gives
=y < (14 C)|u— @y + O\ 13 1w — Tl — Tinl
C 6C
< (14 C)|u—wnl + —=lwp I} 6l — Tnll + —=|u — )1
<( )| nl 5\@” nllo,6] nll ﬂ' nl1
By choosing § > 0 such that 6C/v/2 < 1, estimate in (4.11) is established. O

Previous lemma quantifies approximation error H'-seminorm in terms of approximation error
in L?-norm and the ”quality” of X~/h. In the next lemma, the approximation error in L?-norm is
expressed in terms of approximation error in H'-seminorm and yet another notion of quality of I~/h.
The technique utilized to prove this lemma is a duality argument first introduced by Aubin-Nitche
(see for example [29, 35]). However, it was originally applied to variational formulations of linear
boundary value problems. The duality argument relies on an adjoint problem associated with the
aforementioned variational formulations.

Since (2.2) and the associated variational formulation is nonlinear, a linearization is required
that allows for construction of the adjoint problem that is linear. To this end, define F : H}(Q) —
R by F(v) = a(v;v,w) for every w € H(2). The Fréchet derivative of F at v € H}(Q) is
F'(v) € [H}(Q)]* such that

naoleillfllé(ﬁ) 17 +n) = Fv) = [F' )] =0.

In this case,
[F'(0)](n) = a(v;n,w) + b(v;n,w), Yw € HL(Q),

with
mrp
b(v;n,w) = Z/ Dokj(z,v)v (z)n(z)w'(z) da, (4.16)
=07
where Dk is the partial derivative of k; with respect to the second variable. Now set o : [0,1] —
HY(Q) by o(t) = up, + t(u — up). By integral mean value theorem,

a(u; u,w) — a(tp; up, w) = F(u) — F(up)

~ [(Fe@lw-a)a
0 (4.17)

= /0 (alo(t);u — up, w) + blo(t);u — up, w)) dt

=a(o;u — up,w) + blo;u — Up, w),
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where

a(o;v,w) = 2_:0/9 </0 K (z, [a(t)](:v))dt) V' (z)w' (x) de,

mr 1
b(o;v,w) = Z/ (/ Dskj(x, [o(t)](z))[o ()] (x) dt)v(x)w’(x) dx.
=0/ \Jo
The above forms are linear in the second and third argument so both of them are bilinear form.
Given 1 € L?(12), the adjoint problem is to seek ¢ € HJ () that is governed by
a(o3v,0) +b(0;0,0) = (v,9), Vv € Hy(Q). (4.18)

Notice that this is a variational formulation of a linear boundary value problem. Under an ad-
ditional assumption that x; € C'(€; x R) and using standard tools from ordinary differential
equations, existence of such a ¢ is established in the Appendix.

Lemma 4.2. Assume further that k; € C1(Q; x R) for every j = 1,--- ,mp. There exists a
positive contant C' > 0 independent of u and h such that

lu —Tn||* < Clo — @ply [u—Unlr, Yy € Vi, (4.19)
where ¢ € H () satisfies (4.18).
Proof. Let e = u — uj, and use (4.18) with ¢ = e and v = e and (4.17) to get
lell* = (e,e) = a(as e, ) +b(as e, ) = alus u, ) — a(in; Un, ).

Using a(up; up, Wr) — a(u; u, wy) = 0 for any wy, € V;, and add and subtract a(w; up, p — W),

lell* = a(us u, o — @n) — a(Un; n, o — Wn) = J1 + Ja, (4.20)
where

J1 = aluyu — Up, o — wp), and Jo = au; Up, ¢ — Wr) — a(Up; Up, @ — Wh).

Using the boundedness of a(-;-, ),

Jl S ’imax‘u - ah|1 |S0 - {Dh‘l-

By applying the Lipschitz continuity of x;, Cauchy-Schwarz inequality, the boundedness of 4y, i.e.,
il < Co NI £l and [Jwllo.0o < Colw|y for any w € H(Q), Jo is estimated as follows:

mrp
I < Z/Q 5 () — 5 @) ot (0 — )| da
=04

mr
<> [ Cuglu Tl @ (o - @ | dz
=074

< Opl|u = nllo,00 [Un1 [ — wal1
< CLCy  Callf lu = Tnly | — wa.

