Journal of Scientific Computing (2022) 91:35
https://doi.org/10.1007/510915-022-01814-x

®

Check for
updates

Non-linear System of Multi-order Fractional Differential
Equations: Theoretical Analysis and a Robust Fractional
Galerkin Implementation

A. Faghih' . P. Mokhtary’

Received: 6 April 2021 / Revised: 22 November 2021 / Accepted: 16 February 2022 /
Published online: 23 March 2022
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2022

Abstract

This paper presents a comprehensive study of non-linear systems of multi-order fractional
differential equations from aspects of theory and numerical approximation. In this regard,
we first establish the well-posedness of the underlying problem by investigations concerning
the existence, uniqueness, and influence of perturbed data on the behavior of the solutions as
well as smoothness of the solutions under some assumptions on the given data. Next, from the
numerical perspective, we develop and analyze a well-conditioned and high-order numerical
approach based on an operational spectral Galerkin method. The main advantage of our
strategy is that it characterizes the approximate solution via some recurrence formulas, instead
of solving a complex non-linear block algebraic system that requires high computational
costs. Moreover, the familiar spectral accuracy is justified in a weighted L?-norm, and some
practical test problems are provided to approve efficiency of the proposed method.

Keywords Non-linear systems of multi-order fractional differential equations (SMFDEzs) -
Well-posedness - Spectral Galerkin method - Fractional Jacobi functions (FJFs) -
Convergence analysis

Mathematics Subject Classification 34A09 - 65L05 - 65L.20 - 65L60 - 65180

1 Introduction

Recently the fractional calculus has attracted the attention of many researchers due to its
capability in the modeling of problems influenced by memory properties and having non-
local behavior [18]. Among them, there are diverse physical phenomena for which their
separated elements make tight contact with each other. Thus, their mathematical modeling
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of these phenomena may result in the systems of fractional differential equations (FDEs).
These systems appear in numerous fields of science and technology, such as the fractional-
order SEIR epidemic model [1], pollution problems [4], hepatitis B disease [5], HIV/AIDS
fractional model [12], nuclear magnetic resonance (NMR) [13], magnetic resonance imaging
(MRI) [15], fractional-order COVID-19 model [16] and electron spin resonance (ESR) [19].

It turned out that the process of finding the analytical solution for systems of FDEs
is a challenging task, and even in some cases is impossible. Therefore, designing efficient
numerical methods plays a crucial role in examining the solutions of these equations. Systems
of FDEs are generally divided into single-order and multi-order categories, which contain
fixed and various orders of fractional derivative operators, respectively. Researchers have
recently developed different approximate methods for the numerical solution of systems of
single-order FDEs (SSFDEs), such as fractional-order generalized Laguerre pseudo-spectral
method [2], Petrov-Galerkin method [9], fractional-order Jacobi Tau method [3], hybrid
non-polynomial collocation method [10], spline Collocation method [14] and Jacobi-Gauss
collocation method [20].

Systems of multi-order fractional differential equations (SMFDEs) seem to be investigated
less frequently than SSFDEs. For example, in papers [7, 8] Chebyshev Tau and fractional
collocation methods have introduced for the numerical solution of constant and variable coef-
ficients linear SMFDEs, respectively. Most of the used methods for obtaining the approximate
solutions of non-linear SMFDEs suffer from the following crucial items, which play a key
role in establishing an efficient numerical scheme:

e Lack of comprehensive analysis regarding the well-posedness of the problem, including
existence, uniqueness, the effects of perturbations on the solutions and absence of a robust
smoothness investigation which is essential in designing high-order approaches such as
spectral methods.

e Solving complex non-linear algebraic systems with high computational costs that sig-
nificantly affects the accuracy of approximate solutions. Clearly, this weakness typically
causes even efficient numerical methods can not provide suitable approximations for the
solutions of equations arising from real-world phenomena, which are mostly considered
on the long integration domain.

e Ignoring the singularity arising from the fractional derivative operators in adopting appro-
priate basis functions that leads to characterize the approximate solutions by a linear
combination of infinitely smooth basis functions such as polynomials. In fact, one of
the requirements of producing high-order methods is to establish a consistency between
the asymptotic behavior of the exact solution, and the degree of smoothness of the basis
functions, which has been ignored in many of the methods presented so far.

In this paper, we intend to provide a comprehensive study taking the approach of removing
the above drawbacks to the following non-linear SMFDEs

Dlzj(x) =gj(x,2(x)), jeR,={1,2,....n},

(1.1)
z;k)(O) = Z% k=0,1,....[y;1—1, x € x =0, X],

where y; = Z—’] is a positive rational number with the co-prime integers n; > 1 and A; > 2,
X is a finite positive real number, and [.] is the ceiling function. g;(x, z(x)) : x x R" — R
are continuous functions, and z(x) = [z1(x), z2(x), ..., 2z, (x)]T : x — R" is the vector of

unknowns. ng is Caputo fractional derivative of order y; defined by

DY () = 117",
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in which 177177/ denotes the Riemann-Liouville fractional integral operator of order [y;] —
y; [6].

To this end, we first present a comprehensive analysis around the existence, uniqueness,
smoothness properties, and influence of perturbed data of (1.1), and then an efficient spectral
approximation using the fractional Jacobi functions is introduced to (1.1). Although spec-
tral methods are capable of providing highly accurate solutions to smooth problems, there
are some disadvantages, including the need to solve complex and ill-conditioned algebraic
systems. Moreover, the accuracy of the solutions would be significantly reduced in attacking
the problems with non-smooth solutions. However, during this investigation, the numerical
scheme is designed in such a way that it incorporates both high accuracy in dealing with non-
smooth solutions and computing approximate solutions through recurrence relations rather
than solving non-linear complex algebraic systems.

The rest of this paper is organized as follows. In Sect. 2, the well-posedness of (1.1)
including existence, uniqueness, and influence of perturbed data along with some smoothness
properties of (1.1) are established. Our analysis will reveal that the problem (1.1) is well-
posed, and some derivatives of the solutions may have a discontinuity at the origin. In Sect. 3,
a novel spectral Galerkin method based on the fractional Jacobi basis functions for the
numerical solution of (1.1) is implemented. In this regard, the numerical solvability and
complexity analysis of the corresponding non-linear block algebraic system are investigated.
In Sect. 4, the convergence analysis of the proposed method is rigorously studied. To support
our analysis, some examples are illustrated in Sect. 5. Finally, some concluding remarks are
expressed in Sect. 6.

2 Well-Posedness and Smoothness Properties

Before implementing our numerical approach, we investigate some results on the well-
posedness and smoothness of solutions of (1.1). Commonly, a problem is called well-posed
if it has a unique solution, and the solution depends on the given data continuously. In this
regard, we first recall the following existence and uniqueness theorem.

Theorem 2.1 (Existence and uniqueness [6]) Let the continuous functions g in (1.1) satisfy
a Lipschitz condition with respect to all their variables except for the first one, i.e.,

lgj(x,u1) — gj(x,u2)| < Llluy —uslleo, u1, uz € R”,
with some constant L > 0, where ||.||~ is the max norm on R", i.e.,
[uilloo = max{luy 1], lu1 2], .-, [urnl}

foralluy = uy 1, u12,..., ul_n]T € R". Then, the problem (1.1) has a unique continuous
solution on x.

