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Abstract. In this paper, we derive a novel recovery type a posteriori error estimation of the

Crank-Nicolson finite element method for the Cahn–Hilliard equation. To achieve this, we

employ both the elliptic reconstruction technique and a time reconstruction technique based

on three time-level approximations, resulting in an optimal a posteriori error estimator. We

propose a time-space adaptive algorithm that utilizes the derived a posteriori error estimator

as error indicators. Numerical experiments are presented to validate the theoretical findings,

including comparing with an adaptive finite element method based on a residual type a

posteriori error estimator.

1. Introduction

In this paper, we are interested in an adaptive finite element method for the Cahn–Hilliard

equation
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ut +A
(
εAu+

1

ε
f(u)

)
= 0, in Ω× (0, T ],

∂nu |∂Ω = 0, on ∂Ω× [0, T ],

∂n

(
εAu+

1

ε
f(u)

)
|∂Ω = 0, on ∂Ω× [0, T ],

u(x, 0) = u0, in Ω× {t = 0},

(1.1)

where Ω ⊂ Rd(d = 2, 3) is a bounded domain with Lipschitz boundary ∂Ω, n is the unit

outward normal to the boundary ∂Ω, the operator A := −∆, and the interface width ε > 0

is a small parameter compared with the characteristic length of the laboratory scale. The

nonlinear function f(u) = F
′
(u) = u3 − u with F (u) = 1

4
(u2 − 1)2, which is a double well

potential and drives the solution to two pure states u = ±1.

The Cahn–Hilliard equation, which was introduced by Cahn and Hilliard in the late 1950s

to describe the process of phase separation [6], has become a fundamental model in engineer-

ing and materials science. It also plays an increasingly important role in many other fields

[4, 13]. The Cahn–Hilliard equation can be expressed as the H−1-gradient flow, given by

ut = δuE(u), where δuE(u) is the variational derivative of the total free energy functional

E(u) =

∫
Ω

(
ε

2
|∇u|2 +

1

ε
F (u)

)
dx.

It is well-known that the Cahn–Hilliard equation (1.1), subject to the prescribed boundary

conditions, satisfies an energy dissipative law given by

d

dt
E(u(t)) = −(ut, ut) ≤ 0.

Efficient and easy-to-implement numerical methods for the Cahn–Hilliard equation face

several challenges, including the presence of high order derivatives, a nonlinear reaction term

f(u), and the smallness of the parameter ε. To overcome these challenges, many spatial

discretizations have been studied, including finite difference methods [10], finite element

methods [11, 16, 25, 33], discontinuous Galerkin methods [14, 15, 28], and spectral methods

[12]. Strategies to address the nonlinearity include convex-splitting methods [18], stabiliza-

tion methods [32], invariant energy quantization (IEQ) approach [35, 28], and scalar variable

auxiliary (SAV) approach [21, 30, 31]. Numerical approximations of the Cahn–Hilliard equa-

tion have been extensively investigated, but efficient and accurate methods are still an active

area of research.

The smallness of the parameter ε in gradient flow models, including the Cahn–Hilliard

equation and the Allen–Cahn equation, results in the interface layer phenomenon. To ac-

curately simulate macroscopic processes described by these equations, it is necessary to use

adaptive techniques to adjust the spatial mesh size and time step size according to the in-

terface width ε. In recent years, some works on a posteriori error estimators and adaptive
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methods have been proposed. Feng and Wu [17] developed residual-type a posteriori er-

ror estimates for conforming and mixed finite element approximations of the Cahn–Hilliard

equation. A superconvergent cluster recovery (SCR)-based a posteriori error estimation and

a time-space adaptive finite element algorithm was proposed in [8] for the Allen–Cahn equa-

tion. The SCR method produces a superconvergent recovered gradient, which leads to an

asymptotically exact SCR-based error estimator. The primary focus of [8] was to design an

adaptive algorithm based on the SCR-based error estimator, while the time adaptation of

the error indicator was simply constructed based on approximations on two time levels.

In this paper, we present a novel SCR-based recovery type a posteriori error estimator

for the Crank-Nicolson finite element method applied to the Cahn–Hilliard equation. The a

posterior error estimator is derived using both the elliptic reconstruction technique and the

time reconstruction technique. Therefore, the a posterior error estimator constructed is of

greater precision and efficiency. The elliptic reconstruction technique involves separating the

error between the finite element approximation and the exact solution into two categories:

elliptic type and parabolic type. The key idea is to leverage pre-existing elliptic a posteriori

estimators for the elliptic type error, while controlling the parabolic type error using parabolic

energy estimates. In [9], a time reconstruction technique using approximations on two time

levels were introduced for the Allen–Cahn equation, which allowed for the construction of a

first-order a posteriori error estimator for time discretization. In this work, we utilize the

time reconstruction technique involving approximations on three time levels [29], leading to

a second-order a posteriori error estimator for time discretization. We employ the derived

a posteriori error estimator as error indicators and propose an efficient time-space adaptive

algorithm to solve the Cahn–Hilliard equation. Our numerical results show that the proposed

recovery type a posteriori error estimator is more effective than a residual type error estimator

and a space-only adaptive algorithm. Furthermore, our results demonstrate that the use of

time step adaptation is essential in achieving accurate numerical solutions for the Cahn–

Hilliard equation.

