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Abstract

In this paper, we formulate and analyse exponential integrations when applied to nonlinear
Schrodinger equations in a normal or highly oscillatory regime. A kind of exponential integra-
tors with energy preservation, optimal convergence and long time near conservations of actions,
momentum and density will be formulated and analysed. To this end, we derive continuous-
stage exponential integrators and show that the integrators can exactly preserve the energy of
Hamiltonian systems. Three practical energy-preserving integrators are presented. It is shown
that these integrators exhibit optimal convergence and have near conservations of actions, mo-
mentum and density over long times. A numerical experiment is carried out to support all the
theoretical results presented in this paper. Some applications of the integrators to other kinds
of ordinary /partial differential equations are also presented.
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convergence; modulated Fourier expansion
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1 Introduction

The main aim of this paper is to present the formulation and analysis of exponential integration
when applied to the nonlinear Schrédinger equation (NSE) with periodic boundary conditions (see

[16, [17]) ,
i (t, ) = —EAu(t,x) + Nu(t, z)Pu(t,z), (t,z) €[0,T] x [-m,7]4,

]d

(1)

u(0,z) = u’(z), x € [-m, 7w

)

where A is a parameter and ¢ determines the regime of the solution. In this paper, we consider
two different regimes: the normal regime € = 1 and the highly oscillatory regime 0 < ¢ < 1 which
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means that the solution is highly oscillatory. It is known that the solution of this equation exactly
conserves the following energy

1 1 1
Hlu, i) = ———— (— 242 4)d, 2
= s [, (94 gt 8
where | - | denotes the Euclidean norm. Apart from this, the solution also has the conservations of
the momentum .
Klu,u] = iw /[_ﬂm]d(uVﬂ — aVu)dz, (3)

and of the density or mass

miu, @] = 1# /[_”]d luf2da. ()

For the linear Schrodinger equation, its solution exactly conserves the actions
R SR . od
Ij(uau)_ §|uj| ) J EL ) (5)

where wu; is defined by u(t,z) = 3 u;(t)el¥'®) with j -2 = jizy + -+ + jara. For nonlinear
jeza

equation (), it has been shown that these actions are approximately conserved over long times

under conditions of small initial data and non-resonance (see [29] [30]). In this paper, only cubic

Schrédinger equation with 2 € [—m, 71]¢ is considered for brevity, although all our ideas, algorithms

and analysis can be easily extended to the solutions of other NSEs.

As is known, NSEs often arise in a wide range of applications such as in fiber optics, physics,
quantum transport and other applied sciences, and we refer the reader to [23, 40, [43]. In order to
effectively solve NSEs, various numerical methods have been developed and researched in recent
decades. With regard to some related methods of this topic, we refer the reader to exponential-type
integrators (see, e.g. [5, 8 12 14} [19] 211, 52]), splitting methods (see, e.g. [I} 9} 17, 22} 30} 45, [50] ),
multi-symplectic methods (see, e.g. [5]), Fourier integrators (see, e.g. [24, 42 [47]), waveform
relaxation algorithms (see, e.g. [27]) and other effective methods (see, e.g. [2, 3] [6, BT, B8] [41]).

In the last two decades, structure-preserving algorithms of Hamiltonian partial differential equa-
tions (PDEs) have also been received much attention and we refer to [10] 35 38, [57]. Amongst the
typical subjects of structure-preserving algorithms are energy-preserving (EP) schemes (see, e.g.
[20, 26], [32] B9] [49, [46], 53] [54]). One important property of EP methods is that they can exactly
preserve the energy of the considered system. On the other hand, long-time conservation properties
of different methods when applied to Hamiltonian systems have been researched in many research
publications (see, e.g. [19, 29, B0, 34, [35]). All the long-time analyses can be achieved by using the
technique of modulated Fourier expansions, which was developed by Hairer and Lubich in [33].

With regard to the existing researches on these two topics for Schrodinger equations, we have
comments as follows:

a) Concerning EP methods for NSEs, although the average vector field method (see [15]) and
Hamiltonian Boundary Value Methods (see [11]) were considered, exponential EP methods have not
been studied well for Schrodinger equations in the literature. Recently, the authors in [55] derived
a kind of exponential collocation methods, but the energy conservation only holds under some
special conditions. Exponential structure-preserving Runge-Kutta methods have been studied in
[10] for first-order ODEs and the methods are shown to exactly preserve conformal symplecticity and



decay (or growth) rates in linear and quadratic invariants. However, energy-preserving exponential
Runge-Kutta methods have not been considered there. Exponential EP integrators as well as their
convergence have not been established rigorously for NSEs.

b) For the long time analysis of numerical methods applied to NSEs, there have also been many
publications, and we refer the reader to [19, 28 29] [30]. Unfortunately, however, all the methods
described in these publications are not EP methods. Too little attention has been paid to the long
term analysis of EP methods in other qualitative aspects for solving NSEs in the literature.

The above facts motivate this paper and the main contributions will be made as follows:

A) By using the idea of continuous-stage methods, we formulate a kind of exponential integra-
tion. This formulation will provide novel energy-preserving methods and this will be discussed in
detail in Sect.

B) For the obtained EP methods, we analyze their optimal convergence for the first time. We
prove by using the averaging technique [I7], that some schemes exhibit improved error bounds for
highly oscillatory NSEs (Sect. Bl).

C) Tt is also shown that these EP integrators have near conservations of actions, momentum
and density over long times by using modulated Fourier expansions (Sect. [l).

After these steps, a novel kind of exponential integration with energy preservation, optimal
convergence and long time near conservations of actions, momentum and density is obtained. All the
theoretical results presented in this paper will be supported numerically by a numerical experiment
carried out in Sect. The last section concerns some applications of the integrators and some
issues which will be studied further.

2 Energy-preserving exponential integrators

In order to derive energy-preserving exponential integrators, we consider the simple but classical
way: Duhamel formulation of the equation and the discretization of the integral, which has been

used in many publications (see, e.g. [3} 8, 10, 12} T4} 19} 2T} [36] [44] 47]). Although this formulation

is not new, the obtained methods will have some advantages and we will make some important
notes in Remark [I below.
Rewrite the NSE () as

ou

E(t,x) =iAu(t,z) + f(u(t,z)), u(0,z)=u"z), (6)

where A is the differential operator defined by (Au)(t,z) = LAu(t, ) and f(u) = —iA|ul[*u. The
Duhamel principle of this system gives

1
u(ty + h,x) = e"Au(t,, ) + h/ A=A Ly (t, + Eh, x))dE (7)
0

with the time stepsize h and t,, = nh. Then we define the operator-argument functions ¢; by

) 1 Jj—1
politA) = 4, g, (itA) = / d-04 & _ge j-12,... (8)
0 (-1

We deal with the integral appearing in (7)) by the idea of continuous-stage methods and define
the novel integrators as follows.



Definition 1 (Exponential time integrators.) For solving the NSE (), a continuous-stage
exponential time integrator is defined as follows:

u"t(x) = (" (2)) = C,(V)u"(x) + h/o Ar oW f(W" T (2))do, 0<7<1, n=0,1,...,
(9)

where V = ihA, C-(V) and A; - (V) are bounded operator-argument functions and C- (V) is required
to satisfy Cc,(V) = eV for j = 0,...,s with the fitting nodes c; and s > 1. It is required that
co =0 and cs = 1. The numerical solution after one time stepsize h is obtained by letting T =1 in

@.

Remark 1 Although this exponential time integrator is formulated by the Duhamel formulation
and the discretization of the integral, which is a very simple and classical way, it is important to
note that this scheme has the following advantages.

o At the first sight, for a p-th order exponential integrator, it will produce errors of order (9(};—5)
when it is used to solving ([l) with a time step size h. However, for the scheme (@) presented

above, we will show that some obtained methods exhibit improved error bounds such as O(h;)
3
or O(};—2) .

o We have noticed that some novel methods with improved or uniform accuracy have been pre-
sented (see, e.g. [3,[10, (17, [42, [47]). These methods have good even better convergence result
than the methods given in this paper but they do not have energy, actions, momentum and
density conservations. Based on the scheme (), we will obtain some energy-preserving expo-
nential integrators with improved error bounds. We will also show that this scheme (@) can
provide methods with near conservations of actions, momentum and density over long times.
In other words, the scheme (@) can produce some practical methods with three properties si-
multaneously: energy preservation, improved error bounds and near conservations of actions,
momentum and density.

For the integrator (@), its energy conservation property is shown as follows.