Now, we investigate the dependence of the exact solution on some small perturbations in
the input data. Clearly, this is an important factor in the numerical solution of (1.1) because the
influence of perturbations on the discretized equation is a fundamental item in determining
the effect of roundoff errors. The next theorems will show that the solution of (1.1) depends
continuously on the given data. First, we investigate the dependence of the solution of (1.1)
on the initial values and the given function of the right-hand side.
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Theorem 2.2 Assume that the conditions of Theorem 2.1 hold for both equation (1.1) and
the perturbed equation

DUZj(x) = g;(x,2(x)), j €N,

K Lk 2.1
”(0) ;é,k:O,l,...,{yﬂ—l,xex.
In addition, let
1 (k) _ =(k) 2 =
€ = max —Z74l, €7 = max i(x,u) —gi(x,u)l.
L S 1z 0= 20l P X lgj(x,u) —g;j(x,u)l
Ife ]l and 612 are sufficiently small, then we have
max |zj(x) = Z;(x)| = O(€j +€7), j €R,. (22)
Xe€X .

Proof Subtracting (2.1) from (1.1), and defining A ;(x) = z;(x) — Z;(x), we find that

DY Aj(x) = gj(x. 2(x0) = ;. Z(x), j € Ry,
7 0 =k
A“(O) =2 k=01 [y 1 -1 xex,
which is equivalent to the following system involving Volterra integral equations of the second
kind

=l g
4,0 =3 (R =2R) + 17 (g0 200) = & 2@). j e
k=0 ’

It can be concluded that

AR X
A <€l J—
A= € ,; T Top

/0 (x —0)Yi~! (Ig,; (t.z(t)) — gj (1, 2())| + |gj (1. 2(1)) — gz, i(t))l)dt.

In view of the Lipschitz assumption on g; and definition of max norm on R", we have

|gj(t,2(6)) — (1, 2(t)| < Lllz(t) —2(0)lloo < LY |1Ai (1)1, 23)
i=1
and thereby
Myi1— lxk
|A;(0)] < € - f(x—r)yf—‘m (Dldr + f(x nvi~dt
= k! F(y] J)
rm—l ‘ ,
X X7i
i Vj_l
> F(y)Z/ (x =) A O)dt + € ———— o, D)
’—Vj-\_] k .
X n {ys}— ny
2 o LZ/ (x — t)l |A (z)ldt+ejﬁ,
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yj— min {ys}
Jlxn\

where L = L mz;.{x X}ﬂﬁ The above inequality can be rewritten as the following
Je n J
vector-matrix form

~ x min {ys}—1
Alx) <O+ Llf (x — p)t=s=n A(n)dt,
0

where /I denotes a matrix of order n with entries one. In addition, we have A(x) =
T T .
[141)] 1421, 14, 0] and TT = [T, M, ..., T,]" with

F P XVi

i1 X
kZZ: W ITo
Equivalently, we arrive at
Aw <1+l w0 Aar,

in view of the fact that n is the max norm of matrix I on R"*". Gronwall’s inequality [7]
yield

A(x) = ClOj,
where C is a generic positive constant, and equivalently
|A;(0)] < CIT| < Clej +€),
which proves the theorem. O

Next, we survey the influence of changes in the fractional derivative orders.

Theorem 2.3 Suppose that the assumptions of Theorem 2.1 hold for both equation (1.1) and
the perturbed equation

ngzjm =820, €N, 24
;0 =2z;5, k=0,1,....[y;1 -1, x €,
where y; > y;. Moreover, let 6]3- =y —y;and
4= 0, |—Vj(1)= |—]7j1,
! max{lz; ol - Ty;1 <=k < [y;1 -1},  else.
If 6; and 6;‘ are sufficiently small, then for j € X, we have
max |zj(x) — Z;(x)| = O(e]) + O(€)). (2.5)
XEX
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Proof Rewriting the equation (1.1) and the perturbed equation (2.4) as equivalent systems of
Volterra integral equations and subtracting the tow resulting systems from each other yields

[7il=1 1 X
A =- Y %Z%JFW/O (x =07 g (1 2(0))dr

k=H’j1 ’
F(y / (x — 1)~ gj(t, B(t))dt

J
A

== > et F( 5 / (= 0771 (g1, 20)) — g2, ZOdr

k=[y;1

X (x =il (x = p)Vi~! -

- (., E()dr.

+/0( oo e SO

From (2.3), we have

Wil=1 g

|Aj(x)| < Z X | (k)|+ﬁ2/ (X—I)V]_I|A (t)|dt
k=[y;]

i w=n!
Iy rap

Proceeding in exactly the same way as the previous theorem, we can rewrite (2.6) as the
following vector-matrix form

+omax g (xw)| / dt. (2.6

(x,w)ex x

~ (¥ min ()1
AX) <Y +nl | (x —p)l== A(ndt,
0
in which @ = [, ¥, ..., %,]", with
-1, -1 51
X (x—t)VJ
0
v = b ) ‘dt. 2.7
! k;ﬂ 12500 F e g 18705 “)'/ ro) &) @7
7]

Now, we can bound the integral on the right-hand side of ¥; in accordance with

X i—1 _ i1 x yi—1 yi—1
t y
/ _(x 3’ ‘dt:/ w —wj~ dw
0 I'(yj) I'(yj) 0 ) ()
X wyjfl wy/ 1
5/ ‘dw Ce
o Ty TG

Indeed, the integral can be computed explicitly: One first has to find the zero of the integrand,
whichis located at (I"(y;)/I"(y j))l/ ;=7i) If X is smaller than this value, then the integrand
has no change of sign, and we can move the absolute value operation outside the integral.
Otherwise we must split the interval of integration at this point, and each integral can be
handled in this way. In either case, we may use the Mean Value Theorem of Differential
Calculus to see that the resulting expression is bounded by O(y; — y;) = 0(6?). Using
Gronwall’s inequality [7], we have

A(x) = Cly,
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where C is a generic positive constant, and thereby
|4 (x)] < Cl¥)| < Cle] +€)),
which concludes the relation (2.5). m]

Clearly, Theorems 2.1-2.3 deduce the well-posedness of (1.1). In particular, Theorems 2.2
and 2.3 assert that small perturbations in the input data cannot have a meaningful effect
on the exact solution. Indeed, the existence of small perturbations in the right-hand sides
of (2.2) and (2.5) will translate into small discrete perturbations in the numerical solution
due to roundoff errors, and the well-posedness property does not allow a meaningful effect
to enter the accuracy of the approximate solution. In what follows, we will discuss the
properties dealing with the solution smoothness of the problem (1.1). Since the Caputo
fractional derivative is a weakly singular integral operator, we cannot typically expect the
solutions of FDEs to be smooth, even for smooth input functions. Clearly, this can lead to
a challenge of constructing the numerical methods with reasonable orders of convergence.
Hence, recognizing the singularity behavior of the solutions under imposing some conditions
on the given functions g; is crucial to design high-order numerical methods. In this regard,
in the next theorem, the regularity of solutions of (1.1) is explored by obtaining their series
representations in a neighborhood of the origin.

