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Analysis and Hermite spectral approximation of diffusive-viscous wave equations

in unbounded domains arising in geophysics

Dan Lin and Zhiping Ma@H

Abstract

The diffusive-viscous wave equation (DVWE) is widely used in seismic exploration since it
can explain frequency-dependent seismic reflections in a reservoir with hydrocarbons. Most of
the existing numerical approximations for the DVWE are based on domain truncation with ad
hoc boundary conditions. However, this would generate artificial reflections as well as truncation
errors. To this end, we directly consider the DVWE in unbounded domains. We first show the
existence, uniqueness, and regularity of the solution of the DVWE. We then develop a Hermite
spectral Galerkin scheme and derive the corresponding error estimate showing that the Hermite
spectral Galerkin approximation delivers a spectral rate of convergence provided sufficiently
smooth solutions. Several numerical experiments with constant and discontinuous coefficients
are provided to verify the theoretical result and to demonstrate the effectiveness of the proposed
method. In particular, We verify the error estimate for both smooth and non-smooth source
terms and initial conditions. In view of the error estimate and the regularity result, we show
the sharpness of the convergence rate in terms of the regularity of the source term. We also
show that the artificial reflection does not occur by using the present method.

Keywords: Diffusive-viscous wave equations, well-posedness, regularity, unbounded
domain, Artificial reflection, error estimates.

1School of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an, Shaanxi 710049, China. E-mail:
danling@xjtu.edu.cn. Research partially supported by National Natural Science Foundation of China grant
12101486, China Postdoctoral Science Foundation grant 2020M683446 and the High-performance Computing

Platform at Xi’an Jiaotong University.
2School of Mathematical Sciences, Fujian Provincial Key Laboratory of Mathematical Modeling and

High-Performance Scientific Computing, Xiamen University, Xiamen, Fujian 361005, China. E-mail: zp-
mao@xmu.edu.cn. Research partially supported by the Fundamental Research Funds for the Central Universities

(20720210037).


http://arxiv.org/abs/2211.04690v1

1 Introduction

The numerical simulation of wave propagation in media with solid and fluid layers plays an
important role in seismic exploration data analysis. It has been found that seismic reflections are
frequency-dependent [8 Bl 4]. And, the frequency-dependent reflections from a fluid-saturated
porous medium is relatively complex. For instance, it has been shown from both laboratory
analysis and field data that for the fluid-saturated layer, the resulting reflections have a higher
amplitude and delayed travel-time at low-frequencies when compared with the reflections from
a gas-saturated layer [14]. However, this important phenomenon cannot be well described by
the Biot’s theory [1l 2, ©]. Moreover, the acoustic and elastic theories are unable to effectively
characterize the subsurface in fluid-saturated rocks [14]. Therefore, to develop more accurate
theoretical models and make a wider application in practical seismic exploration, a Diffusive-
Viscous Wave Equation (DVWE) was proposed in [14] by adding a diffusive dissipation term and
a viscous term to the scalar wave equation to study the connection between fluid saturation
and frequency dependence of reflections and to characterize the attenuation property of the
seismic wave in a fluid-saturated medium.

Recently, researchers from both scientific and industrial communities have paid much at-
tention to the study on DVWEs. By means of the Biot’s theory, Quintal et al. [20] proposed
an interlayer-flow model, which was approximated by using a finite difference scheme, to study
the reflections in the low-frequency range providing a physical basis to the diffusive-viscous
theory as well as explaining the spectral anomalies observed at low frequencies in thinly lay-
ered reservoirs. To simulate the frequency-dependent seismic response of turbidite reservoirs, a
seismic data-driven geological model was first applied to produce physical parameter sections,
which were then used to numerically synthesize the frequency-dependent seismic response of
turbidite reservoirs by simulating the DVWEs [6]. Zhao et al. proposed finite difference meth-
ods to simulate wave-fields of DVWEs in [27, 29] and applied the reflectivity method for the
numerical modeling of DVWEs in layered medium in [28], the analysis of the von Neumann

stability criteria and the numerical dispersion were given in [27]. A finite volume method was



developed in [19] to simulate the seismic wave propagation in a fluid-saturated medium driven
by the DVWE. Recently, Ling et al. proposed the local discontinuous Galerkin method and
analyzed the error estimates for the DVWEs with variable coefficients in [I5]. More work can
be found in [13], 12, [30] and references therein.

However, most existing works only focus on the numerical schemes and the corresponding
results of the stability and error estimates, there is few theoretical work concerning the ex-
istence and uniqueness of the solution for DVWEs. Most recently, we noticed an important
work provided by Han et al. in [11], in which the well-posedness and stability of DVWEs were
established in bounded domains, this provided a theoretical foundation to develop numerical
methods. However, no regularity result is discussed in the work. In addition, as mentioned
in [5], another main aspect for DVWEs is the non-reflection boundary conditions. All afore-
mentioned numerical simulations were performed in bounded domains, which may generate
artificial reflections due to the truncation of the model. To resolve this issue, a non-split per-
fectly matched layer boundary condition was proposed for the DVWE to absorb the artificial
reflections [30] (see also [26, [16, 21]). However, the resulted problem is more complex in terms
of computer implementation and it is computationally more expensive.

