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NEW ANALYSIS OF MIXED FINITE ELEMENT METHODS FOR
INCOMPRESSIBLE MAGNETOHYDRODYNAMICS

YUCHEN HUANG, WEIFENG QIU, AND WEIWEI SUN

ABSTRACT. This paper focuses on new error analysis of a class of mixed FEMs for
stationary incompressible magnetohydrodynamics with the standard inf-sup stable
velocity-pressure space in cooperation with Navier-Stokes equations and the Nédélec’s
edge element for the magnetic field. The methods have been widely used in various
numerical simulations in the last several decades, while the existing analysis is not opti-
mal due to the strong coupling of system and the pollution of the lower-order Nédélec’s
edge approximation in analysis. In terms of a newly modified Maxwell projection we
establish new and optimal error estimates. In particular, we prove that the method
based on the commonly-used Taylor-Hood /lowest-order Nédélec’s edge element is effi-
cient and the method provides the second-order accuracy for numerical velocity. Two
numerical examples for the problem in both convex and nonconvex polygonal domains
are presented, which confirm our theoretical analysis.

1. INTRODUCTION

Magnetohydrodynamics (MHD) is the study of the interaction between electrically
conducting fluids and electromagnetic fields [7, [15], [33], such as liquid metals, and salt
water or electrolytes. Some more comprehensive discussion on the applications can be
found in [15], 25, 32] and references therein. In this paper, we consider the steady state
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incompressible MHD model on 2 C RY, d = 2, 3, defined by

r=0 on 0,

~RMAuA+ (u-V)u+Vp—-S(Vxb)xb=Ff inQ, (1.1a)
SRIVx(Vxb)—SVx(uxb)—Vr=g in{, (1.1b)
V-u=0 1in, (1.1c)

V.b=0 in, (1.1d)

u=0 on 0, (1.1e)

nxb=0 onodf, (1.1f)

)

)

(
/pda::(), (1.1h
Q

where ) a simply-connected Lipschitz polygonal or polyhedral domain and m is the unit
outward normal vector on 9€2. The solution of the above system consists of the velocity
u, the pressure p, the magnetic field b and the Lagrange multiplier r associated with the
divergence constraint on the magnetic field b. The above equations are characterized by
three dimensionless parameters: the hydrodynamic Reynolds number R., the magnetic
Reynolds number R,, and the coupling number S. [2] [7, [15] provide detailed discussion
of these parameters and their typical values.

Numerical methods and analysis for the MHD model have been investigated exten-
sively in the last several decades, see [3, 14} [15], 16l 17, 19, 21], 23], 24} 31 40, 43] and
references therein. The model is described by a coupled system of electrical fluid flows
and electromagnetic fields, governed by Navier-Stokes and Maxwell type equations, re-
spectively. Therefore, numerical methods for the MHD system are based on a combina-
tion of the approximation to Navier-Stokes equations and the approximation to Maxwell
equations. Earlier works was mainly focused on the classical Lagrange type finite ele-
ment approximation to the magnetic field b. Analysis has been done by many authors
[10; [14) 17, 19 B1]. [I7] firstly provides the existence, uniqueness, and optimal conver-
gent finite element approximation to the MHD system with nonhomogeneous boundary
conditions. Instead of assuming the source terms f and g are small enough, the analysis
in [I7] only requires that ||uHH%(6Q) is small enough (see [I7, (4.19)]). A more popular
approximation to Maxwell equations is the H (curl)-conforming Nédélec’s edge element
methods, which have been widely used in many engineering areas. It is well-known
that Lagrange type approximation may produce wrong numerical solutions for Maxwell
equations in a nonconvex polyhedral domain, (see [I] [5]). For the MHD system, a class
of mixed finite element methods was first presented by Schotzau [40], where the hydro-
dynamic system is discretized by standard inf-sup stable velocity-pressure space pairs
and the magnetic system by a mixed approach using Nédélec’s elements of the first kind.
Error estimates of methods were presented and the problem was considered in general
domains. Subsequently, numerous efforts have been made with the Nédélec FE approx-
imation [27, 30} 35, 37, 41, 42, [43] and the analysis has been extended to many different
models and approximations [8, 9, 12, 22] 28, 36]. For a convex polyhedral domain, the
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main result given in [40] is the following error estimate
lw —wn | g1) + |0 = ball Hcun,n) < C(h' + 1) (1.2)

for the method with the approximation accuracy O(h!) for hydrodynamic variables and
the approximation accuracy O(h¥) for the magnetic field b. By , one has to take the
combination with k& = [ to achieve an optimal convergence rate. However, the method
with & < [ is more popular since high-order Nédélec’s edge elements are more compli-
cated in implementation and extremely time-consuming in computation. In particular,
the method based on the combination of the Taylor-Hood element and the lowest-order
Nédélec’s edge element has been frequently used in applications and numerical simula-
tions have been done extensively [11], 39, 4T], [42]. In this case, k = 1 and [ = 2, the error
estimate reduces to

lw = wnllmr () + 1 = ballreune) < C(A* +h). (1.3)

One can see from that the accuracy of numerical velocity is only of the first-order,
which is not optimal in the traditional sense and also, not a good indication for the
commonly-used method. It was assumed that the accuracy of the velocity is polluted by
the lower-order Nédélec’s edge finite element approximation. This is a common question
in many applications when FEMs with combined approximations of different orders is
used for a strongly coupled system. The main purpose of this paper is to establish the
optimal error estimate

|w — wp| g1 < C(ht + n*) (1.4)

for the standard combination, which shows that the numerical velocity is of one-order
higher accuracy than given in previous analysis for the case k < [ and which implies the
second-order accuracy

lu — wp | i) < CR? (1.5)

for the combination of Taylor-Hood element and the lowest-order Nédélec’s edge element
of the first type. Our analysis is based on a new modified Maxwell projection. In terms
of the projection and the error estimate in a negative norm, a more precise analysis
is presented in this paper. The analysis shows clearly that the mixed method with
the Taylor-Hood/lowest-order Nédélec’s edge element approximations is efficient and
the method provides second-order accuracy for numerical velocity. The lower-order
approximation to the magnetic field b does not influence the accuracy of numerical
solution of Navier-Stokes equations.