Theorem 2.4 (Smoothness of the solutions) Under the assumptions of Theorem 2.1, suppose
that

gi(x.z(x)) = g;(x""*,z2(x)), j €Ny,

where M is the least common multiple of A j, and g ; is an analytic function in the neighborhood

of (0, z?%, ey zfl%). Then the solution z j (x) has the following series representation around
the origin
o]
@) =Y+ Y Zjpxt, jEN,, (2.8)
p=yjhk
[vil=1 &)
where ¥ (x) = » %xk, and Zj,, are known coefficients.
k=0

Proof Let us assume the following representation of z; (x)
ad 4
()= Zjpxr, jEN, (2.9)
p=0

We find the unknown coefficients {Z ;, p};?zl such that the representation (2.9) converges and

satisfies (1.1). Using the series expansion of g ; around the point (0, zio()), R ziloz)), we obtain

o] n O
- L
g2 =56 a) = Y g, ¥ 1 <Zk(x) - zg’g) . @10
=0 k=1
{0k}, =0
By rearranging, it can be concluded that

o\* c A% %
(Zk(x) —z,{,()) = (sz,pﬂ> =Y Clha, @.11)
p=1

or=0
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where

1, 6,=0, op, =0,

Cﬁi =10, 6=0, o =1, (2.12)
> Zk,pp - - - Th,pgy > O #0, o > 1.
P1+... 106, =0k

The case ox = 0 in the sum on the right-hand side only occurs for 6y = 0. Meanwhile, the
equation (1.1) can be considered as the following system involving Volterra integral equations
of the second kind

2j () = ¥ (0) + Iigj(x.2(x)), € Ry 2.13)

Therefore, substituting the relation (2.11) into (2.10), we find

o0 o0 n o0

_ P yi 4 O ‘{7](
Do xt =+ Y gieey, <[] D0 Cokx7
=0 = k=1 \0x=0

{Bi=1 =0

Assuming uniform convergence, the coefficients z; , satisfy the following equality

o] Y 00 n p+k§] Ok
Yz xt =)+ Y i, (]_[ C§§> it TT L (214
p=0

p=0 k=1
{6k, 01} — =0
p+kil o n
r(—*=L_41 . . . .
where {; = (i—iﬂ Inserting p = p — y;jA — ) o in the series of the right-hand
P+ Y op k=1
yj+—5— 1)

side of (2.14), we obtain

o0 0 ad - %
Xt =)+ g n Cop) x= ], @15
2:: J Z” Jo=YirA=3" ok {6k}, (1!:[1 *
p=yjh+ 3 ok -
=
{6k ox )i =0

>

F(2—yj+1)
T(F+D)
the unknown coefficients z; , can be derived. Clearly for p < y;A, we have

in which ¢ ;= . Now, by comparing the coefficients of x 7 on both sides of (2.19),

(
Z:

and for p > y;A, the following recursive formula is inferred

oo

Z. C ,
i = Z g]p Yirt— fok{F)k} (H )

{60k} —, =0
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such that the coefficients g with negative indices are considered as zero,
Jp=vjr— Z ok {0k}

n
and in the case p — ;A — ) ox > 0, we have
k=1

n

PZVj)»—ZUk>01=p1+...+p9,Zpi, leR,, i=12,...,0.
k=1

In other words, z;, , can be expressed in terms of coefficients with lower indices. This means,
the solution of the problem (1.1) can be described by the series representation (2.8).

Now, we verify that the series converges uniformly and absolutely in the neighborhood
of origin. To this, we apply a suitable modification of Lindelof’s majorant method [6]. Let
us consider the following system involving Volterra integral equations of the second kind

Zi(x) = ;) +1"Gj(x, Z(x)), j ey,

B [yj1-1 ®
where ;(x) = ) Iy |z ol and

o0 n

_ ) .
Gi(x, Z) =G 2y = Y Agj e, [] (Zk(x) — Iz )|)
p=0 k=1
{0k }i—, =0

Clearly, {Z; ()c)};’.:1 is a majorant for {z; (x)}’}:l, and that all coefficients of {Z; ()c)}'}:l are
positive. The formal solution {Z (x)};f:1 may be computed in exactly the same way as the
previous step. Thus, we now need to prove that the series Z;(x) converges absolutely over
[0, n;], with some n; > 0. For this purpose, it suffices to show that the finite partial sum of
Z j(x) is uniformly bounded on [0, n;]. Considering

ZL+1

- = 2

Sjr1(@) =Y+ Y Zj,xt,
p=Yjr

as the finite partial sum of Z;(x), we have
Sizt1(x) <Yj(x)+1"Gj(x,Sj 2 (x), jeER,

that follows from the recursive computation of the coefficients. Indeed, if we expand the right-
hand side of the above inequality, all coefficients Z; , with indices satisfying the inequality
< Z+D are omitted from both sides, while there will in general be additional positive

terms of higher-order in the right-hand side. Assuming

By = max M, jen,,

we define
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Now, we show that |S; # (x)| < 2By j for j € 8,,x € [0, n;]. The proof is done using
mathematical induction on .#. The statement for .¥ = 0 is evident since

0 .
Sjo(x) = 1201 < Buj. j e
We assume that it holds for .# and transit to . + 1 as

1S 41| = Sj241(x) < ¥;(x) + 1" G (x, S}, 2 (x))

-tk xi
< L1280 4 max |G, Si g (1)) ————
< kz-; 2 'Z/’O'ﬂdo,x]' (. 8.2 ( ))|F(yj+l)
Vi
"
<Bi;+ max |Gj(t, W)| —1—
(t,W)€[0,7;1x[0,2B1,11%... X [0,2B1 1] I'(yj+1)

< By +Tij{jB2,j <2Byj, j €N,

which proves that §; ¢ 11(x) is uniformly bounded over interval [0, 7, ]. Since all its coeffi-
cients are positive, it is also monotone. Hence, in view of the power series structure of Z; (x),
it is absolutely and uniformly convergent on [0, ;] and the compact subsets of [0, n;),
respectively. Thanks to Lindelof’s theorem, it ultimately concludes the same properties for
series representation z; (x). Thus, it allows us to interchange integration and series. O

Indeed, Theorem 2.4 shows that the [y;7-th derivative of z;(x) may have a discontinuity at
the initial point. This would have a great impact on accuracy in implementing the classical
spectral methods to approximate the solutions. In this sense, we are going to introduce a
new spectral method to calculate better approximate solutions for the problem (1.1) having
non-smooth behavior. In what follows, we will construct our numerical approach under the
conditions of Theorems 2.1-2.4.

3 Numerical Approach
This section is going to develop an effective and applicable numerical scheme based on
the operational fractional Jacobi Galerkin method to estimate the solution of problem (1.1).

In order to do so, we first discuss some imperative theoretical consequences dealt with the
classical Jacobi polynomials and fractional Jacobi functions.