Putting these estimates back into (4.20) gives the desired result. O

At this stage, the tools needed to derive an error estimate of the finite element approximations
are in place. Based on the results in Lemma 4.1 and Lemma 4.2, an issue here is the quantification
of |[u— w1, |Wh1,6, and | — Wy|1, so it boils down to the approximation properties of the finite
clement spaces Vi, = V¥ or Vj, = VP g In fact, this is where V} behaves differently from V}', in a
sense that the interpolation operator Z} for V! does not have analog approximation properties of
TP for VP as described in Lemma 3.2 and Lemma 3.3. The next theorem is the error estimate
for SGFEM solution.
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Theorem 4.3. (Error estimates) Assume further that k; € C*(Q; x R) for every j =1,--- ,mr.
If u € HIEH(Q) and upp € V' is its SGFEM approzimation, then there exists an hg > 0 such
that for any h < hy,

< chﬁl(zwﬁﬂﬂj) , (421)

=0
for some C > 0.

Pr0~0f. Here we mainly employ Lemma 4.1 and Lemma 4.2 with uj, = up g, Wy, = wp, g all belonging
to Vj, = V. Thus, by Lemma 4.1,

|lu — uhﬁE\l < C(lu— wh7E|1 + |wh,E|§76||u — uh7E||) YV wpE € V}ZE (4.22)

By choosing wy, g = Z}, zu and using Lemma 3.3,

mr 2
_1
|25 wulie < |ulie +[u— Iy gulie < |ulie + 7773 (Z |U127+1,Q,-> :
=0

Moreover, by Sobolev embedding theorem (see for example p. 85 of [34]),

lul1,6 = (ZI hm) (ZC ull541.0, ) < C<Z||u||§+1,nj>
=0

Using all these estimates and Lemma 3.2 in (4.22) give

1
2
|u—uhE|1<chp<Z|up+m) < |u||,%+1,gj> lo— gl (423)

Next, let ¢ € Hg(2) be the solution of (4.18) (see Proposition A.1 for its existence). By
choosing Wy, = whg = I g € Vi in Lemma 4.2 and using Proposition A.2, we obtain

lu — upgl < Chlu—upEl- (4.24)

=

Fix a sufficiently small hg > 0 such that

mr %
h0<z||“||12>+1,ﬂj> <L
=0

Now with h < hg, we may put (4.24) into (4.23) and combine the last term on the right hand side
with the term on the left hand side to give

mr %
|lu —up gl < ChP (Z |U|;2;+1,Qj> .

Jj=0

This last inequality and (4.24) yield the desired result. O

5. Numerical Examples

In this section we give detailed numerical examples to demonstrate the application of SGFEM
approximation to some quasilinear elliptic problems whose analytic solutions are available. We
also aim to show that the approximation errors in the numerical examples reflect the optimal con-
vergence properties of SGFEM as established in Theorem 4.3. To solve the variational formulation
(4.2), standard Newton’s method of iteration is employed: The form b(;-,-) in (5.1) is as ex-
pressed in (4.16). For all examples below, the initial guess is u( ) =0. Denoting the linear system
associated with (5.1) by A~D§ = 5= 1), a convergence is declared when |71, < 10710
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Algorithm 5.1

Set ﬂg)) € Vj, (an initial guess).

for n =1,2,--- , until convergence do

Find §;, € V}, governed by

a(@" Y 8, wn) + 6@ 6, @) = (@) — a(@ @ @), wn € Vi (5.1)
Set ul™ = a{"" Y + 6.
end for

5.1. Ezample 1 (A Quasilinear problem with 2 interfaces)
Let 2 = (0,1) and the interfaces v1 = 1/3, v2 = 2/3. We choose f(z) = 5z, and

apguw

€ S (0571]7
:“&(.’L’,’LL) = ealu’ T e (71772]7 (52)
e x € (yg,1).

The solution is obtained by applying fundamental theorem of calculus and imposing the continuity
of the solution and the flux. The analytical solution is given in (B.1).

