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Abstract

The two-step backward differential formula (BDF2) with unequal time-steps is applied
to construct an energy stable convex-splitting scheme for the Cahn-Hilliard model. We focus
on the numerical influences of time-step variations by using the recent theoretical framework
with the discrete orthogonal convolution kernels. Some novel discrete convolution embedding
inequalities with respect to the orthogonal convolution kernels are developed such that a
concise L? norm error estimate is established at the first time under an updated step-ratio
restriction 0 < rg = 7T/Tk—1 < Tusers Where ryger can be chosen by the user such that
Tuser < 4.864. The stabilized convex-splitting BDF2 scheme is shown to be mesh-robustly
convergent in the sense that the convergence constant (prefactor) in the error estimate is
independent of the adjoint time-step ratios. The suggested method is proved to preserve
a modified energy dissipation law at the discrete levels if 0 < r; < 7Tuser, such that it
is mesh-robustly stable in an energy norm. On the basis of ample tests on random time
meshes, a useful adaptive time-stepping strategy is applied to efficiently capture the multi-
scale behaviors and to accelerate the long-time simulation approaching the steady state.
Keywords: Cahn-Hilliard model; adaptive BDF2 method; discrete energy dissipation law;
orthogonal convolution kernels; discrete convolution embedding inequality; error estimate
AMS subject classifications. 35Q99, 65M06, 656M12, 74A50

1 Introduction

The Cahn-Hilliard (CH) model is an efficient approach to describe the coarsening dynamics of
a binary alloy system [4] and has been applied in other fields including image inpainting [2] and
tumor growth [5]. Consider a free energy functional of Ginzburg—Landau type,

E[@]:/Q[G;|V<I>|2+F(<I>) de with F(®) = 7(2?—1)? (1.1)
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where £ € Q@ C R? and 0 < € < 1 is a bounded parameter that is proportional to the interface
width. Then the Cahn-Hilliard equation would be given by the H~! gradient flow associated
with the free energy functional E[®],

O® = kAp  with p:= % = F'(®) — EAD, (1.2)

where the parameter x is the mobility related to the characteristic relaxation time of system
and p is the chemical potential. Assume that ® is periodic over the domain €. By applying the
integration by parts, one can find the volume conservation,

and the following energy dissipation law,

dE
dt
where (u,v) := [, uvdx, and the associated L? norm [[v]| = /(v,v) for all u,v € L*(Q).

The main aim of this paper is to present a rigorous stability and convergence analysis of
the BDF2 method with variable time-steps for simulating the CH model . Consider the
nonuniform time levels 0 = tg < 1 < --- < ty = T with the time-step sizes 73 := t — tp_1
for 1 < k < N, and denote the maximum time-step size 7 := maxj<p<n 7;. Let the adjoint
time-step ratio ry := 75 /7,—1 for 2 < k < N. Our analysis will focus on the influence of non-
uniform time grids (with the associated time-step ratios) on the numerical solution by carefully
evaluating the stability and convergence.

This is motivated by the following facts:

(8%, 00®) = i (1, Ap) = —[|Vu|* < 0, (1.4)

e The BDF2 method is A-stable and L-stable such that it would be more suitable than
Crank-Nicolson type schemes for solving the stiff dissipative problems, see e.g. [3},6].

e The nonuniform grid and adaptive time-stepping techniques [12,/18-20}24] are powerful
in capturing the multi-scale behaviors and accelerating the long-time simulations of phase
field models including the CH model.

e The convergence theory of variable-steps BDF2 scheme remains incomplete for nonlinear
parabolic equations. Actually, the required step-ratio constraint for the L? norm stability
are severer than the classical zero-stability condition r;, < 1+ /2, given by Grigorieff [11].
Always, they contain some undesirable pre-factors C, exp(C,I'y,) or Cy exp(Cyty,), see e.g.
[1,9,/10,128], where I';, may be unbounded when certain time-step variations appear and
C, may be infinity as the step-ratios approach the zero-stability limit 1 + /2.

In recent works [18,19}22], a novel technique with discrete orthogonal convolution (DOC) kernels
was suggested to verify that, if 0 < rp < (3 + \/ﬁ) /2 = 3.561, the BDF2 scheme is computa-
tionally robust with respect to the time-step variations for linear diffusions [22], the phase field
crystal model [18] and the molecular beam epitaxial model without slope selection [19).

Nonetheless, due to the lack of some convolution embedding inequalities with respect to
the DOC kernels, the techniques in [18}19,22] are inadequate to handle more general nonlinear
problems such as the underlying nonlinear CH model (and Allen-Chan model). The main aim
of this paper is to fill this gap by establishing some discrete convolution embedding inequalities
with respect to the DOC kernels. Also, the recent analysis in [18, Lemma A.1] with a step-scaled
matrix motivates us to update the previous zero-stability restriction in [22] as follows,



S0. 0 < rg < ryser(< 4.864) for 2 <k <N,

where the value of 7y can be chosen in adaptive time-stepping computations by the user such
that ryser < 4.864, such as ryser = 2,3 or 4 for practical choices. Under the step-ratio constraint
S0, we will present an L? norm error estimate with an improved prefactor, see Theorem 4.1

Cyexp (cgtn_l) .

Here and hereafter, any subscripted C, such as C, and Cy, denotes a generic positive constant,
not necessarily the same at different occurrences; while, any subscripted ¢, such as ¢, cq, ¢p, c.
and so on, denotes a fixed constant. The appeared constants may be dependent on the given
data (typically, the interface width parameter €) and the solution but are always independent
of the spatial lengths, the time t,,, the step sizes 7,, and the step ratios r,. It is interesting to
emphasize that, under the step-ratio constraint SO, the involved constants are bounded even
when the step-ratios 7, approach ryser such that the BDF2 scheme is mesh-robustly convergent.

To the best of our knowledge, this is the first time such an optimal L? norm error estimate of
variable-steps BDF2 method is established for the Cahn-Hiliard (and Allen-Cahn) type models.
As a closely related work, the BDF2 scheme for the Allen-Chan equation was also investigated
in [20] by using the discrete complementary convolution kernels. The BDF2 scheme was proved
to preserve the maximum bound principle if the step-ratios satisfy the classical zero-stability
condition 7 < 14 /2. The maximum norm error estimate with a prefactor ﬁ exp(l%"n) was
obtained, where the parameter  — 1 as maxr, — 1 + /2. It is to mention that, under the
constraint SO, one can follow the present analysis to obtain a new L? norm error estimate that
is robustly stable to the variations of time-steps.