The paper is organized as follows: In Section 2, we introduce the Crank-Nicolson finite

element method for discretizing the Cahn–Hilliard equation, followed by an introduction of

the elliptic reconstruction for a nonlinear elliptic problem and its properties. In Section 3,

we derive an optimal a posteriori error estimation for the Cahn–Hilliard equation based on

the elliptic reconstruction and time reconstruction techniques. Based on the derived error

estimator, we propose a time-space adaptive algorithm. In Section 4, we present several

numerical examples to verify the accuracy and effectiveness of the proposed error indicators

and the corresponding time-space adaptive algorithm. We present concluding remarks in

Section 5. Finally, in Appendix A, we provide the proof of Theorem 3.2.



4 Y. CHEN, Y. HUANG, N. YI AND P. YIN

2. The discrete scheme and elliptic reconstruction

For a bounded domain Ω ⊂ Rd, we adopt the standard notations for the Sobolev space

Wm,p(Ω) equipped with the norm ‖ · ‖m,p,Ω and the semi-norm | · |m,p,Ω. If p = 2, we set

Wm,p(Ω) = Hm(Ω), ‖ · ‖m,p,Ω = ‖ · ‖m,Ω and | · |m,p,Ω = | · |m,Ω. Further, if m = 2, we take

‖ · ‖ = ‖ · ‖0,Ω.

By introducing the chemical potential

w := εAu+
1

ε
f(u), (2.1)

we can get the equivalent form of (1.1),

ut +Aw = 0, in Ω× (0, T ],

∂nw |∂Ω = 0, on ∂Ω× [0, T ],

εAu+
1

ε
f(u)− w = 0, in Ω× (0, T ],

∂nu |∂Ω = 0, on ∂Ω× [0, T ],

u(x, 0) = u0, in Ω× {t = 0}.

(2.2)

2.1. The Crank-Nicolson Finite Element Scheme. For the homogeneous Neumann

boundary conditions, the problem (2.2) is understood in the following weak form: find

(u,w) ∈ H1(Ω)×H1(Ω) such that
(ut, v) + (∇w,∇v) = 0, ∀v ∈ H1(Ω),

ε(∇u,∇ϕ) +
1

ε

(
f(u), ϕ

)
− (w,ϕ) = 0, ∀ϕ ∈ H1(Ω),

u(·, 0) = u0.

(2.3)

Let Th be a shape regular triangulation of Ω, and Vh be the corresponding finite element

space, which is defined as

Vh :=
{
v ∈ H1(Ω), v|K ∈ P1(K), ∀ K ∈ Th

}
,

where P1(K) denotes the set of linear polynomials defined in K. The semi-discrete finite

element scheme of (2.2) reads: find (uh, wh) ∈ Vh × Vh such that
(uh,t, vh) + (∇wh,∇vh) = 0, ∀vh ∈ Vh,

ε(∇uh,∇ϕh) +
1

ε

(
f(uh), ϕh

)
− (wh, ϕh) = 0, ∀ϕh ∈ Vh,

(uh(x, 0)− u0, φh) = 0, ∀φh ∈ Vh.

(2.4)

Generally, we rewrite the scheme (2.4) in its pointwise form
uh,t + Awh = 0,

εAuh +
1

ε
Pf(uh)− wh = 0,

uh(x, 0) = u0
h : = Pu0,

(2.5)
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where the finite-dimensional space operator A : Vh → Vh is the discrete Laplacian defined,

through the Riesz representation in Vh, by

〈Av,Φ〉 = a(v,Φ), ∀Φ ∈ Vh,

and P : L2(Ω)→ Vh is the L2(Ω)-projection operator such that, for each v ∈ L2(Ω), we have

〈Pv,Φ〉 = 〈v,Φ〉, ∀Φ ∈ Vh.

We divide the time interval [0, T ] into a partition of N consecutive adjacent subintervals

whose endpoints are denoted by 0 = t0 < t1 < · · · < tN = T , the n-th time interval

In := [tn−1, tn] and the corresponding time step is defined as τn := tn − tn−1. The Crank-

Nicolson finite element is to find a sequence of function (unh, w
n
h) ∈ V n

h × V n
h such that, for

each n = 1, 2, . . . , N ,

(
unh − un−1

h

τn
, vh

)
+

1

2

(
∇wnh +∇wn−1

h ,∇vh
)

= 0, ∀vh ∈ V n
h ,

ε

2

(
∇unh +∇un−1

h ,∇ϕh
)

+
1

ε

(
f(unh) + f(un−1

h )

2
, ϕh

)
−1

2

(
wnh + wn−1

h , ϕh
)

= 0, ∀ϕh ∈ V n
h ,

uh(x, 0) = u0
h.

