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Abstract We develop a continuum model for the dynamics of grain bound-
aries in three dimensions that incorporates the motion and reaction of the
constituent dislocations. The continuum model is based on a simple represen-
tation of densities of curved dislocations on the grain boundary. Illposedness
due to nonconvexity of the total energy is fixed by a numerical treatment based
on a projection method that maintains the connectivity of the constituent dis-
locations. An efficient simulation method is developed, in which the critical but
computationally expensive long-range interaction of dislocations is replaced by
another projection formulation that maintains the constraint of equilibrium of
the dislocation structure described by the Frank’s formula. This continuum
model is able to describe the grain boundary motion and grain rotation due
to both coupling and sliding effects, to which the classical motion by mean
curvature model does not apply. Comparisons with atomistic simulation re-
sults show that our continuum model is able to give excellent predictions of
evolutions of low angle grain boundaries and their dislocation structures.

Keywords Grain boundary dynamics · Coupling and sliding motions ·
Dislocation dynamics · Frank’s formula · Projection methods

1 Introduction

Grain boundaries are indispensable components in polycrystalline materials.
The energy and dynamics of grain boundaries play essential roles in the me-
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chanical and plastic behaviors of the materials [39]. Most of the available con-
tinuum models for the dynamics of grain boundaries are based on the motion
driven by the capillary force which is proportional to the local mean curva-
ture of the grain boundary [39,20,33]. This motion is a process to reduce the
interfacial energy

∫
S
γdS, where S is the grain boundary and γ is the grain

boundary energy density. If the energy density γ is fixed, the driving force
given by variation of the total energy is in the normal direction of the grain
boundary and is proportional to its mean curvature. There are many atomistic
simulations and continuum models in the literature for the grain boundary mo-
tion driven by mean curvature, e.g., [7,21,22,42,25,16,46,23,30,27,47,13,26,
11,12].

The decreasing of grain boundary energy density γ(θ) can also reduce the
total energy. For a low angle grain boundary, this implies the decreasing the
misorientation angle θ. In this case, the two grains on different sides of the
grain boundary will rotate and cause a relatively rigid-body translation of the
two grains along the boundary. This process is called sliding motion of grain
boundaries [29,37,19,24,43,15,14].

There is a different type of grain boundary motion which is called coupling
motion [28,38,6], in which the normal motion of the grain boundary induces a
tangential motion proportionally. In the coupling motion, the energy density
γ(θ) can increase although the total energy

∫
S
γdS is decreasing. Cahn and

Taylor [6] proposed a unified theory for the coupling and sliding motions of
the grain boundary and demonstrated the theory based on dislocation mecha-
nisms for a circular low angle grain boundary in two dimensions. Especially, the
coupling motion of the grain boundary is associated with dislocation conser-
vation during the motion of the grain boundary. The Cahn-Taylor theory and
mechanisms of motion and reaction of the constituent dislocations have been
examined by atomistic simulations and experiments [38,5,32,18,41,44,31,45,
36]. It has been shown in Ref. [35] by a dislocation model and experimental
observations that conservation and annihilation of the constituent disloca-
tions may lead to cancelation of the coupling and sliding motions of the grain
boundary, leading to the classical motion by curvature. A continuum model
has been developed based on the motion and reaction of the constituent dis-
locations for the dynamics of low angle grain boundaries in two dimensions
[50]. Their model can describe both the coupling and sliding motions of low
angle grain boundaries. Recently, they have proposed a more efficient numer-
ical formulation [48]. A continuum model that generalizes the Cahn-Taylor
theory based on mass transfer by diffusion confined on the grain boundary has
been proposed [40], and numerical simulations based on this generalization
were performed using the level set method [3]. Crystal plasticity models that
include shear-coupled grain boundary motion in the phase field framework of
Ref. [24] have been developed [1,2], in which the geometric necessary dislo-
cation (GND) tensor/lattice curvature tensor was used to approximate the
actual dislocation distributions on the grain boundaries. All these continuum
models are for grain boundaries in two dimensions.
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There are only limited studies in the literature for the three-dimensional
coupling and sliding motions of grain boundaries. Grain boundary motion and
grain rotation in bcc and fcc bicrystals composed of a spherical grain embed-
ded in a single crystal matrix were studied by using three-dimensional phase
field crystal model [45] and amplitude expansion phase field crystal model [36],
and properties of grain boundaries and their dislocation structures as the grain
boundary evolves have been examined. Although these atomistic-level phase
field crystal simulations are able to provide detailed information associated
with the coupling and sliding motions of grain boundaries in three dimen-
sions, three-dimensional continuum models of the dynamics of grain bound-
aries incorporating their dislocation structures are still desired for larger scale
simulations.

In this paper, we generalize the two-dimensional continuum model for grain
boundary dynamics in Ref. [50,48] to three dimensions, where grain boundaries
and their constituent dislocations are curved in general. The three-dimensional
continuum model for the dynamics of grain boundaries incorporates the mo-
tion and reaction of the constituent dislocations, and is able to describe both
coupling and sliding motions of the grain boundaries, to which the classical
motion by mean curvature model does not apply. The continuum model in-
cludes evolution equations for both the motion of the grain boundary and
the evolution of dislocation structure on the grain boundary. The evolution
of orientation-dependent continuous distributions of dislocation lines on the
grain boundary is based on the simple representation using dislocation density
potential functions [52]. This simple representation method also guarantees the
continuity of the dislocation lines on the grain boundaries during the evolu-
tion. This continuum simulation framework for the distribution and dynamics
of curves on curved surfaces can be applied more generally beyond the dynam-
ics of dislocations and grain boundaries.

In a straightforward formulation of the continuum model, the variational
force for the evolution of dislocations comes from a non-convex total energy,
which leads to illposedness of the model. This problem is fixed by an alter-
native formulation with constraints, whose geometric meaning is to maintain
the connectivity of dislocation lines. A numerical treatment based on a projec-
tion method is developed to solved the constrained evolution equations. The
continuum model contains a long-range force in the form of singular integrals,
whose evaluation is time-consuming especially in the three dimensional case.
We generalize the projection method developed in two dimensional case [48]
that replaces the long-range force by a constraint of the Frank’s formula [17,
4,52] describing equilibrium of the long-range force. The projection procedure
in three dimensional case can be solved, by generalizing the ideas in two di-
mensional case [48] with extra treatments to handle the Frank’s formula in
three dimensions and the connectivity of dislocations.

Using the obtained continuum model, we perform numerical simulations for
the evolution of low angle grain boundaries by coupling and sliding motions,
and compare the results with those of atomistic simulations using phase field
crystal model [45] and amplitude expansion phase field crystal model [36] for
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validation of our continuum model. We also explain the anisotropic motion
observed in these atomistic simulations based on our continuum model.

This paper is organized as follows. In Sec. 2, we present a three dimen-
sional continuum model for the evolution of grain boundaries with dislocation
structures that is directly based on the simple representation of curved disloca-
tion lines on curved grain boundaries and the associated energies and driving
forces [52]. Illposedness of this formulation is discussed. In Sec. 3, in order to
fix the illposedness problem, we present an alternative continuum formulation
with constraints for the dynamics of grain boundaries in three dimensions,
and propose a numerical treatment based on a projection method to solved
the constrained evolution equations. In Sec. 4, we develop a more efficient
formulation in which the computationally time-consuming long-range force is
replaced by the constraint of the Frank’s formula, and obtain an explicit so-
lution formula of the projection procedure. Numerical simulations using our
continuum model for the evolution of low angle grain boundaries by coupling
and sliding motions are performed, and comparisons with the results of atom-
istic simulations using phase field crystal model [45] and amplitude expansion
phase field crystal model [36] are made in Sec. 6.

2 Straightforward generalization to three dimensional model:
Illposedness

We have already developed two dimensional continuum model for the evolu-
tion of grain boundaries with dislocation structures that is able to describe
the coupling and sliding motions of grain boundaries [50,48]. Recall that in
two dimensions where the grain boundary is a curve and the dislocations are
points, dislocation densities on the grain boundary can be described directly
by scalar functions. However, in three dimensions where the grain boundary
is a surface and dislocations are lines on the surface, scalar densities are not
able to describe the distributions of orientation-dependent, connected disloca-
tion lines. A simple representation using scalar functions (dislocation density
potential functions) for the densities of connected, curved dislocation lines on
curved grain boundaries and the associated energies and driving forces have
been proposed in Ref. [52]. Using this representation, the orientation depen-
dent dislocation densities are described based on surface gradient of the scalar
dislocation density potential functions, instead of the scalar dislocation densi-
ties themselves in two dimension. This leads to illuposedness in the straight-
forward generalization of the continuum dynamics model to three dimensions;
see the discussion at the end of this section and more details in Theorem 1
in Sec. 5. In this section, we present this straightforward generalization of the
continuum model to three dimensions. An alternative form of this formulation
that fixes the illposedness will be presented in the next section.