Given a grid function {vk}{cvzo, put Vv, ok i= ok — k1 90k .= v 0k /7y for k > 1. Taking
™ = v(ty,), we view the variable-steps BDF2 formula as a discrete convolution summation

n
Dyy" = Z bgﬁ)kVTvk for n > 2, (1.5)
k=1

where the discrete convolution kernels bfln_)k are defined for n > 2,

1+42r r2
B = =gl T and b =0 for j>2. 1.
0 ity O Py an i 0 for j> (1.6)

Without losing the generality, assume that an accurate solution ¢! is available. We consider
the stability and convergence of the convex-splitting BDF2 scheme for solving the CH equation
(1.2)) subject to the periodic boundary conditions:

Dy¢" = KApp™  with  p" = (¢")3 — " — (62 + ATQ) App" for 2<n < N, (1.7)

where ¢" := (14 7,) 9"t — r,¢" 2 and the stabilized parameter A > 0. The spatial operators
are approximated by the Fourier pseudo-spectral method, as described in the next section.
The unique solvability of the convex-splitting scheme is established in Theorem by
using the fact that the solution of nonlinear scheme is equivalent to the minimization of
a convex functional. Lemma shows that the BDF2 convolution kernels bfln_)k are positive
definite provided the adjacent time-step rations rj satisfy SO. Theorem shows that the



convex-splitting BDF2 method has a modified energy dissipation law at the discrete levels
for a properly large parameter A, see Remark [3]

We are to emphasize that the solution estimates in section 2 are based on the original form
, but in the subsequent L? norm error analysis we will use an equivalent convolution form
with a class of discrete orthogonal convolution (DOC) kernels. The DOC kernels {02@1@}}3:2 are
defined by (this definition is slightly different from those in [18}[19,22] since we do not introduce
the discrete kernel bél) for the first-level solver)

n

n 1 n 1 n
0( )= "ol forn >2 and 02) = Z 92 )]bﬁj)k forn>k+12>3. (1.8)
bo by jkt1

One has the following discrete orthogonal identity

Zefj‘)]bgj)k =6 for2<k<n, (1.9)
=k

where d,; is the Kronecker delta symbol. By exchanging the summation order and using the
identity (1.9)), it is not difficult to check that

J
Zﬁn ]D vl = ZHn ]b(j 1V —I—ZH ij Vv v, 0t
(=2

:0,51_)2b§ )70 + vt for n > 2. (1.10)
Acting the DOC kernels an on the first equation in ((1.7) and summing n from n = 2 to m,
we apply (1.10) to find the equivalent convolution form (replacing m by n)

Vet = _92"_)2652)v7¢1 + /{ZGSL_)J-A;LM for 2<n < N. (1.11)
=2

Note that, by following the proof of [21, Lemma 2.1], we have

be;”)ﬂ;ﬂ = Omi for 2< k< m. (1.12)

With the help of this mutually orthogonal identity, one can recover the original form by
acting the BDF2 kernels bgﬁ)n on the new formulation (L.1I)). In this sense, the DOC kernels
define a reversible discrete transform between and the convolution form (1.11]).

To perform the L? norm error analysis, section 3 presents some properties of the DOC kernels
H(H)k and some new convolution embedding inequalities with respect to the DOC kernels, see
Lemmas 3.1-3.9. By making use of the H' norm solution bound obtained in Lemma [2.2] . we
establish an optimal L? norm error estimate in section 4. Numerical tests and comparisons are
presented in section 5 to validate the accuracy and effectiveness of the BDF2 method ,
especially when coupled with an adaptive stepping strategy.



2 Solvability and energy dissipation law

We use the same spatial notations in [18]. Set the space domain 2 = (0, L)? and consider the
uniform length h, = hy = h := L/M in each direction for an even positive integer M. Let
Qp = {:L'h = (th,jh)|1 <i,j < M} and put Q, := Qp U9Q. Denote the space of L-periodic
grid functions Vy, := {v|v = (vy) is L-periodic for xj, € Q,}.

For a periodic function v(x) on €, let Py : L?(2) — Z be the standard L? projection
operator onto the space %)y, consisting of all trigonometric polynomials of degree up to M/2,
and Ips : L2(Q) — Z be the trigonometric interpolation operator [25], i.e.,

M/2—1 M/2—1

(Pyo) (x) = Z Vemerm(x), (Iyv)(x) = Z Vg me€rm (),

Lm=—M/2 Lm=—M/2

where the complex exponential basis function ey, () := eV(tr+my) with v = 2 /L. The coef-
ficients vy, refer to the standard Fourier coefficients of function v(x), and the pseudo-spectral
coefficients vy ,,, are determined such that (Ip/v) (zp) = vp.
The Fourier pseudo-spectral first and second order derivatives of vy, are given by
M/2-1 M/2—1

Dxl}h = Z (il/f) 5g7m€g7m(mh), ngh = Z (iu€)2 Egvme&m(mh).
Lm=—M/2 Lim=—M/2

The differentiation operators D, and Dz can be defined in the similar fashion. In turn, we can
define the discrete gradient and Laplacian in the point-wise sense, respectively, by

Vivp = (Dyon, Dyv)”  and - Apvy = (D2 + D) v

For any grid functions v, w € V},, define the discrete inner product (v, w) := h? theﬂh VR WH
and the associated L? norm |[v|| := |jv[l;z = +/(v,v). Also, we will use the discrete 19 norm
vll;e == {/h2 >, cq, [vn]? and the H' seminorm |Vao| = \/h2 > wncq, |Vhonl? Tt is easy
to check the discrete Green’s formulas, (—Apv, w) = (Vjyv, Vyw) and (Afv,w) = (Apv, Ajw),

see [6,,7,25] for more details. Also we have the following discrete embedding inequality simulating
the Sobolev embedding H(Q2) < L5(Q),

Hleﬁ < CQ(H’UH + HVhUH) for any v € V. (2.1)

For the underlying volume-conservative problem, it is also to define a mean-zero function
space V, 1= {v e V| (v,1) =0} C V. As usual, following the arguments in [6,8], one can
introduce an discrete version of inverse Laplacian operator (—Ay)~7 as follows. For a grid
function v € \O/h, define

M/2-1
(—Ah)i’y Vp 1= Z (1/2 (EQ + 7712))_’y 5€,m€£,m($h);
6,m = —M/2
(t,m) #0
and an H ™! inner product (v, w)_; := ( (=A™ v,w). The associated H ! norm |[-||_; can be

defined by ||v||_; := /(v,v)_;. We have the following Poincaré type inequality with the usual



Poincaré constant ¢, Hv”_l < cpHv

, and the generalized Holder inequality,

H’UH2 < ||Vaol|||v]|_, for any v € V. (2.2)
Also the discrete embedding inequality can be simplified as (¢, := cq + cacp)

HUHZG SCZHVhUH for any v € Vj,. (2.3)

2.1 Unique solvability
Let E[¢"] be the discrete version of free energy functional (I.1)), given by

€2 2
Ewﬂﬁzaﬂvmﬂ\+<thJ> for k > 1. (2.4)
To focus on the numerical analysis of the BDF2 solution, it is to assume that

A1. A starting scheme is properly chosen to compute the first-level solution ¢' such that it
preserves the volume, <¢>1, 1> = <¢0, 1> = <PM<I>0, 1>, and also preserves certain (maybe,
modified) energy dissipation law. There exists a positive constant ¢y, depended on the
domain €, the mobility x, the interface parameter € and the initial value ¢°, such that

T1T2

A 2
206" + ||V < co.