Theorem 1 (Energy-preserving conditions.) Let K = hJM with M = ( "é Bl ) and

J = ( (1) _01 > If the coefficients of the scheme Q) satisfy

Ap»(K) =0,
()T MAL, (K)K + (CLIK))TM =0, (10)
KT (A1+(K)TMAL, (K)K + MAL _(K)K + (MA, _(K)K)T =0,

with C’;(IC) = dlCT(IC) and A} (K) = %AT@(IC), then the integrator (@) exactly preserves the

T

energy @), i.e., Hu"1, 4"+t = H[u", u"] forn =0,1,....

Proof By letting u = p+1ig, we rewrite the equation (Il as a infinite-dimensional real Hamiltonian
system

% =JMy+ JV,U(y) yo(z) = ( Eﬁgzgggg )7 -



where y = < f]) ) and U(y) = —2(p* + ¢*). The energy of this system accordingly becomes

_ 1 Ao 212
H(p,q) = 3(2n)d /Td (pAp+qu 5P +d) )dw- (12)
Our continuous-stage exponential integrator (@) applying to () gives
) = ok +h/ Aro(K)g(Y" 7 (2))do, 0<7 <1,
(13)
7w = Ky )+ [ A ) @)
0
where g(y) = JV,U(y).
Inserting the numerical scheme ([I3)) into ([I2) yields
-1 1 ! ~ n+t
™ =5 [ {50 M + TETM [ A 0Kgr T ar
2(27T) Td 2 0
) (14)

+§/0 (Al,T(K)’Cg(YnJrT))TdTM/O Al,T(’C)’Cg(Yn+T)dT—|—U(yn+1)}dx7

where § = M~1V,U(y) and we have used the result (e*)TMe* = M (see [44]). It follows from
the first condition of ([I0) that Y™ = y" and Y"1 = y"*1. Then one arrives at

1
Uy - Uy = / (VU™ Tay™+
_ ! n—+t n+o o
_/O (VU T)Td(C (K)y —|—h/ Ao (K)g(Y "+ dor)

=(y")T /0 1(04(’@) g™ ydr + / / GY ™)) T MAL (K)KCG(Y ™ )drdo.

Therefore, using the above results and the second condition of (I, we obtain
H[yn-l-l

5 / : / / (V) ()T (A1 £ ()T MAL (K)K + 2MAL (KK } (Y™ )drdods
)4 Jopa
;Bd /T .3 /O /0 (§<Y"+”))T (’C)T(Al,o(lc))TMAl,r(/C)/C+2MA;J(IC)IC}§(Y"+T)d0de:C

~ s |3 /0 /O @0 7) 0T (A1 () TMAL (KK + (2MA, L (K)K)T (V™) drdod.

It is clear from the third equality of (I0) that

200 +) - 1) =5 [ [ @) {0 () M )

+ MA, (K + (MA, - (K)K)T § (™) drdoda
=0.




The proof is completed.

In what follows, we present three practical energy-preserving algorithms based on the scheme
@) and on the conditions ([I0) of energy preservation. The coefficients are obtained by solving the
conditions (I0) and we omit the details of calculations for brevity.

Algorithm 1 (Energy-preserving algorithm 1.) For the integrator given in Definition[d, con-
sider s =1 and define a practical method [@) with the coefficients

Cr(V) =1 —-1)1+7e", A 0(V) =101 (V).
We shall refer to this integrator by EP1.

Algorithm 2 (Energy-preserving algorithm 2.) We choose s = 2 and the coefficients of ()
are given by

2 2
C(V) = (7'*1)“(;'*“1)[_’_ T(r=1) omV 4 7'(m 7) eV, AW =S S am(V)rlon 1,

m(mfl) —1 ==
where m is a parameter required that m # 0,1, and

an(V) = gty er(mV) + 25.01(V) + =1 (1 - m)V),
as(V ﬁ (901 (mV) =1 (V) +¢1((1 — m)V))a
(v

(v

as1 (1+1/m)p1(V) - 1/m%01((1 —m)V) —an(V),
=2/m(p1(V) = p1((1 =m)V)) — aza(V).

As an example of this method, we choose m = 1/2 and denoted it by EP2.

)=
)
) =

@12

Algorithm 3 (Energy-preserving algorithm 3.) As another example, we choose s =3 and
3 3 3
c:(V) :Zlk(T)ec"V AoV ZZaln rlon 1,

k=0 =1 n=1

where (1) =[] o=& for j=0,...,3 and

Cj—Ck

a;;(V) == (c1C50Cj191,e, + 2C50C201,¢, + (2 — €1)Cj1C)201 05—,
+ CjoCizp11 + (1 — c1)Cij1Clspr1—c, + (1 — 2)Ci2Clspr1-c,) /4, §=1,2,3,
aj+11(V) = = (c1C1Co0p1,e; + c2C52C00¢1,c, + (c2 — ¢1)Cj2C0191,05—cy
+ Cj3Co01,1 + (1 — ¢1)CjsCo11,1—e, + (1 — ¢2)CjsCo21,1-c,) /3. § = 1,2,
a1,j+1(V) = = (c1Cj0Co1¢1,¢, + c2C50C02¢1,¢, + (€2 — ¢1)Cj1Co201,c9—cy
+ CjoCospr,1 + (1 — ¢1)Cj1Co31,1—¢, + (1 — ¢2)C2Co31,1-c,) /3. § = 1,2,
az2(V) = — (c1C21C1o91,e; + c2C22C1091,c, + (€2 — €1)Co2C1191,05—
+ Co3C10p1,1 + (1 —¢1)Ca3Cripri1—c, + (1 — 62)023012%71,1—@),
a3 (V) = — (61020011901,c1 + c2C20C12¢1,¢, + (c2 — €1)C21C1201 05—y
+ Co0Ci3p1,1 + (1 —¢1)Ca1Cizpr1—c, + (1 — 62)022013%71,1%2)-



Here we choose ¢1 = 1/3, ¢3 = 7514+ (71 — 9V 58)3 + (71 +9v/58)3) and use the notations

11 =¢1(V), P1,e = p1(c1V), P1e, = P1(c2V),

P11-a = p1(1=c)V), o11- =p1(1 = 2)V),  @1e—cr = p1((c2 — e1)V),
Coo = 25520, Cot = Trreeaeay 00 = matraa)
Cro = 2k, Cui = ot aray 00 = may e
Cao = =2 Co1 = = Ca = =

cicy? (=1+4c1)ei(c1—c2)’ (c1—c2)(—1+4c2)c2) "

We shall refer to this semi-discrete integrator by EP3.

The presented three algorithms EP1-EP3 are obtained by considering the conditions (I0]) of
energy preservation and this shows that all of them are energy-preserving schemes. It is noted
that some more energy-preserving schemes can be derived from other value of s and ([I0) and we
omit them for brevity. The main observation of the paper is that some of these energy-preserving
algorithms show optimal error bound and good near conservations of actions, momentum and
density over long times. All of these observations will be illustrated by numerical experiments in
Sect. Bl The next two sections are devoted to the optimal convergence and long time conservations
in actions, momentum and density.

3 Optimal convergence

In this section, we analyze the convergence of the presented three schemes EP1-EP3.

3.1 Notations and auxiliary results

In this part, we present some auxiliary results which will be used in the analysis.
For the exact solution to (), we require the following assumption.

Assumption 1 [t is assumed that the initial value u®(x) is chosen in H® with the sufficiently large
exponent o > 0. Then the exact solution to [d) is sufficiently reqular.

In the analysis of convergence, we will reparametrize the time variable ¢ as
K:i=t/e. (15)

By letting
(k@) = ult, ), (16)
it is obtained that 9
wK(K” I) = &u(ta I) = Eut(ta I)

Thus in this section, we consider the following equivalent long-term NSE ([17])
iw, (k,2) = —Aw(k, z) + eXw(k, ) 2wk, ), (k)€ [0,T/e] x [—m, 7],
0 0 a (17)
w(0,z) = w’(x) := u’(x), x € [—m, 7],
which helps to zoom-in to see the different scales between e and time step, and to see the averaging
effect which will be used in the proof of the convergence. The solution of (7)) satisfies the following
properties.



Theorem 2 (See [13].) For any e > 0 and w® € H®, there exists a constant T > 0 such that, the
long-term NSE () has a unique solution which satisfies

w e CO([0,T/el; H*) () ([0, T/e]; H*?)
and
lw(k, )| go <K HwOHHQ for any k € [0,T/¢],
where a > d/2+2 and K > 1.