Using the dislocation representation and dynamics formulation in Ref. [52],
we have the following evolution equations of a grain boundary S and its dis-
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location structure:

vn = Md

J∑

j=1

‖∇Sηj‖∑J
k=1 ‖∇Sηk‖

(f
(j)
long + f

(j)
local) · n, (1)

∂ηj
∂t

= −Md f
(j)
long · ∇Sηj −Mηf

(j)
local ·

∇Sηj
‖∇Sηj‖

, j = 1, 2, · · · , J. (2)

Eq. (1) governs the evolution of the grain boundary, and Eq. (2) describes
evolution of the constituent dislocations on the grain boundary. The first term
on the right-hand side of Eq. (2) describes the motion of the constituent dis-
locations on the grain boundaries, and the second term models the change of
dislocations due to dislocation reaction. Here it is assumed that there are J
arrays of dislocations with Burgers vectors b(j), j = 1, 2, · · · , J , respectively,
on the grain boundary, and they are described by the dislocation density po-
tential functions ηj , j = 1, 2, · · · , J , respectively. In these evolution equations,
Md > 0 is the mobility of the constituent dislocations, and Mη > 0 is the
mobility associated with dislocation reaction.

Fig. 1 A dislocation density potential function η defined on a grain boundary S. Its integer-
value contour lines represent the array of dislocations with the same Burgers vector. n is
the unit normal vector of the grain boundary, and t is the local dislocation line direction.

For a dislocation density potential function η defined on a grain boundary
S, the constituent dislocations of Burgers vector b are given by the contour
lines of η: η = i, for integer i. See Fig. 1 for an example of dislocation structure
on a spherical grain boundary and η defined on it. From the dislocation density
potential function η, the inter-dislocation distance D can be calculated by

D =
1

‖∇Sη‖
, and the dislocation direction is given by t =

∇Sη × n

‖∇Sη‖
, where

∇Sη is the surface gradient of η on S: ∇Sη = (∇− n(n · ∇)) η, and n is
the unit normal vector of the grain boundary. Multiple dislocation density
potential functions are used for dislocations with different Burgers vectors.
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From the physical meaning, we always have ‖∇Sη‖ ≤
1

b
, meaning that the

inter-dislocation distance D ≥ b.

The continuum formulation of the total energy is

Etot =Elong + Elocal, (3)

Elong =
1

2

J∑

i=1

J∑

j=1

∫

S

dSi

∫

S

dSj [
µ

4π

(∇Sηi×ni · b(i))(∇Sηj×nj · b(j))

rij

− µ

2π

(∇Sηi×ni)× (∇Sηj×nj) · (b(i) × b(j))

rij

+
µ

4π(1− ν)
(∇Sηi×ni · b(i)) · (∇⊗∇rij) · (∇Sηj×nj · b(j))

]
, (4)

Elocal =

∫

S

γgb dS, (5)

γgb =
J∑

j=1

µ(b(j))2

4π(1− ν)

(
1− ν (∇Sηj×n·b(j))2

(b(j))2‖∇Sηj‖2

)
‖∇Sηj‖ log

1

rg‖∇Sηj‖
. (6)

Here Elong is the long-range interaction energy of dislocations, and Elocal is
the local dislocation line energy with energy density γgb. In the formulation of
Elong in Eq. (4), rij = ‖Xi−Xj‖, where Xi and Xj are the points varying on
the grain boundary S and are associated with the surface integral dSi and dSj ,
respectively. nj is the normal direction of the surface S associated with the
surface integral dSj , notation ⊗ is the tensor product operator, the gradient in
the term ∇⊗∇rij is taken with respect to Xi, and b(j) = ‖b(j)‖. The elastic
constants µ is the shear modulus and ν is the Poisson’s ratio. The parameter
rg in γgb in Eq. (6) depends on the size and energy of the dislocation core,
and is of the order of b.

The driving forces for the dynamics of the grain boundary and the dislo-
cation structure are associated with the variations of the total energy. In the

grain boundary dynamics equations (1) and (2), f
(j)
long is the continuum long-

range force, and f
(j)
local the local force on the b(j)-dislocations. These forces have
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the following formulations:

f
(j)
long =(σσσtot · b(j))×

( ∇Sηj
‖∇Sηj‖

× n

)
, (7)

σσσtot =
J∑

j=1

µ

4π

∫

S

[(
∇1

r
× b(j)

)
⊗ (∇Sηj × n) + (∇Sηj × n)×

(
∇1

r
× b(j)

)

+
1

1− ν
(
b(j) × (∇Sηj × n) · ∇

)
(∇⊗∇− I∆)r

]
dS + σσσapp, (8)

f
(j)
local =

µ

4π(1− ν)
κd

[
(1 + ν)(b

(j)
t )2 + (1− 2ν)(b

(j)
N )2 + (b

(j)
B )2

]
log

1

rg‖∇Sηj‖
n
(j)
d

− µν

2π(1− ν)
κdb

(j)
N b

(j)
B t(j) × n

(j)
d +

µ

4π(1− ν)
κ(j)p

[
(b(j))2 − ν(b

(j)
t )2

]
n(j)
p

+
µ

4π(1− ν)

[
(b(j))2 − ν(b

(j)
t )2

] (∇S∇Sηj) · ∇Sηj
‖∇Sηj‖2

. (9)

Here σσσtot is the total stress field, which includes the long-range stress field
generated by the dislocation arrays on S, i.e., the first integral term, and the
other stress fields σσσapp, and in this formulation of σσσtot, r = ‖X −XS‖ with
points XS varying on the grain boundary S and ∇Sηj and n being evaluated

at XS . In the local force f
(j)
local in Eq. (9), κd is the curvature of dislocation

line, nd is the normal direction of dislocation, κp and np are the curvature and
normal direction of the curve on S that is normal to the location dislocation,

respectively, and κdnd = (∇St) ·t = ∇S
(
∇Sηj
‖∇Sηj‖ × n

)
·
(
∇Sηj
‖∇Sηj‖ × n

)
, κpnp =

(
∇S ∇Sηj‖∇Sηj‖

)
· ∇Sηj‖∇Sηj‖ , bt = b · t, bN = b · nd, bB = b · (t× nd).

Illposedness of this formulation
Unfortunately, Eqs. (1) and (2) do not form a wellposed formulation. Es-

pecially, the evolution equation of dislocation structure in (2) is illposed. In
fact, Eq. (2) is a second order evolution equation of ηj , which is determined

by the second term −Mηf
(j)
local ·

∇Sηj
‖∇Sηj‖

= −Mη
δElocal

δηj
, where f

(j)
local is given

in Eq. (9). Note that κd, nd and κp, np in f
(j)
local are all expressed in terms

of second partial derivatives of ηj . However, the energy density γgb of the
local energy Elocal in (5) and (6) is not convex as a function of ∇Sηj . This
nonconvexity leads to an illposed formulation when using the gradient flow
∂ηj
∂t

= −Mη
δElocal

δηj
= −Mηf

(j)
local ·

∇Sηj
‖∇Sηj‖

for the evolution of ηj . This can be

understood as follows. Neglecting the orientation dependence factor, the con-
tribution of ηj in the energy density γgb is essentially −‖∇Sηj‖ log ‖∇Sηj‖,
which is a concave function of ‖∇Sηj‖. As a result, the gradient flow gives
a backward-diffusion like illposed evolution equation of ηj . See Theorem 1 in
Sec. 5 for detail of the proof. Therefore, the continuum model in Eqs. (1) and
(2) cannot be used directly to simulate the evolution of the grain boundary
and its dislocation structure.



8 X. X. Qin, L. C. Zhang, Y. Xiang

3 Continuum model for grain boundary dynamics in three
dimensions

In this section, we present a continuum model for the dynamics of grain bound-
aries in three dimensions incorporating the coupling and sliding motions, which
fixes the illposedness problem in the formulation in Eqs. (1) and (2).

In order to obtain a gradient flow formulation that avoids the above dis-
cussed illposedness for the evolution of the dislocation structure represented
by dislocation density potential functions ηj , j = 1, 2, · · · , J , we use the com-
ponents of ∇Sηj as independent variables instead of ηj itself in the evolu-
tion equation of dislocation structure. That is, when the grain boundary S
is expressed by r(u, v), where (u, v) is an orthogonal parametrization with
‖ru‖ = ‖rv‖ = 1, we have

∇Sηj = ηjuru + ηjvrv, (10)

where ηju and ηjv are partial derivatives of ηj with respect to u and v, and ru
and rv are partial derivatives of r with respect to u and v. We use ηju and ηjv
as independent variables for the evolution of dislocation structure. Gradient
flow based on variations of the local energy taken with respect to ηju and ηjv
gives:

∂ηju
∂t

=−Mr
δElocal

δηju
= −Mr

∂γgb
∂ηju

, (11)

∂ηjv
∂t

=−Mr
δElocal

δηjv
= −Mr

∂γgb
∂ηjv

, (12)

where Mr > 0. Noticing that the local energy density γgb is a function of
∇Sηj = ηjuru + ηjvrv, the gradient flow equations in (11) and (12) are ODEs
of ηju and ηjv with respect to time t. For this ODE system, we have the
standard local existence for the solution [10]. As a result, illposedness due to
the backward-diffusion like PDEs of ηj in the original formulation is avoided.