T: 2
El']+ 5 0:6']IZ, +
Remark 1. Assumption A1 can be satisfied by many of first-level solvers. The BDF1 scheme
would be suited for computing a second-order solution ¢'; however, a very small initial step T
would not be suggested here since it arrives at a large step-ratio ro and eventually affects the
accuracy of solution in the whole simulation, see numerical results in [25].

The Crank-Nicolson scheme at the first time-level can generate a second-order difference
quotient 0.¢'; but a very small initial step T would not be suggested either because it would be
prone to generate nonphysical oscillations. To control possibly initial oscillations, we suggest
a special step-ratio vy = \/2/2 in the implementation of our scheme . Actually, by taking

V=@, ¢l = @2, T =11 + T2 and v := 71 /Te with ro = 1/y — 1, the first two steps of
are equivalent to the following TR-BDF2 method

¢7 — ¢°
VT

K 2—v 1 1—7
*Ahuoa ¢ - ¢’Y +
2 (1 =) Y1 = )T YT

which was shown to be L-stable for v =2 — /2, see [16,27].

Under the assumption A1, the solution ¢™ of the BDF2 scheme ((1.7)) preserves the volume,
<¢”, 1> = <¢0, 1> for n > 2. Actually, taking the inner product of (1.7) by 1 and applying the
discrete Green’s formulas, one can check that <D2q§j , 1> = 0 for j > 2. Multiplying both sides

K
= A + ¢° = kAppt,

of this equality by the DOC kernels 97(1n_)j and summing the index j from j = 2 to n, we get

ZGSLTL_)j<D2¢j, 1> =0 forn>2.
j=2

It leads to <VT¢", 1> = 0 directly by taking v/ = ¢/ in the equality (1.10). Simple induction
yields the volume conversation law, <¢”, 1> = <gb”_1, 1> =...= <¢0, 1> forn > 1.



Theorem 2.1. If A1 holds, the convex-splitting BDF2 scheme (1.7) is uniquely solvable.

Proof. For any fixed time-level indexes n > 2, consider the following energy functional G on the
space V; = {z e V| <z, 1> = <¢”*1, 1>},
bon) n—1 b (n) n-1 n—1
_7 H ¢ H 1 T < ¢ k4 >—1

+5&-+Arvau+«@W4—aaa- 9

It is easily to verity the functional G is strictly convex since, for any A € R and any v € Wofh,

2G "
R e | e e

dA2
Thus the functional G has a unique minimizer, denoted by ¢”, if and only if it solves the equation
_d¢ p™ (5 _ pn—1 (n) n—1 3_ 07— (24 AP2A
0=l ]| =(b (2= ¢" ) +b"V0" N y) (27— 0" — (€ 4+ AT Anz, ¢)

= <b( (z— " H + b Td)" L kA, [23 — " — (62 + AT2)AhZ],1/J> )
This equation holds for any ¢ € V, if and only if the unique minimizer ¢™ € V; solves

b7 (6" = @) + V6" = KAR[(6") — 6" — (2 4+ AT?)Ang"] =0

which is just the convex-splitting BDF2 scheme (|1.7). It completes the proof. ]

2.2 Discrete energy dissipation law

In our previous work [22, Lemma 2.1], the BDF2 kernels b( ") _;, are shown to be positive definite

if the adjacent time-step ratios 0 < rp < % The following result shows that this sufficient
condition can be further improved in the theoretical manner. This improvement is inspired
by [18, LemmaA.1] to find a lower bound for the eigenvalues of the step-scaled matrix B, see
Lemma below. For simplicity, we denote

24 4z — 23/2 §3/2

Rolzs)i=—1 "1,

, for 0 < z,8 <y, (2.6)

where 7, = 4.864 is the positive root of the equation 1+ 2r, — rf/ 2=0. According to the proof

of [18, LemmaA.1], Ry (z,s) is increasing in (0,1) and decreasing in (1,7.) with respect to z.
Also, Ry, (z,s) is decreasing with respect to s such that

2(1 + 2r, — /%)
142
Lemma 2.1. Let 0 < r, < 4.864 for 2 <k < N. For any real sequence {wy}}_,, it holds that

Ry (z,8) > min{Ry (0,7.), Rp(rs,74)} = =0 for0<z,s<r,.

2/21 wy, ry/? Wi_y wi
2wy, b, w; 7—’_ ko ko —i—RLTkT’klfk or k> 2.
ij j_1+7"k+17'k T+7k k1 (e, +)Tk f -



So the discrete convolution kernels b,@j are positive definite in the sense that

n k n 2
k w
2 E W, E b,(c_)jwj > E RL(rk,rkH)T—: forn > 2.
k=2  j=2 k=2

Proof. Applying the inequality —2ab > —a? — b%, we take uy, := wy/+/Tk to find

k
1 k k
2wy, Z 7_]3bl(c)jwj = 27'kb(() )ui + 2\/7'ka—15§ )Ulcuk—l
i=1

3/2
> 2+4Tk 2 Tk

= P T4

3/2 2 3/2 2 2
"kt Wi Tk Wk v for k> 2

— + Rp(rg,r —k
1+ 7p1 7% 1+ry, 71 L( K k+1) Ti

(u% + ui_l)

Summing this inequality from k& = 2 to n, it is straightforward to obtain the claimed positive
definiteness result. It completes the proof. O

Remark 2. This lemma updates the sufficient condition of (22, Lemma 2.1]. Thus by following
the discussions in [22, Remark 3 and Remark 5], one can verify that the variable-step BDF2
method is A-stable if 0 < ri < 4.864 for 2 <k < N.

Next theorem shows that the numerical scheme (|1.7)) preserves a modified energy dissipation
property at the discrete levels, and it is mesh-robustly stable in an energy norm.

Theorem 2.2. Let SO holds. If the stabilized parameter A is properly large such that

(1 +rpy1 — 1)* K2

—, 2.7
N 64R%(7‘n77ﬂn+1) €2 ( )
the convez-splitting BDF2 scheme (1.7]) preserves the following energy dissipation law
El¢"] < E[e" ] <[] forn > 2,
where the modified discrete energy E[¢F] is defined by
[ V Th+1Tk+1 kN2 ThTh+1 w2 AT? B2

Proof. The volume conversation implies V.¢" € \07h for n > 1. Then we make the inner product
of (1.7) by (=Ap)~1v,¢"/k and obtain

%<D2¢”, V,0")_ — (€ + AT?) (A", V,0") + ((¢")* — 9", V-¢") = 0. (2.9)

With the help of the summation by parts and 2a(a — b) = a® — b* + (a — b)?, the second term
at the left hand side of (2.9)) reads

(€ + A7) (V40" Ta7-6") = 1 (& + A7) ([900" [~ 900" + [ 9767 ).