The rest of the paper is organized as follows. In Section 2 we first provide the varia-
tional formulation and the mixed method for the MHD model and some existing results
and then, we present our main theorem for an optimal error estimate of the method. To
prove it, we introduce a modified Maxwell projection and establish its approximation
properties in Section 3. In terms of this projection, we present our theoretical analysis.
In section 4, we provide numerical experiments to confirm our theoretical analysis and
show the efficiency of the method.



4 YUCHEN HUANG, WEIFENG QIU, AND WEIWEI SUN

2. MiXeD FEMS AND MAIN RESULTS

2.1. Mixed FEMs. To introduce the mixed method, we adopt the notations and norms
used in [40} 43]. We denote some standard vector and scalar function spaces by

H(curl, Q) ={c € [L*(Q)]? : V x ¢ € [L*(Q)]*},
Hy(curl, Q) ={c € H(curl, Q) : n X ¢|og = 0},
X ={c € Hy(cur, Q) : V- e =0},
H(div,Q) ={c € [L*(2)]*: V - ¢ € [L*(Q)]%},
LY@ ~{g € @) : [ ade =0},
9)
() = (H)(®)"
For any (v,¢) € [H}(Q)]? x H(curl,Q), we define
(v, )II* = IVollE20) + Slelleno)- (2.1)
Moreover, we denote some bilinear or trilinear forms by
as(u,v) = R;1(Vu, Vo)g,
am(b,c) = SR,;H(V x b,V x ¢)q,
1 1
co(w;u,v) = E(w -Vu,v)q — i(w -V, u)q,
ci(d;v,e) =S((Vxe)xdv)g=—-Svxd,V xc)g,

for any u,v € [H}(Q)]? and any b, c,d € Hy(curl, Q) with d € [L3(Q)]<.
The exact solution (u,b,p,r) of the MHD system (1.1)) satisfies the variational for-
mulation

as(u,v) + co(u; u,v) — c1(b;v,b) — (p, V- v)q =(f,v)q, (2.2a)
am(b, €) + c1(b;u, c) — (Vr,e)q =(g,¢)q, (2.2b)

(V- u,q)q =0, (2.2¢)

(b, Vs)a =0, (2.2d)

for any (v, ¢, q,s) € [H}(Q)]¢ x Hy(curl, Q) x LZ(Q) x HI(Q).
Let T}, denote a quasi-uniform conforming triangulation of 2. On this triangulation,
we define several finite element spaces by

Vi, = [Hg () N B(T5)],

Q' = P (Th) N HY(Q) N LA(Q),

Ct = {c, € Ho(curl, Q) : eu|x € [Pr1(K)]* @® D} (K), VK € T},
SF = Hi(Q) N Pu(Ty)

for I > 2 and k > 1, where P(T;,) = {w € L*(Q) : w|x € P(K),VK € T}, D¥(K) =
{p € [P.(K)]*: p(a:) x = 0,Vx € K} and Py(K) is the collection of the k-th order
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homogeneous polynomials in Py, (K). C} is actually the k-th order first type of Nédélec’s
edge element space.

The mixed method in [40, 43] seeks an approximation (wp, by, pn, ) € Vi x CF x
QF x S! to the exact solution (u, b, p,r) satisfying the following weak formulation:

as(wn, v4) + co(wn; wp, vi) — c1(by; vn, br) — (pn, V- vi)a = (£, vn)e; (2.3a)
(b, €r) + c1(bp; Un, €) — (Vra, ep)a = (g, ¢n)a, (2.3b)

(V-up,qn)a =0, (2.3¢)

(bn, Vsp)a =0, (2.3d)

for all (vy,, cn, qn, 1) € Vi, x CF x Q% x SF.

The paper is focused on optimal error estimates of the mixed method defined in .
Iterative algorithms for solving the nonlinear algebraic system and their convergences
were studied by several authors [10, 37, 41], 42} [43] and numerical simulations on various
practical models can be found in literature [3, 11}, 39]. Analysis presented in this paper
can be extended to many other mixed methods.

2.2. Auxiliary results. The mixed method defined in — was analyzed by
several authors. In this subsection, we provide some existing results which shall be used
in our analysis.

Mimicking the space X defined at the beginning of Section we introduce

Xh = {Ch € Ci : (Ch, Vsh)g = O,Vsh € S}]f} (24)

Lemma 2.1. (see [43, (2.2, 2.3, 2.4)]) There ezist positive constants Ao, A}, A1 and Ao
such that

>\0”CHH(curl,Q) < HV X CHLQ(Q)a Ve € X, (25&)

Ivllzs) < AlIVUllz@),  vllzs@) < MlVollie), Yo € Hy(Q), (2.5b)

lells) < AV X €flr2@), Vee X. (2.5¢)

Lemma 2.2. ([43, Lemma 2.1]) It holds that

as(w,v) + ap(d, ¢) <max{R; ', R, '}H(w,d)|| - [|(v,e)]], (2.6a)
Y(w,d), (v,c) € [Hy(Q )4 x Hy(curl, ),
as(v,v) + apn(c,c) > min(Re_l, le)\o)H(v, o (2.6Db)