0.8 T T T T T T T T T
— FEM

07 F—— SGFEM |
—— Exact

0.6 [ 4

0.5 | 4

04 1

03 q

0.2 [ B

0.1 B

0.0 L L L L L L L L L
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
T

Figure 5.1: Example 1: A comparison of FEM and SGFEM using N = 100 and p = 1.

Profile plots of the true solution and the approximate solutions using linear FEM and SGFEM
are given in Figure 5.1, with ag = 0.01, a; = —6, and ay = 1. This shows a better performance
of SGFEM to approximate the interface problem compared to the standard FEM. The contrast
ratio for this example, which is calculated as Kmax/fmin 1S equal to 120. A uniform discretization
of the domain into N = 10, 20, 40, 80, 160 elements is done in such way that the resulting mesh
configurations guarantees that an interface v € I' is always located inside an element 7 € T, r.
Comparison of the errors is shown in log-log plots in Figure 5.2 for H' semi-norm and in Figure 5.3
for L? norm. The slopes are given in the plots for each approximation to see the convergence rate.
Plots in these figures confirm the optimality of convergence property of SGFEM solution.
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Figure 5.2: Example 1: |u — up|1 v.s. h using p = 1 (top left), p = 2 (top right), p = 3 (bottom left), and p = 4
(bottom right). FEM corresponds to up, = up € V}f and SGFEM corresponds to i, = up 5 € VifE'
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Figure 5.3: Example 1: ||u — || v.s. h using p = 1 (left) and p = 3 (right). FEM corresponds to &, = uj, € VP
and SGFEM corresponds to @, = up g € Vi?E‘

5.2. Example 2 (Quasilinear problem with 3 interfaces)

Let 2 = (0,1) and the interfaces y1 = 1/3,v2 = 2/3, and 3 = 8/9. We choose f(x) = sin(7x)
and

ape™™, x € (0,7m],
Iﬂ(.’lﬁ u) _ aleiua T e (71772]7 (5 3)
’ agze u’ T e (72773]7

a367u’ T e (737 1)

The true solution is given in (B.2). Similar to Example 1, we plot the true solution and the
approximate solutions of linear FEM and SGFEM in Figure 5.4 using ag = 1, a; = 0.05, ay = 100,
and az = 0.1. The approximate solutions are produced under the same mesh configurations as
Example 1. The contrast ratio for this example is 2684. The corresponding errors in H' semi-
norm and in L? norm are respectively plotted in Figure 5.5 and Figure 5.6. Again, results in
this example validates the optimal convergence property of SGFEM. It is also observed that as
the contrast coefficients become higher, the optimal convergence for SGFEM with p = 1 is still
preserved, however the convergence rate of SGFEMs for p > 1 is deteriorating.
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Figure 5.4: Example 2: A comparison of FEM and SGFEM using N = 100 and p = 1.
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Figure 5.5: Example 2: |u — up|1 v.s. h using p = 1 (top left), p = 2 (top right), p = 3 (bottom left), and p = 4
(bottom right). FEM corresponds to up, = up € Vf and SGFEM corresponds to %, = up, g € V}fE'
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Figure 5.6: Example 2: ||u — ]| v.s. h using p = 1 (left) and p = 3 (right). FEM corresponds to &, = uj, € VP
and SGFEM corresponds to @, = up,E € Vi?E‘

6. FEMs with Local Conservation Constraints

In this section, we devise a procedure to construct an approximate solution that in addition
to satisfying (4.2), it also obeys a mass balance (commonly called local conservation) over a set of
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control volumes of 2. A collection of N* control volumes is denoted by 7" = {(t;—1,t;) C Q:
., N*}. We assume that N* < dim(V},), where as before either V, = VP or Vi, =V g Several
relevant examples of the control volumes are

T* = {Q}7
T ={Q;:j=0,---,mr}, and (6.1)
T ={(tj,tj+1) CQ,j=1,--- ,N —1:¢; = midpoint of 7; € Tp,i =1,--- ,N}.
Now let # : 2 x R — R be defined such that k|o, = x; for j =1,--- ,mp. For a 7" = (t;,t,) €
T*, define
Cre : HY(Q) x H} () = R as Crx (v;w) = —k(z,v(x))w'(z)| and

tr

Oy

I
=
=

ty
Notice that C.« is linear with respect to the second argument. Any approximate solution u is

locally conservative if
Cr+(u;u) = £+ for every 7% € T™. (6.2)

This property is obviously not satisfied by uy € Y~/h governed by (4.2). Formally, the intention is
to seek uy, € V), governed by

a(ah;ﬂh,ﬁh) = E(’wh), V@h S ‘7;“
Cr (Up; up) = £y« for every 7" € T*.