It is easy to check the following identity
daP(a —b) = a* — b* + [2a° + (a + b)?] (a — b)*.
Then the nonlinear term in (2.9)) can be bounded by
1
(6907 = 2]l = Lo

Noting the following identity

(14 )b — 7] (a — b) = %(Cﬂ ~)+ 0 - T b

where 7, := r,, + rp41 — 1 for brevity. Then the extrapolation term in (2.9) can be treated by

~ 1 _ n n— n n
(.9:6") =5 (l6"|* = 10" [*) + Gl 7-0" 7 * = Z | ve0m |
+ e = v

The condition of ( gives that Ry (rn,ns1) > w72/ (8e¢A/?). Taking w; = V,¢’ in the first
inequality of Lemma it is not difficult to get

1 Tn+1Tn n nin n—
H(Dag vea) > LI g g — VIl g7

-1
"€ n||2
1= 2%(1 + Ty (1 A% Hvﬂb H—l‘

Tn
Thus it follows from ([2.9) that
777216’1

ElP"] +
"] 167, Az

90672, + 3 (@ + 472) [Vaw,7 P~ 2 fveg|f < £l (210)
for n > 2. Recalling the definition of the maximum time-step 7, one has
% (62 + ATQ) HVhVTQS”HQ > eTA%HVhVﬂb”HQ > ETHA%HVhVT(Z)nHQ.

An application of the generalized Holder inequality ([2.2) obtains

= = =2 —1
R A I e e e [Y

Tn
Combining it with (2.10)) yields £[¢"] < E[¢" 1] for n > 2. It completes the proof. O

Remark 3. It is seen that this stabilization parameter constraint (2.7) requires A = O(k?/€?).
Recalling the monotonicity of function Rp(z,s), we detail some requirements of A to ensure
energy stability:

(i) If time-step ratios 0 < 1y, rny1 < 2, and then Rp(rn, 1) > Rr(0,2) = 2 —

needs A > 5227(01)2) 5~ 11337 /€2

[\
w%
&)

One



(ii) If time-step ratio 2 < r, < 3, one can choose rny1 such that 0 < rp11 < 2, and then
Rp(rn,mny1) > R1(3,2) = W. It requires A > 2.527k? /€2,

(iii) If the current ratio is somewhat large such that 3 < rp < Tyser, one can choose a small
ratio rn41. For example, the step-ratio ryser = 4 taken in adaptive time-steps computations
shows that A > 1.778k% /€% is enough if 0 < rpy1 < 1.

In Section 5, we consider the model parameters k = 2 x 1073, € = 5 x 1072 and 7yser = 4 for
adaptive simulations. In such case, a mild constraint A > 3/625 is sufficient.

Remark 4. The stabilized technique was originally introduced by Xu and Tang [30] to build
large time-stepping semi-implicit methods for phase filed models. After that, various artifi-
cial stabilization terms were proposed, for instance, the second-order stabilization terms [29,/30]
ATAy, ((Z)” — (b"*l), AT ((b” — ¢"*1) and A (qﬁ" — 20" 1 4 ¢”*2), such that the discrete energy
stability holds unconditionally (or with reasonable stability condition); however, the energy sta-
bility were all based on the assumptions that nonlinear force F'(®) is Lipschitz continuous or
the derivative of F'(®) is uniformly bounded. He et al. [15] used the first-order stabilized term
ANy, (gb” — ¢"‘1) in which the energy stability relayed on uniform bounds of the mazimum norm
of the numerical solutions. Recently, under the time-step ratio 0 < rp < 3 + \/ﬁ/Q ~ 3.561,
the stabilized term Ar,Ap (qb” — qb”_l) was first introduced in the variable-steps BDF2 method
for CH model to achieve the unconditionally modified energy dissipation law [9]; while the sta-
bilization parameter A could blow up for time-step ratios v, — 3.561. In current work, under
the time-step ratio condition S0, we introduce a new second-order stabilization term by adding a
dissipation term AT2Ap¢™ to ensure the energy stability for the convex-splitting BDF2 scheme
. Although the stabilized term AT2AR¢™ is taken as the mazimum time step T in every time
step, it avoids all the assumptions of nonlinear force F'(®) and the bounds of numerical solu-
tions. Meanwhile, the new artificial diffusion coefficient A is bounded under the condition SO.
Specially, the detailed discussion in Remark[3 shows that this new artificial diffusion coefficient
A is of order k?/€? in the practical numerical computations.

Lemma 2.2. Let SO and A1 hold. If the stabilized parameter A fulfills (2.7), the solution of
BDF2 time-stepping scheme (1.7)) is bounded in the sense that

6" || + || Vad™|| < c1:= VAe2co + (24 €2) || forn >2,

where c1 is dependent on the domain 2, the interface parameter € and the starting value ¢, but
independent of the time t,, the time-step sizes T, and the time-step ratios ry,.

Proof. Under the assumption A1, the definition (2.8) of £[¢p"] gives

172

El8'] < o' + oo ]jore! |2, +

Thus the discrete energy dissipation law in Theorem implies ¢y > E[¢"] > E[¢"]. Reminding
the inequality [|¢™ [} > 2(1 + €2) |¢"|* — (14 €2)? |2, due to the simple fact (a? —1—€2)? > 0,
one applies the definition (2.4) of E[¢"] to get

dcg > 26| Vg™ ||” + 4(F(¢™),1) > 22| Vio"||* + 262 671> — €2(2 + €2) ]
and then
([e"]| + |Vae"[)* < 216" 17 + 2| Voo™ ||* < 4 2co + (2 + €2) ] for n > 2.

It implies the claimed result and completes the proof. ]

A 2
006+ 20906 < co.
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3 Some discrete convolution inequalities

Our error analysis is closely related to the convolution form (|1.11)), so we need some detail

properties and discrete convolution inequalities with respect to the DOC kernels 02”7) ;- It is to
emphasize that the positive constants m;, me and ms involved in this section are independent of
the time t,,, time-step sizes 7,, and the step ratios r,. Actually, they would take different values
for different choices of step ratios r,, but are bounded with respect to the changes of step ratios,
even when r,, approaches the user limit 7se;.

3.1 Simple properties of DOC kernels

Following the proofs of [22, Lemma 2.2, Corollary 2.1 and Lemma 2.3], we can obtain some
simple properties of the DOC kernels.