Y(v,c) € [H} ()] x X
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and
C()(UJ; f)a ’U) *
sup R =M A7, (2.7a)
waweat @) VW20 [Vl 2@ VUl 2@ '
d.
sup c1(d; v, c) —SAi N, (2.7b)
de X ,ve[HE(Q)]4,ce Ho(curl,Q) Hd”H(curl,Q) [Vl L2(Q) | CHH(cwl,Q)
sup CO<w;1~)7/U) - Cl(cf;’liaé) +Cl(d;ﬁac) :]/\\71 (27C)
de X ,&,ce Ho(curl,Q),w,d,0eHE ()4 [(w,d)]| - [[(v,¢)]] - ||(v, e)|

=2\ max{\, A\ }.
Here the constants Ao, A\, \1 and Ay are introduced in Lemma [2.1]
For any A > 0, we define

(20 + S~ lgllza)
(min{R; 1, RIA})*
The well-posedness of the MHD system (1.1]) is given in the following lemma and the

proof can be found in [40] 43].

n(A) =

(2.8)

Lemma 2.3. Suppose that
Nﬂ?()\o) <1, (2.9)

where Ny is introduced in and and n(Xo) is defined as with A = Xg. Then
the MHD system admits a unique solution (u,b,p,r) € [HL(Q)]? x Ho(curl, Q) x
L3(QY) x H}(Q) satisfying

(e, B[ < n(Ao) min{ R, Ry P Ao}- (2.10)

Lemma 2.4. ([34, Lemma 7.20], [38, Lemma 5.1)) There exist positive constants \j, \;
independent of h such that

Nollenllaeurno) < IV X enllzz@),  lenllz@) < AV X enllrz@), Ven € X (2.11)
where the finite element space X, is introduced in .

The well-posedness of the finite element system and error estimates of finite element
solutions were presented in [40, 43]. With the above lemma, the well-posedness with a
slightly weak condition is given in the following lemma. The proof follows those given
in [40, 43] and is omitted here.

Lemma 2.5. Supposed that
Nﬂ?()‘g) <1, (2.12)

where Ny = v/2\ max{ A}, \5} and n(X) is defined as with A\ = X\5. Then the
mixed finite element system admits a unique solution satisfying

1(un, Br) | < n(A) min{RZ", RLIAG} (2.13)
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Here the constants X\§, \5 are introduced in Lemma while A\, \] are defined in
Lemma 21
In addition,

[ = | () + 16 = bullseun) < C(A' + h¥). (2.14)
Remark 2.1. We can see that the condition ([2.12]) and discrete inverse inequality implies

the condition (2.9) and from ([2.14) that

||UhHW1,p(Q) <C for p <6. (2.15)
2.3. Main results. Under the assumptions of Lemmal[2.3} the MHD system (.1) is well-
posed. We further assume that the solution satisfies the following regularity condition:
there exists a positive constant K, such that

1010t (@) + IV X Bllyraar ) + Nl @) + 12l o) + 16l v
+ IV x bl gry + |7l o) < K. (2.16)

Here d* denotes a constant strictly bigger than d.

Our main result is the following Theorem

Theorem 2.1. We assume that the domain Q is a convex polygon or polyhedra in RY
and the conditions hold. Then the mixed finite element system admits

a unique solution and there exists hg > 0 such that when h < hyg,
lw — wnll ) + 1br — ballreurnn) < Ci (B + REFY) (2.17)
Hb - bhHH(curl,Q) < Cl (hl + hk) )

where Cy is a positive constant depending upon the physical parameters S, Ry, Re, the
domain 2 and the constant K introduced in . Here b, € C¥ is a projection of

(b,r) defined below in (3.9).
Corollary 2.2. Under the assumptions of Theorem[2.1}, it holds that
H’LL — uhHLz(Q) + Hb — bhHH—l(Q) § Cg (hl+1 + hk+1) y (218)

where Cy is a positive constant depending upon the physical parameters S, R,,, R., the
domain £ and the constant K introduced in .

Remarks. For the Taylor-Hood/lowest-order Nédélec’s edge element of the first
type, | = 2 and k = 1. From the above theorem, one can see that the frequently-used
mixed method provides the second-order accuracy for the numerical velocity, while only
the first-order accuracy was presented in previous analyses. For the MINI/lowest-order
Nédélec’s edge element of the first type, [ = k = 1 and the optimal error estimate of the
second-order in L?-norm is shown in . For simplicity, hereafter we denote by Ck
a generic positive constant which depends upon K.

3. ANALYSIS

Before proving our main results, we present a modified Maxwell projection in the
following subsection, which plays a key role in the proof of Theorem [2.1]
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3.1. Projections. Let (@, pn) € V', x Q) be the standard Stokes projection of (u,p)
defined by

as(u — @y, vp) — (p— pn, V- vp)a =0, Vv, € V), (3.1a)
(V- (u—1),qn)0 =0, Vg, € Q). (3.1Db)

Let (by,7,) € C* x SF be the modified Maxwell projection of (b, r) defined by
(b — by, e) + c1(b— b u, ) — (V(r — 1), en)q =0, Ve, € CF, (3.2a)
(b—by, Vsp)g =0, Vs, € SF. (3.2b)

With the Stokes projection (3.1)) and the modified Maxwell projection (3.2)), we define
an error splitting by

u—up =(u—uyp) + (u, —up) =& + €u, (3.3a)
b— b, =(b—by) + (b, — by) ==& + ew, (3.3b)
p—pn=(p—Dn) + (Bn — pr) ==& + €, (3.3¢)
r—ry,=(r—7) + (Th — 1) =& + e (3.3d)

Moreover, we denote by (by,7,) € CF x S¥ the standard Maxwell projection defined
by

am(b— by, cn) — (V(r — ), en)a =0, Ve, € CF, (3.4a)
(b— by, Vsu)o =0, Vs, € SF. (3.4b)

By classic finite element theory, we have the error estimates
€ullz2() + AV Eull20) + 16l 220)) < CRF (1wl mivi () + (1Pl mey) (3.5)

for the Stokes projection in (3.1) when € is convex and
IV % (bn = b)|[L2() + [|bw = bllL2(@) + [[V(Th — 1) L2(0)
< CRm 0 (1Bl s + IV X bllreey + 7]

for the Maxwell projection in (3.4). Here s > 0.
In order to provide the error estimates for the modified Maxwell projection, we con-
sider (z,¢) € Hy(curl, Q) x Hj(Q) satisfying

SRV x (V x 2z)+ Su x (V x z) — V¢ =0, (3.7a)
V -z =0, (3.7b)

Hs+l(Q)) (36)

where 0 € [L*(Q)]¢. The well-posedness of the above system is presented in the following
theorem.