The aim of this work is to consider the DVWE without the truncation of the domain, i.e.,
we consider the DVWE directly in unbounded domains, and then establish the existence and
uniqueness of the weak solution. We also discuss the regularity of the solutions in terms of the
initial conditions and the source term. Furthermore, we develop an efficient Hermite spectral

Galerkin scheme to approximate the solution of the DVWE. To this end, we consider in this

work the following DVWE
O*u + adu — 9,div(fVu) — div(y*Vu) = f, x € RY ¢ >0 (1)
subjecting to following initial conditions
u(x,0) = up(x), Owu(x,0) = wy(x), (2)

where d is the dimension in space, u = u(x, t) is the wave field, « = a(x) and § = 5(x) are the
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diffusive and viscous attenuation parameters respectively, v = () is the wave propagation
speed in the non-dispersive medium, f = f(a,t) is the source. In this paper, we consider the
cases of d = 1,2 and assume that

alx) e L*(Q), 0 < oy < a(x) < ag, B(x) € LT(Q), 0 < fy < B(x) < o,

Y(x) € L*(Q), 0 <y < v(x) < o

We apply the Hermite spectral method since it has two main advantages:

e The first advantage is that the Hermite spectral method is a natural choice to deal with

unbounded domain problems, see [10, [17, 18| 24] 25].

e The second one is the Hermite spectral method enjoys high accuracy provided that the

solution is smooth enough.

We also derive the error estimate for the Hermite spectral Galerkin approximation showing that
it delivers a spectral rate of convergence provided sufficiently smooth solution. To the best of
our knowledge, this is the first attempt that DVWEs are analyzed and solved in the unbounded
domains.

The remainder of this paper is organized as follows. In Section 2, we provide some prelimi-
naries about Hermite orthogonal polynomials and functions and the corresponding approxima-
tion results. In Section 3, we give the weak form and the Hermite spectral Galerkin approxima-
tion for the problem (I, and establish the existence and uniqueness of the weak solutions and
discuss the regularity of the solution. We derive the error estimates in Section 4. In Section
5, we present several numerical examples to demonstrate the convergence and effectiveness of
the presented Hermite spectral Galerkin methods. Finally, we give some concluding remarks in

Section 6.

2 Preliminary

In this section, we first introduce the Hermite orthogonal functions and the corresponding

approximation results.



Let = (21, -+, z4) denote the multi-variable in Q := R?. For any function u(x) € L*(Q),
we denote its Fourier transform as u(€). [£]1,|€]. and |€| stand for the {!,7% and [°° norm of

€ in RY respectively. Let w(x) > 0 (x € Q) be a weight function, we denote L2 () the usual
weighted Hilbert space with the inner product and norm defined by

(u> 'U)Q,w -

/Q w(@)o(@)w(@) dz, ||uflo., =

(u, u)éw Yu,v € L2(9).

When w = 1, we will drop w from the above notations. The Plancherel Theorem states that

[ulle = l[ulla.

We denote by H*(€2) (with x> 0) the usual Hilbert spaces with semi-norm

[ulpo = [lI€l2ullo

and norm

lulluse = (lulld, + lull o) = (g + lElalE) 2.

Let ¢ be a generic positive constant independent of any functions and of any discretization

parameters. We use the expression A < B (respectively A 2> B) to mean that A < ¢B

(respectively A > ¢B), and use the expression A = B to mean that A < B < A. We will also

drop Q or R? from the notations if no confusion arises.

We first introduce the orthonormal Hermite polynomials {H,(x)} in R, which are defined
by the three-term recurrence relation:

Hy o (2) = 2y —— Ho () —

n
—H,_
n+1 !

>1
n+1 (.:C),n_ )

Hy(z) =74, Hi(z) = V2r Y.

2

They are mutually orthogonal with respect to the weight function w(x) =e™", i.e.,

/_ " Hy (@) Hy () (2)d = 8y,

(4)
and it satisfies that

H'(z) =V2nH,_(z), n > 1.
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Denote Py(x) the space of the polynomials of degree at most N, and we have

Py(x) = span{Hy(z), Hy(z),--- , Hy(z)}.

Let P& be the d dimension tensor of Py. We define the orthogonal projection Tl : L2 (R%) —
Py,

/Rd(HNu —w)oyw(x)de =0, Yoy € Py, (5)
where w(z) = [, w(z;).

Let us introduce the Hermite orthogonal functions
¢j(x) = e " PH;(z), j =0,1,...,
which form an orthogonal basis in L?(R), i.e.,

/ Z O (2)60(2) A = by

according to (). Let

Pu(x) = {e~2 v | v € Py(2)} = span{go(z), ¢1(2), -+ , on(2) )},

and denote Vi the d dimension tensor product of Py. We next consider approximations by
multivariate Hermite functions. Note that for any u € L?(RY), we have uw™2 € L2(R%).
Define

Tyu = wl/zl_IN(uw_l/2) € Vy. (6)

Then for u € L?(R?), we derive immediately from (F) that
/Rd(f[Nu —u)oydxr =0, Yoy € Vy.
We introduce the operator 3%, = 0, + x;, which satisfies
w2 (@) Ony () = O, [w P () u(x;)],

and denote 0, = H;l:l émj, ok = Hj:1 3];; Furthermore, we define the following weighted
Sobelev space

B™(RY) = {u: 0Fu € L*(RY), 0 < |[k[; <m}, Ym €N,
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equipped with the norm and semi-norm
e 2\ 2 A 3
lillgmgeny = (D0 105ul2)",  Julgmgea = (D 10200l?) "
0<|k[1<m Jj=1

We present below the approximation result for the errors measured in the usual Hilbert space [1§].

Theorem 2.1. For any u € B™(R?) with m > 1, we have

||ﬂNU — ullgugs S N(“_m)/2|u|]§m(Rd), 0<p<m. (7)

3 Well-posedness and regularity

The existence and uniqueness of the solution of the DVWE in a bounded domain with mixed
boundary conditions are given in [I1]. However, there is no result regarding the well-posedness
of the diffusive-viscous wave equation in the unbounded domain. In this section we would like
to show the existence and uniqueness of the weak solution in the unbounded domain. Moreover,
we also discuss the regularity of the solution in terms of the initial conditions and the source

term f.