Unfortunately, posing it this way is practically infeasible because the above system has more
equations to satisfy than the number of unknowns involved in it.

To get a way around this obstacle, we adopt a Lagrange multiplier technique introduced in
[27, 26]. The main idea lies on a recognition that typical linear variational formulation problem
posed on a Banach space is equivalent to a minimization of a certain energy functional over that
same space. By introducing a set of Lagrange multipliers, a new functional is created to include a
set of constraints. The problem becomes a minimization of this new functional.

However, unlike the usual linear variational formulation, the nonlinearity in a(v; v, w) does not
allow for a direct energy functional that can be minimized. To tackle this issue, we propose to
perform a minimization of a linear functional that results from a linearized variational formulation,
which is then equipped with the Lagrange multipliers to include the constraints. We note that
as described in Section 5, a linearization based on the Fréchet derivative of a(v;v,w) has been
enforced to allow for the implementation of Newton’s method of iteration.

To describe the conceptual framework, fix z € H}(Q) and set

J(zw,¢) = ;a(z w, w) Z Cre ( ziw) — rs),

THET*

for any w € H}(Q2) and ¢ € RN" whose components are (;- € R. The Fréchet derivative of J at
(v,A) is denoted by a bilinear functional J'(z;v,A) : H3(2) x RY" — R and is defined as

[T (230, N)](w, €) = a(z;v,w) — (w Z Ars Cre (25 w) Z Cr (Cre (z30) — £r4).

et TeeT
If there is (@p, A) € Vi, x RN such that

[T (2T, N)](@h, €) = 0, Y(@h,¢) € Vi x RV, (6.3)
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then J (z;n, A) is an extremal value. We end up with seeking (@, A) € Vi, x RN that is governed
by (6.3), which is equivalent to

find (up,A) € Vi, x RY" that is governed by

a(z;0in, W) + Y ApCre(2;@0)) = U@Dn), Vi € Vi, (6.4)
T*eT*
Crs(zyup) = b, VT* € T™

The system (6.4) is placed within an iterative procedure written as follows:

Algorithm 6.1

Set 1720) € V,, (an initial guess).
forn=1,2, -  until convergence do
Find (ﬂg"), A™) e V, x RN governed by

@5 @)+ S0 ADC @ Vs dn) = @), @ € Vi,
T ET*

Cre@" 0™y = e, Ve T

end for

Notice that this algorithm is a fixed point type iteration. Supposing that the iteration converges
to a limit (@p, A), namely ||ﬂ§ln) —Tpll1 = 0 and [A™ — X|| = 0 as n — oo, and the limit satisfies

a(wp; wy,wy) + Z Ao (U W) = U(Wp), By, € Vi,
T*ET* (65)
CT* (ahv ﬁh) = éT*7 VT e T*v

then we may also apply a modified Newton’s method of iteration to approximate (@, A) in (6.5):

Algorithm 6.2

Set (ﬂELO), A®) eV, x RN" (an initial guess).
for n =1,2,--- ,until convergence do
Find (65,,6) € Vi, x RN governed by

a(ty" V50, @) + Y 87+ [Qre (@) (@) = BTV (@), @n € Vi,
T*ET*

Q- (@ () = RV, vrre T

Set " = @™ + 8, and AW = A 45
end for

Here,
t

[Qr- (2))(w) = —r(w, 2(2))w (x) — Dari(x, 2(x))2 (@)w(x)| ", Yw € HY(Q),

ty
RV (@) = f(@n) — a@ sal ™", @),

ROV = b — O (@ a ).
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Figure 7.1: Example 2: LCE = (up) v.s. 7* with h = 1/40 and using p = 2 (left) and p = 3 (right). SGFEM corre-
sponds to Uy, = up,E € V,fE, and SGFEM with LC corresponds to uy, = Uy, g € V}fE obtained from Algorithm 6.2.