Proposition 1 (See [17].) Let f(w) = —iAw|?>w and the following two estimates hold for this
Sfunction.

e For the function f(w) € C*° : H* — H®, there exists a constant M > 0 such that for all
(w,v) € H* x H®, it has the estimates

1f @)l gra < M, 1 (W) ()] oo < M [J0]| o -

Moreover, similar estimates for higher derivatives also hold. If a is changed into o —2 > 0,
all the results are still true.

e The function has the Lipschitz estimate
1f (w) = @)l s < Lllu=vllgs , (w,v) € H*2 x H*,
where B € [0,a — 2] and L > 0 is a constant.

Proposition 2 (See [2]].) Denote by ¢ a bounded function (bounded by C > 0) from iR to C and
then the operator-argument function p(ihA) is bounded by

le(hd)| gocy g <C

for all h > 0 and o > 0. For example, the estimate He =1 holds.

" e e

3.2 Main result

We first note that for the long term NSE (I7), the evolution operator e*” is periodic with period
To ([I7). For simplicity, it is assumed that Tp = 1 in this section since this can be achieved by a
simple rescaling of time. For simplicity of notations, we shall denote

A<B

for A < CB with a generic constant C' > 0 independent of n or the time step size or ¢ but depends
on T and the constants appeared in Theorem [2land Propositions[IH2l We use the abbreviation w(k)
instead of w(k, x) for brevity. For solving the long term NSE (IT), the exponential time integrator
becomes

1
W () = BT (W (3)) = Cr (W)™ () + 20k / Ar g O Fw™ (2))do, 0<r<1, (18
0
where 0K := Kp11 — Ky, 18 the time step size and W = i6kA. Then EP1-EP3 for solving (1) can

also be obtained by considering Algorithms [[H3] respectively. The optimal convergence of these
algorithms is given by the following theorem.



Theorem 3 (Optimal convergence of algorithms for the long term system.) There exists
a constant Nog > 0 independent of €, such that for any time step ik = % with any integer N > Ny,
the EP1-EP3 for solving the long term system (7)) have the following error bounds for both regimes
€:

c|(@ 0N () — w (ki HH& . SOR?, a > max(d/2 + 2,4)
: (@ Iy () — w(ky, HH& s S0k + 0k, a>max(d/2 +2,6), (19)
c|(@ 0y () — w (s, HHQ o Sedk® + 0k, a > max(d/2 +2,8),

where ndx < L <. When € =1, the above results of EP2 and EP3 can be given in the H*-norm
and H* %-norm, respectively.

Remark 2 Similarly to [17, [56], the time step 0k = Ty /N with some integer N is only a technique
condition for rigorous proof and we only need éx < 1 in practice, which will be shown numerically
in Sect. [4. In the whole paper, it is noted that estimates are considered in non-negative Sobolev
spaces.

Before we present the proof of Theorem Bl some remarks are given here. By the relation (I6])
and by directly comparing (@) and (I8]), it is clear that for h = dx and for all n > 0,

u(tn,x) = w(kpe, ), u'(x)=w"(z).

Therefore, the convergence of EP1-EP3 in the original scaling (Il) is equivalently presented as
follows.

Corollary 1 (Optimal convergence of algorithms for the original system.) For the meth-
ods EP1-EP3 with a time step size h < € applied to the original system (D), their error bounds are
given by

EP1: ||(®")"(u) — utn)|| jyos S Z—j o > max(d/2 + 2,4),
Kt B?
EP2: [[(®")" (u") = ultn)|| oo S T + 50 @ > max(d/2+2,6), (20)
EP3: (") (u®) — u(ty)|| < h—3+h—4 a > max(d/2 + 2, 8)
’ n/llge—=8 ~ 52 54’ 9 )

where nh < T. The results of EP2 and EPS3 can be respectively given in the H* *-norm and
H>%-norm when ¢ = 1.

3.3 Proof of Theorem

In the light of Proposition[2 it is obtained that the coefficients of integrators EP1-EP3 are bounded
as [|C V)| ooy go < 1 and HATJ(W)HHQ(_)HQ < C4, where the constant C4 is independent of
Wl o gro - For simplicity, the proof will be given only for EP2 because with little modifications
it can be adapted to EP1 and EP3. We begin with the local errors and stability of EP2.

Lemma 1 (Local errors.) For the local errors

ST .— (1)7'611( (ffn» _ w(lin + 7—5,{)7 fOT’ 0<71<1,
= (I)M( ( n)) _w(’inJrl)v



there exits SEO > 0 independent of € such that for any 0 < dk < 3;0, the following bounds hold for

EP2
16747 | a2 < Ok, 1677 || go—a S 6K, for 0< T <1,

16" | pra—2 S €K%, (6" | pra-a S eb7.
Proof Firstly, according to the scheme (@), the Duhamel principle (7)) and the fact that
HCT(W)w(Kan) — eiT‘s"””Aw(Fan)HHQ,2 < Ok,
it is clearly that ||0"%7 || ga-2 < 0k. Then it follows from the Duhamel principle (7)) that
w(kn + T0K) =T w(ky,) + eT0RE1 (TW) fw(ky))

1ol _
et / / £emOTIRD (1, + CETOR))W (i + CETOR)dCAE.
0 0

For the integrator (@), we have
1
D7 (w(ky)) =CrW)w(kn) + 55/{/ Ar oW)do f(w(kn)) + 0K%Cy
11 ’
+ 5(51@'2/ / 0 Ar.e W) f (w(kn + CodR))W (Ky + Codr)d(do
0o Jo

with [|C1 || ga—s < 1, where we replace ®7°% (w(ky,)) by w(k, + odk) in the numerical scheme and
the error brought by this is denoted by dx2C;. The combination of the above two equalities yields

|67 7| gra—a < 0K2 for 0 < 7 < 1, where the inequality

and the result of Lagrange interpolation have been used.

Then by the same arguments given above and by noticing C;(W) = €%% the bound of
|67 Y| gra—2 can be derived.

Finally, in the light of

1
/ Ar cW)do — Ty (TW)H < ok
0

Ha—4

W(kn11) =P (i) + £0mip1 (W) (k) + 08202 OW)F (1)) (k)
1 1
et [ [ (1= Qe (7w, + G600)) (W (5 + CEOR))?
0 0
+ [ (w(tn + CEoR))w" (kn + (§0r)) dCdE,

and

1 1
D (w(kn)) = w (k) + 55&/ Ay s(W)do f (w(ky)) + 56&2/ 0 A1, W)do f' (w(kn))w' (Kn)
0 0

11
+ e6K3Cy + 55113/0 /0 (1 =)o A1,e W) (" (w(kn + (obk)) (W' (K + (odK))?
+ [ (w(kp + Codr))w" (ky + (odr))d{do,

10



with [|Csl| ;ya—s < 1, we obtain the bound of [|§" || ga—a as follows

~

1 ) 1 O’j
67| ra—a < ZE(SKHH ’gojH(W) —/ Al,g(W)jdo + e0K3.
=0 0 J: Ho—4
Using the results of A; ,:
1 1
‘/ ALU(W)dU—%(W)H <o, ‘/ ALU(W)ada_m(W)H < ox,
0 Ha—4 0 Ha—4

the last local error can be bounded.

Lemma 2 (Stability.) Consider the abbreviations R = 2K HwOHHa , Hy ={w e H?, ||w]y. <
R}. For the numerical solution ®™°% of EP2 applied to v,w € ’Hg‘g/i, there exist eg > 0 and dkg > 0
independent of € such that for any 0 < & < g9 and 0 < dk < 6kg, it holds that ®70%(v), ®7%% (w) €
7{%_2 and

975%(0) = 7% (w) s < e o —wlo, 07 <1, o
1(@%% (0) — e20) — (@5 (w) — 72 w) | g5 < 6RLC AL [0 — w5,
where B € [0, a — 2].

Proof Employing the definition of the method, the isometry C,(W) and the Lipschitz estimate
of f, one gets

0K
|87 (v) = D™ (w) || gs < [lv = w]gs + aLCA/ |27 (v) — ®7(w)l| e do,
0

as long as ®7(v), ®7(w) € H ? for o € [0, k). Considering 7 = 1 and using the Gronwall’s lemma
yields
1227 (v) — @ (w)|| s < €4 v — w] o,

which gives the first statement of (2I]) by modifying dx to 7dk. Setting in particular w = 0 implies
7% () € H%? under the condition that 0 < dk < Jkg. It is also direct to have
1@ (v) — "2 v) — (@ (w) — € w)|| g < e8KLCA| T () — @7 (w)]| s

The second result of ([2II) follows immediately from this inequality and the first statement.