Theorem 3.1. Suppose that holds. Then the system has a unique solution.
If we further assume 2 is a convex polygon or polyhedra, w € [L>°(Q) N W13(Q)]? and
0 € H(div,Q), then

12|lar ) + IV X 2||mr @) + |0l m2@) < Csl|0|aiaimg), (3.8)
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where C3 is a positive constant depending upon the physical parameters S, R,,, the do-

main 2 and the constant K introduced in .

Proof. To show the uniqueness of the solution of the system (3.7]), we only consider the
corresponding homogeneous system with 8 = 0. By standard energy argument, we have

SRV x z||%g(ﬂ) +S(ux(Vxz)z)ag=0.
By noting (3.7b]), we see that z € X. According to (2.5b)) and (2.5c)), we further have
RV % 2| 720) < Mde|| Vull 2@V X 2[72 )

which with the condition shows that ||V x z||z2 = 0 and by noting z € X, z =0
in ). By and the assumption @ = 0, we obtain ¢ = 0 in €. So the system (3.7))
has a unique solution.

Again by standard energy argument, we have

SR;LIHV X z“%Q(Q) + S(’U, X (v X Z),Z)Q - (07Z)Q‘

By (2.5b), , and noting the fact that z € X, we see that

1 _ 1o
5B IV % 2l520) < SOz l12 ] 1200) < ST N]l2@) IV % 2ll12(0)

where we have noted (2.5a)). It follows that
2]l #earne) < Cll0]|20) (3.9)
and therefore,
% (V% )]l ) < [l =@V % 2llz20) < C10]200) (3.10)
When € is a convex polygon (or polyhedra), we have
12l m1@) < CUIV X 2|l120) + [V - 2| 120) -
From the system (3.7)), (3.10) and the fact that ¢ € H}(), we can see that

2|z @) + IV X 2[lg1 @) + |@]la1 @) < Cll0]|2@ (3.11)

and then,
IV - (ux (V% 2))|Ir200) < C (IVull 3 + Julleo@) IV X 2| 510) < C||9||L2(<Q)- |
3.12

Moreover, by taking divergence on the both sides of , we get the equation
—Ap=V-0—-5V-(ux(Vxz).
By noting and the assumption that {2 is a convex polyhedral,
101l 20) < Cll0]z1(aiv.0- (3.13)
follows from and and the proof is complete. 1

Now we present the error estimates of the modified Maxwell projection below.
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Theorem 3.2. We assume that u € [H*(Q)]? and the condition holds. Then the
modified Maxwell projection is well defined for any (b,r) € X x H}(Q) and for
any s > 0,

ooy + V6 20y < Cb™s). (3.14a)
If we further assume €0 is a convex polygon or polyhedra, then

16|30 < Cyh™nks) (3.14b)

1€olli-1() + IV X &olli-1() < Cah™*. (3.14c)

Here Cy is a positive constant depending upon the physical parameters S, R,,, the domain
Q and the constant K introduced in .

Proof. To prove the well-definedness of the modified Maxwell projection (3.2), we only
consider the corresponding homogeneous system

o (bn, €) + 1(by; w, ) — (Vi e)q =0,
(br, Vsp)a =0,
for any (cp,s,) € CF x SF. Taking ¢, = by, and s, = 7, leads to
am(i)h, IN)h) + cl(i)h; u, Bh) =0.
from which, we can see that
R IV % Ball2aioy < Bnll sl s IV % Bl 2
ANVl @IV X Bl
This further shows that
(1= NIV by <0.

By noting the condition |D we get by, = 0 in Q. It is straightforward to verify 7, = 0
in 2. Thus the modified Maxwell projection (3.2)) is well defined when the condition

[£:12) holds.
With the standard Maxwell projection (3.4]), we rewrite the system ((3.27b|) and (3.27d))

into

(b, — bi, ¢3) + ¢1(by, — by u, ) — (V(Fr — 74), €n)a
= ap(by, — b, cy) + c1(by, — biu, ) — (V7 — 1), en)a,
(Eh — by, Vsp)a =0,

for any (ep, sp) € Cﬁ x Sk. By taking (cp, sn) = (Bh — by, 7, — ) in above two equations
and applying , we have
am(/l;h — by, by, — by) + c1(by — by u, by, — b)
=a,(by, — b, by, — by) + ¢1(by, — b;u, by, — by) — (V(7) — 1), by, — by)g
:cl(/l;h — biu, by — by),
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where we have noted that Bh —b, e X, (see ) By Lemma and Lemma , we
further see that
b1 — billsr(eurney < Clluall () 1Br — bl (@)
<CR™™ w0y (|[bl] 50y + [V % b
where we have used the approximation error . Therefore,
16— by 1 (cure) (3.15)
<CN™ 0 (| ey + 1) (bl + [V % b

Hs(Q) + HT” Hs+1(Q))