7. A Numerical Example for the Local Conservation

We use Example 2 in the previous section to compare the FEM/SGFEM solutions to the ones
satisfying local conservation constraints to be imposed on a set control volumes 7* given by the
third example in (6.1). We use Algorithm 6.2 to obtain @y, € V} or Us,p € V) that satisfies the
local conservation property for every 7% € T*. The iteration was stopped once the relative residual
was reduced by a factor of 10719,

First, we calculate the local conservation errors in each 7* to verify that the Lagrange mul-
tiplier technique indeed satisfies the conservation property. For this purpose we define the local
conservation error (LCE) as

LCE;+(w) = Cr-(wyw) — by, 75 €T

It is shown in Figure 7.1 that LCE.+ (up g;un g) # 0, which confirms that the local conservation
is violated, while LCE .. (U, g; Up,g) = 0, which signifies that the local conservation is satisfied.

In Figure 7.2, we also collect the mean absolute errors of the local conservation, which calculated
as )

ILCEw)| = = > [LCE.-(w)],
Vr*eT*
for several values of h. Although uj g does not satisfy the local conservation, it is evident that
the mean absolute errors tend to decrease as Tj, is refined. As for @ g, the errors are less than
102 for any h, which is technically attributed to the errors of numerical integration and machine
precision. Theoretically, these errors are equal to zero.

Comparison of H' semi-norm errors of FEM, SGFEM and the corresponding constrained prob-
lem for achieving local conservation can be seen in the Figure 7.3. We can see that imposing the
conservation in control volumes by Lagrange multipliers does not affect the optimal convergence.
However, it is not the case for the corresponding errors in L? norm as shown in Figure 7.4. This
finding agrees with prior studies in [26]. As stated in this reference, the optimal convergence rate
in L? norm can be recovered by adding the Lagrange multiplier as a corrector to the approximate
solution, that is we calculate [|u — @, — Al|z2(q) where A is the Lagrange multiplier values over
control volumes.

8. Conclusions

In this paper, an application of SGFEM approximation for a two-point boundary value prob-
lem whose elliptic coefficient is nonlinear and discontinuous has been presented. SGFEM relies on
enriching the standard finite element space with auxiliary functions that capture the discontinuity
effect. For problems with persistent discontinuity, SGFEM is preferred over standard continuous
Galerkin finite element method. This is mainly due to its flexibility of not requiring the mesh to
conform with the discontinuity configuration in order to maintain optimality of its convergence
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obtained from Algorithm 6.2.
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obtained from Algorithm 6.2.
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obtained from Algorithm 6.2, SGFEM with LC - X corresponds to @ = up g — A obtained from Algorithm 6.2.

properties as affirmed by a detailed mathematical analysis of the method. A set of numerical
examples with sufficiently high contrast coefficients verifies the aforementioned theoretical investi-
gation.

As typical finite element approximations lack the local conservation property, a Lagrange mul-
tiplier technique is utilized to impose this property in each control volume as constraints to the
minimization of an energy functional obtained from a linearization of the variational formulation.
An observation through numerical experiments reveals that using this technique, the optimal con-
vergence property in H' semi-norm is preserved. An optimal convergence in L?-norm can be
recovered by using the Lagrange multiplier values as a corrector (see [26]).

Extension of the present work includes an application of SGFEM approximation to Richards
equation for unsaturated flow in heterogeneous soil. In this case, the soil heterogeneity is actualized
by a layered system where every layer has its own constitutive relations, which is also dependent
on the unknown function to be approximated. The matter is made more complicated due to the
temporal dependence of Richards equation. In addition to existing issues described in the present
work, there is a need for an accurate and efficient time marching procedure that is suitably tailored
to the generalized finite element methods.
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Appendix A: Existence of the Solution to the Adjoint Problem and Its Approximation