3.1 Existence and uniqueness of the weak solution

We first show the existence and uniqueness of the solution of the DVWE. Here We use more
or less the standard arguments in |7, Section 7.2].

Let H'(R?) be the usual Sobolev space. By using the integration by parts, we have the weak
form of the problem (): For a.e. t € (0,7), find u(t), du(t) € HY(R?), d?u(t) € H'(R?),
such that

Alu,v) = (f,v), Vo€ HY(RY (8)

with u(z,0) = up(x), du(x,0) = wo(x), where H~1(R?) is the dual space of H'(R?), and

A(u,v) := (02u,v) + (@du,v) + (80, Vu, Vo) + (v*Vu, Vo). 9)



The Hermite spectral Galerkin approximation to (8) is to find ux(t), Qun(t) € Vy, such
that
A(un,v) = (f,v), Vv€eVy (10)

with uy(x,0) = fINuo, Oyun(x,0) = I1ywy, where ILy is the L2-projection defined in ({G]).

By using the standard arguments for ordinary differential equations (see [22, Theorem 25.3]),
we have that the Galerkin approximation (I0) admits a unique solution. Before we prove the
well-posedness of the continuous problem (8), we begin by establishing two results on the
continuous dependence of the Hermite spectral Galerkin approximation, which will be used to

study the well-posedness of the weak problem ().

Theorem 3.1. Assumeug € HY(R?), wy € L2(RY), f € L*0,T; H *(RY)), then uy(t) satisfies

the following two estimates:

10sun || oo 0712 Ry + 10sun | 20,121 ey + lJun || Lo o m1 ey < Cluo,wo, f), (1)

||at2uN||L2(O,T;H*1(]Rd)) < CY(U(), Wo, f)> (12)
where C' and C are two constants depending on 1201 (ray) and [[uol] g way, [|wol r2may,

but independent of t and N.

Proof. By taking v = dyuy(t) in (I0) and using the Cauchy-Schwarz and Young inequalities,

we have for any € > 0,
1d
3 d <||atuN(t)||i2(Rd) + ||7qu(t)||%2(Rd)> + ||al/28tUN(t)||%2(Rd) + ||51/2V(atUN)(t)||%2(Rd)
1
= (f, 0run(®)) < -2y - 10w Oy < ellOun (B)l5g1 oy + 2171 -
Let ¢ = min{a, }/2, we obtain from the first two conditions in (3)) that

d 1
(10 (O + IV () By ) + €@ B B Ol sy < LI ey
where C(q, 3, ¢) is a positive constant independent of N and ¢. Integrating the above inequality
from 0 to ¢, we have
t
10sun (8)1 72 gy + 17 Vun () [ 72ay + Cla, B €) / 1 (7)1 71 (may d
0

1
< Hw0||2L2(Rd) + ||7U0H§{1(Rd) + 4_€||f’|%2(07T;H*1(Rd))'
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Here we use the estimate

HﬂNUOHHl(Rd) < [Juoll g1 ey, HﬂNw0HL2(Rd) < [Jwol| 2 (ra)-

Therefore, in view of the third condition in (3]), we have

10sun || Lo 0.7 L2 Ry + [[Vun || Lo 0. 1:02(Rey) + 100Nl 20,711 Rey) < Cr(uo, wo, f), (13)
where C1(ug, wo, f) is a constant depending on || f|| 20,7, m-1(re)) and [[uol| g1 (ray, [[wol r2may-

Here we do not have the Poincaré inequality for the space direction, so we need to further

give the estimate for ||un/||perr2(re)). By taking v = uy(t) in (I0) and using the Cauchy-

Schwartz and Young inequalities, we have

1d
57 (||a1/2UN(t)||ia(Rd) + ||51/2VUN(t)||%2(Rd)> + I Vun )22 @y = (f — GFun(t), un(t))
< fll - ey lun () ey — (07 un(t), un(t))
1
< §(||UN(75)||?{1(R«1) F A1 gey) — (FFun (), un(t)) -

Integrating the above inequality from 0 to ¢ and using integral by parts with respect to 7 for

Jy (Q%un(7), un(7)) dr, we have
t
o2 (e, + 182V Ol e +2 | 170un(r) guoi

<Nun Oz (0 msm ey + 122071y + 2N 0un () 720,712y + 2/Q (uowo — un(t)Orun(t)) de
<|lun )17 20.7.61.@ay) + 11200001 may) + 2N0sun (D)1 720 7,22 (Ray) + 2lluoll 2@y llwoll 2@y

1
+ ellun (O)ll22 ) + <l (O 72a),
where the Cauchy-Schwarz and Young inequalities are used for the last inequality. Let € =

min(«)/2, then the following estimate

HUNH%M(O,T;L?(Rd)) + ||qu||i°°(0,T;L2(Rd)) + HVUNH%?(O,T;L?(Rd)) < Cy(ug, wo, f) (14)
follows based on the estimate (I3), where Cy(uo, wo, f) is a constant depending on || f{| 220,751 w4y
and ||uol| g1ray, [|wolr2(ray. Therefore, the estimate (III) follows from (L3) and (I4]). Further-
more, we have from ([I0) that

107 un ()1 -1 ey <[l ?Ounl -1 ey + 18" 20V un || g-1@ey + 17 Vun| 2y + 1 1@y

SHO&l/zatUNHLQ(Rd) + ||51/2atVUNHL2(Rd) + H”)/VUNHIQ(Rd) + ||fHH*1(Rd)'
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Then the estimate (I2) holds by integrating the above equation from 0 to ¢ and using the

estimate ([LTJ). m

We are now able to show the existence and uniqueness of the continuous problem (&). We
use more or less the standard compactness arguments similar as that used in [L1] based on the
properties of the Hermite spectral Galerkin approximation.