H3(Q) + ||T| Hs+1(Q)) .
Since V7, V7, € Cﬁ, taking ¢, = V7, — V7, and noting
by = by, V(7 = 7)) = 2B — by w, V(7 — 7))
= c1(by — byu, V(7 — 7)) = 0,
we get
P = . (3.16)
(3.14al) follows (3.15] [3.16)) and the approximation property of the standard Maxwell
projection (3.6)).
Moreover, let TI$™ be the projection P, onto C% in [4, Section 5]. Then by [4,
Proposition 5.65], we have

1B — II5™B|| 3y <CR™™®) |11y,

16— T2 | rrgeunn ey SCR™™ ) (1Bl 1120 + IV % bl () -
We define oj, € SF by
(Von, Vsn)a = (IIS™b, Vsy)a, Vs, €SP
Since I15Vb — Vo, € X3, by Lemma and ,
(T — Vo) — byl raie) < CITI™b — bl (eurto
<Ch™™ ) (|lul| g2y + 1) (16l @) + IV X Bllas@) + [Irllm+@) -

We define by o the solution of
Ag =V - (b—T1I5""b) in Q, o =0 on 09Q.
Following [26], Theorem 0.5] (see also [0, Corollary 3.10] and [6, Remark 3.11] ),
lollwis@) < Cllb =0 30y < CR™E|[b]|ypesq)-
By the definition of o and noting the fact that V - b = 0, we see that
(Vou, Vsp)o = (II5™b — b, Vsp)o = (Vo,Vsp)a, Vs, € S

By [I8, Theorem 2] with the assumption 2 being convex and standard interpolation
argument for bounded linear operator, we have

lonllwis@ < Cllollwisgy < CRE|b]| s q),
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and
16— BhHL?’(Q) (3.17)

<[|b = 15| s o) + [ Voull s + | (TT5"0 = Van) — bl (o)
<CR™™ ) (||lul|g2() + 1) (Ibllas) + IV x b]

(3.14b)) follows immediately.

We notice that

Hs+1(Q)) .

mo@) + [|bllwss) + [|7]

. b—b,,0
16— bullg1) = sup (b= b, 6)a
ocimi@ye 101«

Let (z,¢) € Hy(curl,Q) x H(2) be the solution of the system (3.7a])-(3.7b]). Since
the condition (2.12)) implies the condition (2.9) and the assumption u € [H?(Q)]? | by

Theorem , the system is well-posed and
12l @) + IV % 2l + [0l a2@) < Csll0]m @), (3.18)
where the constant Cj is introduced in Theorem [3.1l Then we have
(b— by, 0)q (3.19)
=SRY(V x (b—1b),V x 2)g+ S(u x (V x 2),b—bp)q — (b— by, Vd)g
=am(b— by, z)+c1(b— by u, z)—(b— by, Vo)a
=0, (b — by, z — zp) +c1(b— by:u, z — zp) + (V(r—7),z — zp)a
— (b— by, V(¢ — dn))a,

for any (zp,én) € C} x SF. The last equality follows the definition of the modified
Maxwell projection (3.2]) and the fact that V- z = 0. By Lemma we further have

(b — by, 0)0 <C((1+ |u]l=@)llb = bullmema) IV X (2 = 24) || 2() (3.20)
+ IV = )ll2@llz = zullzz@) + 110 = bull 2@ V(6 = én)ll2@)-

We choose z;, and ¢, to be the best approximations to z and ¢ in CZ and S for
H (curl)-norm and H'-norm, respectively. By (3.18]),

16~ Bulli-10) <CCsh (16 = Ballmeuny + IV = )l ) (3.21)
<SCCR L (|[bl] ey + IV X bl arg) + 7]l am o) -
On the other hand, it is easy to see

b V x (b — B ) b— B ,V X
IV x (b= by)|lg1iy = sup (Vx=b)ma_ - (b=bnVxmo
n€[H ()¢ HnHHl(Q) ne[H ()4 H'r;HH1(Q)

(3.22)
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Then for any i € [H3(€)]?, the same argument obtaining implies
(b—by,V X 1)q =anm(b—bp,z — z,) +c1(b—by;u, z — z,) + (V(r — 1), 2 — z1)a
—(b—b,, V(o —dp))a,  Y(zn o) € CF x SE.

Here (z,¢) € Hy(curl, Q) x H} () is the solution of the system (3.7a])-(3.7a) with 8 =
V x n. By Lemma [2.2] we have

(b= by, V x ) <C((1+ [[u]lz=@) b = ball e |V % (2 = 2) [l 12(@)
HIV = 7n)ll2@llz = 2allz2@) + 16 = bl 2@ V(6 = ¢n)ll22(0)) -
Notice that [|0||zaiv.0) = IV X nll2@) < [I1]lm10). By Theorem .1} we have
1Z2llm1@) + IV X 2llm@) + 192 < Csll0]lnaive) < Csllnllm @), (3.23)

where the constant (5 is introduced in Theorem . We choose z;, and ¢, to be the best
approximations to z and ¢ in C} and S¥ for H(curl)-norm and H'-norm, respectively.

By (3.23),
(b= b1,V x m)a <CCsh (16— bl + V0 = 7l ) Il
<CCzh*H (||b||Hk(Q) + IV % bl ) + ||7”||Hk+1(sz)) 17l 210
and the last inequality implies
IV (b = by) || 1110 (3.24)
<CO3h (16~ bulleuncy + IV =72 120
<CCh* (|11l ey + IV % bl gy + (7] sy

by the same argument with (3.18)) in last paragraph. Thus (3.14c)) holds by (3.21]) and
324).

Now we conclude that the proof is complete. I
Remark 3.1. If the condition (2.12)) holds, we claim that
1811~ < C. (3.25)

Here by, is defined in (3.2).
By (13.14b|) and the condition ([2.12), we have that

16— by 23y < Ch.