However, this alternative formulation leads to a new problem that as partial
derivatives of the same function, ηju and ηjv are not independent. In fact, they

are related by
∂ηju
∂v
− ∂ηjv

∂u
= 0. Recalling that dislocations are contour lines

of the functions {ηj} on the grain boundary, the physical meaning of these
relations is that the dislocations are connected lines on the grain boundary,
i.e., there is no dislocation source/sink at any point on the grain boundary.1

In order to fix this new problem, we include these relations of ηju and ηjv,
j = 1, 2, · · · , J , as constraints in the continuum model. Using these treatments
and combining the contribution from the long-range energy, the continuum
formulation can be rewritten as:

Continuum model with constraints

1 In fact, the net dislocation flux across the boundary of any region Ω on the grain

boundary is
∫
∂Ω ∇Sηj · dr =

∫
Ω

(
∂ηjv
∂u
− ∂ηju

∂v

)
dudv = 0 using this condition.
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vn = Md

J∑

j=1

‖∇Sηj‖∑J
k=1 ‖∇Sηk‖

(f
(j)
long + f

(j)
local) · n, (13)

∂ηju
∂t

= −Md
∂

∂u

(
f
(j)
long · ∇Sηj

)
−Mr

∂γgb
∂ηju

, (14)

∂ηjv
∂t

= −Md
∂

∂v

(
f
(j)
long · ∇Sηj

)
−Mr

∂γgb
∂ηjv

, (15)

subject to
∂ηju
∂v
− ∂ηjv

∂u
= 0. (16)

Here Mr > 0 is the mobility associated with dislocation reaction based on the
energy variations with respect to ηju and ηjv.

Numerically, we implement the constraint in Eq. (16) using a projection
method similar to that for fluid dynamics problems [8]. Since evolution of ηju
and ηjv due to the first term in Eqs. (14) and (15) satisfies the constraint,
we only need to focus on the deviation from the constraint due to the second
terms therein.

Recall that the second terms in the evolution of ηju and ηjv in Eqs. (14)
and (15) come from the gradient flow of the local energy Elocal =

∫
S
γgbdS.

In order to implement the constraint in Eq. (16), we introduce a Lagrangian
function:

L =

∫

S


γgb +

J∑

j=1

λj

(
∂ηju
∂v
− ∂ηjv

∂u

)
 dS, (17)

where λj , j = 1, 2, · · · , J , are Lagrange multipliers associated with the con-
straints. Using the Lagrangian function L instead of Elocal in the gradient flow,
the evolution of dislocation structure in Eqs. (14) and (15) becomes

∂ηju
∂t

= −Md
∂

∂u

(
f
(j)
long · ∇Sηj

)
−Mr

∂γgb
∂ηju

+
∂λj
∂v

, (18)

∂ηjv
∂t

= −Md
∂

∂v

(
f
(j)
long · ∇Sηj

)
−Mr

∂γgb
∂ηjv

− ∂λj
∂u

. (19)

Here the coefficients of
∂λj
∂v

and
∂λj
∂u

in these equations are set to be 1.

During the evolution in the time step from tn to tn+1 = tn+δt, we separate
the evolution of ηju and ηjv into two steps:

η∗ju = ηnju −
[
Md

∂

∂u

(
f
(j)
long · ∇Sηj

)
+Mr

∂γgb
∂ηju

]

tn

· δt, (20)

η∗jv = ηnjv −
[
Md

∂

∂v

(
f
(j)
long · ∇Sηj

)
+Mr

∂γgb
∂ηjv

]

tn

· δt, (21)

ηn+1
ju = η∗ju +

∂λn+1
j

∂v
δt, ηn+1

jv = η∗jv −
∂λn+1

j

∂u
δt. (22)



10 X. X. Qin, L. C. Zhang, Y. Xiang

In order to satisfy the constraint
∂ηn+1

ju

∂v
−
∂ηn+1

jv

∂u
= 0, using Eq. (22), we have

the formula for updating λj :

4λn+1
j =

1

δt

(
∂η∗jv
∂u
−
∂η∗ju
∂v

)
, (23)

where4 is the Laplace operator. This Poisson equation for λn+1
j can be solved

using a finite difference method. See Theorem 2 in Sec. 5 for the property of
this projection method.

The numerical algorithm for solving the continuum model with constraints
is summarized as follows:
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Numerical algorithm for solving constrained evolution

From tn to tn+1 = tn + δt,

rn+1 =rn + vnn
∣∣
tn
· δt,

η∗ju =ηnju −
[
Md

∂

∂u

(
f
(j)
long · ∇Sηj

)
+Mr

∂γgb
∂ηju

]

tn

· δt,

η∗jv =ηnjv −
[
Md

∂

∂v

(
f
(j)
long · ∇Sηj

)
+Mr

∂γgb
∂ηjv

]

tn

· δt,

4λn+1
j =

1

δt

(
∂η∗jv
∂u
−
∂η∗ju
∂v

)
,

ηn+1
ju =η∗ju +

∂λn+1
j

∂v
δt, ηn+1

jv = η∗jv −
∂λn+1

j

∂u
δt.

4 Continuum model without long-range force

The continuum model given by Eqs. (13)–(16) contains the long-range elastic

force f
(j)
long (given in Eqs. (7) and (8)), which is a singular integral over the

entire grain boundary surface. Numerically, computation of such long-range
force with reasonable accuracy is complicated and time-consuming even in
two-dimensional cases [50,48]. It has been shown in two-dimensional cases [48]
by comparison with discrete dislocation dynamics simulations that the long-
range interaction between the grain boundary dislocations is so strong that an
equilibrium state described by the Frank’s formula [17,4,52] is quickly reached
during the evolution of the grain boundary. Here we follow the assumption
made in two-dimensional case that the Frank’s formula always holds during
the evolution of the grain boundary [48]. This leads to a new three dimensional
formulation without long-range force:

Continuum model without long-range force

vn = Md

J∑

j=1

‖∇Sηj‖∑J
k=1 ‖∇Sηk‖

f
(j)
local · n, (24)

∂ηju
∂t

= −Mr
∂γgb
∂ηju

,
∂ηjv
∂t

= −Mr
∂γgb
∂ηjv

, (25)

subject to
∂ηju
∂v
− ∂ηjv

∂u
= 0, (26)

h = θ(V × a)−
J∑

j=1

b(j)(∇Sηj ·V) = 0. (27)

Here, the constraint (27) is the Frank’s formula that governs the equilib-
rium dislocation structure on a grain boundary [17,4,52], in which θ is the
misorientation angle of the grain boundary and is a constant over the grain
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boundary at any fixed time, a is the rotation axis, and V is any vector in
the grain boundary’s tangent plane. For a planar grain boundary, the Frank’s
formula holds if and only if the long-range elastic fields generated by the grain
boundary cancel out [17,4]. It has been shown in Ref. [52] that this equivalence
also holds for a curved grain boundary.

Numerically, the constraint of Frank’s formula in Eq. (27) can also be im-
plemented using a projection method, i.e., projecting in each time step the
virtual evolution result without the constraint of the Frank’s formula to a
nearby configuration that satisfies the Frank’s formula. This is a separate nu-
merical treatment in addition to the project method discussed in the previous
section for handling the constraint in (26) for continuity of dislocation lines.

Specifically, in the evolution from tn to tn+1 = tn + δt, in the virtual
evolution of the grain boundary without the constraint of Frank’s formulation
in (27), we have

r∗ =rn + v∗δt, (28)

v∗ =vn, (29)

where v∗ = (v∗1 , v
∗
2 , v
∗
3) is the virtual velocity due to the local force without the

constraint, i.e., vn in Eq. (24). Evolution of dislocation structure represented
by ηj ’s remains the same as that given in the previous section.

In the projection step, the virtual profile of the grain boundary r∗ is pro-
jected to a nearby configuration that satisfies the Frank’s formula (27). Note
that misorientation angle θ is needed in (27) at time tn+1. We calculate the
misorientation angle θ during the evolution by

θ =
1

SA

∫

S

J∑

j=1

(ηju + ηjv)(ru + rv)× a·b(j)

‖(ru + rv)× a‖2 dS. (30)

where SA is the area of the grain boundary S that can be calculated by SA =∫
S
‖ru × rv‖dudv. This formulation of θ is obtained by taking average of the

vector equation (27) in the ru and rv directions; see Appendix for details of the
derivation. We calculate θn+1 using this formula based on the virtual evolution
result of r∗, i.e., θn+1 = θ(r∗u, r

∗
v, η

n+1
ju , ηn+1

jv ). This means that we assume that
the value of θ does not change in the projection step. Based on this obtained
θn+1, the actual grain boundary velocity v is obtained by projection of the
virtual configuration of the grain boundary r∗ to a state rn+1 that satisfies
the constraint of Frank’s formula (27).