We state the main result of this section concerning the well-posedness of the weak problem

@) as follows:

Theorem 3.2. Assume ug € H'(RY), wy € L*(R?Y), f € L*0,T; H 1(R%)), then the weak
problem [B) admits a unique solution u € L>(0,T; HY(R?)) and dyu € L>(0,T; L*(R?)) N
L0, T; HY(RY)),0?u € L*(0,T; H-Y(R%)) satisfying

|0l oo 0,7 22(rey) + 10|l 20,11 (R)) + [[0]] oo (0,111 (o)) < C (w0, wo, ). (15)

Proof. We first show the existence of the weak problem (g). We have from Theorem [B.1] that
there exists a sequence of functions {uy : N € N} with uy € L>®(0,T; H(R%)), and dyuy €
L>(0,T; L>(RY)) N L2(0,T; HY(RY)), and d?uy € L?(0,T; H-*(RY)) for all T > 0, satisfying
(I0)-([T2) for each N > 1, and

UN(O) = ﬂNUO, 8tuN(O) = ﬂN’wo.

By virtue of estimates (II) and (I2)) and thanks to Theorem 3 of Appendix D.4 in [7],
we have that there exists a function u € L*(0,T; HY(R?)), and du € L>(0,T; L*(R%)) N

L*(0,T; H'(RY)), and 0?u € L*(0,T; H '(RY)) such that

uy —* uin L=®(0,T; HY(RY)), (16)
uy — win L*(0,T; H'(RY)), (17)
duy —* dyu in L=(0,T; L*(RY)), (18)
Oyuy — Oy in L*(0,T; H(R?)), (19)
Ofuy —* OFuin L*(0,T; HH(RY)) (20)
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forall 7 >0as N — oo.
Let v(z) € HY(R?) and n(t) € C([0,T]), we take IIyv as the test function in (I0) and

multiply both sides of the resulting identity by n(¢) and integrate over t € [0, 7] to get

/OT <8t2UN(t),77(t)fINU> dt+/0

T

(adyun(t), n(t)TTyv)dt + /0 (B0, Vun(t), n(t) VIIyv)dt
"‘A (72Vuzv(t)a77(t)VfINv)dt:/0 (fan(t>ﬂNU)dt
(21)

By taking the limit N — oo and applying the convergence results (I6)-(20), we obtain
T R T
/ <8fuN(t),n(t)HNv dt = / (02u(t), n(t)) dt,
0
T
/ (aByun (t), n(t)IIyv)dt —>/ (adyu(t),n(t)v)dt,

T

(BO,Vuy(t),n(t)VIIyv)dt —>/ (BOVu(t),n(t)Vu)dt,

0

T
/ (v2Vuy (t),n(t) VIIyv) dt—)/ (v*Vu(t), n(t)Vv)dt,
0

and

/0 (f.n(t)FLyo)dt — / (f.n(t)yo)dt

Consequently, we get by letting N — oo in (21]) that

T

/0 (OFu(t),n(t)v) dt+/0 (a@tu(t),n(t)v)dth/o (BONVu(t),n(t)Vu)dt
+/0 (72Vu(t),n(t)Vv)dt:/0 (f,nt))dt,  Vve H'(RY.

Since 7n(t) € C([0,T]) is arbitrary, we deduce that u(t) satisfies () for all 7" > 0.

(22)

We now show that u(0) = ug and 9,u(0) = wy to complete the proof of the existence of the

weak solution of (§). It follows from (I7) and (I9]) that
w(0) = lim Tyug = u.
N—o00
Note that dyu(t) € L*(0,T; H'(RY)) and d%u(t) € L*(0,T; H~(R%)), then we have
t
10:u(t) 12 @ay = 2/0 (07u(T), Ou(7))dr + 1|0u(0) |72 ra).
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which implies that d,u(t) € C([0, T]; L*(R?)). Therefore, by replacing n(t) with np(t) = 1—t/T

and integrating by parts against ¢ for the first term of (22]), we obtain

/0 l(atu(t),v) dt—l—/o (a@tu(t),nfp(t)v)dt—l—/o (B NVu(t), nr(t)Vu)dt

T
. . (23)
+ [ PV, arvede = [ (far(o0)dt + @u(0),0)
0 0
Then, by applying the same argument for [2I) with dyux(t) = ITyw,, we obtain
T4 X T X T X
/ - (atuN(t), HNU) dt + / (@B (t), nr(OTLyv)dt + / (B8, Vun (t), 70 (t) VILyv)dt
0 0 0

T A T A A A
+/ (V*Vun(t), nr(t) VILyv)dt = / (f,nr(O)Iyv) + (Tywe, Iyv).
0 0

Taking N — oo gives

/0 %(@u(t),v) dt—l—/o (a@tu(t),nfp(t)v)dt—l—/o (BONVu(t), nr(t)Vv)dt

+ [ ot = [ oo + o)
Comparing the above equation with (23]), we have 0;u(0) = wp. The estimate (I3]) follows by
letting N — oo in ([TJ).
We now show the uniqueness of the weak solution. Let u and @ be two solutions of the weak
problem (§) with u(0) = u(0) = uo and dyu(0) = 0;u(0) = wy. Denote e = u — @. Then for a.e.
t € (0,7), e satisfies

(9Fe(t),v) + (adse(t),v) + (B, Ve(t), Vo) + (v*Ve(t), Vo) =0, Vv e H'(RY)

with e(0) = 0,e(0) = 0. Taking v = 0,e(t) in the above equation, we obtain

1d

S & <||ate(t)||2L2(Rd) + ||7V€(t)||%2(u§d)) + ||al/2at€(t)||2Lz(Rd) + ||ﬁl/2atve(t)”%2(Rd) = 0.