3.1 Jacobi Polynomials

The Jacobi polynomials J,g“ ’U)(s) with the parameters u, v > —1,ands € [ = [—1, 1] are

orthogonal associated with the weight function w ) (s) = (1 — s)*(1 + )", i.e., [17]
/;J,f["”)(s)J,f“’”)(s)w(“’”)(s)ds = AW8, 0 m,n >0, (3.1)

where

Ju _ e 20 gk DRy 1)
" n wtv) Cn+pu+v+OHuFrn+pu+v+1)

@ Springer



Journal of Scientific Computing (2022) 91:35 Page 110f30 35

and &y, s known as the Kronecker delta function. These polynomials are explicitly signified
as follows

" ( y (S +1 Y

(,v) _ ,v,n

TV (5) = E Tj (—2 > , 3.2)
Jj=0

where

Pl _ (~D)" I F(n+v+ DI n+p+v+j+1)
i TG+ j+Djirn+p+v+Dn— )

Since {J,f“’v)},,zo forms a complete szw,v) (I)-orthogonal system, defining

U;\}/L,V) — Span{.]n(l‘”v) :n=0,1,..., N},

(u)

along with the related orthogonal projection 7 o ) = U(" v) given by

(p,v) (1,v)
(F=ny"F.@) =0, voeul",

w.v)

concludes

N F = ZF IV (s),  Fy =
n=0

Mu oy (- .

Considering the Sobolev space
H oy (D) = {F | Flly e < 00, m € N},

associated with the norm and semi-norm

m
2 l 2
FIZ o = X NI urtins 1Pl spar = 107 F s

a suitable bound of the truncation error nl(\,“ ) F _ F can be established as follows.

Theorem 3.1 [17] For each F € H™ L) (I),0 <m < N+ 1, and m € N, the following
inequality is satisfied

Iy F = Fll o < CNT"F s

where C is a positive constant independent of N.

In order to find more properties of the Jacobi polynomials, one can refer to [17].

3.2 Fractional Jacobi Functions
The essence of the fractional Jacobi functions (FJFs) J,g“ ’v’r)(x) with7 € (0, 1] and x €
comes from the Jacobi polynomials with coordinate transformation s = 2(%)’ — 1 as [3,

21]

JrD () = 100 (2 (%)f ~1). (3.3)
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From (3.1), one can check that these functions are mutually orthogonal with respect to the
weight function w®-¥ (x) = ™71 (XT — xD)H, e,

/ TP ) D w D () dx = A D8, mon >0, (3.4)
X

where A" = XT0E0504Y Regarding (3.2), the FIFs satisfy the following explicit
formula
n 1

IR =3 Ty = Span{l, x, ..., x"7).
j=0

Due to the completeness of the FJFs in sz(u.wr) (x), we state
UYer™ = Span{J#"D : n=0,1,..., N},

and define the corresponding orthogonal projection rr(“ o L2 v (X) = U(“ ")
(/=¥ 0100) o =0 ¥ TR, 6

Trivially, by the relations (3.4) and (3.5), we have

(It v, ‘E)f Z flj(;L v, r)(x) fn — (f, (M’v’t))w(u,v,r%

n=0

(uvr)

Now, we try to find an appropriate error bound of the truncation error f — 1(\,“ ) f. To this
end, we suppose that the functions f(x) and F (s) are related by coordinate transformation
s = 2(%)I — 1. Their derivatives are related in the following sense

Dy f := 0,F(s) = 05x 0y f,
D2f = 02F(s) = d5x 0x(Dy f) ,

DY f = 0{F(s) = 05x 0x (35 0x (- (d5x 0x ) +++))

X

in which 9;x = o

( ¥ )l K . Moreover, it can be readily inferred that
PO = / |F(5)Pw' (s)ds
I

= / QP (dx = d9 [ F @2,
X

137 P20 = f 13 F () P (5)ds = d 4 / 1D £ (0 Pw D (x)dx
X
=d"DP F O e (3.6)
where d") = %

To obtain the upper bound for truncation error & 1(\,” ) f — f. we define the transformed
space

H e OO ={f 2 1l wiero < 00},

w
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equipped with the following norm and semi-norm

m
2 H+HD) 1l £2
A1, s = D dEHHUDLFI (it
1=0

|f|m,w(ﬂyv~1) =V d(u+m,v+m)”D;"f”w(ﬂ_*_m.w_m)r)’

and give the following theorem.

Theorem 3.2 For f € Hu"jmw) (x), 0<m < N+ 1, andm € N, the following inequality
holds

17" f = Fllpens < CNT| Flowosn,

where C is a positive constant independent of N.

Proof Applying coordinate transformation s = 2(%)’ — 1 and also relation (3.6), one has

1
(,v,7) _ (i,v)
Iy f = flywro = EWWWN F — Fll -
The desired consequence can be derived by Theorem 3.1 and the relation (3.6). O

3.3 Operational Fractional Jacobi Galerkin Method

The aim of this section is to establish the operational fractional Jacobi Galerkin method to
approximate the solutions of (1.1). In this scheme, the Galerkin approximate solutions are
presented as a linear combination of fractional Jacobi functions, and the corresponding non-
linear algebraic representation of the problem is constructed utilizing a sequence of matrix
operations. Due to the equivalence of the equation (1.1) and (2.13), we implement our strategy
on the equivalent equation (2.13). Inserting t = % into (3.3), the fractional Jacobi Galerkin
approximation z; y (x) of the exact solution z; (x) is defined in the following sense

o0
gn @) =Y v )PV = vl = 00X, jEN,, 3.7
i=0
wheregj =[vjo0,vj1,..-,VjN,0,...],and

B O R Y A CO N

indicating the vector of fractional Jacobi basis functions with degree (Ji(“ ’v’r)(x)) <irt,J

is an infinite order lower-triangular matrix and X, = [1, x7, x2 . xNT 7. Assume

that
Yi(x) = lefj,ix” Zﬂj&p ﬂj =[¥j0, Y1, ¥jN,0,..] (3.8)
i=0
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Moreover, the relation (2.10) can be rewritten as

gj(x.2(x)) = Z 8j.p 00 le"(l'[zikm)
k=1

{9k 71—0

o0 r
(]
D S, X (szkk (")>’ G2
=0 k=1
{Ok}i— =0

where {1, 0>, ...,[,} € R,, and forr € 8,, we have 0;,,0,,...,6;, #0.
Inserting the relations (3.7), (3.8) into (2.13) and using (3.9), we obtain

o0 r
. 7
N =Y X+ Y gy, 17 (x/’f l_[zlkl’fN(x)>. (3.10)
=0 k=1
6, =0

Now, we intend to derive a matrix representation for the right-hand side of (3.10). To this

. . . 0 .
end, we first give the following lemma which transforms zl:f N&x), k=1,2,...,rinto a
suitable matrix form.

Lemma 3.1 The following relation holds

9[/( H[k—]
) = v S X, k=12,

X

where /), is the following infinite upper-triangular matrix

ElkJO Qlkll Qlk.]2
0 v Jov, Ji ...
M= 0 0 v ...

with Jg = {Jn s} g, s =0,1,....