This projection procedure has been validated in the two dimensional case
by comparisons with the full evolution with the long-range force and discrete
dislocation dynamics simulation, and explicit formula of the velocity after pro-
jection has been obtained in the two dimensional case [48]. Here we generalize
the projection procedure to three dimensional case, based on the formulation
of misorientation angle θ in the three dimensional case established in Eq. (30).
The projection procedure in three dimensional case here can also be solved
similarly as in the two dimensional case, with extra treatments to handle the
Frank’s formula in three dimensions and connectivity of dislocations.
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Now we solve the projection procedure in three dimensional case. Without
loss of generality, suppose that the rotation axis is in the +z direction, i.e.,
a = (0, 0, 1).

Suppose that the grain boundary velocity is v, and the Frank’s formula
(27) holds at the time tn. After a small time step δt, if the Frank’s formula
still holds at tn+1 = tn + δt, we have

(δθru + θδtvu)× a−
J∑

j=1

b(j)δηju =0, (31)

(δθrv + θδtvv)× a−
J∑

j=1

b(j)δηjv =0. (32)

Here we have used δru = δtvu and δrv = δtvv, where vu = ∂v
∂u and vv = ∂v

∂v .
Integrating Eq. (31) with respect to u, and Eq. (32) with respect to v, we

have

(δθr(u, v) + θδtv(u, v))× a−
J∑

j=1

b(j)δηj(u, v)

= (δθr(0, v) + θδtv(0, v)))× a−
J∑

j=1

b(j)δηj(0, v), (33)

(δθr(u, v) + θδtv(u, v))× a−
J∑

j=1

b(j)δηj(u, v)

= (δθr(u, 0) + θδtv(u, 0)))× a−
J∑

j=1

b(j)δηj(u, 0). (34)

Notice that the left-hand sides of Eqs. (33) and (34) are equal, whereas the
right-hand side of Eq. (33) depends only on v and the right-hand side of Eq.
(34) depends only on u. Thus the right-hand sides of Eqs. (33) and (34) must
equal to the same constant independent of u and v, denoted by C = (c1, c2, c3).
That is,

(δθr(u, v) + θδtv(u, v))× a−
J∑

j=1

b(j)δηj(u, v) = C. (35)

We want to solve for the actual velocity v = (v1, v2, v3) such that the above
vector equation holds. Since a = (0, 0, 1), the first two equations in (35) give

v1 =− δθ

θδt
(x− c1)− 1

θ

J∑

j=1

b
(j)
2

δηj
δt
, (36)

v2 =− δθ

θδt
(y − c2) +

1

θ

J∑

j=1

b
(j)
1

δηj
δt
. (37)
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Note that in the projection procedure, we essentially adjust the local value of θ
determined by the Frank’s formula in Eq. (27) to achieve a uniform misorien-
tation angle θ over the entire grain boundary. This procedure should not lead
to additional rigid translation of the grain boundary. The two constants c1 and
c2 in the projected velocity formula in Eqs. (36) and (37) can be determined
by this condition. For some symmetric configuration of the grain boundary,
e.g., when the top point of the grain boundary in the +z direction always has
a velocity in the z direction due to some symmetry, we set the z axis passing
through that point, i.e., that point is r = (0, 0, z) during the evolution. In
this case, at that point, we have (δθr + θδtv) × a = 0, and we set ηj = 0,
j = 1, 2, · · · , J , at that point. Thus, we have c1 = c2 = 0. Eqs. (36) and (37)

actually hold in the continuum model, i.e., v1 = − 1
θ
dθ
dt (x−c1)− 1

θ

∑J
j=1 b

(j)
2

dηj
dt

and v2 = − 1
θ
dθ
dt (y − c2) + 1

θ

∑J
j=1 b

(j)
1

dηj
dt , by letting δt→ 0.

The condition in Eq. (35) does not impose any restriction on the velocity
in the direction of the rotation axis, i.e., the z direction. Thus we simply keep
the z-component v3 = v∗3 , where v∗ = (v∗1 , v

∗
2 , v
∗
3) is the virtual velocity in

Eq. (29) without the constraint of the Frank’s formula.

In summary, combining with the algorithm to maintain the dislocation con-
tinuity presented in previous section, we have the following efficient numerical
algorithm without calculation of the long-range force:

Numerical Algorithm

From tn to tn+1 = tn + δt,

v∗ =


Md

J∑

j=1

‖∇Sηj‖∑J
k=1 ‖∇Sηk‖

f
(j)
local · n


n, (38)

r∗ =rn + v∗δt, (39)

η∗ju =ηnju − Mr
∂γgb
∂ηju

∣∣∣∣
tn

δt, η∗jv = ηnjv − Mr
∂γgb
∂ηjv

∣∣∣∣
tn

δt, (40)

4λn+1
j =

1

δt

(
∂η∗jv
∂u
−
∂η∗ju
∂v

)
, (41)

ηn+1
ju =η∗ju +

∂λn+1
j

∂v
δt, ηn+1

jv = η∗jv −
∂λn+1

j

∂u
δt, (42)

δθ =θ(r∗u, r
∗
v, η

n+1
ju , ηn+1

jv )− θ(rnu, rnv , ηnju, ηnjv), (43)

v =

(
− δθ

θδt
(x− c1),− δθ

θδt
(y − c2), v∗3

)

+


−1

θ

J∑

j=1

b
(j)
2

δηj
δt
,

1

θ

J∑

j=1

b
(j)
1

δηj
δt
, 0


 , (44)

rn+1 =rn + vδt. (45)
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Here constanta c1 and c2 can be determined by the condition that the pro-
jection procedure alone does not lead to extra rigid translation of the grain
boundary as discussed above.

Note that in the projected velocity formula in Eq. (44), the first term
describes the pure coupling motion of the grain boundary, the second term
describes the additional effect of the sliding motion of the grain boundary due
to dislocation reaction.

Initial dislocation structure

We assume that the initial grain boundary has an equilibrium dislocation
structure that satisfies the Frank’s formula and has the lowest energy. See
Ref. [34] for the method based on constrained energy minimization to find
the equilibrium dislocation structure on a curved low angle grain boundary,
which is a generalization of the model for planar low angle grain boundaries
[49] examined extensively by comparisons with atomistic simulation results.

5 Analysis of the continuum simulation method

In this section, we summarize some analysis results on the derivation and
properties of the continuum model and numerical method.

A simplified form of the local grain boundary energy density in Eq. (6), ne-
glecting the orientation-dependent factor, is γ̃gb(‖∇Sηj‖) = −‖∇Sηj‖ log ‖∇Sηj‖,
which is a concave function of ‖∇Sηj‖. In fact, γ̃′gb(‖∇Sηj‖) = − log ‖∇Sηj‖−1

and γ̃′′gb(‖∇Sηj‖) = − 1
‖∇Sηj‖ < 0. We have pointed out in Sec. 2 that such an

energy functional will lead to illposed gradient flow. We prove this rigorously
in the following theorem.

Theorem 1 Consider the energy

E =

∫

S

f(‖∇Sη‖)dS, (46)

where η is a smooth function defined on the surface S and f is a smooth
concave function, i.e., f ′′ < 0. The gradient flow due to this energy is

∂η

∂t
= Mη

[
f ′′(‖∇Sη‖)

( ∇Sη
‖∇Sη‖

)T
(∇S∇Sη)

∇Sη
‖∇Sη‖

+f
′
(‖∇Sη‖)∇S ·

( ∇Sη
‖∇Sη‖

)]
, (47)

where ∇S∇Sη is the Hessian of η and mobility Mη > 0. This gradient flow
equation is illposed.



16 X. X. Qin, L. C. Zhang, Y. Xiang

Proof Consider the energy E due to η with a small perturbation δη. The
energy change is

δE =E[η + δη]− E[η]

=

∫

S

f ′(‖∇Sη‖)
∇Sη · ∇Sδη
‖∇Sη‖

dS

=−
∫

S

∇S ·
(
f ′(‖∇Sη‖)

∇Sη
‖∇Sη‖

)
δηdS. (48)

Thus

δE

δη
=−∇S ·

(
f ′(‖∇Sη‖)

∇Sη
‖∇Sη‖

)

=−∇Sf ′(‖∇Sη‖) ·
∇Sη
‖∇Sη‖

− f ′(‖∇Sη‖)∇S ·
( ∇Sη
‖∇Sη‖

)

=− f ′′(‖∇Sη‖)
( ∇Sη
‖∇Sη‖

)T
(∇S∇Sη)

∇Sη
‖∇Sη‖

− f ′(‖∇Sη‖)∇S ·
( ∇Sη
‖∇Sη‖

)
. (49)

The gradient flow ∂η
∂t = −Mη

δE
δη , where Mη > 0, gives Eq. (47). Recall that

f ′′(‖∇Sη‖) < 0 in this equation.
We show that the evolution equation (47) is illposed by proof by contra-

diction.
Assume that the grain boundary S is expressed by r(u, v), where (u, v) is

an orthogonal parametrization. When η depends only on the parameter u and
ηu > 0, Eq. (47) is reduced to the one-dimensional equation

ηt = f ′′(|ηu|)ηuu. (50)

Here without loss of generality, we let Mη = 1. Since f ′′ < 0, this equation is
a backward diffusion equation with variable coefficient.