Let u € H}(2) be a weak solution of (2.2) and uy, € Vi C H}(2) be the corresponding
approximate solution of u. Recall that uy, is partitioned into N elements, and the true solution «
is continuous and piecewise defined on §2;,j = 0,1,--- ,mpr. So ¢ = u — Uy, is a continuous and
piecewise function on n = N+mp subintervals in Q. Now let 7; = {7 € 75\ Ts,r such that TNQ; #
@} and T;r = {7 N Q; such that 7 € 75 r} and set

Sh = {sk = (Sk—1,5k),k = 1,--- ,n such that ¢ is either 7 € T or 7o € Tjr,j =1,--- ,mr}.
Consider the following problem:

find ¢ € H} () governed by

d dep dp B
- (ak(m)dx> + Bk(x)a =¢(x), v€, k=1,---,n, (A1)
d d
_ak)(x)ﬁ I:S’: - _akJrl(x)ﬁ CE:S’:—’ k - 1’ o 7” B 17

where for o : [0,1] — Hg(Q) defined by o(t) = up, +t), ag : . NQ; — R and By : . NQ; — R are
defined by

1
oxte) = [ (e loO]@)at
1
5u(@) = | Dar(a o O@)o0) @) dt, with [o(6)](2) = T (z) + 10 (),
0
where D;k;, @ = 1,2 implies the derivative of x; with respect to the ith variable. Since u,u; €

H(Q) with Q C R, u,up, € C(Q), which together with the assumption that x; € C1(2; x R)
implies that ay € C'(5k). Also, ag(z) > 0, due to the positivity of k, in particular we let

Kjmin < 0g(2) < Kjmax, and let |D;k;(z,v)| < “},max < oo, for (z,v) € Q; x R. Also, set
Kmin = ogr;lgrlnr Kjmin aNd Kmax = Ognjlg);zr Kjmax and H;nax = OSn;lg{ﬂp n;max. By this we can bound
1
810 < Wy [0 + 000t < R (W@ + @), sEe (A
0

If there is ¢ € H}(Q) satisfying (A.1), then it also satisfies (4.18). We establish the existence
of a unique ¢ by actually solving (A.1) and exhibiting a formula for it. Due to the non-smoothness
of the given data over §2, ¢ is constructed as a continuous function that is defined in a piecewise
manner, which is denoted by ¢|, = ¢. Using method of variation of parameters and integrating
factor, it can be expressed as

wk(x):ak+bkfk(x)+/m Mdg_’_/skwdg’ r€c, k=1,---,n,

soa () k(&)
where pi : s = R, . : ¢x — R and I : ¢ — R are defined as
“ Bk (z) ()
pia) = [ dt, mile) = PO, L) = dt,
Sk—1 Olk-(t) Sk—1 O[k(t)

and ay, by are constants to be determined. The flux is

—ag (@)@ (x) = —n(2) (bk: + ,.Sk %((i)) dg) ,
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while the second derivative is

woy_ V@) . Y
or(x) = ak(x)Jrhk( )(bk+ o dg), (A.3)

where
2 = (@) (Br(7) — o) ()
) = TR

Using (A.2), pr(x), ni(x), Ix(x) for x € T can be bounded as

: .
@] < - [m@lde )+ ol <.
min Jsg_q min Jgg
e < () < e, (A.4)
|§k|efpk 1 /I 1 /ZE ‘gk‘epk
— < t)dt < I, < t)dt < ——— .
Kmax  Kmax Sk_?k( ) - k(x) " Kmin sk_?k( ) " Kmin ’ (A 5)

where

Kmin

Lex T |¢|1,<k)-

In some situations, we may globally bound py, as

Q /
VWt (1 1 ) <

min Kmin

3yt Co 11—

2

Pr <

where we have used the boundedness of u and @y, in terms of f (see Theorem 4.2 and its proof).
Furthermore by Cauchy-Schwarz inequality,