We are now in a position to prove Theorem [3

Proof of Theorem Bl Proof Boundedness of the method. The stated local errors and
stability imply

1(@7)" () = w(tn) || o =

D (@) e (w(mi—1)) — (7)" (w(r1)))
=1

Ho—2
- e(n—1)SKLC 1 2 = e(n—1)5kLC s el Te -1

< E n=t)orLboa i § < Ceé E n—borbba < ('K,

P € || ||HQ72 e EOR e L K

=1
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Therefore, there exist SEO > 0 independent of & such that 0 < 0k < SEO, the time-discrete solutions
satisfy (®%%)"(w®) € 7—[?@24, where w(ky,) € 7—[%722 has been used here. Using a stability estimate
with respect to the H* *-norm and considering the local error result in this norm yields

eLTCA —1

@77 () = ()| o < C—F—0K%

Refined local error. For the method (@), we expand the nonlinear function f at Cew(ky,) and
then get

1
D (w(ky)) =€ w(ky) + 55/{/0 A e f(Cew(ky))dE
1 1
e [ [ e (Cenrn) FO7 i) dedo
0 0
1 1 1
36k3 — QAL f" (Cew(kin ) A o f(D7F (w(kyp)))do
20 [ [ (1= 0rer(Ceutn) + o [ e F@ (i) o)
1
([ Acor@ ™ (uin)io) dedc
0 1
=e9" (k) + Eéli/ A1 e f(Cew(ky))dE
1 1 0
+€26I€2/ / Ay ¢ Ag o [ (Cew(kn)) f(Cow(kin))dédo + e20x3Eq,
0 0
with
1 1 1
Hp = A AGIC n /CO' n (I)Ulsn n _Ca n
o= [ [ [ Aveen f (Centm) s (Coutin) + (@7 (i) = Cru(n))
1
(] Arr @™ tute,)))as ) dcdeao
1 1 1
—OALef" (Cew(kin b) A o F(D7F (w(kyp)))do
[ [ =0 (Contna) + Cotn [ A5 (@7 ()i
1
(] Acnt@ (ulnyio) dcic.
For the exact solution (), similarly we obtain its expansion as
w(knt1) =P w(rn) + o6k / -9 (T ) e
0

1 1
_'_525%2/ / ge(l—£)i6nAf/(eigénAw(Kn))e(l—a)iﬁénAf(eiatinAw(Hn))dgdo,+635K3Ew7
0 JO

12



with
1,1 g1
S :/ / / e(lfg)i‘;“Ae(l*U)Ei‘;“Af’(eEi‘S“Aw(nn))f’(eiU‘S“Aw(/@n)
o Jo Jo
1
+ C(w(kn + 00k — €72 w(ky,))) (/ eU=NTORE £k, 4 c61<a))dg) d¢dédo
0

+ /1 /1(1 — ()e(1=8)idrA g1 (egi‘maw(/@n) + Ce&q/l e(1=OERA £ (15, + U(SIQ))dO’)
o Jo

0

( / 1 (1= ERA £ (1, + aén))da)zdédc.

0

Then the local error 6! can be refined as
"M = 6k (k) + €20K%A(Ky), (22)

where
1 1 . .
U () :/ Aj e f(Cew(kp))dE —/ e(l_5)‘6”Af(65‘6”Aw(f<an))d§,
01 X 0
Aen) = [ [ e P (Centon)f (Coton)iedo
1 el
_/ / 56(17§)i61~cAf/(efiénAw(Kn))e(lfa)EiénAf(eioénAw(Hn))dgdo, + 65%5.:} _ E(SIQEU,.
o Jo

Concerning the previous local errors given in Lemma [T, one has
[ (kn) | ra-a S 082, [|A(Kn) || o S Ot

Refined convergence over one period. In this part, we consider convergence over one
period, that is ndk = Ty = 1. For the global error

(27" () = w(kn) = Y (@) 107 (w(ki-1)) — (@) (w(x1))),
=1
we introduce @27, := ($2%)" =l — i(n=DIRA and then rewrite it as

n

(@) (") = w(rn) = Y "TINAE £ (O] (87 (w(ki—1))) — OF (w(ra))) -

=1 =1

]El ]EQ
For the part E,, we first estimate

H@?nv _ @?anHﬂ _ H((I)Jn)lv _ eilJreA,U _ ((I)Jn)lw + eilénAwHHB

l l
< Z H@tlin(q)én)k—lv _ @?H((D(m)k_leHB < E(SKLCAeaTénLCA Z ||((I)6n)k—lv _ ((I)én)k—leHﬁ
k=1 k=1
l
<edrLCpefTorLCA Zeg(k_l)‘s"LcA v —wl s < eLCATHe AT |Jo — w)|| 175 -
k=1

13



Then the following bound holds

n
||E2||Ho¢74 < ELOATOQELCATU Z Hé‘l
=1

| as S 05K (24)

For the part Eq, we use the refined local error (22)) and then have

n n

El _ Z ei(nil)él{&EéH\I’(lﬂ_l) + Z ei(nfl)(;KAEQéKJQA(KJl_l)- (25)
=1 =1

According to ([23)-(25]) and the following bound

Z ei(n_l)6NA€25K2A(Iil,1)

=1

< %0k
Ha—4

el(n—l)énAH 5 625112,
Ha—4

the global error is bounded by

n

Z i(n— lénA\IJ ’il 1)

+ %0k (26)
Ha—4

H(q)éﬁ)n(wo) - w(“n)||Ha—4 ~

In what follows, we derive the optimal bound for edx HZ?ZI ei("_l)‘;"””a\If(m_l)HHQ,47 which
satisfies

n

Z i(n— lénA\I] Iil 1)

=1 Hoa—4

n n oKk
<55 Z i(n—1)6rkA / A Ef(cgel(l 1)5:{A )df —e Z ei(nfl+1)5l~cA /O efiéAf(eiEAei(lfl)zsnAwO)dé-

=1 =1 Ha—4

+ e20rK?

n 1 1
<||edk Z LA /0 Al)gf(cgei(l—l)énAwO)dg _ E/O e—iEAf(eiﬁAwO)dg + 22652,

=1 Ha—4

Here we used the result Hw(m_l) — ei(l_l)‘;“Aw0|‘HQ,4 < e. We first consider Fourier expansion
Fe(w) = 1en 2Ty (w) of Fi(w) := e €2 f(¢2w), which yields that fol e €A f(el€Pwg)dE =
Fy(wp). Then let Gis.(w) = e i19mA fol Ay ¢ f(Ceel®"Pw)dé and the Fourier expansion of Gy, (w)
is given by Gisn(w) = 3oy €275y, (w). Therefore, it is obtained that

Eéﬁzeill&ﬁ&/ Ay £f Cgel(l 1)61{A )df — e6ke” ik Z Z 12k7'rl5l~cG ( )

=0 k€Z

—pe—iORD Z (l i: ei2kﬂ'l5nék(w)) — cemiORA Z énk(w)

n
kEZ =0 kEZ

14



Based on the above results, it follows that

edk

Z ei(nil)é'{A\IJ(lilfl)

=1

Ha—6

Z Gk (w) + e20rK?
keZ* Ho—6 (27)

/01 e TED F(e€8 ) dE — /01 —iED {6715,% /01 ALEf(Ogeiwa@dﬁ} dgH

+ e6k> + e20K?
<edr® + e6k> + £20K2.

SE HFO(MO) _ efiénAéo(w)H . +e
HCX*)

<e

Ha—6

Here Lemma A.1 of [I7] and the results A; ¢ and C¢ of EP2 are used to obtain the last two
inequalities, respectively. Finally, combining (26]) with 7)), we obtain the global error over one
period

(@) (w°) — w(kn)]|| oo S €0K® + %07, ndk =T (28)

Refined global error.

For ndx < T'/e, the global error of EP2 given in (I9) can be derived by considering ([28) and by
using the same way presented in Sect. 5 of [I7].

The whole proof is complete.

Remark 3 [t is noted that for EP1, the estimate of 1) is only e6k2. Therefore, EP1 does not
have optimal convergence.

4 Long time conservations in actions, momentum and den-
sity

In this section, we turn back to the methods applied to the original system () and in order to make
the analysis be succinct, we choose A = 1. For our integrator (), spectral semi-discretisation (see
[18, 19, 29} 30]) with the points x = {7k, k € M is used in space, where M = {-M,..., M — 1}
and 2M presents the number of internal discretisation points in space. Then the fully discrete
scheme of (@) is

1
u"tT = O (V)u™ + h/ Ar eV f (" )do, 0< 7 <1, (29)
0

where V = ih€), Q = —diag((w;)jem) and f(u) = —iQ(jul* w)[]. Here,w; = 1 [j|* = L(j2+---+j2)
for j = (j1,-..,Jd) € M are the eigenvalues of the linear part of (D) after spectral semi-discretisation
in space, and the notation Q(v) denotes the trigonometric interpolation of a periodic function
v=3 v;e!0"® in the collocation points, i.e., Qv) = Y ( 3 vjponm)eld®.

jez? JEM lezd

LWe still use the notation f in this section without any confusion.
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The following notations are needed in this section which have been used in [19] 29, [30]. For a
sequence k = (k;)jem of integers k; and the sequence w = (w;);eam, denote

k;’.
Ikl =37 Iksl, kow =" kjws, 0™ = Mepw] ™!
JEM JEM
for a real 0. Denote by (j) the unit coordinate vector (0,...,0,1,0,...,0)T with the only entry 1
at the |j|-th position.