We consider C2 solution of the initial value problem with periodic boundary
condition in u, and without loss of generality, let the period be 2π. Suppose
that Eq. (50) is wellposed for time t ∈ [0, T ]. There exists a constant M > 0,
such that for any two solutions ηI and ηII of Eq. (50) with different initial
conditions, we have

‖ηI(·, t)− ηII(·, t)‖C2 ≤M‖ηI(·, 0)− ηII(·, 0)‖C2 . (51)

Consider two solutions with initial conditions ηI(u, 0) = pu and ηII(u, 0) =
pu+ ε

k2 expiku, where p > 0 is a constant, k ≥ 1, and ε is small. We have

‖ηI(·, 0)− ηII(·, 0)‖C2 = ε. (52)

We write Eq. (50) as

ηt = f ′′(p)ηuu + g(u, t), (53)
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where g(u, t) = (f ′′(|ηu|)− f ′′(p))ηuu. Note that p+ ε ≥ ηIIu (u, 0) ≥ p− ε. We
choose ε to be small such that p−Mε > 0. Using the wellposedness condition
in Eq. (51), we have, for t ∈ [0, T ],

p+Mε ≥ ηIIu (u, t) ≥ p−Mε > 0. (54)

Consider Fourier transform of these functions, i.e., ηI,II(u, t) = pu +∑
k A

I,II
k (t) expiku and g(u, t) =

∑
k gk(t) expiku. Here AIk(t) = 0 for all k. Us-

ing definition of Fourier transform and the wellposedness condition in Eq. (51),
we have

|AIk(t)−AIIk (t)| ≤ ‖ηI(·, t)− ηII(·, t)‖C0 ≤M‖ηI(·, 0)− ηII(·, 0)‖C2 . (55)

Since ηII is a solution of Eq. (53), the Fourier coefficient AIIk (t) of ηII

satisfies

AIIk
′
(t) = −k2f ′′(p)AIIk (t) + gk(t). (56)

where g(u, t) = (f ′′(|ηIIu |)−f ′′(p))ηIIuu. Using the initial condition AIIk (0) = ε
k2 ,

the solution of Eq. (56) is

AIIk (t) =
ε

k2
e−k

2f ′′(p)t + e−k
2f ′′(p)t

∫ t

0

gk(τ)ek
2f ′′(p)τdτ. (57)

Now consider g(u, t) = (f ′′(|ηIIu |)− f ′′(p))ηIIuu. First, f ′′(|ηIIu |)− f ′′(p)) =
f ′′′(ξ)(ηIIu −p), where ξ is between ηIIu and p. Using the bounds in Eq. (54), we
have |ηIIu − p| ≤Mε, and |f ′′′(ξ)| ≤ Cp, where Cp is a constant depending on
p. Moreover, since ηIIuu = ηIIuu−ηIuu, we have |ηIIuu| = |ηIIuu−ηIuu| ≤M‖ηI(·, 0)−
ηII(·, 0)‖C2 = Mε. Using these results, we have

|gk(t)| ≤max
u
|g(u, t)| ≤ CpM2ε2. (58)

Thus, the integral in second term in AIIk (t) in Eq. (57) can be bounded

as |
∫ t
0
gk(τ)ek

2f ′′(p)τdτ | ≤
∫ t
0
ε2CpM

2ek
2f ′′(p)τdτ =

ε2CpM
2

k2f ′′(p)

(
ek

2f ′′(p)t − 1
)

.

Therefore, we have

|AIk(t)−AIIk (t)| = |AIIk (t)| ≥ ε

k2
e−k

2f ′′(p)t

[
1− CpM

2

−f ′′(p)ε
(

1− ek2f ′′(p)t
)]
.

(59)

We choose ε to be small enough such that 1− CpM
2

−f ′′(p)ε > 0.

Since f ′′(p) < 0, Eqs. (59) and (52) contradict with Eq. (55) as k →∞.

Remark 1 With the actual local energy density in Eq. (6), we have δElocal

δηj
=

f
(j)
local ·

∇Sηj
‖∇Sηj‖ , where f

(j)
local is given by Eq. (9). Illposedness of the gradient flow

∂ηj
∂t = −Mη

δE
δηj

associated with this energy formula can be proved similarly.
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Remark 2 Illposedness of the gradient flow comes from the Hessian term in
Eq. (47), or in Eq. (9) for the actual evolution equation. In the previous mod-
els [51,52], this term was removed when the driving force is dominated by the
long-range force (Eqs. (7) and (8)). However, in the grain boundary dynam-
ics problem, the long-range force is essentially canceled during the evolution,
and this Hessian term due the local energy plays critical roles and cannot be
removed from the equation.

Next, in the following theorem, we show existence and uniqueness of the
projection operation used in Sec. 3. This theorem plays the same role as the
Helmholtz–Hodge decomposition theorem in the projection method for solving
fluid dynamics problems [9].

Theorem 2 Given a smooth vector function ζ = (ζ1, ζ2) in a periodic (u, v)

domain, there exist a unique periodic vector function ζD̃ = (ζD̃1 , ζ
D̃
2 ) and a

periodic function λ such that

ζ = ζD̃ + G̃λ, (60)

where

D̃ζD̃ =
∂ζD̃1
∂v
− ∂ζD̃2

∂u
= 0, (61)

and

G̃λ =

(
∂λ

∂v
,−∂λ

∂u

)
. (62)

Proof We first prove existence of ζD̃. If ζ = ζD̃+G̃λ holds, we have D̃ζ = 4λ,
where 4 is the Laplacian operator. Under periodic boundary condition, the
solution λ is unique up to addition of a constant. With the solved λ, we can

define ζD̃ = ζ − G̃λ.

Now we proof uniqueness of ζD̃. If ζD̃ exists, we have

< ζD̃, G̃λ >= − < D̃ζD̃, λ >= 0,

where the inner product < f, g >=
∫
D
fg dudv with D being the periodic

domain. This gives ‖ζ‖2 = ‖ζD̃‖2 +‖G̃λ‖2, where ‖ · ‖ is the L2-norm over D.

Thus, we have ζD̃ = 0 when ζ = 0, from which uniqueness of ζD̃ follows.

Remark 3 From the proof of Theorem 2, we have ‖ζ‖2 = ‖ζD̃‖2 + ‖G̃λ‖2 and

< ζD̃, G̃λ >= 0. These mean that ζD̃ is the projection of ζ that satisfies
Eq. (61).

Remark 4 In the second step in the projection method used in Sec. 3, i.e.,
Eq. (22), we project the result (η∗ju, η

∗
jv) in Eqs. (20) and (21) obtained in

the first step without constraint, to the result (ηn+1
ju , ηn+1

jv ) that satisfies the

constraint D̃(ηn+1
ju , ηn+1

jv ) =
ηn+1
ju

∂v −
ηn+1
jv

∂u = 0, and −λn+1
j δt in Eq. (22) is the

function λ in Theorem 2.
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6 Numerical simulations

In this section, we perform numerical simulations of grain boundary dynamics
using our numerical algorithm in Eqs. (38)-(45), which is a numerical imple-
mentation of the continuum model of constrained evolution in Eqs. (24)–(27).
The numerical simulation results are compared extensively with those obtained
by atomistic-level simulations using phase field crystal model [45] and ampli-
tude expansion phase field crystal model [36] for various properties of coupling
and sliding motions of the grain boundary to validate our continuum model.
Convergence tests show that the proposed continuum simulation algorithm
indeed fixes the problem of illposedness and that the projection algorithms
converge.

We consider grain boundaries in fcc Al. We choose the directions [1̄10],
[1̄1̄2], [111] to be the x, y and z directions, respectively. In this coordinate

system, the six Burgers vectors are b(1) = (1, 0, 0)b, b(2) =
(

1
2 ,
√
3
2 , 0

)
b,

b(3) =
(

1
2 ,−

√
3
2 , 0

)
b, b(4) =

(
0,
√
3
3 ,−

√
6
3

)
b, b(5) =

(
1
2 ,
√
3
6 ,
√
6
3

)
b, and b(6) =

(
− 1

2 ,
√
3
6 ,
√
6
3

)
b, where b is the magnitude of the Burgers vectors. In Al, b =

0.286nm and the Poisson ratio is ν = 0.347. The rotation axis a is in the [111]
direction, i.e., +z direction.

We study the evolution of an initially spherical grain boundary, whose
radius is R = 20b and misorientation angle is θ = 5◦. There are three sets
of dislocations with Burgers vectors b(1), b(2), and b(3), respectively, in the
equilibrium dislocation structure on this initial, spherical grain boundary; see
the top image in Fig. 3(a).

In the dynamics simulation, the grain boundary is parameterized using
spherical coordinates R = R(α, β), for 0 ≤ α < 2π and 0 ≤ β ≤ π. Here
α is the angle between the position vector of a point on the grain boundary
and the x axis, and β is the angle between the position vector of the point
and the z axis. Initially, R(α, β) = 20b. The (α, β) domain is discretized into
40 × 20 uniform grids during the evolution. The center of the spherical grain
boundary is the origin (0, 0, 0) in the coordinate system. Due to symmetry,
the two constants c1 = c2 = 0 in the projected velocity formula in Eq. (44).
Simulation of one example took less than two minutes on a laptop with a single
i7-6500u processor.