(2.6)

Similarly to the semi-discrete scheme, the fully discrete scheme can be written in a point-

wise form as follows

unh − un−1
h

τn
+

1

2

(
Anwnh + An−1wn−1

h

)
= 0,

ε

2

(
Anunh + An−1un−1

h

)
+
P nf(unh) + P n−1f(un−1

h )

2ε

−1

2

(
wnh + wn−1

h

)
= 0,

uh(x, 0) = u0
h,

(2.7)

where An : V n
h → V n

h is defined as the discrete Laplacian and P n : L2(Ω) → V n
h represents

the L2(Ω)-projection operator.

2.2. Elliptic Reconstruction. The nonlinear elliptic problem corresponding to a steady

state of the nonlinear evolution equation (1.1) is taken as follows: given g ∈ L2(Ω), r ∈ L2(Ω),

find (µ, ν) ∈ H1(Ω)×H1(Ω) such that
Aν + ν = g, in Ω,

εAµ+
1

ε
h(µ)− ν = r, in Ω,

∇µ · n = 0, ∇ν · n = 0, on ∂Ω,

(2.8)
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with h(µ) := µ3. The weak form of the elliptic problem (2.8) reads: find (µ, ν) ∈ H1(Ω) ×
H1(Ω) such that

(∇ν,∇v) + (ν, v) = 〈g, v〉, ∀v ∈ H1(Ω), (2.9)

ε(∇µ,∇ϕ) +
1

ε
(h(µ), ϕ)− (ν, ϕ) = 〈r, ϕ〉, ∀ϕ ∈ H1(Ω). (2.10)

Remark 2.1. The well-posedness of the variational problem (2.9)-(2.10) can be derived as

follows. Owing to the variational problem (2.9) is the Euler-Lagrange equation of the func-

tional

J(ν) =
1

2

∫
Ω

|∇ν|2 +
1

2

∫
Ω

ν2 −
∫

Ω

gν, (2.11)

taking the derivative of the functional J(ν), it holds that(
δJ(ν)

δν
, v

)
= (∇ν,∇v) + (ν, v)− (g, v) = 0, ∀v ∈ H1(Ω). (2.12)

Notice that J(ν) is a convex functional, then the uniqueness of the solution for scheme (2.9)

is proved. As for the variational problem (2.10), it is the Euler-Lagrange equation of the

functional

H(µ) =
ε

2

∫
Ω

|∇µ|2 +
1

4ε

∫
Ω

µ4 −
∫

Ω

sµ, (2.13)

where
∫

Ω
sµ := (ν, µ) + 〈r, µ〉. Similarly, taking the derivative of the functional H(µ), it has(
δH(µ)

δµ
, ϕ

)
= ε (∇µ,∇ϕ) +

1

ε
(h(µ), ϕ)− (s, ϕ) = 0, ∀ϕ ∈ H1(Ω). (2.14)

Due to H(µ) be a convex functional, then the uniqueness of the solution for scheme (2.10) is

proved.

The finite element discretization of the elliptic problem (2.8) reads: find (µh, νh) ∈ Vh×Vh
such that 

(∇νh,∇vh) + (νh, vh) = 〈gh, vh〉, ∀vh ∈ Vh,

ε(∇µh,∇ϕh) +
1

ε
(h(µh), ϕh)− (νh, ϕh) = 〈rh, ϕh〉, ∀ϕh ∈ Vh.

(2.15)

Definition 2.1. (Gradient recovery a posteriori estimator function) For the nonlinear elliptic

problem (2.8), we define the gradient recovery a posteriori estimator functional

Ev := E [v,H1(Ω), Vh] := ‖Gv −∇v‖, ∀v ∈ Vh, (2.16)

where G is a gradient recovery operator.

Remark 2.2. As in [26], we utilize H1(Ω) to estimate the elliptic a posteriori estimation for

the gradient recovery a posteriori estimator functional Ev. However, it’s worth noting that

there are alternative methods to compute upper and lower bounds for the error in other

functional spaces, such as L2(Ω) and L∞(Ω).
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Gradient recovery is a post-processing technique that has gained widespread popularity

in the engineering community for its robustness as an a posteriori error estimator, its su-

perconvergence of the recovered derivatives, and its efficiency in implementation. It involves

reconstructing gradient approximations from finite element solutions to obtain improved so-

lutions. The practical use of the recovery technique is not only to enhance the quality of the

approximation but also to construct a posteriori error estimators in adaptive computation.

The gradient of the finite element approximation for the Lagrange element provides a dis-

continuous approximation to the true gradient. Various techniques have been proposed to

recover the gradient, including averaging [5, 22], local or global projections [20, 23], postpro-

cessing interpolation [27, 34], the superconvergent patch recovery (SPR) [37], the polynomial

preserving recovery (PPR) [38] and the superconvergent cluster recovery (SCR) [24].

Assumption 2.1. (Elliptic a posteriori error estimators) Assume that (µ, ν), (µh, νh) are

the exact solution and numerical solution of nonlinear elliptic problem (2.8), respectively, E
defined as Definition 2.1, there exists constants C0 and C1, such that the following bounds

hold

‖∇(µh − µ)‖ ≤ C0Eµ,

‖∇(νh − ν)‖ ≤ C1Eν .
(2.17)

In [19], He and Zhou derived both a priori and a posteriori finite element error estimates

for the following semilinear elliptic problems{
−∆u+ b(x, u) = 0, in Ω× (0, T ],

u = 0, on ∂Ω× [0, T ],
(2.18)

and if the nonlinear term b satisfies

sup
x∈Ω̄

∣∣∣∣b(x, y)− b(x, y0) +
∂b

∂y
(x, y0)(y0 − y)

∣∣∣∣ . (1 + max{|y|s, |y0|s})|y − y0|q, ∀y, y0 ∈ R

(2.19)

with q ∈ (1, 2], s ∈ [0, 5− q], then it has the following L2 promotional property.