S < B (3 ) ((Z )" + (i|¢|§,%)”z> <7
k=1 k=1 k=1 k=1

ax
min
Straightforward calculation shows that,

from which

and thus

Proposition A.1. There exists a unique ¢ € Hg () satisfying (A.1) such that

> lehg < Cllvl?, (A.6)
k=1
where C' depends only on Kmin, Kmax, Fmax, |2, and ||

Proof. First of all, we need to find the collection of {ax} and {b;} which will be determined by
imposing the following conditions:
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- The boundary conditions, we get 2 equations:

a1:O

an + ann(Sn) = _/ w dg

- The continuity of the function solution: ¢;(s;) = ¢;+1(s;), we get n — 1 equations:

ai+bi1i(5i)ai+1_/‘[i(n§)(1§)(£)df, i=1,---,n—1

- The continuity of the flux: —a;(s;)@;(si) = —aiy1(5:i)¢j41(si), we also get n — 1 equations:

bini(si) — biy1 = / Tlfr(f()ﬁ) ¢, i=1,---,n—1.

Altogether we obtain a square matrix system sized 2n that can be written as,

1 0 0O ... 0 0 0 0 0 ai 13
1 -1 0 0 [1(81) 0 0 0 az Fz
1 -1 ... 0 0 In(s2) ... 0 0 as Fs
0 0 1 —1] o0 0 In1(8n_1) 0 an | | Fa
0 0 0 | m(s1) —1 0 0 by e
0 0 0 0 0 772(82) —1 0 b2 G2
0 0 0 77n_1(8n_1) —1 bn_1 Gn—l
0 .0 1 0 0 L(sn)| | b | | Gn |
where

F =0, Fm:—/‘ (&Y )( )(g)dg, G, =

U e, - [2ONE) g

§1;+177i+1(€) o M (§)
fori=1,---,n—1. By (A4), (A.5) and Cauchy-Schwarz inequality,
e2r
Gile”” Si
Pl < [ PO g < I [ ygja < ST
Si 2

i l’Illn m1n

Also G; can be bounded using (A 4) and Cauchy - Schwarz inequality,
¥(€ . 5
Gl [ 229 e <o [ (o) de < il 2ol
Si4+1

7’1+1 Si+1
In a similar fashion to estimating Fj1,

e |62 ¢llo.c.

Rmin

Gl <

(A.9)

Together with (A.4) and (A.5), all coefficients in the system (A.7) are shown to be bounded. By
the standard row reduction, we can transform the matrix in (A.7) into an upper triangular matrix

with nonzero diagonal entries. Using back substitution, there is a unique collection of constants

{ax} and {by} such that ¢ is the unique solution of the adjoint problem. In particular,

n—1

b; = b, (n;(s5)) +ZG1HT]] sj))” 5, i=1,--- ,n—1,

Jj=t
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and
nn—l(sn—l)(Gn + Fn) - Gn—l-[n—l(sn—l)

In<sn)77n71<5n71) + 1 (5n71>

Notice that ¢ € H}(Q), which is achieved from imposing continuity of ¢ and its flux on every sy.

b, =

At this stage we perform various estimations to bound {b;}. By taking the absolute value on
b,,, we can estimate

|G | + nnfl(snflﬂFnl
I ( ) In—l(sn—l)
Using the bound of G,, in (A.9) and the lower bound of I,, in (A.5), the first term is bounded by

|G < Fmax€” |§n|1/2Hw”0’cn
In(sn) - RKmin

)

while the second term is bounded by

Nn—1(8n—1) | Fr| < ’imaxeﬁ‘gn*l |1/2 H¢”0,§n71
In—l(sn—l) o Kmin .

Combining these last two estimates and using (A.8) gives

Fmaxe®
|bn| < T(%nlmllﬁfllo% + 51219 lo,60-0)- (A.10)

min

Using the bound of G; and b, and Cauchy-Schwarz inequality,

min

n! 3/€max64ﬁ " 1/2 3l‘€maxe 1/2
|bn| + Z |G| < TZM Pl lloq < ?|Q| 2.
=i mne =

Now for i =1, --- ,n — 1, we have

n—1 n—1 !
i < [bulexp [ > i | + D 1Gilexp | Y p;
Jj=t =1 Jj=t
n—1 n—1
<exp (Y p (|bn|+Z|Gl|>
Jj=t =1

3Kmax€™?
< 7IQI1/2||¢H
Thus we can write that
3K max€? 1/2
lox| < ———QZ|l¥ll, k=1,