This yields
1d

577 (19 ®) gy + 7 Ve(®)lF g ) < 0.

Integrating the above equation from 0 to ¢, and noting that e(0) = 0,e(0) = 0, we have
10e(®) 122 @ay + 17 Ve IZ2@ay < 0.
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Hence, die(t) = 0. Using the initial condition e(0) = 0 again, we have e(t) = 0 for all ¢ € [0, T,

i.e., the weak problem (§]) has a unique solution. O

Remark 3.1. By using the same argument for the uniqueness, we can readily show the stability

of the solution in terms of the initial conditions ug, wg and the source term f.

3.2 Regularity

We now discuss how the regularity of the solution of the DVWE depends on the initial
conditions and the source term f with sufficiently smooth coefficients «, 3,~. For the sake of
simplicity, we assume that «, S, = are constants.

=2

Let iy = OQuuy, and Gy = wy, Wo = wy + wi with wj = f(-,0) — div(y*Vue), w3 =

awy — div(BVwy), then we have
Aluy,v) = (fy,v), Yo e Vy (24)
with ay(x,0) = fINilo, Oy (x,0) = Ty 0. By using the similar arguments in the last section,
we obtain the following energy estimate:
[0stn || Loo 0,722 (ray) + 104N | L2 (0,111 () + [[GN || Lo (0.7 11 ()
<C(|Ifell 20,71 ®ay) + ||l grray + 106 ]| L2ray + [ @05]] L2 (ra))

<C(|fell 20,51 @ayy + [ (5 0)|| 2y + w0l 2wy + ||wo | g2(ray)-

This gives

||at2uN||L°°(O,T;L2(]Rd)) + ||at2uN||L2(O,T;H1(]Rd)) + ||atuN||L°°(O,T;H1(]Rd)) (25)

<C(|fell 20,0 m-1®ayy + [1£ (5 0)|| L2(ray + |luol| 2wy + l|wol| g2 (ray)-
Take v = —Auy in (I0), we obtain

1d
2 dt (Hﬁl/zAUNHi%Rd) + ||041/2VUN||i2(Rd)> + H’YAUNH%%W) = (f = Fun, —Auy)
1
< 4—72||f — Fun iz gey + 7AUN| T2 gay-

Integrating the above equation from 0 to ¢ and using the estimate (25]), we obtain

HAUN||2L2(Rd) + ||VUN||2L2(R«1) < C(HfH%Il(O,T;Lz(Rd)) + HUOH%TZ(Rd) + HwOH?“{Z(Rd))'

13



By letting N — oo, we obtain from the above estimate and (25]) that

||az€2u||L°°(0,T;L2(]Rd)) + [|Osul| Loo (0,111 ey + [[0]] oo (0,152 (RAY) + ||8t2u||L2(O,T;H1(Rd)) (26)
SCUf 1 o,r;2®ay) + ol g2 ey + |woll 2 ray)-

We next show the higher regularity result. In particular, we have the following result:

Theorem 3.3. Assume «, 3,7 are sufficiently smooth, let u be the solution of (&), if ug €
HM2(RY), wy € HF2(RY), f e HY(0,T; H*(R?)), k > 0, then

107 0| oo (0.7, 110 Ry + (| Ovtl| oo (0.1 mrm+1 may) + |6l Lo (o vz mayy + |07 wll L2017 mv1 (may) o

+ 10kl 2o v +2mayy < C ([ F 1l o+ @y + l1woll e may + ol rreay) -

Proof. Taking v = (—=1)k0,V*1y, k > 1 in [24]), we obtain

1d N . . -
S & (Hatvkuvaiz(Rd) + ||7Vk+1UNH%2(Rd)> + aHathUNHi?(Rd) + 5H3tvk+1UN||i2(Rd)
= (f0, 0.V un) < CO) fill o1 gray + g“athHUNH%z(Rd)-

Integrating the above equation from 0 to 7', we have

HatvkaNHiw(O,T;L?(Rd)) + H’YkaﬂNH%oo(o,T;B(Rd)) + 2O‘||atvkaNH%2(0,T;L2(Rd))

+ 810V an 172 0 rp@ay < C <Hft||iQ(0,T;Hk*1(Rd)) + [VF* |72 gy + ||ka0“%2(Rd)> ;
which leads to

||8t2vkuN||2Loo(0,T;L2(Rd)) + ||8tvk+luN||%°o(o,T;L2(Rd)) + ||at2vk+1uN||2L?(0,T;L2(]Rd))

(28)
< € (IlBsoimns oy + 15O gy + IV 200l ey + 19+ 2 )
Using the same argument for @y to uy, we obtain the following estimate
10:V un o0 0722y + IV v oo o 22y + 10V unl|Te 0,72y 29)

< C (12 0z, + IV ol By + 19400 22(aey) -
We put the above two estimates together as follow:
107 wun | oo 0,71+ Rety) + [10kun | oo 0,701 Ray) + 1w || oo 2 @eyy + 107 un || 2041 ey

+ 10sun |l 2.1 r2®ayy < C (I1F 11 ok ray) + [[woll mvrzay + uoll graray) -

The estimate (21) follows by letting N — oo. O
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4 FError estimates

We show in this section the convergence of the Hermite spectral Galerkin approximation.

Let us denote the errors as follows:
ey =u—uy =&+, v = yu—uy, 17y =u—Ilyu.

We have the following error estimate for the Hermite spectral Galerkin approximation.