4.1 Result of near-conservation properties
Theorem 4 (Long time near-conservations.) Consider the small initial data

[uf]] . <é<1, (30)
and define the set

Reatn= {0 k)15 = (), K # ), [sin (5h(w; — k- w))| < 587, M <28 +2},  @3)

where j(k) == > kil mod 2M € M. For the near-resonant indices (j,k) in Renrpn, they are
lem
required such that

| |S*d+1

ws 2 ~

sup JTEHICHJrl S C€2N+4 (32)
(4, k) ERE M, wls= Ikl

with a constant C independent of €. For given N > 1 and s > d + 1, the numerical solution u™ of
EP1 has the following conservations of actions, momentum and density, respectively

A0 7Y _ T.(,,0 50
Z |wj|5|I](u , U ) I](u , U )| §C€%,

62

JEM
d _ _
Z |Kr[unaun] = KT[UO,’U, ” < ng,
r=1 €2
b ) = mla 1| _ g

where 0 < t, = nh < & and the constant C' depends on C, max;e m {Wlh“’”}’ the dimension
5hw;

d,N,s and the norm of the potential but is independent of n, the size of the initial value €, the
regime of the solution €, and the discretisation parameters M and h. Here K, is referred to the rth
component of K. For the schemes EP1-EP2, if the midpoint rule is used to the integral appearing
in these methods, the above near conservations still hold.

Remark 4 We remark that the method EPS3 does not have such near conservations and the reason
will be explained at the end of this section.

Remark 5 [t is noted that the authors in [19, [28, [30] analysed the long-time behaviour of expo-
nential integrators, splitting integrators and split-step Fourier method for Schrédinger equations.
However, those methods cannot preserve the energy (I2)) exactly. We remark that Theorem [{] shows
that our energy-preserving integrators also have a near conservation of actions, momentum and
density over long times.
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4.2 The proof of Theorem [

The proof makes use of a modulated Fourier expansion [I9] 29 30, 54] in time of the numerical
solution. We will use the following expansion

u(t,x) = Z (et x)e Z Z l(J @) g—ilk-w)t 3)

k<K k<K jeM

to describe the numerical solution u” at time ¢, = nh after n time steps, where the functions z*

are termed the modulation functions which evolve on a slow time-scale 7 = ét. Following [19], these
functions can be assumed to be single spatial waves: z*(ét, z) = z;?(k) (ét)e'Uk)2) i e, their Fourier
coefficients z¥ vanish for j # j(k) with j(k) = l% kil mod 2M € M.

It is noted that as a standard approach toethe study of the long-time behavior of numerical
methods, modulated Fourier expansion is also used in the analysis of [19, 29, 30, 54]. However, in this
paper, there are novel modifications adapted to our integrators, which come from the implicitness
of the integrator and the integral appearing in the integrator. We present the main differences in
the proof. For the similar derivations as those of [19, 29| [30], we skip them in the analysis for
brevity.

4.2.1 Modulation equations
Proposition 3 (Modulation equations.) Define
Lk = (L5) 'Lk,
L’f . — o ik w)hEhD _ 2 cos(hQ) + ei(k-w)heféhDv
ng = <P1(ZhQ)e ik w)hg ienD _ (pl(_Z'hQ)e%i(kw)hef%EhD7

where D is the differential operator (see [35]). The modulation equations for the coefficients zjk
appearing in B3) are given by

1
- . 1 5 2 ~ —
Lkzjl-“(et) = —ih Z / w;-c(kl)(et, U)wf(k2)(et, U)w;?(?’kS)(et, o)do, (34)
kl+k2—k3=F
where
Wiy (ét,0) = L5(0) 2]y (ét) (35)
with

ng( ) (1_0—)62 (kw)h —75D+O_e 21(k7w)h hED.

The initial condition for modulation equations is given by

u? = Z zf(k) (0). (36)

k

Proof 1In order to derive the modulation equations for EP1, a new approach different from [19]
29] 30] is considered here. To this end, we define the operator L¥ and it can be expressed in Taylor
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expansions as follows:

hy o1 1 1 1
LJ<.J> :§€h2wj cse (§hwj)D + 4—8€3h4wj cse (§hwj)D3 +y

L* =ihQ esc (%hﬂ) sin (%h(—Q — (k- w)I)) (37)
1 1 1
+ §€h2Q cse (ihﬂ) oS (§h((k cw) [+Q)D+-- .
Moreover, for the operator L% (o), we have

L’g(%) = cos (h(ké w)) + %sin(

By using the symmetry of the EP1 integrator and

h(k - w)

)(ihéD) + - -

/0 f(1=o)u™ +ou""")do = /0 f(1=o)u" " 4 ou")do,

we can rewrite the scheme of EP1 as E

u™ — 2 cos(hQ)u™ +u™ !

1 1 38
:h{gol(V)/O f(1 = o)™+ ou™do — 901(—V)/0 (A —=o)u™t + Uu")do] (38)

For the term (1 — o)u™ + ou™"!, we look for a modulated Fourier expansion of the form
. h ko (zp 2 D (G (h)-) g —ikew) (t+2)
ap(t + 5,:6,0)2 Z wj(k)(e(t+§),o)e e z),
k<K
which leads to B B
whi (g(t +3) o) —L5(0)25, (e(t n 5)). (39)
Likwise, for (1 — o)u™! + ou™, we have the following modulated Fourier expansion

h heoN . |
it - g.a,0) = Y why (€(t— 5),a)el<J<k>'w>e—l<k'w><f—%>.
k<K

Inserting B3) and B9) into (BY]) yields
u(t + h,x) — 2cos(hQ)u(t, ) + u(t — h,x)
1 1
“h[er) [ flantt+ 5o o)do = er(=V) [l = 5.a.0))do].

which can be expressed by operators as

(01(ihQ)ez"P — o1 (—ihQ)e~ 2"P) ("D — 2 cos(hQ) + e "P)i(t, z) = h / 1 Fliin(t, z,0))do.
0
(40)

2This form has been given in [44] for first-order ODEs.
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On the other hand, we rewrite the nonlinearity f as:

=i Z Z Z wlkll u)lk2 wlkS el (k) m)efi(kw)t’

Ikl <K j(k)EM Kk +k2—k3=k

where j(k) = (j(k') + j(k?) — j(k®)) mod 2M if k = k' + k? — k3. On the basis of this fact and
@Q), considering the jth Fourier coefficient and comparing the coefficients of e (¥ the result of
this proposition is obtained.

4.2.2 Iterative solution of modulation system

In order to achieve an approximate solution of the modulation system (B4))-(B6]), we introduce an
iterative procedure in this subsection which was used in [19] B30].
For j = j(k) with k # (j), the modulation system takes the form

1h( j = k- w)) 2 (@) = N(w(@t))ju +B(2(e))fu, (41)

ihw; csc (%hwj) sin (2

and for j = j({j)), the modulation system becomes
Lo () 7)) 7)) 4
§€h wj €sc ( hw;) " (ét) = N(w(ét));” + A(z(ét));”, (42)
where z< 9) stands for the derivative with respect to 7 = €t and we have used the differential operators

1. 1 1 .
B(z (et))J(k) = ——ehzwj csc (—hwj) cos (ih(k cw — wj))z(et)f(k) —

1 .
—&n*w; csc ( hwj)z@)(ét);g) -,

O
A=) = -

and

N(w(ét))?(k) = —ih Z / _](k}l (ét, o)w? (kz)(Et o)w (k3)(et o)do.

k'+k2—k3=k

Denote by []' the [th iterate and we choose the starting iterates (I = 0) as [z;?(%)]o = 0 for

k # (j), and [zjo N0 = uf. Then the modulation functions are distinguished as follows.