Lemma 3.1. If SO holds, the DOC kernels 9 ") deﬁned in (1.8) satisfy:

(1) The discrete kernels Qfln_)j are positive definite;

1 n
1I) The discrete kernels 0(71_)- are positive and 0 n) —— or2<j<n;
n p0)
0 =j+

n k
(111) Zﬁnn)] < 7, such that ZZG,@J <ty forn>2.

k=2 j=2

We introduce the following two (n — 1) x (n — 1) matrices

b(()2) 0(()2)
3) 13 (3) (3)
b b 0 0
By := ! .0 ' and O := 1 0_ . )
R O R

where the discrete kernels bfﬁ) i and 921),9 are defined by (|1.6) and (1.8)), respectively. It follows
from the discrete orthogonal identity ((1.9)) that

0, = By . (3.1)
If the step ratios condition SO holds, Lemma [2.1] shows that the real symmetric matrix
B:= By + BY (3.2)

is positive definite, that is,

n k n
wlBw =23t S 4w >3 Ro(rs i) (k2
- Tk
k=2  j=2 k=2

where the function Ry (2, s) is defined by (2.6)) and the vector w := (w? w3, --- ,w™)T. According
to Lemma (I), the following symmetric matrix

0:=0,+01 =B+ (B;H = (B;Y! (By+ BBy = (B, ) BB;! (3.3)

is also p051t1ve definite in the sense of w’Qw = 2 Z kk) ]wj w® > 0. Here and hereafter, we

denote =3 Z j—o for the simplicity of presentatlon

11



3.2 Eigenvalue estimates

To facilitate the proofs in what follows, we are to define the following step-scaled matrix

i
5(3) 5(3)
s 1 0
B2 = ATBQAT = X X ) (34)
) 5
bl bo (n—1)x(n—1)

where the diagonal matrix A, := diag (\/E T3, \/ﬁ) so that the step-scaled discrete ker-
nels l;ék) and ng) are given by

3/2
~ 14 27y = (k) T
pk) — 2Tk and B = Tk for 2 < k < n. 3.5
T 1+ ro=f=m (3.5)

Moreover, we will use the following real symmetric matrix,
B:= By + Bl = A, BA,. (3.6)

The following two lemmas present some eigenvalue estimates of B and é; B,. To avoid
possible confusions, we define the vector norm |H . !H by H’um := VuTu for any real vector u and

the associated matrix norm H‘UH} = 4/ Amax (UTU).

Lemma 3.2. If SO holds, there exists a positive constant mq such that Amin (E) >my > 0.

Proof. This proof can be followed from [18, Lemma A.1]. We include the main ingredient for
the completeness. Applying the Gerschgorin’s circle theorem to the matrix B, one has

B 2(1 + 27ryser — Tl?;égr)

Amin(B) = 22, i (ks k1) > Rr (Tusers Tuser) = 1+ Tuser -
3/2
where Ry (z,s) is defined by (2.6)). It completes the proof by taking m; = w?ﬁi—ﬂ““) =

Lemma 3.3. If SO holds, there exists a positive constant mo such that Amax (£~32T§2) < ms.

Proof. This proof can be followed from [18, Lemma A.2] ._We include the main ingredient for
the completeness. By writing out the tri-diagonal matrix B By and applying the Gerschgorin’s
circle theorem, one can find

>\max (§2T§2) < 22113§Xn RU (Tk7 Tk-i—l) < RU (Tusera ruser) 5

where the function Ry (z, s) is defined by

(1+422)(1 4224 2%2)  3/2(1 + 25 4 5%/2)

Bu (z9) = (1+2) (1+9)2

for 0 < 2,8 < Tuser-

An upper bound is then obtained by taking my = Ry (Tuser, Tuser)- O

12



By the above two lemmas, we can bound the minimum eigenvalue of ©.

Lemma 3.4. If SO holds, the real symmetric matriz © in (3.3)) satisfies

vIOv > 2—; |HAT’UH|2 for any vector v.

Proof. Lemma says that real symmetric matrix B is positive deﬁmte There exists a non-
singular upper trlangular matrix U such that B = UTU. By using and ., one gets

v'0v = v (B;)"BBy v = v (ByH)YTAZ'BAS ' By v = H|(7A;1B;1vm2.
Thus it follows that

ol = |- B, 0 067 B5 | < [| B0 |20 B3 o
Bl P00 = A (B Ba) d (B )",

Thus Lemmas [3.2] and [3.3] yield the claimed inequality. O

To evaluate the maximum eigenvalue of ©, consider the inverse matrix of the matrix Ba,

o
_ _ GG
Oy =Byl =A7lOA = | ! ° : (3.7)

g, A,
where the step-scaled DOC kernels é,i]? ; follow from Lemma (I1),
k 3/2
~ 1 k 1+4+7r; T, .
9(’“).::70().:7] —t— for2<j<k<n. .
k=i ThTj k= 1+2rj,H 1+ 2r; rL=J=r=n (3.8)
i=j+1
Lemma 3.5. If SO holds, then there exists a positive constant ms such that

vTOv <ms |HAT'UH|2 for any vector v.

~ ~ ~ 3/2
Proof. Let © = O3 + 0O, Since 0 < f‘jgi < My 1= IJ:‘Q‘;‘;ZM < 1 for any x € [0, 7yser|, OnE can
apply the formula (3.8)) to get

k n k
5k 57 k— k
s L+ S Yt Yt < 2
Jj=k Jj=2 =

j=2
One has Amax ((:j) < maxo<p<n Rpp < M3 = 1jn* by the Gerschgorin’s circle theorem. It
implies wlOw < mgme|2 for any w and the choice w := A,v completes the proof. ]

13



3.3 Discrete convolution inequalities

The following two lemmas describe the Young-type convolution inequality.

Lemma 3.6. If SO holds, then for any real sequences {vk}’,;”:2 and {wk}}g:w

1 n
20 wv]<520 Ryl 4 mZTk(wk)Q for¥e>0.
1 =2

Proof. Let w := (w?,w3,--- ,w™)T. A similar proof of [18, Lemma A.3] gives

ZO YA <5Z€ Wk + —wB lw for any € > 0.
2e

From the proof Lemma we have B~! = ATﬁ_l (ATﬁ_l)T and then

w'B ' w =w AU (AT ) w = | (07) Arw|”

<[l© ‘I)T\HQH\Aer!Q = Amax(<B>‘1)wTA3w <mt Y 7wt
k=2

where Lemma has been used. It completes the proof. ]

Lemma 3.7. If SO holds, then for any real sequences {v*}?_, and {w*}1_,,

ZG wkyl <5Z7’k

Proof. For fixed time index n, taking € := 2¢p/mg in Lemma yields
n,k % n
(k) . k v < “€0 ms kN2
3l < 2SS S
k,j k=2
n
ms kN2
<5OZTk 4m1€0k227k(w )%

where Lemma [3.5] was used in the last inequality. It completes the proof by choosing eg :=e. [

for ¥ e > 0.