6.1 Convergence of the numerical algorithm

We perform convergence tests in time for our numerical algorithm to show
that the problem of illposedness has been fixed and the projection algorithms
converge.

We examine the misorientation angle θ and the surface area SA of the
grain boundary during the evolution up to time t = 20.8/Mdµ with different
values of time step δt. Recall that the misorientation angle θ is calculated
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Fig. 2 Evolutions of (a) misorientation angle θ and (b) surface area SA of the grain
boundary during the evolution with different values of time step δt.

using Eq. (30) and surface area SA =
∫
S
‖ru × rv‖dudv. The surface area of

the initial grain boundary is denoted as S0
A. Evolutions of these two quantities

are shown in Fig. 2, from which convergence can be seen with different values
of time step δt.

Table 1 Misorientation angle θ and surface area SA at time t = 20.8/Mdµ.

δt(/Mdµ) Misorientation Angle θ(◦) Qθ Surface Area (SA/S
0
A) QSA

0.416000 9.18428427 1.6214 0.25978820 1.7900
0.208000 9.78932770 2.0195 0.22902276 2.0263
0.104000 10.16249512 1.9196 0.21183550 1.9543
0.052000 10.34727401 1.9422 0.20335333 1.9691
0.026000 10.44353091 1.9794 0.19901303 1.9929
0.013000 10.49309176 0.19680884
0.006500 10.51813002 0.19570282

We further examine the orders of convergence of θ and SA, and the results

are shown in Table 1. The ratio Qg =
gδt−g δt

2

g δt
2
−g δt

4

, where gδt is the numerical value

of g at time δt. These results show a first order convergence of the numerical
algorithm. These validate our numerical algorithm, and especially, there is no
numerical instability and the projection algorithms that we employ converge.

6.2 Pure coupling motion

We first consider the grain boundary motion without dislocation reaction, i.e.
the reaction mobility Mr = 0 in Eq. (40), and accordingly δηj = 0 in Eq. (44).
This is the pure coupling motion.

Fig. 3 shows the shrinkage of the spherical grain boundary under this pure
coupling motion. The grain boundary eventually disappears. In this case, since
Mr = 0 and δηj = 0, the grain boundary velocity in Eq. (44) becomes v =
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(a) (b) (c) (d)

Fig. 3 Shrinkage of an initially spherical grain boundary in fcc under pure coupling motion,
i.e., without dislocation reaction. The rotation axis is the z direction ([111]), and the initial
misorientation angle θ = 5◦. The upper panel of images show the three-dimensional view of
the grain boundary during evolution. The middle panel of images show the grain boundary
during evolution viewed from the +z direction ([111]), and the lower panel of images show
the grain boundary during evolution viewed from the +x direction ([1̄10]). Dislocations with
Burgers vectors b(1), b(2) and b(3) are shown by blue, black and red lines, respectively.
Length unit: b. (a) The initial spherical grain boundary. (b), (c), and (d) Configurations at
time t = 10/Mdµ, 15/Mdµ, 20/Mdµ, respectively.

− δθ
θδt (x, y, 0) + (0, 0, v∗3). In the direction normal the rotation axis, i.e., in the

xy plane, the velocity component is in the inward radial direction, as in the
two-dimensional model [50,48]; this is adjusted from the velocity component
due to curvature flow in order to satisfy the Frank’s formula. Whereas in
the direction of the rotation axis, i.e., the z direction, there is no constraint
imposed by the Frank’s formula, and the velocity component is the same as
that in the curvature flow.

As an example, we consider the cross-section of the grain boundary with the
z = 0 plane (i.e., cross-section normal to the [111] rotation axis), which is the
equator of the grain boundary in the three dimensional view in the upper panel
in Fig. 3 and is a circle (the outer circle) as shown in the second panel in Fig. 3
for the view from +z direction. The grain boundary along this circular cross-
section is pure tilt, which is similar to the two-dimensional grain boundary
discussed in Ref. [50,48]. Along this circle, during the evolution, we have v∗3 =
0, and the grain boundary velocity is v = − δθ

θδt (x, y, 0), which is completely
in the inward radial direction in the z = 0 plane. Thus the cross-section keeps
the circular shape as it shrinks during the evolution, as shown in the second
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panel in Fig. 3. This shape-preserving evolution agrees with the results of the
two-dimensional grain boundary dynamics models [40,50,48] and shrinkage
of circular grain boundaries in two dimensions by molecular dynamics [38]
and phase field crystal [44] simulations. However, here the changing rate of
misorientation angle δθ

δt in the velocity formula is depending on the entire
grain boundary in three dimensions by Eq. (43), and is not just depending
on the circular cross-section itself as in the two dimensional continuum model
[48].

Next, we consider the cross-section of the grain boundary with the x = 0
plane (i.e., cross-section normal to the [1̄10] direction); see the lower panel in
Fig. 3 (the outer boundary of the projected grain boundary surface). Initially,
the cross-section is a circle, and it gradually changes to an ellipse as it shrinks
during the evolution. This shows that the velocity in the rotation axis direc-
tion, i.e. z direction is larger than that in the x and y directions. The reason
for this anisotropic motion is that there is no constraint of Frank’s formula in
the z direction which is the direction of the rotation axis, and the velocity at
the two poles on the grain boundary with respect to the z direction (where
the grain boundary is pure twist) is the same as that in the curvature flow;
whereas the velocity components in the x and y directions are adjusted from
those in the curvature flow by the constraint of the Frank’s formula, and the
resulting velocity in the xy plane are depending on the entire grain boundary
through the coefficient δθ, as discussed above. Evolution of this initially spher-
ical grain boundary and its dislocation structure, especially the property that
the shrinkage of the grain boundary is faster in the direction of the rotation
axis than in other directions, agree with the results of atomistic-level simula-
tions using phase field crystal model [45] and amplitude expansion phase field
crystal model [36].

Fig. 4(a) shows the change of misorientation angle θ during the evolu-
tion, which is continuously increasing. This behavior agrees with Cahn-Taylor
theory [6], three dimensional phase-field crystal simulations [45], and two-
dimensional atomistic [38,41], phase field crystal [44], and continuum [50,48]
simulations. Such increasing of misorientation angle cannot be obtained by the
classical motion by mean curvature models or pure sliding models, in which
the misorientation angle is constant or is decreasing during the evolution.

Fig. 4(b) shows evolution of the area of the grain boundary, which reveals
the relation:

SA(t)

S0
A

= 1−At, (63)

where A is some constant, and SA(t) and S0
A are the grain boundary area at

time t and that of the initial configuration, respectively. This agrees with the
results of nearly linear decrease of the grain boundary area using amplitude
expansion phase field crystal model for grain boundaries in both fcc and bcc
crystals [36]. The phase field crystal simulations in Ref. [45] showed that the
decrease of the volume of the grain enclosed by an initially spherical low angle

grain boundary in a bcc crystal approximately follows the relation V 2/3(t)

V
2/3
0

=
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Fig. 4 Shrinkage of an initially spherical grain boundary in fcc under pure coupling motion.
The rotation axis is the z direction ([111]), and the initial misorientation angle θ = 5◦. (a)
Evolution of misorientation angle θ. (b) Evolution of grain boundary area SA, where S0

A is
the area of the initial grain boundary. (c) Evolution of density of dislocations with Burgers
vector b(1)/ b(2)/b(3) on the grain boundary. (d) Evolution of the total length of dislocations
with Burgers vector b(1)/ b(2)/b(3) on the grain boundary. In (c) and (d), the densities and
total lengths of dislocations with these three Burgers vectors are almost identical.

1−A1t, where A1 is some constant, and V (t) and V0 are the volume of the grain
enclosed by the grain boundary at time t and that of the initial configuration,
respectively. It was argued in Ref. [45] that their results are consistent with
the result of classical Von Neumann-Mullins relation [33] for a two dimensional
grain boundary driven by curvature with constant energy density, i.e., Eq. (63)
if SA denotes the area enclosed by the grain boundary in two dimensions,
considering the approximate relation V 2/3 ∼ SA. In this sense, simulation
results using our continuum model and the amplitude expansion phase field
crystal simulations in [36] are consistent with the results in Ref. [45] as well
as the result of the classical Von Neumann-Mullins relation. The nearly linear
decrease of the grain boundary area in Eq. (63) obtained by our continuum
model and the amplitude expansion phase field crystal model in Ref. [36] is
also in consistent with the result that the area enclosed by a two dimensional
grain boundary is linearly decreasing in the two dimensional phase field crystal
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simulations for circular grain boundaries [44] and continuum model simulations
for circular [50] and general shape [48] grain boundaries in two dimensions.