Theorem 4.1. Let u and uy be the solutions of the weak problem (8) and the Hermite

spectral Galerkin problem ([I0)), respectively. Assume ug € BM(]Rd), wy € B,(RY), u(t) e

L2(0,T; B.(RY)) N L®(0, T; By(RY)), dyu(t) € L*(0,T; B,(R%) N L=(0,T; B(R?)), d2u(t) €

L?(0,T; Bp(Rd)),t >0, q,8>1,p,pu,v, 7 >0, then there holds the following error estimate:

_p 1-gq _T
[0en]l + llen ey S N72 |az€2u|L2(0,T;Bp(Rd)) + N |atu|L2(0,T;Bq(Rd)) + Nz |atu|L°°(0,T;BT(Rd))

1—r 1—s _K _v
+ N |u|L2(0,T;BT-(Rd)) + N> |u|L°°(O,T;BS(Rd)) + N2 |u0|BH(Rd) +NTE |w0|3u(Rd)

for allt > 0. Here and below || - || denotes for the standard L* norm.
Proof. We derive from (&) and (I0) that
Alu —uyn,v) =0, Yve Vy,
where A(-,-) is defined in ([@). Consequently, we have
AN, v) = —A(ny,v), Yo € Vy.

By taking v = 9,¢y in (B1l), we get

1d
2 dt

Ld

9w + labaiEn + B2V enl + 5 =

A(En, 06n) = v Veén]?,

and
A, 06n) = (7nn, 0ién) + (admn, 0in) + (B0:Vnn, 0, VEN) + (V2 Vi, O, VEN)
< e 0N + Cle) 07 nw|1* + e2l| 0w I + Cle) 10w ||* + €3]0 VEN ]
+Clex) 10V |I” + eall 0 VEN* + Clea) [V ™.
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Set €1 + €3 = «, €3 + ¢4 = 3, then by combining the above two equations, and using estimate
(7)), we obtain
%(Ilf)‘t&vll2 + 7 Venl?) <Cloznn 1 + 110w 1 + 110:Vaw]® + [ Viw]?)
<C(N~ p|82u|B ey T N1~ |8tu|B J&D) T N1_7’|u|QBT(Rd)),
where C' is a constant independent of N. Integrating the above equation from 0 to ¢, we obtain

||at§NH2 + H’ngNH2 SN p|82u|L2 + Nl_q‘atuﬁz(o,T;Bq(Rd +N T|U|L2 (0,738, (RY))

(0,T; B, (RY))
+ N_“HuonBM(Rd) + N_VHw(]H%,u(Rd)

Therefore, the following estimate
[Oren ] + [[Ven | S N 77107

+N1— _I_Nlr

u|L2(0TB (R9)) |atu|L2(0TB (R%)) |u|L2(0TBT(Rd))

v T 2 1-s
+ N |u0|B L (RA) + N~ |'LU0|B (Rd) + N~ |atu| 0 (0,T; B~ (Rd)) + N |u|Loo(0TBS(Rd))

(34)
follows by using the triangle inequality and the projection property. To obtain the estimate

B0), we are left to estimate ||ex(t)]|. Note that

%Hew(t)W < 2llex®)l1Oeen (Bl < llex @I + loen )]

Then using the Gronwall’s inequality, we obtain

len (@)l < CllGeen(t)]]
Consequently, the estimate (B0) follows by the estimate (34]). O
Remark 4.1. If a function v decays sufficiently fast at infinity, then |[v||gr@ay ~ [|0]| g, ga): & =
0. Therefore, if u, Oyu, O*u decay sufficiently fast at infinity, o, 8,7 are sufficiently smooth, and
f € HY0,T; H*(RY), uy € H*2(RY), wy € H*2(RY), in view of the estimates ([21), we

observe that the estimate [BQ) is reduced as

k41

1Oen]l + llenllmr@sy S N7 (1flrommn @y + [woll pra@ay + luoll grra)) - (35)

5 Implementation and numerical examples

In this section, we shall briefly give the implementation details, and then present several

numerical examples to demonstrate the proposed algorithm.
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5.1 Implementation

Now let us give the details of the implementation. We first consider the space discretization.

Let
d
Oy, (x) = [ [ 65 (an),
k=1

where |jl1 =71+ ...+ ja. Then {<I>j(ac)};y:b1 are the basis functions of Viy. We can express the
numerical approximation uy as
un(@,t) = ) u;(t)®;(), (36)
j=1
where N, is the total number of basis functions.
By setting v = ®;(x) (i = 1, -, N,) and using the formulation ([36), we can rewrite (0]
into the following linear system

d—Qﬁ(t) + M, iﬁ(t) +S
A2 ® dt A

d ~ .

M —U() +5,0(t) = F(0), (37)

where the mass matrix M and weighted mass matrix M, are given by
Mi; = (95, ®:), Maij = (a®;, ),
and the weighted stiffness matrices Sz and S, are given by
Spij = (BV®;, V), S5 = (’V;, V),

and
F(t) = [(£.®1),....(f;@m)]", U(1) = [@(t), ... ax, (1))
For the computation of the mass and stiff matrices, the explicit forms can be found in [23]
Section 7.2] if «, 3,y are all constants. Otherwise, if a, 8,7 are variable coefficients, to obtain
the matrices M, Sz and S, we use the Gauss-Hermite quadrature. The n-point Gauss-Hermite

rule in R reads as

/ e_:”Qf(x)dx ~ Z wif (),
R k=1

17



where zy, wy, (kK =1,2,--- n) are the Hermite Gauss quadrature points and weights, respec-
tively.