We now present two discrete embeddlng—type convolution inequalities by con&dermg three
time-space discrete functions u*, v* and w* (2 < k < n) in the space V}, or its subspace Vp.

Lemma 3.8. Assume that u*,w* € Vy, vF € @'h (2 < k < n) and there exists a constant ¢,
such that H“kHZB < ¢y for2 <k <n. If SO holds, then for any e > 0,

n,k 2 92 n
Ze (1 k) < =300 (907, Vi) 4 EE S 2
k,j 1 k=2
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Proof. For fixed time index n, taking v/ := u%vfl and € := g7 in Lemma m we have

n

n
Ze RS S M L N R
k=2 k=2

The well-known Holder inequality and the discrete embedding inequality imply that
o0t < sl < e o [ | < vl 90| We derive tha

n n
ZTkHukka2 §c§c§ TkHthkHQ.
k=2 k=2
Then it follows that
n n 9
Zé’ ujvj wk <51020 Tkthka 4+ — ZTkHwkH . (3.9)
k=2 4m €1 k=2

Following the proof of Lemma it is not difficult to get (cf. [19])

n

n,k
2 - .
Sl Vit | < 0E 30 (Ve V).

k=2 kg
Inserting this inequality into (3.9) and choosing the parameter €1 := mie/(2c2c2my), we get the

claimed inequality and complete the proof. ]

Lemma 3.9. Assume that u* € Vi, wk e Wo’h (2 < k < n) and there exists a constant ¢, such
that ||ukHl3 <y for2 <k <n. If SO holds, then for any e > 0,

4...3..2 1
ccmm
Eje (ulw?, Ay <g§j9 B (Mg, Aput) + FUEEES
P mye P

|t

Proof. For fixed time index n, we start the proof from (3.9) by setting w’/ := Apw’, v/ := w’
and g1 := mamg/(e4m?), that is,

& (k) j k 02c2m2m3 - k12 Migg i 112
ZG _j<u]w]7Ahw > SZQTZTIQHVhw H =+ om ZTk“Ahw H

c2c2moym
SWS)Z || V|| + 4 29 {Apw?, Apw®y,  (3.10)

where Lemma [3.4] has been used to handle the last term. Furthermore, by using the classical
Young’s inequality and Lemma one gets

n n n n

1
S T = 3~ At ) < 23 it S
k=2 k=2 k=2 k=2
1 &
m2€3 Zﬁk j<Ahw] Apw >+27327’k“wku2.
k,j k=2
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Inserting this inequality into (3.10]), we have

2.2 92 nk
Ze (whwd, Aty < (FHTEEE 4 o) 5700 (A, A

2m§54 ko
AcZmoms
+ Zni%g;f ZTkHwkHQ'

k=2

Now by choosing e4 := /2 and 3 := m3ese/(c2c2m3m3), we obtain the claimed inequality. [

4 Robust L? norm error estimate

4.1 Convolutional consistency and technical lemma

Let fé, be the local consistency errors of the convex-splitting BDF2 scheme (1.7)), arising from
the BDF2 formula (1.5)), the extrapolation approximation and the artificial stabilization term,
at the time ¢ = ¢;, that is,

&) = [Da®(t;) — BB(t;)] + k[AD(t;) — AD(t;)] + kATZA2D(t). (4.1)
We will consider a convolutional consistency error E’}, defined by
k
=k = Zek & for k> 2. (4.2)
=2

Lemma 4.1. If SO holds, the convolutional consistency error E’(% in (4.2)) satisfies

n

Z\:’;\ <t,7> max (3\@’” ti)| + 26|AD" (t;)| + kA|A%D( t])D for n > 2.
k=2

Proof. By following the proof of [18, Lemma 3.4], the convolution consistency error for the BDF2
formula (1.5 can be bounded by

ZG ‘Dg(I) <329k)73/ |®"(s)|dsds for k > 2.

—1

By using the Taylor’s expansion formula, one has

S t; t1
0 — v = / 7 (s —tj)v"(s)ds — 7“]-/ 7 (s —tj_2)v"(s)ds,

ti—1 tj—2

which in turn yields (by taking v := A®)

k
Za,ﬁ’?jmmé(tj) | < mZe)k ]T]/ |A®"(s)|ds for k > 2.

Jj=2
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For the stabilization term, it is straightforward to derive

k k
S 08 kAT A(15)] < kAT 0P |A%B(t))| for k> 2.
Jj=2 j=1

Collecting the above estimates and using Lemma (IIT), one obtains the claimed estimate on
the convolutional consistency immediately. This completes the proof. O

We use the standard seminorms and norms in the Sobolev space H™(Q2) for m > 0. Let
Co.(2) be a set of infinitely differentiable L-periodic functions defined on 2, and H?.(€2) be

per per

the closure of C5, () in H™(2), endowed with the semi-norm |- |gm —and the norm |- Hy,

For simplicity, denote | - |gm := | - | Hy,

lists some approximations, cf. [25,26], of the L2-projection operator Pj; and trigonometric
interpolation operator Ip; defined in subsection 2.1.

s -llgm = -, » and -l 2 == [|-]| go- Next lemma

Lemma 4.2. For any u € Hler(Q2) and 0 < s < q, it holds that
1Pyt — wllge < Cul®lulirs, | Parlyze < Co lull e (43)
and, in addition if ¢ > 3/2,

1ng = ull e < Cult®lulgza, [ Tngullgre < Co ull e (4.4)

4.2 Convergence analysis

Note that, the energy dissipation law of CH model shows that E[®"] < E[®(ty)]. From
the formulation , it is easy to check that H<I>”H 1 can be bounded by a time-independent
constant. Let ®}, := (PM<I>)(~,tn) be the L?-projection of exact solution at time t = t,. The
projection estimate in Lemma yields

193] + [ Vais || < [|Par®” ||y <2 for1<m<N, (4.5)

where ¢y is dependent on the domain €2 and initial data ®(¢p), but independent of the time ¢,

We are in the position to prove the L? norm convergence of the adaptive BDF2 scheme .
In this main theorem, cs := ¢ (c} + cica + ¢3), s := 16kciesm3mi /(m7e®), c5 := 288K/ (my€?)
and ¢, := 2(cq + ¢5). These fixed constant may be dependent on the given data, the solution
and the starting values, but are always independent of the time t,, time-step sizes 7, and step

ratios r,. Moreover, they remain bounded even when r,, approach the user limit 7ge;.

Theorem 4.1. Assume that the CH problem (L.2)) has a smooth solution ® € C3([0,T]; HI%)

per
for some integer m > 0. Suppose further that the step-ratios condition SO and the stabilized

constraint (2.7) hold such that the convez-splitting BDF2 scheme (|1.7) is unique solvable and
energy stable. If 7 < 1/c., the solution ¢" is robustly convergent in the L? norm,

o7 max ([ o+ (197 (0)]] 72 + uwwuLz)) for2<n<N.