Lemma 2.1. [19] (L2 promotional property) If h0 � 1, h ∈ (0, h0], then

‖µh − µ‖ ≤ C0h‖µh − µ‖1,Ω,

‖νh − ν‖ ≤ C1h‖νh − ν‖1,Ω,
(2.20)

here C0, C1 are constants and h = max{hK , K ∈ Th}.

Remark 2.3. In this paper, for the nonlinear elliptic problem (2.8), the nonlinear term b(u) :=

h(u) = u3 satisfies

b(y)− b(y0)− b′(y0)(y − y0) = (2y0 + y)(y − y0)2,
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which is consistent with the condition (2.19) as q = 2. Thus, in view of Lemma 2.1, we have

‖µh − µ‖2
1,Ω = ‖µh − µ‖2 + ‖∇(µh − µ)‖2

≤ C2
0h

2‖µh − µ‖2
1,Ω + ‖∇(µh − µ)‖2,

‖νh − ν‖2
1,Ω = ‖νh − ν‖2 + ‖∇(νh − ν)‖2

≤ C2
1h

2‖νh − ν‖2
1,Ω + ‖∇(νh − ν)‖2,

(2.21)

thus, if h is small enough, it holds that

‖µh − µ‖1,Ω ≤ C0‖∇(µh − µ)‖ ≤ C0Eµ,

‖νh − ν‖1,Ω ≤ C1‖∇(νh − ν)‖ ≤ C1Eν .
(2.22)

To link the Cahn–Hilliard equation and the elliptic recovered gradient estimates, we utilize

the elliptic reconstruction technique.

Definition 2.2. (Elliptic reconstruction) For 1 ≤ n ≤ N with the discrete elliptic operator

An defined as (2.7), we define the corresponding elliptic reconstruction operator Rn : V n
h →

H1(Ω), for each (χ, ϑ) ∈ V n
h × V n

h , by solving for the elliptic problem
ARnϑ+Rnϑ = Anϑ+ ϑ,

εARnχ+
1

ε
h(Rnχ)−Rnϑ = εAnχ+

1

ε
P nh(χ)− ϑ,

(2.23)

which can be written in weak form as
a(Rnϑ, v) + (Rnϑ, v) =〈Anϑ, v〉+ (ϑ, v), ∀v ∈ H1(Ω),

εa(Rnχ, ϕ) +
1

ε
(h(Rnχ), ϕ)− (Rnϑ, ϕ) =ε〈Anχ, ϕ〉+

1

ε
〈h(χ), ϕ〉

− 〈ϑ, ϕ〉, ∀ϕ ∈ H1(Ω).

(2.24)

By the Definition 2.2, it is obviously that (Rnunh, R
nwnh), (unh, w

n
h) are the exact solution

and numerical solution of (2.23), respectively. According to Assumption 2.1, we have

‖∇(unh −Rnunh)‖ ≤ C0Enu , (2.25)

‖∇(wnh −Rnwnh)‖ ≤ C1Enw, (2.26)

where Enu , Enw are defined following Definition 2.1, respectively, by

Enu := ‖Gnunh −∇unh‖, ∀unh ∈ V n
h , (2.27)

Enw := ‖Gnwnh −∇wnh‖, ∀wnh ∈ V n
h , (2.28)

with Gn := GV nh .
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3. A posteriori error estimation and adaptive algorithm

In this section, we derive a recovery type a posteriori error estimation for the Cahn–

Hilliard equation based on the elliptic reconstruction and time reconstruction techniques,

and a time-space adaptive algorithm is also developed based on the proposed a posteriori

error estimation.

3.1. A posteriori error estimation. The discrete solution is sequence of finite element

functions unh ∈ V n
h defined at each discrete time tn, 1 ≤ n ≤ N . Define the piecewise

quadratic extension [29]

uh(t) : =
t− tn−1

τn
unh +

tn − t
τn

un−1
h +

1

2
(t− tn−1)(t− tn)∂2

nuh, t ∈ In, 1 ≤ n ≤ N,

wh(t) : =
t− tn−1

τn
wnh +

tn − t
τn

wn−1
h +

1

2
(t− tn−1)(t− tn)∂2

nwh, t ∈ In, 1 ≤ n ≤ N,

(3.1)

where the term ∂2
nνh is defined as

∂2
nνh :=

νnh−ν
n−1
h

τn
− νn−1

h −νn−2
h

τn−1

τn+τn−1

2

(3.2)

with ν−1
h = ν0

h as n = 1.