Definition 2 (ITterative solution of modulation system.)
e For near-resonant indices (j,k) € Repn or ||k|| > K = 2N + 2, it is set for 0 < ét =7 <1
that [2F(7)] = 0.

e For near-resonant indices (j,k) = (j,(j)), in the light of (@2), | ]<J ]l s defined as the
solution of the differential equation

[2]<j) (€t)} 1 _ [sinc(hzhwj) N(w(ét))§j> n sinc(ighwj) A(z(ét))?ﬁ

, 1
with the initial value [ZJ@(O)} L uf — [k§<:> zf(())] and sinc(z) = sin(z) /.
J
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e For the remaining indices (j,k) in the set
Lenrn =K k) 15 =3(k), k# (), (k) & Rearn, K] < K}, (43)
it follows from (@) that

sinc(%hwj)

2isin ($h(w; — k- w)

b @)™ = | NGy +BEO)] - @

It is noted that by this iterative construction, the iterated modulation functions [z;?(k) (&))" are
polynomials in €t of degree bounded in terms of the number of iterations [.

4.2.3 Rescaling

Following [I9] [30], this subsection rescales and splits the modulation functions in order to make
good use of the powers of €. By letting

(K] = max(2, (|[k] +1)/2), & # (),
(kI +1)/2 =1, k= (),

(K]

we split the functions zf into two parts ij = €W“”a;-C + &l ]bf, where a;? denotes the “diagonal”

entries (i.e., af # 0 only for k& = (j)) and b? presents the “off-diagonal” entries (i.e., bf # 0 only for
kE # (j)). We use the following notations

a= (") = (af(k)eiU(’“)'w))k, b= ("), = (b;?(k)ei(j(k)-w))k (45)
and define the operator

2isin (3h(w; — k- w))

.2 Cy, (jak)ELEth
(Qc);C - sinc(5hw;) J o (46)
¢z hc?, else.
Furthermore, we rescale the non-linearity N(w) by
F(v)h = & mexlM2N(w), (47)

where v = (v);, is defined by vF = & [IFllyh = e=[lkllyk k)ei(j(k)'x).
We are now in a position to rewrite the iteration from the previous subsection in these rescaled
variables.

Proposition 4 (Rescaling.) Using the above rescaled variables, the iteration given by Definition
[2 can be formulated as

5 = (@ Bm)E] + (' FW)E, (k) € Lo,

el sine(3hw; j sine(3 hw, ;
9 — SeB) gy SE) .
[a§j> (Oﬂzﬂ _ €_1u9 -~ { Z g[[k]]—lb?(o)]l,

k#(7)
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where [vF]! = 6_[[’“”[111;?][ defined by (B3l).
Another rescaling of the variables will be used in this section

~k 2s—d=1 ||| k 7k
h 4 ; h
a; ‘w aj, b] w

2s—d—1 2s—d—1
Skl gk gk — | T Rl R
‘b], 05 w vj.

For these rescaled variables, the iteration for b becomes

5] = (@' BB + [(Q@TFE@)E (k) € Learn,

where 13‘(\7);“ = ‘wgs%“‘k" F(v)k.

4.2.4 Size of the iterated modulation functions

In this subsection, we will control the size of the iterated modulation functions. The norm |||z|||? =
> Jwsl® (2 |2%] )2 (see, e.g. [19]) will be used in the rest of this paper.
k

J
Before presenting the size of the iterated modulation functions, we first need to estimate the

bounds of the operator 2 ({g) and the non-linearity F (7).

Proposition 5 (Bounds of the operator Q and the non-linearity F.) The following bounds

hold 1 L
117 vl <& zn7Hlvllls, [F)Il]s < CenllIvII;,

IIF(v1) = F(v2)llls < Cen|[[v1 — Va||s max(|[[¥1]lls, [[[¥2]l]s)?,

where V = supg<,<{V(7,0)} and the constant C is independent of € but depends on d,s, and V.

(49)

The same estimates are ture for v, ¥ and ||| - |||axs instead of v,F and ||| - |||s, respectively.
2

Proof The proof is given in Appendix I.
We next consider the iterated modulation functions given in ([@H]). Their sizes are controlled by
the following result.

Proposition 6 (Size of the iterated modulation functions.) For 0 < 7 = ¢et <1 and for all
[ >0, it is true that

2]l < ¢ ™ @]l < Cé for n>1,
)

l 1 (50)
II[B™ @] lls < Cez, for n>0,

where the constant C depends only on Cy,d,n,s and the norm of V. For a and b instead of a and
b, the same estimates are true if ||| - |||s is replaced by ||| - ||| ax1. It follows from these bounds that
2

the modulated Fourier expansion of the numerical scheme 6 is bounded by
[a(t, ), < Cé (51)
and its coefficients z are controlled by

Sl [0 <o 3wl (3 ) < o (52)

JEM JEM k#(j)

2

Proof The proof is given in Appendix II.
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4.2.5 Defect of the iterated modulation functions
After [ iterations, the defect in the modulation system (@) with the initial value (B8] has the form

[d;?]l = [ihwj csc (%hwj) sin (%h(wj —k- o.)))z;C — B(z)é—C — N(w)ﬂl7
1 (53)

[ 0] =~ [ 3 0] -
k

Clearly, it can be decomposed into four parts: [dﬂl = [e? + ff + gf + hﬂl, where [e?]l = 0 for
(j,k) € Learn, [f]] = 0 for non-near resonant indices (j,k) € Re arn, [hf]l =0 for k # (j), and
[9}]

Proposition 7 (Defect of the iterated modulation functions.) For alll > 0 and for 0 < 7 =
et <1, it is true that

I'= 0 for ||k|| < K. The size of each part can be estimated as follows.

NEEI s < Ce¥*h, [[[[g(@)]'llls < Ce¥F2h,
eVl < Ceh, [I[BE]I, < CEh, (54)
[ dO)[lls < Ce*Fh,

where the constant C' depends on Co,d, p,s and the norm of V.. We have the same estimates for &
and h instead of e and h provided ||| - |||s is replaced by ||| - ||| a+1 .
2

Proof The proof is given in Appendix III.

4.2.6 The numerical solution on short time intervals

In this subsection, the size of the numerical solution u™ on a short time interval of length € is studied.
It is noted that since the considered integrator is implicit, fixed point arguments are considered for
EP1 and we rewrite it as the following scheme

1
Ut =eVum 4+ hgal(V)/ f(1 = o)u"™ + oU™ do,
0

1
u"t = eV + hgpl(V)/ f((1 = o)u"™ + cU™ do.
0
Proposition 8 (The numerical solution on short time intervals.) For 0 <t, = nh < ¢!
with a sufficiently small €, it is obtained that ||u™||s < 2€.
Proof  This result is proved by induction on n that
[[u™||s < é+125Cnhé®  for 0<nh <&t (56)

and by letting € be sufficiently small compared to C.
For n = 0 the estimate (B8] is clear by considering [B0). For n > 0, it follows from the definition
of the integrator that

1
o, < 0= @y 4 avmao
0

) (57)
< [l M|, + A ([l + 10m,)
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where (4.9) of [19] is used and U™ is a fixed point of
1
G:U—= e un ! 4 hgol(V)/ f((1 = o)u™ " +oU)do.
0

For 0 < nh < €1, since Hu"’lus < 2€ < 3¢, the function G maps the ball {U : ||U||, < 3€} to itself.
Furthermore, using (4.11) in [19], we obtain

Hh%(V) /01 f(1=o)u"t +oU)do — hey (V) /01 f((1 = o)™t + oU)do

S

<aCmas (o=, + U, a2, + ||

)QHU—U

S

This shows that the map G has a Lipschitz constant smaller than one for sufficiently small € in
the norm ||-||, on the ball {U : [|U|, < 3€}. In view of the Banach fixed point theorem, one
has [|U™||s < 3¢ for the fixed point U™ of G. Therefore, (B0) can be obtained by the induction
hypothesis applied to (&1).

4.2.7 The error between the modulated Fourier expansion and the numerical solution

This subsection pays attention to the error u™ — @(¢, z) between the numerical solution u™ and the
modulated Fourier expansion

u(t,x) = Z[Z;?(k) (gt)]Lei(J*av)e—i(lcw)t7
k

where the iterated modulation functions zf = [zf]L after L := 2N + 2 iterations replace the exact
solution of the modulation system which is not available in fact. For brevity, the index L in the
following analysis is omitted.

Proposition 9 (The error between the modulated Fourier expansion and the numerical
solution.) For 0 <t, =nh < €1, it is obtained that

[lu" — (tn, z)||s < CEVH2 (58)
for € sufficiently small compared to d,s and the norm of the potential V.