We denote by b the standard L2-orthogonal projection of b onto [Py(T},)]?. By the
condition (2.12)) again, we have that

18311 < Clbllzeioy < Clbllyr.as o) < C.
16— Bllzse) < Ch.
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Then by discrete inverse inequality, we have that
1br [z (0) < [1bn = il (o) + 1Byl =)
<ChHlbw = byl 2(@) + 1Byl =) < C.

Thus (3.25)) holds.
In fact, by (3.14b}j2.14) and the same argument above, we have that

[bn | L (0) < C, (3.26)

if the condition (2.12)) holds.

3.2. Proof of Theorem By Lemma , the mixed finite element system ({2.3])
admits a unique solution and the boundedness ([2.15]) holds.
From (|1.1)) and (22.3)), we can see that the error functions satisfy the following equations

as(u — wup,vy) = — (co(w; w, vy) — co(wp; up, vy)) + (c1(b; Vi, b) — c1(by; vy, b))
(3.27a)
— (P —pn, V- vn)a,
am (b — by, cp) = — (c1(b;u, ¢p) — cr(bp;up, ) + (V(r —rp), en)a, (3.27Db)
(V- (u—up),qn)o =0, (3.27¢)
(b—by,Vsy)g =0, (3.27d)

for any (v, €, qn, sn) € Vi, x Cp x Q) X Sf.
With the splitting (3.3)), by taking v, = e, ¢, = eb, ¢4 = €, and s, = e,, the error
equations (3.27)) reduce to
As(Ews ) + (€5, V - €)= — (co(u; u, €4) — co(wn; up, €4,)) (3.28a)
+ (c1(b; €u, b) — c1(bp; €w, b))
am(ep, eu) — (Ver, ep)a = — (c1(b;u, ep) — c1(bp; un, ep) — c1(&p; u, ep)) (3.28b)
(V Gy, ep)ﬂ = 07 (328C)
(eb, VGT)Q = O, (328(31)
where we have noted the definition of these two projections (3.1)) and (3.2)). Notice that
if we used the standard Maxwell projection (3.4)), then the term c¢;(&p; u, €p) would not

appear in the error equation ((3.28bj).
Summing up the first two equations in (3.28]) leads to

as(€q, €x) + am(ep, ep)
= — (co(u;u, ey) — co(un; un, €u))
+ [(c1(b; ew, b) — 1(bn; €u, br)) — (c1(b; w, ep) — c1(bp; Un, €b) — c1(Eb; U, €5))]
=1y + Ip. (3.29)
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By the skew-symmetry of the operator ¢, Lemma [2.2] and Theorem [2.5]

Iu = - (CO<€u; u, eu) + CO(eu; u, eu) + CO(uh; £u7 eu)) (330)
ANVl ) [VealZay + C (Iulynar @) + lnlwnes @ ) Il 20 el

2
< (A IVallzz@ + €) Veulaoy + Ce (Il @ + lnlhgr @) 1€l
S (/\1>\T||V’U,||L2(Q) + 6) ||V€UH%2(Q) + OK€_1h2l+2

we have used (2.15) and noted || - ||Lo@) < C| - [[jyra+ (). We recall that dt > dis a
constant introduced in ([2.16)).
On the other hand, by rearranging terms in I, we have

Iy = (c1(b; €4, b) — ¢1(bp; €4, br)) — (c1(b;w, ep) — 1 (bp; un, ep) — c1(Ep; u, €p))
=c1(b — by; ey, b) + c1(bp; ey, b — by)
—c1(b—bp;u,ep) — cr(bp;u — up, ep) + 1 (Ep; u, €p)
=c1(b — by; ey, b) + c1(br; ew, &)
—c1(b — by;u, ep) — c1(bp; §u, ) + c1(Ep; u, €p). (3.31)

Notice that

—c1(b—bp;u,ep) + c1(p; 1, €p)

= — c1(§p; u, en) — ci(en; U, ep) + c1(§p; u, ep) = —ci(ep; u, ep). (3.32)
Then by (3.31) and (3.32)), we have

Iy =c1(b — by; e, b) + c1(bp; eu, &) — ci(en; u, €p) — c1(bp; Eu, €b)
=c1(&p; €us b) + c1(b eu, &) + (ci(ev; eu, b) — cr(en; eus &) — (&b €u, )
— c1(ep;u, ep)) — c1(bp; Eu, €p). (3.33)

We estimate these terms in the right-hand side of the above equation below. By the
definition of the operator ¢, the sum of the first two terms in the right-hand side above
can be rewritten by

c1(&p; €u, b) + c1(b; ew, &) = S(&pseu X (V x b)) — S(V X &, €4 X b)g
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which, by Theorem [3.2| and the fact that e, € [HJ(Q2)]?, is bounded by
c1(&p; €, b) + c1(b; €4, &p)
<S (1ol -1 (@ llew x (V x b)[m10) + [V x Eolla-1@)llew X blla(s))
<Cl&lla-1(9) (lewlls@llV x bllwrs@) + [[Veullz2@) [V % bl (@)
+C|V x fb”H*l(Q) (HeuHLG(Q)”bnwlv?’(Q) + ||V€u||L2(Q)||b||L°°(Q))
<Cl&lla-1@) lleull ) (IV % bllwis@) + [V x b =(@))
+ CIIV X &llr-r@llewllm @) (I1Bllwrs@) + 16l L)
<C (IBllyrar oy + IV X Bl g ) lewlliny (1610 + 1V % Golla-ro)
<Crh* M ewlm ) - (3.34)

We notice ey, by, € X, By Theorem [3.2] (3.275) and the definition of ¢, the last term
in (3.33) is bounded by

|Cl(bh; fuy eb)’ = |Cl (Bhv €u7 eb) —C (eb; g’u.a eb)‘

< C(IV < ep|l 2@ |€ullo@) + [ball L@ 1€ull 2 () leb]|r1cur.0)