Then we also define

pn := Rnunh, qn := Rnwnh , n = 0, 1, 2, . . . , N, (3.3)

and denote this sequence’s piecewise quadratic reconstruction in time by p(t) and q(t), that

is,

p(t) : =
t− tn−1

τn
pn +

tn − t
τn

pn−1 +
1

2
(t− tn−1)(t− tn)∂2

np, t ∈ In, 1 ≤ n ≤ N,

q(t) : =
t− tn−1

τn
qn +

tn − t
τn

qn−1 +
1

2
(t− tn−1)(t− tn)∂2

nq, t ∈ In, 1 ≤ n ≤ N.

(3.4)

The corresponding fully discrete error is defined by

eu : = uh(t)− u(t),

ew : = wh(t)− w(t),
(3.5)

and can be split, using the elliptic reconstruction p(t) and q(t), as follows

eu = (p(t)− u(t))− (p(t)− uh(t)) := ρu − εu,

ew = (q(t)− w(t))− (q(t)− wh(t)) := ρw − εw.
(3.6)

For terms in (3.6), the following result holds.
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Theorem 3.1. (Parabolic error identity) For each n = 1, 2, . . . , N and each t ∈ (tn−1, tn], it

holds that

∂teu +Aρw =
Anwnh − An−1wn−1

h

2
+A(q(t)− qn) + wnh −Rnwnh + (t− tn− 1

2
)∂2
nuh,

εAρu − ρw = ε
Anunh − An−1un−1

h

2
+
P nf(unh)− P n−1f(un−1

h )

2ε
− wnh − wn−1

h

2

+ εA(p(t)− pn)− (q(t)− qn) +
f(u)− f(pn)

ε
+

1

ε
(unh − pn) ,

(3.7)

where An and P n are defined in (2.7), respectively.

Proof. For n = 1, 2, . . . , N and t ∈ (tn−1, tn], by the definition of unh, we have

∂tuh =
unh − un−1

h

τn
+ (t− tn− 1

2
)∂2
nuh,

and using the fully discrete scheme (2.7), we obtain

∂tuh +Aqn + qn =
unh − un−1

h

τn
+ Anwnh + wnh + (t− tn− 1

2
)∂2
nuh

=
unh − un−1

h

τn
+
Anwnh + An−1wn−1

h

2
+
Anwnh − An−1wn−1

h

2
+ wnh + (t− tn− 1

2
)∂2
nuh

=
Anwnh − An−1wn−1

h

2
+ wnh + (t− tn− 1

2
)∂2
nuh,

εApn +
1

ε
h(pn)− qn = εAnunh +

1

ε
P nh(unh)− wnh

= ε
Anunh + An−1un−1

h

2
+ ε

Anunh − An−1un−1
h

2
+
P nh(unh) + P n−1f(un−1

h )

2ε

+
P nh(unh)− P n−1f(un−1

h )

2ε
− wnh + wn−1

h

2
− wnh − wn−1

h

2

= ε
Anunh − An−1un−1

h

2
+
P nf(unh)− P n−1f(un−1

h )

2ε
− wnh − wn−1

h

2
+

1

ε
unh.

Hence

∂tuh +Aq(t) =
Anwnh − An−1wn−1

h

2
+A(q(t)− qn) + wnh −Rnwnh + (t− tn− 1

2
)∂2
nuh,

εAp(t) +
1

ε
h(pn)− q(t) = ε

Anunh − An−1un−1
h

2
+
P nf(unh)− P n−1f(un−1

h )

2ε
− wnh − wn−1

h

2

+ εA(p(t)− pn)− (q(t)− qn) +
1

ε
unh,
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and subtracting (2.2) from the above formula, we get

∂teu +Aρw =
Anwnh − An−1wn−1

h

2
+A(q(t)− qn) + wnh −Rnwnh + (t− tn− 1

2
)∂2
nuh,

εAρu − ρw = ε
Anunh − An−1un−1

h

2
+
P nf(unh)− P n−1f(un−1

h )

2ε
− wnh − wn−1

h

2

+ εA(p(t)− pn)− (q(t)− qn) +
f(u)− f(pn)

ε
+

1

ε
(unh − pn) .

�

Then we have the following result.

Theorem 3.2. Let (unh, w
n
h)n∈[0:N ] be the fully discrete solution, defined at each discrete time

tn, its piecewise linear extension uh, wh defined as (3.1), and let u, w be the exact solution

of the model problem (2.2). Assume that ΛCH ∈ L1(0, T ) is a function such that for almost

every t ∈ (0, T ), we have

−ΛCH(t) ≤ −ΛCH(t) := inf
v∈V̇ \{0}

ε‖∇v‖2 + ε−1(f ′(uh)v, v)

‖∇∆−1v‖2
,

and set

a(t) :=

(
1 +

5

2ε2
+ 2 (1− ε) ΛCH(t)

)
,

µg := sup
t∈(0,T )

‖f̃(uh)‖L∞(Ω).