Proof As stated in the previous subsection, fixed point arguments are employed. By the definition
of the modulation system (34)-([B5) and fixed point arguments, it is arrived at that

U(tn, ) = eV ut,_1,x) + hgal(V)/O F((1 = o)ilty_1,2) + oU(tn, x))do + 6(t,, )

with the defect 0(t,z) = > d;?(k) (ét)ell®)e=ikw)(t+h) Here we have the following result
k

~ h sl . h
(1=o0)u(tp—1,2) + oU(tn,z) = Z w;?(k) (g(t + 5), U) el(](k)'m)e_l(k'w)(t+%).
Ikl <K
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It follows from Proposition [ that |[0(¢, z)||s < CheN*3 for 0 < t < €1, where the constant C
depends on Cy,d, N, s and the norm of the potential V.

e Proof of the difference U — U (t,, z).

For the solution U™ appearing in the numerical method (A, we first examine the difference

U™ —U(t,,z). By @2)-B3) and G3), U(t,,z) is a fixed point of
1
G:U— e alty_1,x)+ h(pl(V)/ F((Q=0)alty_1,z) + oU)do + 6(tn_1, ).
0

Obviously, it follows from the proof of Proposition Bl that the fixed point iteration [U]' =
G([U)h), [U]° = eYum~! converges in the norm ||+, to U™ and is bounded in this norm by 3¢. In
what follows, we study the error between [U]' and U = U(t,, z), i.e., [U]' = U, for [ =0,.....

On noticing the fact ||U]|s < C& by Proposition B and the property (4.9) of [I9], we obtain the
estimate of the defect for [ =0

| =0 = [e"wr -G
1
< [lun? —a<tn1,x>lls+hH / F((1 = Yialta—1,2) + oD)do|| + [5(tr, )],
<"t = Altn—1, 3)||, + Che® + CheN+2,
For I > 0, using (4.11) of [19] gives that
o1 =0 = e -é@)|
<[lu"=t = ifta-n, 0|, + ChE U1 = || +CneN

with a constant C' independent of [. This leads to a recursion on [ as follows

Jor -

l
< ([t = di(tn-1,2)||, + CheNT®) Y (Che?)T + Ché®(Che?)'.
7=0

Considering | — oo and Ché? < % implies
HU” (tn,x)H < 2u" — ity )|, + 2CHENTS, (59)

e Proof of the difference u™ — a(t,, ).
We are now in a position to consider u™ — @(t,,x). When n > 0, using (4.11) of [19] gives

" = a(tn, @), < [Ju" ™" = a1, 2)|, + Che?

’U" (tn,;v)

+ CheN T3,

Considering again the result (&9), we have by induction on n
[u™ — it )|, < (1+2Che*)" (CnheV ™ + ||u’ — a(0,z)|, ). (60)

On the other hand, by Proposition[Zwith the defect d in the initial condition, we have ||uO —a(0,x) ||S <

1[d(0)]™]]|s < CEN+3. This result together with (B0) guarantees the desired result if € is sufficiently
small.
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4.2.8 Almost invariants close to the actions

In what follows, we show an invariant of the modulation system and its relationship with the
actions.

Proposition 10 (Almost invariant.) There exits €J;y(T) such that

< CheNt3,

T (7)

jeM

where 7 <1 and C' depends on max;cam {W} Moreover, it is true that
J

Ty (T) = % z§j>(7~’)‘2 + O(hEQ).

Proof Let
Uw) = / /w wh W wk doda.
271' [—7,7]d
kel — k3 k= 0

From the above analysis, we can write the defect formula d* as

1

~ . 1 2 5

Lkzk = —lh, E / wf(kl)wf(kg)wf€k3)da + dk. (61)
Kl 4+k2 —k3=k

Here we use L* to denote the truncation of the operator L* after the éV term. The transformation

wh — el FmMyF for real sequences = (u);>0 and # € R and the choice of k = (j) leaves U

invariant

0 — h_ lo— Ou(( 1(<j>~u)9w(j>)<j>)

. . G ! 1 2 13
:—4"Re(zl(<ﬂ> DS / wf(kwwf(kz)wf(gka)d")
j Kl 4k2 —k3=(j) 0

=4Re( 3() - ) (B2 — )

J

:4Re(2(<j> . M)L§J>(U)ZJ<-J> (f/mzjw — d§J>)>.
J
Since the right-hand side is independent of o, we choose 0 = 1/2 in the following analysis. With
the above formula, we have

4Rez 7(1/2)2 L9 2] —4Rez 7(1/2)2d. (62)

By the expansions of Léj >(1 /2) and L) and the “magic formulas” on p. 508 of [35], it is known
that the left-hand side of (62)) is a total derivative of function €7, (7). Therefore (62)) is identical to

de“ = 4Rez L<J>(1/2) (J)d(J>
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sinc( 3 hw;)

Considering the special case of u = (j) and for the first result, it needs to prove that

cos($hw;)
sinc(3 th ) GY 103 _N+4
—_— - z2dY | < € .
3wyl &0 ‘L (1/2)2a| < cn
COS

JEM

By the property of L3, we have

D lwyl”

JjeEM

sine( th

‘L3 (1/2)247

5|7
cos( th 7

Taking advantage of Cauchy-Schwarz inequality, one gets

SlIlC hw YN
Z | Jl cos( th ‘L 1/2) 7 J<>’
JEM J
<0 /> (lwil?)” Z (lwil?)?
JEM j

< CVEaVh2erth = CheE 3 = Ches '3,

where the results (52) and (B4]) are used here. The first statement is immediately obtained by
considering L = 2N + 2.

Then, using the Taylor expansions of Léj ) (1/2) and L) and the “magic formulas” on p. 508 of
[35] gives the construction of J;y.

After obtaining the almost invariant, its relationship with the actions is derived below.

Proposition 11 (The relationship between the almost invariant and the actions.) It is
true that E |w;|® ‘Jm — I;(u™ u”)| < Céz, where 7 < 1.

Proof This result can be obtained by following the proof of Proposition 6 given in [29].

4.2.9 Near-conservation of actions, density and momentum

According to the analysis stated above, we consider the interface between the modulated Fourier
expansions and extend it from short to long time intervals in the same way used in Sects. 4.10-
4.11 of [T9]. Then the near conservation of actions given in Theorem Ml is obtained. Meanwhile,
it follows from the results presented in Sect. 6.4 of [30] and Sect. 4.11 of [I9] that the long-time
near-conservation of actions implies the long-time near-conservation of density and of momentum.
Therefore, the other statements of Theorem (] are proved.

This concludes the proof of Theorem M for the integrator EP1.

4.2.10 Proof for EP2

Consider the one-point quadrature formula with (61,J1) and then the scheme of (29]) becomes

u" = eVu" + hdy Ay g, (V) f(Cgl (V)u" + Az, o, (V)ATL (V) (u"Fh — evu”)). (63)

1,61
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Methods | Energy conservation | Optimal convergence | Near conservations
EP1 v x (h?) vV
EP2 vV V (eh?) vV
EP3 YV v (eh?) X

Table 1: Properties of the methods.

In terms of this formula, we can derive the modulation equations for the modulation functions z*

J
as LFzF(et) = —ih
kl+k2,k3:

2

. - - :
kzf(kl)(et)z]k(kz)(et)z;?(?’kg)(et) by defining

Lk = (AglyglA_l

oL (efi(k-w)heéhD o eihQ) + Cél)*l(efi(kw)heEhD o eihQ)(dlBél)—l'

It can be seen that this formula has more concise expression than that of EP1. Then by modify-
ing the nonlinearity and concerning the property of L*, the analysis given above can be changed
accordingly for EP2.

Remark 6 [t is noted that the scheme (G3) has been analysed in [19]. Under an assumption on
the coefficient functions of exponential integrator, long term conservations have been derived there.
However, for the coefficients Az, & (V'), A1,6, (V) of EP2, they do not satisfy that assumption required
in [T9]. Thus the part 4.2 of the proof given in [19] cannot be used for EP2. Therefor we consider
the above approach to proving the result. On the other side, the operator L* determined by EP3
does not have similar property as BT). Therefore, there is no invariant of the modulation system
and the near conservations are not true for EPS.

5 Numerical experiment

For the algorithms presented in this paper, their properties are summarized in Table[Il In order to
show their advantages, we choose the second-order explicit exponential integrator which is termed
pseudo steady-state approximation which was given in [5I] (denoted by EEI) and the fourth-order
explicit exponential Runge-Kutta method which was given in [37] (denoted by IEI4). As a numerical
experiment, we consider the problem with d =1 and A = —2 and the pseudospectral method with
64 points. In the practical computations, we apply the three-point Gauss-Legendre’s rule to the
integral in (@) and use a fixed-point iteration with the error tolerance 107! and the maximum
number 100 for each iteration. In order to show the obtained methods behave well for different
initial and boundary conditions, we will use various conditions in the experiment.