Evolutions of dislocation densities on the grain boundary and total length
of dislocations are shown in Figs. 4(c) and (d). It can be seen from Fig. 4(c)
that the densities of the dislocations with all the three Burgers vectors are
increasing during the evolution. This is consistent with the increase of mis-
orientation angle θ during the evolution. The total length of dislocations is
decreasing during the evolution as shown in Fig. 4(d). This is in agreement
with the phase field crystal simulation results in Ref. [45]. Unlike in the two
dimensional case with dislocation conservation [38,6,41,44,50,48] where dis-
locations are infinite straight lines, in three dimensions without dislocation
reaction, the constituent dislocations are closed loops, and all the dislocation
loops are shrinking and the total length of dislocations is decreasing as the
grain boundary shrinks.

6.3 Motion with dislocation reaction

Now we perform simulations using our continuum model considering disloca-
tion reaction, i.e. Mr 6= 0. Dislocation reaction leads to removal of dislocations,
resulting in the coupling motion of the grain boundary [38,6,41,45,50,48]. The
mobility Mr is a temperature-dependent material parameter, and it may also
depend on the local dislocation reaction mechanism [41,45]. We set Mr to be
constant in our simulations to examine the effect of dislocation reaction. We
use the same initial spherical grain boundary as in Sec. 6.2 without dislocation
reaction.

Fig. 5 shows the shrinkage of the initially spherical grain boundary with
dislocation reaction, where the reaction mobility Mrb

3/Md = 1.83× 10−4. We
consider the cross-section of the grain boundary with the z = 0 plane (i.e.,
cross-section normal to the [111] rotation axis), which is the equator of the
grain boundary in the three dimensional view in the upper panel in Fig. 5 and
the outer curve in the view from the +z axis in the second panel in Fig. 5.
Along this curve, the grain boundary is pure tilt everywhere, and we have
v∗3 = 0, i.e., the velocity is always in the z = 0 plane during the evolution. The
evolution of this curve is similar to that of the two-dimensional grain boundary
discussed in [50,48]. The initial circular cross-section gradually changes to a
hexagonal shape as it shrinks. Each edge in this hexagon is pure tilt that
consists of dislocations of only one Burgers vector. This behavior is consistent
with the fact that the energy density of the grain boundary is anisotropic and
the pure tilt boundary has the minimum energy of all tilt boundaries, and is
the same as the evolution of two dimensional grain boundary with dislocation
reaction obtained in [50,48].

The lower panel of Fig. 5 shows the evolution of the grain boundary in the
view from the +x direction ([1̄10] direction). The cross-section of the grain
boundary with the x = 0 plane gradually changes to an ellipse as it shrinks.
These behaviors of the evolution of the initially spherical grain boundary with
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(a) (b) (c) (d)

Fig. 5 Shrinkage of an initially spherical grain boundary in fcc with dislocation reaction:
Mrb3/Md = 1.83× 10−4. The rotation axis is the z direction ([111]), and the initial misori-
entation angle θ = 5◦. The upper panel of images show the three-dimensional view of the
grain boundary during evolution. The middle panel of images show the grain boundary dur-
ing evolution viewed from the +z direction ([111]), and the lower panel of images show the
grain boundary during evolution viewed from the +x direction ([1̄10]). Dislocations with
Burgers vectors b(1), b(2) and b(3) are shown by blue, black and red lines, respectively.
Length unit: b. (a) The initial spherical grain boundary. (b), (c), and (d) Configurations at
time t = 10/Mdµ, 15/Mdµ, 20/Mdµ, respectively.

dislocation reaction in an fcc crystals are similar to the phase field crystal
simulation results of an initially spherical grain boundary in a bcc crystal [45].

Evolution of the misorietation angle θ with different values of reaction mo-
bility Mr is shown in Fig. 6(a). When Mr 6= 0, the evolution of misorientation
angle is controlled by both the coupling effect and sliding effect. As can be
seen from Fig. 6(a), the misorientation angle θ is increasing during the evo-
lution except for the case with very high dislocation reaction mobility; as the
dislocation reaction mobility Mr increases, meaning the sliding effect due to
dislocation reaction is becoming stronger, the increase rate of θ decreases, and
when the sliding effect is strong enough, the misorientation angle θ is decreas-
ing. These properties are the same as those in the two-dimensional cases [50,
48]: the coupling motion of grain boundary associated with the conservation of
dislocations will increase the misorentation angle θ during the evolution, and
the sliding motion generated by dislocation reaction will decrease θ. These
results also suggest a way to tune the parameter Mr based on the evolution of
misorientation angle measured by experiments or atomistic simulations.
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Fig. 6 Shrinkage of an initially spherical grain boundary in fcc with different values of reac-
tion mobility Mr. The rotation axis is the z direction ([111]), and the initial misorientation
angle θ = 5◦. The reaction mobility Mrb3/Md = 0, 9.16×10−5, 1.83×10−4, and 3.74×10−4

from the top curve to the bottom one in (a), (c) and (d), and from the bottom to the top
ones in (b). (a) Evolution of misorientation angle θ. (b) Evolution of grain boundary area
SA, where S0

A is the area of the initial grain boundary. (c) Evolution of density of disloca-

tions with Burgers vector b(1)/ b(2)/b(3) on the grain boundary. (d) Evolution of the total
length of dislocations with Burgers vector b(1)/ b(2)/b(3) on the grain boundary. In (c)
and (d), the densities and total lengths of dislocations with these three Burgers vectors are
almost identical.

Fig. 6(b) shows the evolution of grain boundary area with different values
of dislocation reaction mobility Mr. It can be seen that except for the case with
very high dislocation reaction mobility, the decrease of grain boundary area
still follows the linear law in Eq. (63), and is almost unchanged with different
values of dislocation reaction mobility. In the case with very high dislocation
reaction mobility Mr = 3.74×10−4Md/b

3, the decrease of grain boundary area
starts to deviate from the linear law with slower deceasing rate, which is due
to the resulting significant decrease in the grain boundary energy density that
slows down the shrinking of the grain boundary. Again, the linear decrease of
grain boundary area is consistent with the available phase field crystal and
amplitude expansion phase field crystal simulation results [45,36].

Evolutions of dislocation densities on the grain boundary and total length
of dislocations with different values of reaction mobility Mr are shown in
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Figs. 6(c) and (d). As can be seen from Fig. 6(c), the densities of the dis-
locations with all the three Burgers vectors are increasing during the evo-
lution except for the case with very high dislocation reaction mobility; as
the dislocation reaction mobility Mr increases, the increase rate of disloca-
tion densities decreases, and when the dislocation reaction mobility is high
enough, the dislocation densities are decreasing. These behaviors are consis-
tent with the increase of misorientation angle θ during the evolution shown in
Fig. 6(a). Fig. 6(d) shows that the total length of dislocations is decreasing as
the grain boundary shrinks, and the decrease rate is higher for higher disloca-
tion reaction mobility Mr. The decrease of the total length of dislocations is
in agreement with the phase field crystal simulation results in Ref. [45].

7 Conclusions

We have developed a continuum model for the dynamics of grain boundaries in
three dimensions that incorporates the motion and reaction of the constituent
dislocations. The continuum model includes evolution equations for both the
motion of the grain boundary and the evolution of dislocation structure on
the grain boundary. The evolution of orientation-dependent continuous dis-
tributions of dislocation lines on the grain boundary is based on the simple
representation using dislocation density potential functions. This simple rep-
resentation method also guarantees continuity of the dislocation lines on the
grain boundaries during the evolution.

In order to overcome the illposedness in formulation that comes from the
nonconvexity of the energy density, we use the components of the surface gra-
dients of the dislocation density potential functions instead of these functions
directly. Relationship between the components of these surface gradients (i.e.
continuity of dislocation lines) is maintained by the projection method during
the evolution. The critical but computationally expensive long-range elastic
interaction of dislocations is replaced by a projection formulation that main-
tains the constraint of the Frank’s formula describing the equilibrium of the
strong long-range interaction. This continuum model is able to describe the
grain boundary motion and grain rotation due to both coupling and sliding
effects, to which the classical motion by mean curvature model does not apply.

Using the obtained continuum model, simulations are performed for the
dynamics of initially spherical low angle grain boundaries in fcc Al, under the
conditions without dislocation reaction (pure coupling motion) and with dis-
location reaction (with sliding motion). The simulations have shown increase
of the misorientation angle as the grain boundary shrinks under the effect of
conservation of dislocations, anisotropic motion in the directions along and
normal the rotation axis, anisotropic motion in the normal plane with respect
to the rotation axis due to dislocation reaction, and linear decrease of grain
boundary area. These results agree well with those of atomistic simulations
(phase field crystal and amplitude expansion phase field crystal simulations)
[45,36]. The simulation results are also consistent with previously obtained
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results using continuum model in two dimensions [50,48]. In particular, we
explain the anisotropic motion in the directions along and normal the rotation
axis by the fact that the constraint of Frank’s formula only has effect in a
direction normal to the rotation axis, and the motion is free in the direction
of the rotation axis.