Define

η2 := ‖∇∆−1e0
u‖2 +

N∑
n=1

4Ẽnu
2

+
N∑
n=1

(
η2

0 + η2
1

)
τn,

and assume

η2 ≤ ε2/σ

(2µgCS(1 + T ))1/σ

(
8 exp

(∫ T

0

a(t)dt

))−1− 1
σ

,

then

sup
t∈[0,T ]

‖∇∆−1eu‖2 +

∫ T

0

ε2

2
‖∇eu‖2dt ≤ 8η2 exp

(∫ T

0

a(t)dt

)
, (3.8)

where

η0 :=γnw + δnw + ηnw + βnu ;

η1 :=γnu + ξnu + βnw + θnu + δnu + αnu + ζnu ;

Ẽnu
2

:=
C2

0

3
τn
(
(Enu )2 + (En−1

u )2 + EnuEn−1
u

)
+ C2

0

τ 2
nτn−1

(
Enu + En−1

u

)
+ τ 3

n

(
Enu−1 + En−2

u

)
6τn−1(τn + τn−1)

(
Enu + En−1

u

)
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+ C2
0τ

3
n

(
τn−1

(
Enu + En−1

u

)
+ τn

(
Enu−1 + En−2

u

))2

30τ 2
n−1(τn + τn−1)2

;

γnw :=

∥∥∥∥Anwnh − An−1wn−1
h

2

∥∥∥∥
−1

;

βnu :=

∥∥∥∥τ 2
n

8
· ∂2

nuh

∥∥∥∥
−1

;

ηnw :=
∥∥(An−1wn−1

h + wn−1
h )− (Anwnh + wnh)

∥∥
−1

+

∥∥∥∥τ 2
n

8
∂2
n(Awh + wh)

∥∥∥∥
−1

;

δnw :=
∥∥wnh − wn−1

h

∥∥
−1

+

∥∥∥∥τ 2
n

8
∂2
nwh

∥∥∥∥
−1

;

δnu :=

∥∥∥∥unh − un−1
h

ε

∥∥∥∥ ;

γnu :=ε

∥∥∥∥Anunh − An−1un−1
h

2

∥∥∥∥ ;

ξnu :=

∥∥∥∥P nf(unh)− P n−1f(un−1
h )

2ε

∥∥∥∥ ;

βnw :=

∥∥∥∥wnh − wn−1
h

2

∥∥∥∥ ;

θnu :=2

∥∥∥∥(εAn−1un−1
h +

1

ε
h(un−1

h )− wn−1
h

)
−
(
εAnunh +

1

ε
h(unh)− wnh

)∥∥∥∥
+
∥∥∥(εAn−1un−1

h +
1

ε
h(un−1

h )− wn−1
h

)
−
(
εAn−2un−2

h +
1

ε
h(un−2

h )− wn−2
h

)∥∥∥;

αnu :=
1

ε
C
(
Enu + En−1

u + En−2
u

)
;

ζnu :=

∥∥∥∥3(unh)2un−1
h − 2(unh)3 − (un−1

h )3

ε

∥∥∥∥+

∥∥∥∥3unh(un−1
h )2 − 2(un−1

h )3 − (unh)3

ε

∥∥∥∥
+

∥∥∥∥∥
(
3(unh)2∂2

nuh − 3unhu
n−1
h ∂2

nuh
)
τ 2
n

8ε

∥∥∥∥∥+

∥∥∥∥∥
(
3(un−1

h )2∂2
nuh − 3unhu

n−1
h ∂2

nuh
)
τ 2
n

8ε

∥∥∥∥∥
+

∥∥∥∥∥∥∥∥∥
(
3unhu

n−1
h ∂2

nuh −
(unh)3−(un−1

h
)3

τn
−

(un−1
h

)3−(un−2
h

)3

τn−1
τn+τn−1

2

)
τ 2
n

8ε

∥∥∥∥∥∥∥∥∥
+

∥∥∥∥∥
(
3unh(∂2

nuh)
2 − 3un−1

h (∂2
nuh)

2
)
τ 4
n

64ε

∥∥∥∥∥+

∥∥∥∥∥
(
3un−1

h (∂2
nuh)

2
)
τ 4
n

64ε

∥∥∥∥∥+

∥∥∥∥(∂2
nuh)

3τ 6
n

512ε

∥∥∥∥ ,
here CS, C are constants, which are independent of mesh size, and Enu := E [unh] is defined as

(2.27).
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The proof of this theorem is provided in Appendix A.

Remark 3.1. The a posteriori error estimator in Theorem 3.2 can be divided into two cat-

egories. The terms γnw, β
n
u , η

n
w, δ

n
w, δ

n
u , γ

n
u , ξ

n
u , β

n
w, θ

n
u , ζ

n
u are viewed as the a posteriori

error indicators for time discretization, the terms Ẽnu and αnu are the spatial discretization

error indicators.

3.2. Adaptive Algorithm. In view of the a posteriori error estimator of Theorem 3.2, we

design the algorithms for time-step size control and spatial adaptation in this part.

We adjust the time-step size in view of the error equidistribution strategy, which means that

the time discretization error should be evenly distributed to each time interval (tn−1, tn], n =

1, 2, . . . , N . Let TOLtime be the tolerance allowed for the part of the a posteriori error

estimator in (3.8) related to the time discretization, that is,

N∑
n=1

τn(γnw + βnu + ηnw + δnw + δnu + γnu + ξnu + βnw + θnu + ζnu )2 ≤ TOLtime. (3.9)

Generally, we can achieve (3.9) by adjusting the time-step size τn so as to have the following

relations

ηntime := γnw + βnu + ηnw + δnw + δnu + γnu + ξnu + βnw + θnu + ζnu ≤
√
TOLtime/T := TOLt. (3.10)

We summarize the procedure of time-step size control in Algorithm 1.