Energy conservation. The initial value is given by u’(z) = 0.5i + 0.025 cos(ux) and the
periodic boundary condition is u(t,0) = u(t, L). We consider L = 4y/27 and integrate this problem
on [0, 100] with h = 1/100 for different e. The conservation of discretised energy is shown in Figures
[ From these results, it can be seen clearly that the EP integrators EP1-EP3 preserve the energy
with a very good accuracy, which supports the results of Theorem [l

Convergence. Following [17], u"(x) is chosen as u’(x) = cos(x) + sin(z) and the boundary
condition is u(t,0) = wu(t,27). The long term NSE (IT) is solved in [0,7/e] with T = 1 and
h = 1/2 for i = 1,...,6. The global errors of our methods measured in L? and H*! for different
€ are presented in Figure For comparison, the errors of EEI are also displayed in Figure It
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Figure 1: The relative error of discrete energy (EER) against t.

follows that EP1 only has the global error O(h?) while EP2 has the error bound O(¢h?) and EP3
shows O(eh?). This agrees with the results of Theorem [Bl It seems here that EP3 has a better
convergence than O(eh?). But after presenting the errors for ¢ = 1 in Figure 3] it can be observed
that EP3 still shows a third-order convergence.

Near-conservations in other aspects. In order to show the near-conservations in other
aspects, small initial value is required. Following [I9, [30], we change the initial value into u°(x) =
0.1(Z — 1)3(% + 1)2 +1ix0.1(Z - 1)3(% + 1)3 and consider the periodic boundary condition
u(t,—m) = u(t,7). The problem is solved on [0,10000] with h = i and the relative errors of
density and momentum are shown in Figures [d{5] respectively B . It can be observed clearly from
these results that the density and momentum are conserved well by EP1-EP2 but not by EP3 over
long terms, which supports the results stated in Theorem [Hl

Based on the numerical results, we can draw the following observations.

1) The energy-preserving methods EP1-EP3 preserve the energy with a very good accuracy for
both regimes of &, which is much better than the existed exponential integrators EEI and EEI4 (see
Figure [T]).

2) For the highly oscillatory regime, the integrators EP2-EP3 show improved error bounds while
EP1 and EEI do not have the optimal convergence (see Figure 2)). For the regime ¢ = 1, EP1-EP3

3The methods show similar conservation of actions and we omit the corresponding numerical results for brevity.
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Systems

Replace iA b

Y

Hamiltonian system with
H(q,p) = 3p"p + 54" + U(q)

(o)

Wave equation
uy — a*Au = g(u)

0 I
—a?A 0

)

Damped Helmholtz-Duffing oscillator
¢" +2vq' = —Aq - Bg® —e¢’

(0 )

Charged-particle dynamics

in a constant magnetic field
2" = Bx' + F(x)
First-order ODEs
o =LAz + f(x)

(0 5)

A f ()

m =

Table 2: Some systems which the presented methods can be applied.

show the normal global errors (see Figure B]).
3) The integrators EP1-EP2 have the long term near conservations in the density, momentum
and action but the methods EP3, EEI and EEI4 do not show such long time behaviour (see Figures

@)

6 Applications and future issues

This is a preliminary research on the long-time behaviour of energy-preserving exponential integra-
tors and it is noted that the algorithms can be extended to the numerical solutions of the following
equations (see Table ) by replacing i4 and f in (@) with the new ones.

We also note that there are some issues which can be further considered.

e The extensions of the methods as well as their analysis in this paper to the logarithmic
Schrodinger equation ([4]) and time-dependent Schrodinger equation in semiclassical scaling
([43]) will be researched in future.

e The long term analysis of other kinds of energy-preserving integrators in other PDEs such as
Vlasov-Poisson system ([26] [46]) and Maxwell equations will also be considered.

e Another issue for future exploration is the analysis of parareal algorithms of Schrodinger
equations.

Appendix

Appendix I. Proof of Proposition

e Proof of the first result.
For the case that (j, k) € Lz, we have |2isin (3h(w; — k- w))| > €2h. Then from this it
sinc(%hw]‘) < 11
2isin (Lh(w;—k-w)) | ~ &3h
the statement is obtained by considering the definition of €.

follows that

, which yields [[|27"v][|s < é=h~![||v]||,. For other (j,k),
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The global errors of EP1

The global errors of EP1
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The global errors for ¢ = 1
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Figure 3: The global error (err) measured in L? (left) and H' (right) against the stepsize.
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e Proof of the second result.
Taking into account the result proved in [29] [[k']] + [[k?]] + [[¥®]] > max([[k']],2) + 1, one has

NE1Z = Jws[* (Z & max([[k]].2)

7 k

1 - 2
. LIkt B2 137 kL K2 3
Y /O SR HIE) 4] ”vj<k1>vj<kz)v§(k3)do)
kl4+k2—k3=k
)2
2

1
_ 1 2 I3 . .
:h2€2 E /Ov;'c(kl)v?(k2)v;'€(3k3)da §0h2€2(|||v|||§)2
kb k2, k3

1
<0 ol S (| by b e
J

k' k2 k3

e Proof of the last result.
According to [29], the following result is true

3
arasaz — bibsbs = Y 277 (ay +by) -+ (a1 +bj1)(aj +bj)(aj1 - ag +bj1 - ba).
j=1

Then from this result and by a similar calculation to that for the second result, the last statement
is arrived at. .
The same calculation is also true for v, F and ||| - ||| a+1 instead of v, F and ||| - [||s, respectively.
2

Appendix II. Proof of Proposition

e Proof of (B0).
In the light of the choice of the initial iteration, we have

2@l < € 2™ E] =0 for n>1,
|||[b(n)(%)}0|||s=0 for n>0.

From the third equality of ), it follows that

120l = (3 sl

o))" < o

According to the first equality of ([4]]), we have

]l < 12 B®) ) s + 12 F D],
< )+ h e EED] Pl

33



With the second equality of [{S]), it is deduced that

@]l + 22

~ n l _ (n)
< 022 [, + I EEY] P 1=0,1,..

1) ™ 11s < 111[a@0)] s +sgp|||[a<%>}l“|||s.

1)+ sinc(2hQ)
) < ) o

F(vH)] ™1,

By Proposition[B] and the same analysis as that described in Section 3.6 of [29], the result (B0 can
be proved.
e Proof of (BIl).
For @ = [a]* = Y [zF] e~ (F“)t with L the number of ending iterate and by the same calculations
k

as those presented in [29], one has

a2 = 37 loyl" | D[k ekt

J k

2

<& lal (T I4)” = 2l I,

7 k

which proves (&1]).
e Proof of (B2).

We now turn to the size of the variables & and b in the second rescaling, and we have |[|a]|| zx1 =
2

llal||s, ||[B]||ax2 = |||b||s. Then from this fact and the above analysis, (52) is obtained.
2

Appendix III. Proof of Proposition [7]

e Proof of the first result.
In order to estimate f, the nonresonance condition (B2]) and Proposition[Hlare considered. Under
these conditions and for [ = 0,..., L, one has

ez =Yt (X )

k:(j,k)ERe m,n
2s—d—1
s oy | 2 gmax((14].2)
_lejl Z ’ 2sfd71|k"
J w4

k:(j,k)ERE m,n

2s—d—1

~ Wi 1 _ 2
<IF@)E,  sup ("J'ieukn)

25 d1
T (jk)ERemn wod Ik"

§C(h€)2€2N+4 _ Ch2(€N+3)2.

e Proof of the second result.
From |k|| > K, it follows that [[k]] > (K 4 2)/2 = N + 2. With the same arguments as those
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given in the proof of Proposition Bl we obtain

> 1M

ll%l>K

_ Ik [ (K] LRSS RS
ol DK [6 > / <k1>w< k2) J<k3>d

||k||>K El4k2—k3=Fk

<Ce 2 he = CEN 43,

e Proof of the third and fourth results. .
The off-diagonal part e and the diagonal part h of the defect can be expressed respectively by

[ef]" = M ([(@b)3) — [(@b);]*), [1f]' = &2([(Qa)f]' - [(Ra);]'*).

J

Using a Lipschitz estimate given in Proposition [l for the nonlinearity and by an analysis of the
iteration used as in Sect. 5.7 of [30)], it is obtained that

RG]l < crﬂifh|mw"<ﬂn| <r3ifh 1>1,

|mdwﬁﬂnu<cxp+4

[>0

for0 <7 < 1.
e Proof of the last result.
The last result can follows from the same arguments as the description of (29) in [30].
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