Proof We proceed using mathematical induction on 6y, . For 6, = 1, the lemma is valid. We
assume that it holds for 6;,, and transit to 8, + 1 as follows

O, +1 [ 6, —1
oty @) =2 @) x 2 () = (v, 4" X)) x (0, JX,)

= o Sl (X x (0, TX ) 3.11)
Next, it is enough to show that
X, x (v, JX,) = 4,X,. (3.12)
For this purpose, it can be written

0o o0 [ Ie) oo
X x (07X = X, x (zzwbm,h ) [22 s x<h+m>f}
h=0i=0 m=0

h=0i=0

{Z (Z”lw ir—m X )I}:o’ (3.13)

S=m

which deduces (3.12). Clearly, substituting (3.12) into (3.11) concludes the desired result. O
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,
. . 0 . .
Now, we can construct the matrix representation of [] lejk ~ (x). To this end, let us consider
k=1 "
the following lemma.

Lemma 3.2 We have

r r
o 61, —1 "
[Tz v =wrm ([, )X..
k=1 k=2

in which matrix {///9’5 Voo has the following upper-triangular structure
k=

6, —1 6, —1 6, —1
v, (J,* o glk(mz,é”‘ 1)1glk(Mz,5’k g2
I, — I, —
P 0 v, (], )oy,k<J%§k_l)1...
i 0 0 v, (A o]

O —1 O, —1
where (J ///lkl" )s, § =0, 1, ... denotes the s-th column of the matrix J ///Ikl"

Proof We apply the principle of mathematical induction on r. In view of Lemma 3.1, the
induction basis r = 1 is evident. We will show that if the statement is hold up for r, then it
is also hold up for r 4+ 1. We have

r+1

r
o o, —1 6,0, 1

l_[ ZlklfN(x) = <yll J'%ll 1 ( l_[ Q%(;;k )Xx> X (ylr-#l J%[r+:rl Xx)

k=1 k=2

0 —1/ 0 —1
= (T1) (0% ') G
k=2

Proceeding the same way as (3.13), we derive

6., —1
Xox (v, 0,7 X)) =y X, (3.15)
which completes the proof by employing (3.15) into (3.14). O

In this stage, we apply Lemmas 3.1 and 3.2 to the second term of the right-hand side of (3.10)
which yields

o0 r P

‘ w1V | xPT ik
Z gJ’P’{‘)k}kﬂI ! (x nzlk,N(x)>
p=0 k=1

{Ok};=1=0

oo . X
. 9] -1
= D> g, (xpr vy J- 4, (I I‘%;>x)
k=2

3

ee}

r o0
o, —1 . +
= E El[‘l'%lll (l_[///g;k) E gf’ﬂawk}}i:l I:I%/x(p m)r:lm—O . (316)
k=2 p=0

{0y, =0 B

Evidently, we have [6]

[]V/x(p+n1)f]

o0 o0

:[A;ffp x<P+’")f+V/] . jen,

m=0 m=0
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: : m _ _T((p+m)t+1) ; ;
in which A o = T(prmrty, 4D Therefore, the equality (3.16) can be rewritten as

o0 r

) o
Z gj,pw{f’k}i’:llyl (xpf 1_[ Zlkk*N(x))
=0

P k=1
{6k )= =0
oo r oo
_ Z o leell—l 1_[///* Z ) R A (ptm)Ty; 0
- =l I le g],p,{ek}k=l JsP m=0
{O)_, =0 k=2 p=0
o0 P 1 r
I — .
=\ 2> wla (H%gjk> Qj.tony_, | Xav J € R, (3.17)
{0}!_, =0 k=2

where Q JRCA is an infinite upper-triangular matrix with the following entries

[ J A0k} ] =0 , - ! 41’ -V +
Qj (o) B= o
k=t g/sﬂ—a—l’j)n{@k}zzl JB—a—yjhr’ o< ﬂ j)‘ L.

In this step, to derive the algebraic form of the fractional Jacobi Galerkin discretization of
(2.13), it suffices to insert the relations (3.7) and (3.17) into (3.10). Thus, we have

o0 r
0, —1
QjJXx = ﬂjxx + Z vy J///lll (1_[ //[g;k) Qj-,{ﬁk}zzl X,
k=2

{6k Y3 —, =0
which can be rewritten as
00 r
vi=|y,+| ¥ w4 (]_[///glk) Qi | |77 cas)
{01}, =0 k=2

Projecting (3.18) onto (Jé“’v’r)(x), J](“’v’r)(x), R JI(\,“’v’r)(x)) concludes

1 —
gy Z ey (1) o)) oo e

(O} =0

where the index N at the top of the vectors and matrices dictates the principle sub-vectors
and sub-matrices of order N + 1 respectively. Here, we point out that the unknown vectors
can be found by solving a system of n(N + 1) non-linear algebraic equations (3.19). In
the next section, we present more details regarding the numerical solvability and practical
implementation of this system.

3.4 Numerical Solvability and Practical Inplementation

Trivially, the non-linear algebraic system (3.19) is complex, and its solution requires high
computational costs, especially for large values of n and N, and thereby possibly low accuracy.
In this subsection, to overcome this weakness, we proceed with a well-conditioned and
practical implementation that finds the unknowns of (3.19) using some recurrence formulas
without the need to solve any non-linear algebraic system. In this regard, multiplying both
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sides of (3.19) by JV and defining

v, = ¥ IV = L P P A K (3.20)
yields
o r
o ISR/ (]_[///e*}:v) Yo, |- (3.21)
(O, =0 k=2
In view of Lemma 3.1, we can write
v Jo v, iy o Vo1
a=| o =] o B
Ly /0 Voo

From [11], we observe that {(//llilk _1)N}2=1 has the following upper-triangular Toeplitz

structure

O, —1\N
(2 )
— i 9]k 2 T
(%k,o) (elk D (Bl 0) =, 1
0 e o, — 1 e
(%k 0) O )(31 0) | S
-
= 0 0 (glk 0) k
. . . . glk,l
0 0 (%k,o) i
- -1 o —1 0, —1
'%lk,ko,o 'ﬁlé,ko, 11 Tt ‘ﬁelk,k(),lN
I, — I, —
|0 A - Ao (3.22)
o, —1
0 0 o )y

le_l N . .
where {//flk,o, s Js—o are non-linear functions of the elements glk’ o glk’ e glk,s.