Now we introduce the time discretization for solving the resulting linear system (37). To
get a globally high-order accurate scheme in time, here we would like to employ the third-stage
strong stability preserving (SSP) Runge-Kutta (RK) method for the ordinary differential system
7). To this end, an auxiliary variable V(¢) is first introduced for (B7) to get the following

first-order system:

—V(t) = AU(t) + BV (t) + F(t),
where A= —~M~'S,,B=—~M""(M,+ Sg) and F = M~'F.
Assume that the time interval is discretized as: t,.1 = t, + At,,n =0,1,2,-- -, where At,

is the time step size at t = t,,. Let ™ and v™ be the approximations to u(-,t") and v(-,t,), then

the third-stage SSP-RK method is used for the time discretization as follows:

Stage 1:
U0 = 0" + At, V™,
VO =V At (Aﬁ'” + BV + F”) .
Stage 2:
U@ = zﬁ“ + i ((7(” + Atnv(l)) :
~ ~ 1/~ . ~ -
Ve = ZV" +7 (V<1> + At, (AUW + BV 4 F<1>)) .
Stage 3:
U+ = %(7” + % ((7(2) + Ath@)) :
1~ 2 /4
e = 2Pt (V) + A, (AD® + BV®) + FO)

5.2 Numerical examples

In the following, we present several numerical examples to test the accuracy of the Hermite
spectral Galerkin method and to illustrate the behavior of the solutions to problem ().
Example 1. Accuracy tests with smooth initial conditions and source term in the one-

dimensional case. We consider the 1D diffusive-viscous wave equation with a = § =~ =1 and

18



different initial conditions and source functions:

(i) f=0,

(i) f =e**[(1 —4a?)sint + (3 — 422) cost],

u(x,0) = e,

w(z,0) =

_e_x2

u(z,0) =0,

u(z,0) =e .

2

These two problems have exact solutions u(x,t) = e ™~ and u(z, t) = e~ sin t respectively.

We compute the numerical solutions with the spectral method and the third-stage SSP Runge-

Kutta method (At,, = 10™*) until the final time 7' = 1. The degree of the space approximation

is N. The numerical errors measured by three different norms (L? and L*°) and orders of

accuracy are listed in Table [5.1] for case (i) and case (ii), respectively.

We also show the

errors in semi-log scale in Figure [5.] for the cases (i) and (ii). We observe that the expected

exponential convergence rates are obtained.

Table 5.1: Example 1: Errors and convergence rates for the 1D cases.

case (i) case (ii)

N | L? error | L? order | L* error | L™ order | L2 error | L? order | L™ error | L™ order
10 | 2.751E-04 — 1.316E-04 — 7.467E-04 — 4.783E-04 —
15 | 2.855E-05 5.588 1.302E-05 5.705 8.033E-05 5.499 5.244E-05 5.452
20 | 9.792E-07 | 11.723 | 4.143E-07 11.983 2.879E-06 | 11.570 | 1.928E-06 11.483
25 | 1.045E-07 | 10.028 | 4.254E-08 10.201 3.149E-07 9.918 2.143E-07 9.844
30 | 3.679E-09 | 18.355 | 1.378E-09 18.810 1.145E-08 | 18.179 | 7.944E-09 18.072
35| 3.971E-10 | 14.441 | 1.501E-10 14.384 1.259E-09 | 14.318 | 8.845E-10 14.240
40 | 1.417E-11 | 24.964 | 5.056E-12 | 25.392 4.607E-11 | 24.774 | 3.281E-11 24.670
45 | 1.566E-12 | 18.700 | 7.497E-13 16.205 5.106E-12 | 18.678 | 3.656E-12 18.632
50 | 2.934E-13 | 15.891 | 2.746E-13 9.533 5.078E-13 | 21.906 | 4.288E-13 | 20.341
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Figure 5.1: Example 1: Convergence of the L? and L* errors for the solutions.

Example 2. Accuracy tests with smooth initial conditions and source term in the two-
dimensional case. We compute the 2D diffusive-viscous wave equation with a = = vy =1 and

consider the following two cases:
() F=0, uz,y,0)=e @) uyny,0) = —e (),
(i) f= e‘xz[(3—4x2_4y2) sint+(5—4x?—4y?) cost]|, u(z,y,0) =0, us(z,y,0)= o—(@?+y?)

For these two problems, the exact solutions are given by u(x,y,t) = e~ (@)=t and u(z,y,t) =
e~ (@) gint, respectively. The degrees of the space approximation is N x N. Set At,, = 1074,
we compute the numerical approximations until 7" = 0.5. The errors are also measured by three
different norms (L? and L>). We present the errors as well as the convergence rates in Table
for the case (i) and the case (ii), respectively. We also plot the convergence of the errors
in semilog scale in Figure showing again that the spectral accuracy with respect to N is

obtained.
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Table 5.2: Example 2: Errors and convergence rates for the 2D cases.

case (i) case (ii)

N | L? error | L? order | L* error | L™ order | L2 error | L? order | L™ error | L™ order
10 | 7.181E-04 — 4.293E-04 — 6.347E-04 — 2.620E-04 —
15 | 7.452E-05 3.269 4.141E-05 3.374 6.781E-05 3.226 2.563E-05 3.354
20 | 2.556E-06 8.318 1.302E-06 8.532 2.413E-06 8.227 9.349E-07 8.166
25 | 2.728E-07 | 7.779 1.324E-07 7.947 2.630E-07 | 7.705 1.032E-07 7.660
30 | 9.603E-09 | 14.997 | 4.373E-09 15.282 9.520E-09 | 14.872 | 3.808E-09 14.786
35| 1.037E-09 | 12.209 | 4.547E-10 12.415 1.045E-09 | 12.119 | 4.228E-10 12.056
40 | 3.697E-11 | 21.626 | 1.562E-11 21.869 3.811E-11 | 21.480 | 1.575E-11 21.344
45 | 4.028E-12 | 16.602 | 1.852E-12 15.969 4.202E-12 | 16.512 | 1.743E-12 16.483
50 | 3.287E-13 | 21.275 | 2.891E-13 15.766 2.438E-13 | 24.173 | 1.822E-13 19.174
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Figure 5.2: Example 2: Convergence of the L? and L* errors for the solutions.
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Example 3. Accuracy tests with non-smooth source term in the one-dimensional case.