< GHGbH%{(curl,Q) + OKh2l+2

where we have noted ||&u||z6() < Clléullm @) < Cxh! < e when h < hy for some hy > 0.
Moreover, by Lemma [2.1, Lemma [2.4] the sum of the rest terms in the right-hand side

of (3.33) is bounded by

C1(€b; Cu, b) - Cl(eb; Cus fb) - Cl(fb; €u>€b) - Cl(eb; u, €b)
< S)\l)\;”V X b||L2(Q)||v X €b||L2(Q)||veu||L2(Q)

+ C||6b||H(cur1,Q) ||6u||H1(Q) H§b||H(cur1,Q)

+ Cllés ]l s llewll @ l€oll eur.a) + SMAS NVl 2@ IV X eb] 720
< %51/2>\1)\§HV % bl 2@l (eos €w) I + Clléoll reuno [l (v, €a) |

+ %H%qul(g) + O 6oll73(0) ol Freury + SAA VLl 120y |V X eb[[72(q)
< <e +Ch+ %Sm)\l)\;HV X b||L2(Q)> | (ew, €2)]|?

+ SAl)\;Hvu”m(Q)”V X 6b||%2(g) + CKe_th(k'H) )

The last inequality holds since £ > 1. By combining the above inequalities, we get the
estimate

1 * *
[b < (26 + Ch + 551/2)\1)\2HV X bHL2(Q)) H(eb,eu)HQ -+ S)\l)\QHVUHLQ(Q)HV X 6[,”%2(9)

+ e 1O h2 kD), (3.35)
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Substituting (i3.30] - into ( gives
as(€ws €w) + A (€p, €p) < (6 +Ch+ = 51/2)\1)\*HV X bHLQ(Q)) | (eb, €]

+ max{ M Ay, MAHI V| 2oyl (epy €a) |2 + € Cre (R2FHD 4 p252)
g<e+C%~%NﬂNmbﬂDH@heQH2+e*CkUﬂwH)+h””)

(3.36)
for some ¢ > 0. Since
as(€u, eu) + am(ep, ) = min{ R, Ry AGH| (e e0) ]|,
for € being small enough, we get
(e, ew) || < Cre(A* + 1) (3.37)

when h < hg for some hy > 0. The proof of Theorem is complete. 1

3.3. Proof of Corollary . Since u — uy, = &, + €y, the L?-norm estimate in ([2.18))

follows (3.37)) and the projection error estimate (3.5). To show the H~!-norm estimate
in (2.18)), we follow the approach used for Theorem [3.2] By (3.7), we have

(b bh, ) = U,
= a

m

(b—"bp,z)+c1(b—bp;u,z) — (b—by, Vo)g
(b—"bp,z—2z,) +c1(b—bp;u,z — zp) — c1(bp, u — up, zp)
+ (V(r =),z — zn)a — (b — by, V(¢ — ¢n))a,
=an(b—by,z—zp) +c1(b—bp;u,z — zp) + c1(bp, u — up, 2 — zp)
—c1(bp,u —up, 2) + (V(r =), 2 = zn)a — (b= by, V(¢ — én))a,

for any (z4, ¢n) € CF x S}’f, where we have used m with v, = z,. By Lemma ,
Lemma [2.4] Lemma [2.5 and Theorem [2.1], we further have

(b—by,0)q
< O((lwll ooy + Db = bull eIV x (2 = 24) [l 2 ()

+h” 1thHH(curl,Q)HU — up|[r2@) IV % (2 = 21) [ £2(0)

+ 1bnll oo 1w — wnll2@) IV x 2[5 ()

+ IV (r = r)ll2@llz = znllz2@) + 16— ball 2V (¢ — dn)ll 2()
S OK(hk+1 + hH—l)HO”Hl(Q)

which in turn shows that
16— byl -1(9) < Ok (R + 1) (3.38)

The proof is complete. 1
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4. NUMERICAL RESULTS

In this section, we present two numerical examples to confirm our theoretical analysis
and show the efficiency of methods, one with a smooth solution and one with a non-
smooth solution. The discrete MHD system is a system of nonlinear algebraic
equations. Iterative algorithms for solving such a nonlinear system have been studied by
several authors, e.g. s ee [10] [16, 4], [43] for details. Here we use the following Newton
iterative algorithm in our computation:

Newton iteration:
For given (u)™',b"™"), solve the system

as(“’Z, 'Uh) + CO(uz_lv ’U’;LL’ Uh) + CO(’U’Z7 'u’z_la 'Uh) - Cl(b2_17 Vp, bZ) - Cl(b27 Uh, bZ_l)

+ bs (Pl vn) — bs(qn, uj) (4.1)

= (f,vn) +coluy ' up ™ op) — (" s, B, (Vn,qn) € Vi x Qn
am (b}, e) + e (b1l en) + (b, ur ™ en) + b (77, en) — b (sn, b))

=(g,en) +a (b ul ™t ep), (en,qn) € Cr x Qy (4.2)

forn =1,2,...., until |V (u} —u} ") 12(0) < 1.0e — 10.
All computations are performed by using the code FreeFEM-++-.

Example 4.1. In the first example, we consider the MHD system ((1.1)) on a unit
square (0,1) x (0,1) with the physics parameters R, = R,, = S = 1. We let

2?(x —1)?y(y — 1)(2y — 1
w=(pl ey ). = ne-),

b ( sin(7x) cos(my) ) | re 0.

sin(my) cos(mz)

be the exact solution of the MHD system and choose the source terms f, g and boundary
conditions correspondingly.

1

0.8

0.6
>
0.4

0.2

0
0 0.5 1

X
FIGURE 1. A uniform triangular mesh on the unit square.