Algorithm 1 Time-step size control

1: Given tolerances TOLt, TOLt,m :=
√
TOLtime,min/T , parameters δ1 ∈ (0, 1), δ2 > 1;

2: Set τn := τn−1, tn := tn−1 + τn;

3: Solve the discrete problem and compute the time error estimator ηntime;

4: while ηntime > TOLt or ηntime < TOLt,m do

5: if ηntime > TOLt then

6: Set τn := δ1 · τn and tn := tn−1 + τn;

7: else

8: Set τn := δ2 · τn and tn := tn−1 + τn;

9: end if

10: Solve the discrete problem and compute the time error estimator ηntime;

11: end while

Let TOLspace be the tolerance allowed for the part of the a posteriori error estimator in

(3.8) related to the spatial discretization. For the recovery type error estimator, we adopt the

SCR-based error estimator. The SCR gradient recovery method was proposed by Huang and

Yi in [24, 36], it can produce a superconvergent recovered gradient, which in turn provides

the SCR-based error estimator that is asymptotically exact. Similar to time discretization,
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we aim to achieve the following relation at each time step n,

ηnspace := Ẽnu + αnu ≤
√
TOLspace/T := TOLs. (3.11)

Given the refinement and the coarsening parameters TOLr, TOLc, respectively, we adopt

the following Maximum mark strategy to mark the elements for refinement or coarsening.

Set

ηnK := ‖Gnunh −∇unh‖K , η
n
max := max{ηnK , K ∈ T nh }, (3.12)

choose the elements {K : ηnK > TOLr × ηnmax} for refinement, and choose the elements

{K : ηnK < TOLc × ηnmax} for coarsening.

In view of the error indicators above, we design the following time-space adaptive algorithm

for Cahn–Hilliard equation, which is outlined in Algorithm 2.

4. Numerical examples

In this section, we present three examples to demonstrate the reliability and effectiveness

of the proposed adaptive algorithm based on the a posteriori error estimator of Theorem 3.2.

In Example 4.1, we investigate the main part of the space and time discretization error indi-

cators numerically. In Example 4.2, we focus on illustrating the efficiency of the a posteriori

error estimator based on the recovery type and the necessity of time-space adaptation by

comparing them with the residual type and space-only adaptation, respectively. We provide

the corresponding numerical results, including the discrete energy history, the change in the

number of nodes and time steps, the numerical solutions, adaptive meshes, and CPU time,

to support our conclusions. For the last example, we apply the proposed time-space adaptive

algorithm to the three-dimensional Cahn–Hilliard equation.

In all examples, we take the parameters

δ1 =
1

2
, δ2 = 2,

and the remaining parameters will be specified in each example.

Example 4.1. Consider the Cahn–Hilliard equation (2.2) with the initial condition

u0(x, y) = tanh
((

(x− 0.3)2 + y2 − 0.252
)
/ε
)

tanh
((

(x+ 0.3)2 + y2 − 0.32
)
/ε
)
,

where Ω = [−1, 1]2 and the parameters ε = 0.01, TOLt = 50, TOLt,m = 5, TOLs = 10,

TOLi = 0.002.

We apply the proposed time-space adaptive algorithm to solve the Cahn–Hilliard equation,

the numerical solutions of u and the corresponding adaptive meshes are shown in Figure 1,

respectively. From the pictures, we can see that the meshes follow the zeros level set of u as

it moves.
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Algorithm 2 Time-space adaptive algorithm for the Cahn–Hilliard equation

1: Given TOLt, TOLt,m, TOLs, TOLi, δ1 ∈ (0, 1), δ2 > 1;

2: Given the initial time step τ0, initial mesh T 0
h , and initial solution u0

h;

3: Set n = 0, t0 = 0, E(u−1
h ) = 0;

4: Compute the initial error estimator η0
initial = ‖u0 − u0

h‖;
5: Refine T 0

h to get a mesh such that η0
initial ≤ TOLi;

6: Compute the energy E(u0
h);

7: while E(unh)− E(un−1
h ) > TOLe do

8: Set n := n+ 1, T nh := T n−1
h , τn := τn−1, tn := tn−1 + τn;

9: Solve the discrete problem and compute the time error estimator ηntime;

10: while ηntime > TOLt or ηntime < TOLt,m do

11: if ηntime > TOLt then

12: Set τn := δ1 · τn and tn := tn−1 + τn;

13: else

14: Set τn := δ2 · τn and tn := tn−1 + τn;

15: end if

16: Solve the discrete problem and compute the time error estimator ηntime;

17: end while

18: Compute the space error estimator ηnspace, η
n
K and ηnmax;

19: while ηnspace > TOLs do

20: Mark elements for refinement;

21: Refine mesh T nh to generate a new mesh T nh ;

22: Solve the discrete problem for unh on the new mesh T nh using data un−1
h ;

23: Compute the time error estimator ηntime;

24: while ηntime > TOLt or ηntime < TOLt,m do

25: if ηntime > TOLt then

26: Set τn := δ1 · τn and tn := tn−1 + τn;

27: else

28: Set τn := δ2 · τn and tn := tn−1 + τn;

29: end if

30: Solve the discrete problem and compute the time error estimator ηntime;

31: end while

32: Compute the space error estimator ηnspace, η
n
K and ηnmax;

33: end while

34: Compute the energy E(unh) ;

35: Mark elements for coarsen and coarsen T nh producing a modified mesh T nh ;

36: end while
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Figure 1. Example 4.1, First line: adaptive meshes; Second line: snapshots

of numerical solutions for u.