The continuum model presented in this paper provides a basis for con-
tinuum simulations of evolution of grain boundary networks at larger length
scales [25,30,27]. This will be explored in the future work. This continuum
simulation framework for the distribution and dynamics of curves on curved
surfaces can also be applied more generally beyond the dynamics of disloca-
tions and grain boundaries.
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A Derivation of the formula for misorientation angle θ in (30)

Substituting V1 = ru and V2 = rv into Frank’s formula in Eq. (27), we have

θ(ru × a)−
J∑

j=1

b(j)ηju =0, (64)

θ(rv × a)−
J∑

j=1

b(j)ηjv =0. (65)

Here we have used ∇Sηj · ru = ηju and ∇Sηj · rv = ηjv . Adding the two equations (64)
and (65), multiplying both size of the summation by (ru + rv)× a, we have

θ‖(ru + rv)× a‖2 =
J∑

j=1

(ηju + ηjv)(ru + rv)× a·b(j). (66)

Integrating over the entire grain boundary S, we obtain the formula of θ in Eq. (30).
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1 Numerical simulations of bcc spherical grain boundaries with
rotation axis [011]

In this section, we perform numerical simulations of grain boundary dynamics
using our numerical algorithm presented in the main text.

Now we consider grain boundaries in bcc Fe. We choose the directions
[100], [011̄] and [011] to be the x, y and z directions, respectively. There
seven possible Burgers vectors, and in this coordinate system, they are b(1) =(
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(
1
2 ,−

√
2
2 , 0

)
a, b(4) =

(
− 1

2 , 0,
√
2
2

)
a,

b(5) = (1, 0, 0)a, b(6) =
(

0,
√
2
2 ,
√
2
2

)
a, and b(7) =

(
0,−

√
2
2 ,
√
2
2

)
a, where a is

the lattice constant. For bcc Fe, a= 0.2856nm and the Poisson ratio is ν = 0.29.
The rotation axis is a = (0, 0, 1), i.e., in the [011] direction.

We also study the evolution of an initially spherical grain boundary, whose
radius is R = 20b and misorientation angle is θ = 4◦. There are three sets of
dislocations with Burgers vectors b(2), b(3), b(5), respectively, in the equilib-
rium dislocation structure on this initial, spherical grain boundary; see the top
image in Fig. 1(a). Parametrization and discretization of the grain boundary
are the same as those for the grain boundary in fcc in the main text.
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1.1 Pure coupling motion

We first consider the motion of this grain boundary without dislocation reac-
tion, i.e. the reaction mobility Mr = 0 in Eq. (54) (and Eq. (43)). This is the
pure coupling motion.

(a) (b) (c) (d)

Fig. 1 Shrinkage of an initially spherical grain boundary in bcc under pure coupling motion,
i.e., without dislocation reaction. The rotation axis is the z direction ([011]), and the initial
misorientation angle θ = 4◦. The upper panel of images show the three-dimensional view of
the grain boundary during evolution. The middle panel of images show the grain boundary
during evolution viewed from the +z direction ([011]), and the lower panel of images show
the grain boundary during evolution viewed from the +x direction ([100]). Dislocations with
Burgers vectors b(2), b(3) and b(5) are shown by blue, black and red lines, respectively.
Length unit: b. (a) The initial spherical grain boundary. (b), (c), and (d) Configurations at
time t = 3/Mdµ, 6/Mdµ, 9/Mdµ, respectively.

Fig. 1 shows the shrinkage of this spherical grain boundary in bcc under
the pure coupling motion. Evolutions of the grain boundary and its dislocation
structure are similar to those of the grain boundary in fcc discussed in the
main text. Especially, the shrinkage of the grain boundary is faster in the
direction of the rotation axis than in other directions, which agrees with the
results of atomistic simulations using phase field crystal models [5,1]. Again,
this anisotropic motion can be explained based on our continuum model by
the constraint of Frank’s formula in any direction normal to the rotation axis.
The shape-preserving evolution of the equator of the grain boundary (with
respect to the rotation axis) agrees with the results of the two-dimensional
grain boundary dynamics models [2,3,4,7,6].
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Fig. 2 Shrinkage of an initially spherical grain boundary in bcc under pure coupling motion.
The rotation axis is the z direction ([011]), and the initial misorientation angle θ = 4◦. (a)
Evolution of misorientation angle θ. (b) Evolution of grain boundary area SA, where S0

A
is the area of the initial grain boundary. (c) Evolution of densities of dislocations on the
grain boundary. These dislocations have Burgers vectors b(2), b(3), and b(5) on the grain
boundary. (d) Evolution of the total lengths of dislocations with these Burgers vectors. The
densities and total lengths of dislocations with the Burgers vectors b(2), b(3), and b(5) are
shown by blue lines, black dots, and red lines, respectively, in (c) and (d).

Fig. 2 shows the increase of the misorientation angle θ, linear decrease of the
grain boundary area, increase of densities of dislocations, and decrease of the
total lengths of dislocations during the shrinkage of the grain boundary. These
results are similar to those of the grain boundary in fcc discussed in the main
text and are consistent with available phase field crystal and two dimensional
simulation results; see the discussion there. Note that for the dynamics of this
grain boundary in bcc, the densities and total lengths of dislocations with
Burgers vectors b(2) and b(3) are almost identical, and are greater than those
of dislocations with Burgers vector b(5). Recall that the lengths of Burgers
vectors b(2) and b(3) are equal, and are smaller than the length of Burgers
vector b(5).
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1.2 Motion with dislocation reaction

Now we perform simulations using our continuum model considering disloca-
tion reaction, i.e. Mr 6= 0, for the motion of a grain boundary in bcc Fe. We
use the same initial spherical grain boundary as in Sec. 1.1 without dislocation
reaction.

(a) (b) (c) (d)

Fig. 3 Shrinkage of an initially spherical grain boundary in bcc with dislocation reaction:
Mrb3/Md = 7.01 × 10−5. The rotation axis is the z direction ([011]), and the initial misori-
entation angle θ = 4◦. The upper panel of images show the three-dimensional view of the
grain boundary during evolution. The middle panel of images show the grain boundary dur-
ing evolution viewed from the +z direction ([011]), and the lower panel of images show the
grain boundary during evolution viewed from the +x direction ([100]). Dislocations with
Burgers vectors b(2), b(3) and b(5) are shown by blue, black and red lines, respectively.
Length unit: b. (a) The initial spherical grain boundary. (b), (c), and (d) Configurations at
time t = 3/Mdµ, 6/Mdµ, 9/Mdµ, respectively.

Fig. 3 shows the shrinkage of the initially spherical grain boundary with
dislocation reaction, where the reaction mobility Mrb

3/Md = 7.01× 10−5. As
in the evolution of the grain boundary in fcc with dislocation reaction shown in
the main text, the equator of the grain boundary (with respect to the rotation
axis) gradually evolves from a circle into a hexagon. However, unlike in fcc,
here the grain boundary in bcc evolves into a non-regular hexagon. This is
due to the fact that here the lengths of Burgers vectors b(2) and b(3) are
smaller than the length of Burgers vector b(5), while in the grain boundary in
fcc, the three Burgers vectors have the same length. Again, we can see that
the shrinkage of the grain boundary is faster in the direction of the rotation
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axis than in other directions. These results agree with the those of phase field
crystal simulations [5].
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Fig. 4 Shrinkage of an initially spherical grain boundary in bcc with different values of
reaction mobility Mr. The rotation axis is the z direction ([011]), and the initial misorien-
tation angle θ = 4◦. The reaction mobility Mrb3/Md = 0, 7.01 × 10−5, 1.40 × 10−4, and
2.11×10−4 from the top curve to the bottom one in (a), (c) and (d), and from the bottom to
the top ones in (b). (a) Evolution of misorientation angle θ. (b) Evolution of grain boundary
area SA, where S0

A is the area of the initial grain boundary. (c) Evolution of the density
of all the dislocations on the grain boundary. (d) Evolution of the total length of all the
dislocations on the grain boundary.

Evolution of the misorietation angle θ with different values of reaction mo-
bility Mr is shown in Fig. 4(a). When Mr 6= 0, the evolution of misorientation
angle is controlled by both the coupling effect (which is associated with the
conservation of dislocations and increases θ) and sliding effect (which is as-
sociated with dislocation reaction and decreases θ). While the misorientation
angle θ is increasing during the evolution, the increase rate of θ decreases as
the dislocation reaction mobility Mr increases. Fig. 4(b) shows the evolution
of grain boundary area with different values of dislocation reaction mobility
Mr. The decrease of grain boundary area still follows the linear law in Eq. (62)
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in the main text except in the later stage of the evolution with high disloca-
tion reaction mobility, and is slower for higher dislocation reaction mobility.
Figs. 4(c) and (d) show the evolutions of dislocation densities on the grain
boundary and total length of dislocations with different values of reaction mo-
bility Mr. The density of the dislocations on the grain boundary is increasing
whereas the total length of dislocations is decreasing for these values of dislo-
cation reaction mobility Mr. As the dislocation reaction mobility Mr increases,
the increase rate of dislocation density decreases, and the decrease rate of the
total length of dislocations increases except for the later stage of evolution
without dislocation reaction. These behaviors are similar to those of the grain
boundary in fcc shown in Fig. 5 in the main text, and more discussion can
be found there. These results also agree with the available phase field crystal
simulation results [5,1].
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