We solve the nonlinear FE system ({2.3)) by the Newton iterative algorithm (4.1))-(4.2))
with Taylor-Hood /piecewise linear (P2 — P1) for (u,p) and the lowest-order first type
of Nédélec’s edge element and the lowest-order second type of Nédélec’s edge element,
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respectively, for the magnetic field b. To show the optimal convergence rates, a uniform
triangular partition with M + 1 nodes in each direction is used, see Figure 1 for an
illustration. We present in Table [I| numerical results with the lowest-order first type of
Nédélec’s edge element for M = 4, 8,16, 32,64, 128. From Table[l], we can observe clearly
the second-order convergence rate for the velocity w in H'-norm and the pressure in L*-
norm and the first-order rate for the magnetic field b in H (curl)-norm. This confirms
our theoretical analysis, while in all previous analysis, only the first-order convergence
rate for the velocity was presented. Our numerical results also show that the lower order
approximation to the magnetic field does not pollute the accuracy of numerical velocity
in H'-norm, although these two physical components are coupled strongly in the MHD
system. Moreover, we present in Table [2l numerical results with the lowest-order second
type of Nédélec’s edge element approximation to the magnetic field. The accuracy of
the lowest-order second type of Nédélec’s edge element approximation is also of the
order O(h) in H(curl)-norm. Our numerical results show the same convergence rates as
numerical results obtained by the lowest-order first type of Nédélec’s edge element.

TABLE 1. Errors of Taylor-Hood/lowest-order Nédélec’s edge element of
the first type for MHD system (Example 4.1).

M [ ||[V(u—up)||z2 Rate | |[p — pullzz Rate || [[b — bp|lcurs Rate || |7 — 74|l m
4

1.398e-2 2.774e-2 8.254e-1 1.232e-7
8 2.342¢e-3 258 || 7.369e-2 191 4.274e-1  0.984 || 5.676e-10
16 4.219e-4 247 || 1.887e-3  1.96 2.093e-1  0.996 | 2.349e-12
32 8.983e-5 223 || 4.750e-4  1.99 1.047e-1  0.999 | 3.732¢-13
64 2.130e-5 2.08 || 1.190e-4  2.00 5.237e-2 1.00 || 1.553e-12

128 9.250e-6 2.02 || 2.976e-5  2.00 2.168e-2 1.00 || 6.273e-12

TABLE 2. Errors of Taylor-Hood /lowest-order Nédélec’s edge element of
the second type for MHD system (Example 4.1).

1.137e-2 3.943e-2 8.093e-1 2.007e-4
1.829e-3 2.63 || 1.04le-2 1.92 4.095e-1  0.982 | 7.128e-6
16 3.669e-4 232 || 2.640e-3  1.98 2.054e-1  0.996 | 2.331e-7
32 8.484e-5 2.03 || 6.624e-4 1.99 1.028e-1 ~ 0.999 | 7.415e-9
64 2.075e-5 2.03 || 1.658e-4  2.00 5.140e-2 1.00 || 2.334e-10

M [ ||[V(u—up)||z2 Rate | |[p —pullzz Rate || [[b — bp|lcurr Rate || || — 74|l m
4
8

Example 4.2. The second example is to study numerical solution of the MHD
system on a non-convex L-shape domain € := (—1,1) x (—=1,1)/(0,1] x [—=1,0). The
solution of the system may have certain singularity near the re-entrant corner and the
regularity of the solution depends upon the interior angles in general. Here we investigate
the convergence rates of the method for the problem with a nonsmooth solution. We set
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R. = R,, =0.1,5 = 1, and choose the source terms and the boundary conditions such
that the singular solutions are defined by

u = ( p>‘ ((1 + )\) sin 9¢(9) + cos 6¢/(9)) ) _ p>‘_1
(= (1 + X) cos 0¢(0) +sinf¢'(9)) )’ D

sz(p%in(?)), r=20

in the polar coordinate system (p, #), where

((L+X)%¢'(0) + ¢"(9))

cos(Aw) cos(Aw)

14+ A 1—A
and the parameters A = 0.54448 and w = 2/3. Clearly (u,p) € H*1=<0(Q) x H = (Q)
and b € H*37(Q) for any ¢, > 0. This is a benchmark problem in numerical simula-
tions, which was tested by many authors, e.g., see [3, [16, [43].

The accuracy of numerical methods usually depends upon the regularity of the exact
solution, while theoretical analysis given in this paper is based on the assumption of high
regularity. Here we use the same method as described in Table [T For the solution of
the weak regularity as mentioned above, the interpolation error orders on quasi-uniform
meshes are

() = sin((1 + \)0) —cos((1+ N)#) —sin((1 — N)6) + cos((1 = A)0)

IV (u —up)|| 120 = OB )
16 — byl sr(eurt.) = O(R*/370) .

To test the convergence rate, a uniform triangulation is made on the L-shape domain
), see Figure 2 (top left) for a sample mesh, where M + 1 nodal points locate in the
interval [0,1]. We present in Table |3 numerical results obtained by the method with
uniform meshes. One can see clearly that the orders of numerical approximations for
w in H'-norm and for b in H(curl)-norm are 0.57 and 0.63, respectively, which are
very close to the optimal ones in the sense of interpolation. It has been noted that a
local refinement may further improve the convergence rate. Here we test the method
with locally refined meshes, although our analysis was given only for a quasi-uniform
mesh. We present three non-uniform meshes in Figure 2 with a finer mesh distribution
around the re-entrant corner. We present in Table 4 numerical results obtained by the
method with these four types of meshes in Figure 2. From Table [d] we can see the
second-order convergence rate for the numerical velocity and the first-order convergence
rate for the magnetic field approximately. This shows again that the accuracy of the
numerical method can be improved dramatically by using such locally refined meshes.
Acknowledgments The author would like to thank the anonymous referees for the
careful review and valuable suggestions and comments, which have greatly improved
this article.
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