17



Proof. We evaluate the L? norm error ||®" — ¢"|| by a usual splitting,
(I)n_¢n:(bn_ nM_’_en’

where e" := @, —¢" € ﬁ’h is the difference between the projection ®'}; and the numerical solution
¢" of the convex-splitting BDF2 scheme (1.7). Actually, the projection solution ®%, € %), the
volume conservative property becomes available at the discrete level

(®5r,1) = (@3, 1) = (¢",1) = (¢". 1),
which implies the error function e™ € Wolh. Applying Lemma one has

12" — @5 | = L (@7 — @5)l 12 < Cop [T @™ — Dl 12 < Coh™ D" -

Once an upper bound of ||e"|| is available, the claimed error estimate follows immediately,
@ — ¢ < (|27 — @5y [| + [[e"]| < Coh™ @7y + [le”]| for 1<n < N. (4.6)

To bound [le™||, we consider two stages: Stage 1 analyzes the space consistency error for

a semi-discrete system having a projected solution ®,;; With the help of the Young-type and

embedding convolution inequalities with respect to DOC kernels 9,(€k_) j and the solution estimate

in Lemma Stage 2 derives the error estimate for the fully discrete error system.

Stage 1: Consistency analysis of semi-discrete projection A substitution of the pro-
jection solution ®,; and differentiation operator Ay into the original equation (|1.2]) yields the
semi-discrete system

0y ®pr = kApuar +Cp with  pupy = F/((I)M) — 62Ahq)M, (4.7)

where (p(xp,t) represents the spatial consistency error arising from the projection of exact
solution, that is,

Cp = 0Py — 0P + k(Ap — Appnr)  for Ty € Q. (4.8)

Following the proof of |18, Theorem 3.1], and using Lemma it is not difficult to obtain
that [|(p|l < Cgh™ and ||Cp(t;)|| < Cgh™ for j > 2. Then Lemma [3.1] (III) yields

n n k k
ST < 0™ ST T 0 < Cgtah™  where Yh =30 (p(t) fork>2.  (4.9)
k=2 k=2 j=2 J=2

Stage 2: L? norm error of fully discrete system From the projection equation (4.7]), one
can apply the BDF2 formula to obtain the following approximation equation
Da®%y = kAl + Cp+ &8 with iy = (B7%) — 1 — (2 + Ar?) A, PY, (4.10)

where the local consistency errors {g and (3 := (p(t,) are defined by (4.1]) and (4.8]), respectively.
Subtracting the full discrete scheme ((1.7)) from the approximation equation (4.10)), we have the
following error system

Doe™ = kA [fge" —e"— (62 + ATQ) Ape™| +(p+&¢ for2<n<N, (4.11)

18



where the nonlinear term fj := (@7, )2+ 014" + (¢")? and €" := "1 — "2, Thanks to the
estimates in Lemma - and ., one apphes the embedding 1nequahty . to find that

178 <198 s + 198 o167 s + 1167 s < es. (4.12)

Multiplying both sides of equation (4.11]) by the DOC kernels 0,?3_)”, and summing up n from
n =2 to k, we apply the equality (1.10) with v/ = ¢’ to obtain

veeh = —0%) pPg el 4 Fuz 0 Aplflel — & — (& + AT?) Ape] + TH+ 2k (4.13)

for 2 < k < N, where =% and Y%, are defined by (4.2) and ([4.9)), respectively. Making the inner
product of (#.13) with 2¢*, and summing k from 2 to n, we obtain

el < el - ZO(’“ Dkl rel + 7 +2 3 (b + et (1)
k=2

for 2 <n < N, where J" is defined by
n,k .
=2k > 00 (flel — & — (€ + AT2) Aped, Apeh). (4.15)

Taking v/ := fJ (with the upper bound ¢, := c3), w’/ := ¢/ and ¢ = €2/2 in Lemma one
applies the solutlon bound (| - ) to obtain

2/@29“‘7 f]e] Ahek> </€6220 Ahe] Ahe +C4ZTk||ekH
k,j k,j k=2

For the second term of (4.15)), one applies the Young-type convolution inequality in Lemma

by taking w* := ApeF, v/ := —¢7 and € = €2/2 to get
n,k n,k n—1
2K Z ng]i)j< —él, Ahek> < ke Z Hl(gli)j<Ahej, Ahek> + c5 Z TkHGkH2.
j k,j k=1

An application of the positive definiteness of the kernels 0( ) - in Lemma (3.1 (I) yields
n,k
2K Z 9,(!1)j< — AT Apel, Ahek> < 0.

Then the term J" in (4.15]) can be bounded by

n

L

k=1
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Therefore, it follows from (4.14) that
2 2 . (k) 1.(2) C
o < e = 23 e+ Dl 23 [+ 5
k=2 k=1

for 2 < n < N. Choosing some integer ng (1 < ng < n) such that He"OH = maXj<k<n HekH.
Taking n := ng in the above inequality, one can obtain

e[l < fle™| = 2|o-e]| 29 O, + 53 et +2Z 1T + =5
k=1

By using Lemma (IT), one has

k 2 k .
_Q(k) b(2) — i — "i <7—7k for2<k<N
k=201 T TliH21+2ri T’“,l_[Q1+2ri—2k1 re=t=
such that "
Z T1<TZW§T fOI'2<7’L<N

k=2
Thus one gets

e < flemll < lle* | + 27ljore!]| + 5 ZTkHe’“H +2Z 1T+ =5
k=1

Under the maximum step constraint 7 < 1/¢., we have

n—1

e < 200+ cole! || + 4| O™ + e 3 7ifle™]| + 42 I+ =5
k=2

The discrete Gronwall inequality [22, Lemma 3.1] yields the following estimate

e[| < 2exp (cctr) [(1+ co)|Je]| + 2r]fore || + 2D |75 +2 3 |25
k=2 —

for 2 < n < N. Furthermore, the convolutional consistency error established in Lemma [£.]]
together with the regularity condition ¢ € C3([O,T] Hg;‘;f 4) and Lemma gives the bound

of the global temporal error term > _, HE{‘I’;H Therefore by applying the error estimate (4.9)
and the triangle inequality (4.6]), we complete the proof. O

5 Numerical experiments

We run the BDF2 scheme for the CH equation . In our computations, the parameter
A = 3/625 according to Remark The TR-BDF2 method is always employed to obtain the
first-level solution. A simple fixed-point iteration with the termination error 1072 is employed
to solve the nonlinear algebra equations at each time level.
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5.1 Robustness tests on random time meshes

Example 1. To facilitate the robustness test of the convex-splitting BDF2 method (1.7)), we
consider an exact solution ®(x,t) = cos(t) sin(x) sin(y) with the model parameters k = 2 x 1073
and € = 5 x 1072 by adding a corresponding exterior force to the CH model (1.2)).