Next, we take the squared power of (A.3) to get

o (@) = (— V@) (@) + ha(e) [ L) dg) < 3(11(2) + Ta(x) + Ta(@)),

ak(gj) T nk(f)
where
x) |2 Sk 2
nie) = |22, ) = @) Js(x)Z‘hk(x) e

30



By integrating Ji, Js, and Js over ¢, and sum the results up over k from 1 to n, we get

1
Z/ Hade < =— [ (@) do = v

n

2 2
367 quxnmx 3% Kmax Fiax
> [ dente < (gt gy ) [ 10 - (Bt ) o

min min

S [ arae < (*”"mz wk<s>dx>2g (*’”m) .

Hmm

k=1"Y Sk k=1"YSk min
Thus .
Y lel3e < Clvl,
k=1
where ) )
1 max . ﬁ
C = 5 4 <36 ’%2 ‘V‘:max) |Q|2—|— (Hmaxe ) |Q|
Kmin Kmin Kmin
O
Remark A.1. If kj(z,u(z)) = kj(u(x)), then
1
:/ K5 ([ ) dt,
0
1
= | 2)le®)) (z) dt, with [o(t)]'(x) =, (2) + t'(2),
0
which yields Br(x) — o} (x) = 0, and thus hi(xz) =0, and (A.3) becomes
i W(UC)
x)=— .
ng( ) Oék(JU)

By squaring both sides and integrate over g, we can estimate

2
e, = [ IokPar= [ |20
Sk Sk

a(z)
By summing up over k we obtain

d.’l? S (Kmin)_2||w||(2),§k :

n
Z |@|§,gk < (Hmin)_gnw‘lQ-

k=1

Proposition A.2. Let ¢ be the solution of the adjoint problem in (A.1), and I}%E(p € Vhl,E be its
interpolant. Then,

o = Ty, gpli < Chll9|.

Proof. The proof is rather similar to the proof of Lemma 3.3:

lo—Theelia, = D le—Trell. + > lv—Tieelin,
TET; T1,2€T;, 0

<Y R NG+ DD B G

TET; T1/2€T;,r

Summing up over every €2; and using Proposition A.1 give the desired estimate. O
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Appendix B: Some Analytical Solutions

1. With elliptic coefficient (5.2), the analytical solution of example 1 is

1
. In(ag(—523/6 + C1x) + 1), x € (0,v],
0
1
u(z) = - In(a; (—52%/6 + Crz + C3)), x € (71,72)s
1
1
. In(az5(1 — 23)/6 + axCh(x — V) + 1), z € (12,1),
2
where C7 and Cy are solutions of the following system of nonlinear equations:
L 3 1 3
;0 1n(a0(—5'yl /6 + 01’}/1) + 1) — ;1 ln(al(—S% /6 + Cim + CQ)) =
1 1
—In(a1(=573/6 + Ciyz2 + C)) — —In(az5(1 = 73)/6 + asCi (72 = 1) +1) = 0,
1 2
which can be solved by a standard nonlinear solver.
2. With elliptic coefficient (5.3), the analytical solution of example 2 is
sin(w T
ln( : 2 ——CJH—I) (0,7]
07 apm
sin(my;) — sin(mz) (y1—x)
~n . + (1 +agnCo) =2 4 0y, w e (),
aym aym
u(z) =
sin — sin(mx —x
ln( //TPYQ 21 (ﬂ- ) (1+037T02)M+C47 T e (72773]7
asT asT
ln(_bm 72m: x—i—Cg(l—a:)—i—l), x € (y3,1),
asT asTm
where
o, P +q _sin(my3) | sin(my) —sin(my3) | sin(7y;) —sin(7y.)  sin(7y)
2= » b= z © 2 + 2 - 2
r asm as T aym agT
- - 1
q:_l+71 W’2+72 73+73 7
apm ajm agT asm
r=1—ns+ R az(y2 — 1) + a3(73 *72)’
ag aq a9

o, = 2 . a3Co Oy = —sin(my1)

)

i
— +1—70Cy,
apT ao aqm? T + N1

Cy = sin(my;) — sin(my2) n (i n asCs

Jou -+

a,m a1
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