In addition, from (3.20) and (3.22), the matrices {///éj:] }e—p can be rewritten as the fol-
lowing upper-triangular Toeplitz structure

* * *
//191,(,0,0 %Olk.o.l ‘//[91,(,0,1\/
* *
<N 0 //91,(,0.0 T ‘///91k,0,N—1
My =
Oy : : ’
*
0 0 ‘///91,(,0,0
in which
s
ME = A =01, N
005 — %k,i h0s—ic S = U b IV
i=0
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are non-linear functions of the components v v L, U
p :lk»(), :lkql’ ’ ilk,s

Consequently, the matrix £2/4/i=1 defined by

Qpi=t Q{j"lik o Q‘i)%k:]

- 0 200" ... 82, 0=

WY =N N N 0,0 0.N—1
.Qkk_l_(///lll ) //{9*;2.....1///9";— : : : )

: o

0 0 ... .82

{l
has an upper-triangular Toeplitz structure, in which {£2) ¢ Ui }N o are non-linear functions of

the elements

v v ce.y, U
=1,,0" =0’ ’ =1,.,0°
v v ce.y, U
=I,1° =1’ > =L,10
v v
=li,s’ *12 s’ T =lys’

and obtained by
ir—2

s
I}z *
‘QO,X - Z Z Z ///11 0,s—i1" 912 Oip—ip” 7" '//91,4,0,1',,1'

i1=0ir=0 ir—1=0
. . O Y! r , . .
Finally, defining A; Wiz _ QUid=y Q;V{Gk},, , J € 8y, it can be derived
AOkhi=1

0,0 >B—yjr+1,

BN
[A k_l] = B—a— 7! I}
j =0 o} ,
« Z QO =t (25 v Jass.p0 a<B—yirtl

. . . . O i
Next, in accordance with the structure of the upper-triangular matrix A{i Mk=1 we have

b, 47
070 (7, (A7 0y s - 147
0[] [P
., .
0 0 0 [A;"k}i’ Ty .
L o 0 0 0 0 |
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Now, considering the above relation, for j € X,, we can write

[ {6k} N 0.8 <vj*,
kik=1 —yik
v A } = ﬁ yj {6 n
=1, k=1 .
: p=0 2 %1 a[Aj ]Ot,ﬁ’ Bzt
a=0 !
J/j/\
{9L 3y {9L
=[0. OG k=] Gykil‘,..., k=1, (3.23)
k 1 N—}/j)» . .
where {Gy ts Js—o  are non-linear functions of the elements
Y0 o Yo
Yo Yy B
Yo T Yy

Substituting (3.23) into (3.21), the unknown components of the unknown vectors {gj};le

can be evaluated by the following recurrence relations

v, =Yio
gj,ij_] = I/jj yjir—1s
9k}

gj vih Z G k l +1/’j,)’j)w

i {Ok}f—1=0

oo
{73y .

Yin<T > Gy T+, J € Ry

N e, =0

Finally, the unknowns {v’Y }i_, are achieved by solving the lower-triangular system (3.20),
and thereby the fractional Jacobi Galerkin solutions (3.7) can be computed.

4 Convergence Analysis

The aim of this section is to provide convergence properties for the presented method via
establishing a suitable error bound in a weighted L2- norm.

Theorem 4.1 Suppose that z; y(x) given by (3.7) are the approximate solutions of (1.1). If
we have

IVigj € Hyl\u (0, DY U178 € Co), e 20,
then for sufficiently large values of N the following inequality holds
lej vy < CNTYTYIgjle v, J € Ra,

where ej y(x) = zj(x) — zj n(x) denotes the error function, and C > 0 is a constant
independent of N.
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Proof In according to the proposed numerical scheme in Sect. 3, we first consider (3.10) and
substitute the approximate solutions (3.7) into the equation (2.13) and obtain

2j N () = ¥i(x) = 1" gj(x, 2y (x)) =0, (4.1
wherezy (x) = [z1, v (X), 22, N (X), ..., z,,,N(x)]T. Then, from (3.19), we multiply both sides
of (4.1) by J,f“’v’r)(x)w(“"”)(x) and integrate on x, which concludes

(N — ¥ (x) = 17 g6, 2y (), T D) sy =0, k=0,1,...,N. (4.2)

Jk(;l,,u,r) x)
(,v,7)
)”k

Now, multiplying both sides of (4.2) by and summing up fromk =0tok = N

deduces

ﬂ}(v,ﬁ.u,r)(zj’N(x) —Yj(x) = IMigj(x,zy(x))) =0,

and equivalently we have

2N @) = ) + g (17 g (x 2y (1)), (4.3)
since we have z; y(x), ¥;(x) € Span{]é“’v’f), JI(M’U’I), ce JI(VM’V’U}. Subtracting (4.3)

from (2.13) yields

ejn() =17 gj(x, 2(x) — WD (17 g (x, 2y (),

which can be rewritten in the following sense
eiNx) =17 (g; —gj)+ €yl (I"7g}),

(1,v,7)
N

where € (uv.o) H=f—-m (f)and g; = g;(x,zy(x)). Similar to (2.3), we infer that
N

n

1 X
lej N <L) <Ty)/o (x — t)V-f“|e,~,N<r>|dr> + 1B, (4.4)
J

i=1

where B; = enl(v,w,f) (177 g ). Defining the vectors

E@ = [lev®l lean @l ... lean@I]".  B=[1Bil.1Bal.....1Bal]".

and proceeding in exactly the same way as the proof of Theorem 2.2, we can rewrite the
equation (4.4) as the following matrix formulation

~ [F min {ys}—1
E(x) = nL/ (x —p)t==n E()dr + B.
0
Applying Gronwall’s inequality [7] concludes

|Ellysr < C |[B]

wv.1)

and consequently

llej, v G llpewo < ClIBjllywvn < C”enl(\;w-r)(ijgj)”w(u-vvr)- 4.5)
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Using Theorem 3.2, we deduce

”eﬂl(\y.v,t) (ij g/) ”w(;uu.r) < CN_Sj |1y7 g] |Ej’w(;¢.u<r)

= ONI (117781, s + 1D (DY 178 ) ool = & ltnsn))
n
- (| 171 gjl,, s + 3 llei, N||ww.w.r>), 4.6)
i=1
in view of employing the first order Taylor formula. Inserting (4.6) into (4.5) gives
n
llej. N ) ey = CNT Y llei N () ey < CHj, (4.7)
i=1

in which H; = N™% IIV/gJIS o)
Trivially, the relation (4.7) can be rewritten as the following vector-matrix form

Pe < CH, (4.8)
where

T
e = [ller,nllywvo, leanllpwvo, s llenn el
H=I[H, H,..., H]",

and P is a diagonal matrix of order n with the entries
1-CN~%, i=}],
[P] = Y
hJ= 0, i#J.

Evidently, for sufficiently large values of N, the matrix P tends to the identity matrix.
Therefore, the inequality (4.8) yields

llej, vl < CHj,

which is the desired result. O

5 lllustrative Examples

In this section, to confirm the accuracy and efficiency of the strategy, the numerical results
obtained from the implementation of the proposed scheme are illustrated for some non-linear
systems of FDEs. For this purpose, we organize this section as follows

e Some crucial items such as numerical errors (E(N)) and CPU-time used are reported to
monitor the computational performance of the suggested method. In all of the examples,
the numerical errors are calculated through sz(w_,) (x) -norm by

E(N) = max |lej nll,wv.o,
JER,

and in the lack of access to the exact solutions, the numerical errors are estimated by
means of

E(N) = max [lzj 28 (x) — 2, N () | v -
JER,
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e To approve the superiority of the proposed method over other existed methods, we com-
pare our results with those obtained by the spectral collocation method introduced in
[20].

e To demonstrate the applicability of the method, some examples are selected from real-
world problems.

e To confirm the stability of the approach, the performance of this strategy is investigated
for problems with the long integration domain y and large degrees of approximation N.