In the following examinations, the computational domain (0,27)? is discretized by us-
ing 1282 spatial meshes. Then the problem is solved until time 77 = 1 on random time
meshes. To be more precise, we take the time step sizes 7, := Toy/S for 1 < k < N, where
o, € (0,1) is the uniformly distributed random number and S = S5, 0. Since the spec-
tral accuracy in space is standard, we only test the time accuracy with the numerical error
e(N) := maxj<p<n ||®(t,) — ¢"| in each run. The numerical order of convergence is estimated
by Order := log (e(N)/e(2N)) /log (7(N)/7(2N)), where 7(IN) denotes the maximum time-step
size for total IV subintervals.

Table 1: Accuracy of BDF2 method ((1.7)) on random time meshes.

N T e(N) Order max 1y Ny
40 3.96e-02 3.69e-04 1.94 17.27 3

80 2.44e-02 1.08e-04 2.55 46.22 )

160 1.29e-02 2.75e-05 2.13 167.41 16
320 6.28e-03 7.07e-06 1.90 264.04 29
640 3.05e-03 1.57e-06 2.08 1584.01 62

The numerical results obtained using a set of random meshes are tabulated in Table [I} In
addition to the discrete L? numerical error between the exact solution and the numerical solution,
the maximum time-step size 7, the maximum step ratio max r; and the number (denote by Nj)
of time levels with the step ratios rp > 4.864 are also recorded, respectively.

As observed, the convex-splitting BDF2 method ([1.7)) still achieves the second-order accuracy
on arbitrary nonuniform meshes even though some step ratios lager than r, =~ 4.864. The
numerical results indicate that the BDF2 method is robust with respect to the step-size variations
than previous theoretical predictions. Also, the improved condition 0 < 7, < 4.864 is still a
sufficient condition for second-order convergence.

Exact

-=-=-BDF2
CNCS
cN b g

== y=x ==

(a) time-step size 7 = 107* (b) time-step size 7 = 5 x 1072 (c) time-step size 7 = 1072

Figure 1: Solution curves by BDF2, CN and CNCS methods at 7" = 0.1.
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(a) time-step size 7 = 107+ (b) time-step size 7 = 5 x 1072 (c) time-step size 7 = 1072

Figure 2: Original energy curves by BDF2, CN and CNCS methods until 7' = 0.1.

Example 2. We next simulate the coarsening dynamics of the CH equation . Precisely, the
initial condition is taken as ®y(x) = rand(x), where rand(x) generates random numbers between
—0.001 to 0.001 wniformly. Here, the mobility coefficient k = 2 x 1072 and the interfacial
thickness € = 5 x 1072 are taken in the following numerical simulations. Always, the spatial
domain (0,27)? is discretized by using 1282 spatial meshes.

5.2 Numerical comparisons

To further benchmark the convex-splitting BDF2 scheme with the random initial data generated
in Example 2] we run several numerical tests to explore the numerical behaviors near the initial
time. We also implement the unconditionally energy stable Crank-Nicolson (CN) method [31],

1
Org" = kAW with W2 = J[(¢7) 4 (6777 - 97 E - A,
and the second-order Crank-Nicolson convex-splitting (CNCS) method [8,/13],
1 n n— n—1 in—2 n—2
@M+ (6" 72 — "2 —e2Apg" e,

where QS"_% = (¢" + " 1)/2, QZA)”_% = (ng” + ¢n—2) /4 and gﬁn_% = (3@5"‘1 — gb"‘z) /2. Since
the CNCS method requires two initialization steps, a first-order convex-splitting scheme [9] is
used here to obtain the first-level solution.

The random initial data initiates a fast coarsening dynamics at the beginning time. We
use a random initial profile to test the effectiveness of various numerical methods with different
time step sizes. The numerical solution curves are summarized in Figure [, where the reference
solution is obtained by using the convex-splitting BDF2 method with a uniform time-step size
7 = 1073. We observe that solutions of CN and CNCS methods tend to generate non-physical
oscillations when some large time steps are used. In contrast, the convex-splitting BDF2 solution
is more robust and accurate than the CN and CNCS schemes with the same time step size. It
seems that the BDF2 method is more suitable than Crank-Nicolson type schemes when large
time-step sizes are adopted.

O,0" = kARA""2  with "2

5.3 Simulation of coarsening dynamics

In this subsection, we simulate the coarsening dynamics by using the convex-splitting BDF2
method ((1.7) with the random initial condition. In what follows, to capture the multiple time
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Figure 3: Energy curves and adaptive time-step sizes for different parameters 5.

Table 2: CPU time (in seconds) and total time steps comparisons.

Strategies | r=10"2| f=10] g=10°| f=10°
CPU time | 109.116 | 35.601 | 39.238 | 71.880

Time levels 10000 2098 2710 5671

scales accurately and to improve the computational efficiency for long-time simulations, the time
steps are selected by using the following adaptive time-stepping strategy [17],

Tmax

1+ B[|orgr

Tada = Max {Tmin, } so that 7,41 = min {Tada, TuserTn}, (5.1)

I

where 8 > 0 is a user chosen parameter, Tmax and Tmin are the predetermined maximum and
minimum time steps, respectively.

We take Tuser = 4, Tmin = 5 X 107° and Tmax = 5 x 1072 in the adaptive time-stepping
algorithm , and run the convex-splitting BDF2 method until time T" = 100. The
reference solution is obtained by applying a small time step 7 = 1072. As seen in Figure |3, we
use three different user parameters 8 = 10, 10? and 10 to compute the discrete original energy
and the corresponding adaptive time-steps. One can observe that the discrete energy curves using
the adaptive stepping algorithm are comparable to the reference one. On the other hand, the
adjustments of time-steps are closely relied on the user parameter 5. As expected, a large (3 leads
to small time-step sizes, and a small 3 generates large step sizes. The CPU time (in seconds)
and the adaptive time levels recorded in Table [2| show the effectiveness and efficiency of the
adaptive time-stepping algorithm, which makes the long-time dynamics simulations practical.

We next perform the coarsening dynamic simulations by using the above adaptive time-
stepping strategy with the setting 4 = 10 until time 7" = 1000. The evolution of microstructure
for the CH model due to the phase separation at different time are summarized in Figure[d As
seen, the microstructure is relatively fine and consists of many precipitations at early time. The
coarsening, dissolution, merging processes are also observed. The time evolutions of original
energy, volume and the adaptive step sizes are summarized in Figure The subplot (a) of
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Figure 4: The profile of numerical solution ¢ at different time for the CH model.
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Figure 5: Numerical results show original energy, volume and adaptive time steps of the CH
equation during the coarsening dynamics.

Figure [f] demonstrates a very good agreement with the expected scaling law, i.e., the energy
decreases as O(t~ 3)
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