Here we consider the 1D problem with o = § = 7 = 1 and the initial conditions and source
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function are taken as:
w(z,0) = uy(z,0) =0, flz,t)=a"e" cos(t).

For the above problem, we set u = % and p = %, respectively. The expected convergence rates

of |le|| 1 (r) are almost 11 and 1%, respectively according to the estimate (B5). The numerical

12 12°
simulation is implemented with the present Hermite spectral method and the third-stage SSP
Runge-Kutta method (At, = 10~*) until the final time 7' = 0.5. Since we don’t have the exact
solution, we take the numerical solutions obtained with N = 500 as the “reference solution” to
compute the numerical errors and consequent the convergence rates. The result concerning the

convergence of the H?-error is shown in Figure 5.3 We observe that the convergence rates are

coincide with the theoretical results.
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Figure 5.3: Example 3: Convergence of the H' errors for the solutions.

Example 4. Wave propagation within homogeneous medium. In this test, we present the
problem describing the wave propagation with the homogeneous medium. For the diffusive-
viscous wave equation (II), we set the parameters as « = 1,5 = 0.01 and v = 20. A Ricker

wavelet with dominant frequency of 15Hz located at (zo,yo) = (10, 10) is used to generate the
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vibration. The source function is taken as follows

[z, y,t) = gz, y)h(t), (38)

where

g(w,y) = e Ml mwl () = [1 =2 fo(t — t9))*]e (ol (39)

with the dominant frequency f; = 15 and the time delay t, = 0.05.

We use the present algorithm to numerically solve this model. The time step size is taken as
At = 107* and degrees of the space approximation is N x N. We show the time evolution of the
diffusive-viscous wave in Figure 5.4l Observe that the wave propagates outward isotropically
from the source center (g, yp). We further compare the cross sections of the numerical solutions
at the line y = x for T'= 0.005,0.1,0.3,0.5 with N = 100 and N = 200 in Figure to verify
the convergence of our numerical method. It can be seen that the one-dimensional profiles
match very well. Moreover, we notice that the wave front has propagated out of the fixed
domain [0,20]? (here only for showing the solution) at the time 7' = 0.5. This means that we
cannot obtain accurate solutions for a long time within a fixed bounded domain, e.g. [0, 20]?,

if homogeneous boundary conditions are used.
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Figure 5.4: Example 4: Contours of the numerical approximations at time T =

0.005,0.1,0.3,0.5 with N = 200.
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Figure 5.5: Example 4: Comparison of the cross sections of the numerical solutions at y = x,
at T = 0.005,0.1,0.3,0.5. The results corresponding to red solid lines are obtained by using
N = 200 while the results corresponding to blue dash-dotted lines with the circle symbol are
obtained by using N = 100.

Example 5. Wave propagation within heterogeneous media. Now we consider the wave

propagation within two different media. The parameters are set as

(1.0,0.02,15.6), ify < 16.5,

(a,B,7) =
(2.5,0.05,20.4), ify > 16.5.
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The source function is defined as that in (B8) and [B9) with (zo,y0) = (15,15), fo = 20 and
to = 0.05.

The time step size is again taken as At = 10~ and degrees of the space approximation
is N x N. We present the time evolution of the diffusive-viscous wave in Figure We
observe that initially the wave propagates isotropically from the source center (xg,yo) until it
reaches the interface of these different two media (around 7" = 0.05 to 0.15). Then at a later
time the wave fronts propagate at different speeds within these two media. We also present
the cross sections of the numerical solutions at the line x = 17 for T" = 0.05,0.15,0.25,0.4
with N = 150 and N = 300 in Figure (5.7 to verify the convergence of our numerical method.
It can be seen that the one-dimensional profiles match very well. Again, it can be observed
that the wave fronts have propagated out of the given domain [0,30]? at the time T = 0.8.
For this case, suitable boundary conditions must be applied when the problem is simulated
in a bounded domain, otherwise truncation errors or boundary reflections may destroy the
numerical solutions. However, this issue is resolved by using the proposed method since we

directly simulate the model in natural unbounded domains.

30 30
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10 10
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0\\\\|\\\\|\\\\|\\\\|\\\\|\\\\ 0\\\\|\\\\|\\\\|\\\\|\\\\|\\\\
0 5 10 15 20 25 30 0 5 10 15 20 25 30
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(a) T = 0.05 (b) T =0.15
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Figure 5.6: Example 5: Contours of the numerical approximations at time T =

0.05,0.15,0.25,0.4, 0.6, 0.8 with N = 300.
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6 Concluding remarks

Diffusive-viscous wave equations arising in geophysics are naturally developed in unbounded
domains. A truncated domain is usually needed to numerically solve the diffusive-viscous wave
equations. However, this introduces nonphysical reflections or truncation errors. To resolve
this issue, we directly consider diffusive-viscous wave equations in unbounded domains in this
paper. In particular, we analyzed the existence and uniqueness of the weak solution and show
the regularity in terms of the initial conditions and the source term. We further developed
a high accuracy Hermite spectral Galerkin scheme for diffusive-viscous wave equations, and
then derived the error estimate for the Hermite spectral Galerkin method. We demonstrated
the theoretical result and verified the sharpness of the error estimate using both smooth and
non-smooth functions f. We further provided several numerical examples with constant as well
as discontinuous coefficients to demonstrate the present algorithm showing that the present

method can resolve the boundary truncation and artificial reflection issues.
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