The process of calculations is done via Mathematica v11.2, running in a computer system
with an Intel (R) Core (TM) i5-4210U CPU @ 2.40 GHz.

Example 5.1 Consider the following non-linear SMFDEs
5
Dl zi(x) = z3(x) + x221(x)22(x) + g1 (x),
AN
DPzy(x) = 25(x)z3(x) + %Jo(ﬂ) sin (z2(x)) + g2(x),
3
Dfz3(x) = xz1(x)z3(x) — 2 F> ({% 2 {53 —%) 2(x)z3(x) + q3(x), (5.

21(0) = 22(0) =0, z3(0) = 1,
Loy =4"0 =0, xelo,1],

where y; = %, Y = %, Y3 = % and the source functions ¢ (x) with j = 1, 2, 3 are chosen
in a way that the exact solutions are as follows

.3 7 10 1 3
z1(x) =sinx?, z2(x) =x% +x47, Z3(X)=§E%(x2).
Trivially, we have

@) = 0(x1), z2(x) = 0(xF), z3(x) = % +0@),

which confirms Theorem 2.4. E5(x) is known for Mittag-Leffler function, J.(x) denotes the
Bessel function for integer number c, and ¢ Fr ({ay, . .., ag}; {b1, ..., bg}; x) is generalized
hypergeometric function.

This problem is solved by our method, and the obtained results are presented in Table 1
and Fig. 1. From Table 1, one can deduce that the proposed strategy provides approximate
solutions with high accuracy, mainly because the numerical errors are considerably reduced
in short elapsed CPU-time corresponding to the large values of N. Moreover, the semi-log
representation of the numerical errors with p = v = —% depicted in Fig. 1, justifies the
familiar spectral accuracy which predicted in Theorem 4.1 because the numerical errors in
the semi-log report linearly varied versus N (note that we have {g }3‘: | = ooinTheorem4.1).

To solve a more challenging problem, we set y; = % V2 = %, V3 = ? in (5.1), and the
forcing functions g (x) with j = 1, 2, 3 are chosen such that the exact solutions are

.3 7 10 1 13
z1(x) =sinx4, zp(x) =x%4x4, z3(x)=§Eg(x5)-

The numerical errors and the approximate solutions obtained by applying the introduced
method are presented in Tables 2 and 3, respectively. Notably, in this case, we have T =
1/A = 1/60 and we can’t expect the numerical errors to decay very fast. However, From
Table 2, it can be seen that the effective computational performance of our method lets us
give reasonable errors even for a large degree of approximation N = 320.

In the next example, we will compare our method with the proposed method in [20].
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Table 1 The numerical results of Example 5.1 for various values of x, v and N

/L:Vz_% MZO,VZ%
N E(N) CPU-time (s) E(N) CPU-time (s)
3 7.61 x 1072 1.40 4.66 x 107! 1.26
16 6.76 x 1074 3.11 3.74 x 1073 3.00
32 7.91 x 10~8 15.12 3.82 x 1077 15.84
64 2.86 x 10710 693.26 1.20 x 10715 689.56
{\
-2t N
\\
O,
-4 \u‘
-6 D‘\
z AN
o 8 \
2 \
[*)) ‘\
S -10 \tl\
-12 h=§
\\
-14 t‘\
\‘s\
16 oo
10 20 30 40 50 60 70
N
Fig. 1 Illustration for semi-log errors of Example 5.1 in the case of fixed u = v = —%
Table 2 The numerical errors of 1 —0.v= ]
Example 5.1 for p=v=-z p="uv=7
=4 mn=3mn=2amd y E(N) E(N)
various values of u, v and N
40 1.81 x 107! 9.96 x 107!
80 1.58 x 107! 7.03 x 107!
160 5.63 x 10™% 3.24 x 1073
320 1.10 x 107° 5.47 x 107°

Example 5.2 [20] Consider the following non-linear SSFDEs

Dézl(x) = —21%(36) + xSEV(—xV)z%(x) + g1 (x),
Dlzy(x) = x3E, (—x7)2}(x) — 23(x) + q2(x),
210) =2200)=0, y €, 1), xel[0,1],

(5.2)
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Table 3 Approximate solutions
of Example 5.1 for
y1=%, y2=%, y3=?and z1,N(x) =0

N =40

various values of N 2,N(x) =0
23 N(x) =0.5
N =80

3

2, N (x) = x4
2,N(x) =0
23, N(x) =0.5
N =160

3 -9
7, NGx) =x4 —0.16x4

7 5
2 N@) =x4 +x2

13
3.8 (X) = 0.5+0.134516x 5
N =320

3 -9 _ 15 21
Z1,N(x) =x% —0.16x4 4 0.0083x 4 — 0.000198413x 4
7 5
2, Nx) =x4 +x2

13 26
73,8 (x) = 0.5+ 0.134516x 5 4 0.00295149x 5

Table4 The maximum of the 1 3

errors of Example 5.2 for various v = % ry=z ry=1

values of N a.nd y 1.lsing the N Error Error Error

method mentioned in [20]
4 3.00 x 1073 274 x 1079 6.59 x 1073
6 7.23 x 1072 2.09 x 10712 8.48 x 10710
8 2.40 x 10710 123 x 10715 7.88 x 10713
10 1.27 x 10712 287 x 10715 3.18 x 10715
12 124 x 10714 2.63 x 10716 8.08 x 10716

where the functions g (x), j = 1, 2 are chosen in a way that the true solutions are

71(x) = x7, 2(x0) =x¥ +x%.

The equation (5.2) is solved via the implemented scheme for the values y = %, %, %, and

the parameters 4 = v = —L and u = 0, v = % Implementing the proposed scheme, the
exact solutions are obtained with the degree of approximations 2, 2, 6, respectively. Also,
in [20], the approximate solutions of (5.2) are computed by applying a spectral collocation
method, and the numerical errors are obtained in L°°-norm. The maximum of the errors
presented in Ref. [20] for different values of N and y are listed in Table 4. Clearly, comparison
results confirm the superiority of our proposed scheme over the method presented in [20].
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Table 5 Description of the parameters of model (5.3)

Parameter Description Value (day™ 1 ) [5]
s Rate of production target cells 10

d Deathrate of target cells 0.5

o Infection of new target cells 0.00122
o Rate of cure 0.1

5 Rate of infected cells 0.3

P Production ofvirus 0.8

c Free virus clearance 0.7

] Efficacy blocking new infection 0.01

€ Drug efficacy 0.41

T Fractional time constant 0.02

Example 5.3 (Hepatitis B [5]) The fractional-order model for hepatitis B with drug therapy
can be written as the following non-linear SSFDEs

LDLT(t) =5 —dT(t) — (1 —DaV(OT ) + pl(1),

Ty
=5 DL = (1= DAV T () =81 — pl ), 53)
L DLV() = (1 - pl () — V1), '

r0)="Ty, 10)=1, VO)=W, ye@©l] tex,

considering three state variables at time 7: target cells 7'(¢), infected cells /(¢), and free virus
V().

Following [5], the description of parameters and their values are given in Table 5. We note
that the units of all the parameters are (day ).

Weset Tp =14, 1p =13, Vp =10and y = %, and solve the problem via the proposed
approach. Table 6 and Fig. 2 report the attained numerical results. Undeniably, the reported
results indicate the high accuracy of the presented scheme in solving real-world problems
due to the absence of unwanted oscillation in errors, in particular for long integration domain
x and large values of N. Obviously, obtaining the regular error reduction in a complex non-
linear problem, despite the large integration domain, especially in a short CPU time and
large degrees of approximation, is a very powerful feature that has been presented in fewer
numerical approaches so far.

Example 5.4 (COVID-19 [16]) Consider the following non-linear dynamical model of
COVID-19 disease

DLS(t) =a—KI®)S@t)(1+a&l(t) —doS(t),
DIE(t) = KISt +al() — (do + K)E(1),
DLI(t) =b+&E(t) — (B +do+&I(1),
DIR(t) = §1(t) — doR (1),
S0) =Sy, E©)=Ey I(0)=1I, R©0)=Ry ye(1], tel0,15],
(5.4)
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Table 6 The numerical results of Example 5.3 for various values of , v, x and N

N
M—V:_% M:O,v:%
E(N) CPU-time E(N) CPU-time
x =10, 10]
60 3.20 x 1073 1.86 1.67 x 1072 1.73
120 8.47 x 1077 8.79 3.81 x 107 8.95
240 591 x 10714 46.73 228 x 10713 46.75
x = [0,20]
120 6.46 x 1073 8.91 291 x 1072 9.07
240 1.55 x 107 46.98 6.00 x 107 46.73
480 543 x 10713 728.53 1.78 x 10712 736.48
=Y "
N .
-2 \\\ 2 tl\
u “a,
-4 \‘El\ _4 \u
s . _ - LN
5 B g ',
§’ -8 \11\\ é"F -8 \‘n‘
n\ \\‘s
. -10 o,
-10 sh\ \‘n
o, —12 .
-12 \1: Y
50 100 150 200 14 100 200 300 400 500
N N

Fig. 2 Tllustration for semi-log errors of Example 5.3 for x = [0, 10] (the left one) and x = [0, 20] (the right
one) in the case of fixed u = v = —%

Table 7 Description of the parameters of model (5.4)

Parameter Description Value [16]

a The population whose test is negative 0.00250281 millions
1o Natural death rate 0.0000004/million
b The population whose test is positive 0.006656 millions
B Death due to Corona 0.0109

K The rate constant characterizing the infection 0.000024

a Rate at which recovered individuals lose immunity 0.00009/million

s Recovered rete 0.75
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Table 8 The numerical results of Example 5.4 for various values of x, v, y and N

N
u_v:—% p,_O,v:%
E(N) CPU-time E(N) CPU-time
r=4
40 4.01 x 107 227 1.61 x 1073 223
80 8.95 x 1079 25.53 3.06 x 1078 25.72
160 557 x 10714 312.39 1.61 x 10713 313.95
y=3
70 272 x 1079 14.63 1.05 x 1074 15.56
140 237 x 1077 167.20 7.80 x 1077 167.27
280 1.59 x 10~ 3319.73 4.41 x 10711 3296.53
0R
\‘\ 0 ‘\\
5
B 2p
-5 5
~ ~ 5
g B g I
® . g ¢ o,
~ _10 \I:l\ - \13\
“a, R ~a.
. o
g -10 \D\
\\~ \D\
e Do _12 B
50 100 150 200 50 100 150 200 250 300
N N

Fig.3 Illustration for semi-log errors of Example 5.4 for y = % (the left one) and y = % (the right one) for

—p=_1
H=V==x3

where K = M is proportionality constant. This model contains four com-
partments at time ¢ (day) healthy or susceptible population S(¢), the exposed class E(t), the

infected population /() and the removed class R (7).

The details of the parameters written in the model (5.4) and their values are given in
Table 7.

Applying the proposed method, we evaluate this example by setting the initial conditions
S$(0) =0.323, E(0) = 0.21, 1(0) = 0.22 and R(0) = 0.21 scaled in million. The numerical
results are illustrated in Table 8 and Fig. 3. From these results, one is thus led to conclude that
the numerical errors are decreased as N is increased. Furthermore, the decay of the errors in
short elapsed CPU-time corresponding to the large values of N reveals that the introduced
strategy is well-conditioned.
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Table 9 Description of the parameters of model (5.5)

Parameter Description Value [12]
D Probability of disease transmission per contact by an infective in stageI ~ 0.0005

121 Transfer rates from stage I to stage J 0.01

122 Transfer rates from stage J to AIDS stage 0.02

B The natural death rate 0.02

d The death rate for AIDS 0.075

¢ The average number of contacts that an individual has per unit time 3

H The treatment rate from stage J to stage I 0.01

Table 10 The numerical results

| _oyp=1

of Example 5.5 for various values m=v=-3 p=0v=7

of jt, vand N E(N) CPU-time  E(N) CPU-time
120 5.12x1073 15.56 1.97 x 1072 15.80
240 2.94 x 107° 94.91 9.57 x 107° 95.25
480  1.06 x 10712 1717.14 293x 10712 1717.27

Example 5.5 (HIV/AIDS [12]) Let us consider the HIV/AIDS epidemic model with treatment
as

DLS(t) = Pk — Ed(1(t) + aJ (1))S(t) — BS(1),

DLI(t) = E0(I (1) +aJ (1)S(t) — (B +k)I(1) +8J (1),

DLI@®) =k (1) — B+ ko +8)J (1), (5.5)
DLA(t) =kad (1) — (B+ dD)A®),

S0 =Sy, 10)=1I, JO)=Jy, A®©0)=A ye©1], re]l0,5]

The total population is divided into a susceptible class of size S, an infectious class before
the onset of AIDS, and a full-blown AIDS group of size A, which is removed from the active
population. The infection population is classified into two groups, the asymptomatic stage
of size I and the symptomatlc stage of size J. Bk represents the recruitment rate of the
population, and the parameter @ > 1 captures the fact that the individuals in the symptomatic
stage J are more infectious than the asymptomatic stage /. The description and values of the
other parameters are depicted in Table 9. It is noticed that the unit of time is the year. For
more explanations about the model, we also refer to [12].

Inserting S(0) = 300, 1(0) = 60, J(0) =30, A0) =5, k=120, a =03andy = %,
we compute the approximate solutions of (5.5), and the numerical results are illustrated in
Table 10 and Fig. 4.

6 Conclusion
In this paper, the well-posedness and smoothness properties of the solutions of (1.1) were

presented. Furthermore, a suitable operational Galerkin approach based on the fractional
Jacobi functions was presented, and a practical implementation process was introduced which
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-12 AN

-14
100 200 300 400 500

N

Fig.4 Illustration for semi-log errors of Example 5.5 in the case of fixed u = v = —%

finds the unknowns via some recurrence relations without solving any non-linear algebraic
system. Convergence analysis of the presented method was justified that confirmed the high
accuracy of the scheme without enforcing the problematic regularity assumptions on the given
data. Finally, through the numerical solution of various examples, the well-conditioning and
high-order accuracy of the presented method was emphasized.
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