Figure 2. Example 4.1. Left: Error indicators for spatial discretization of

recovery type; Middle: Error indicators for time discretization of recovery type;

Right: Error indicators for spatial discretization of residual type.

From Theorem 3.2, the proposed error estimator contains twelve terms,

ηntime = γnw + βnu + ηnw + δnw + δnu + γnu + ξnu + βnw + θnu + ζnu ,

ηnspace = Ẽnu + αnu.

We numerically investigate which terms are the main part of the time and space discretization

error indicators. We also test the performance of the residual type error estimator provided

in [17], in which the local error estimators are defined by

ηK,j(t) = hK‖RK,j‖L2(K) +
∑
τ∈∂K

(1

2
hτ‖Jτ,j‖2

L2(τ)

) 1
2
, j = 1, 2, (4.1)
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with the element residual

RK,1 = uh,t|K +A(wh(t)|K),

RK,2 = A(uh(t)|K) +
1

ε2
f(uh(t)|K)− 1

ε
wh(t)|K ,

(4.2)

and the residual jumps across τ

Jτ,1(t) =
(
∇wh(t)|K1 −∇wh(t)|K2

)
· n,

Jτ,2(t) =
(
∇uh(t)|K1 −∇uh(t)|K2

)
· n,

(4.3)

here n is the unit normal vector to τ pointing from K1 to K2. The corresponding total spatial

discretization error estimator is taken as

η(t) =
( ∑
K∈Th

(
η2
K,1(t) + η2

K,2(t)
)) 1

2
. (4.4)

Figure 2 plots each parts of the error indicators. It shows that: i) for the recovery type

error indicator, the time discretization error estiamtor ηntime is dominated by θnu , and the

space discretization error estimator ηnspace is dominated by Enu ; ii) ηK,1(tn) is the main part of

the residual type error indicator η(tn). In the following examples, we adopt θnu as the time

discretization error indicator, and Enu or ηK,1(tn) as the spatial discretization error indicator,

respectively.

Example 4.2. Consider the model equation (2.2) with the parameters Ω = [−1, 1]2, ε = 0.01,

TOLt = 50, TOLt,m = 5, TOLs = 4, TOLi = 0.002 and the initial condition

u0(x, y) = tanh
((

(x− 0.3)2 + y2 − 0.22
)
/ε
)

tanh
((

(x+ 0.3)2 + y2 − 0.22
)
/ε
)
×

tanh
((
x2 + (y − 0.3)2 − 0.22

)
/ε
)

tanh
((
x2 + (y + 0.3)2 − 0.22

)
/ε
)
.

Figure 3. Example 4.2, Left: initial mesh; Middle: the contour plot of u0;

Right: discrete energy.

In this example, we compare the recovery type a posteriori error estimator with the residual

type. Figure 3 displays the initial mesh, contour plot of the initial numerical solution, and
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Figure 4. Example 4.2, adaptive meshes and snapshots of numerical solu-

tions; First and second column: recovery type; Third and fourth column:

residual type.

discrete energy history for the two spatial error estimators based on the proposed time-

space adaptive algorithm. We can see clearly that the energy decreases over time. Figure 4

shows the sequences of adaptive meshes and contour plots of the corresponding approximate

solutions produced by the time-space adaptive algorithm guided by the recovery and residual

type error indicators for the spatial discretization, respectively. The adaptive meshes match

the numerical solutions of Algorithm 2 based on the recovery type error indicator better than

the residual type. The corresponding time-step and number of nodes are also displayed in
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Figure 5. We observe that as the time-step grows, the degree of freedom based on the recovery

type is much less than the residual type, indicating that the recovery type a posteriori error

estimation is clearly superior to the residual type.

Figure 5. Example 4.2, Left: time-steps; Right: number of nodes.

Table 1. Example 4.2 (T=0.01), CPU time for two kinds of types by using

time-space adaptive algorithm and space-only adaptation, respectively (11th

Gen Intel(R) Core(TM) i5-1135G7 @ 2.40GHz 2.42GHz).

CPU time time-space adaptation space-only adaptation

Recovery type 389s 1095s

Residual type 106975s -

Furthermore, we evaluate the efficiency of the adaptive algorithm with time and space

adaptation. Table 1 reports the corresponding CPU time. We observe that: i) the time-

space adaptive method based on our proposed recovery type error estimator is significantly

more efficient than the adaptive method based on the residual type error indicator; ii) the

time-space adaptation is more efficient than the adaptive method with space-only adaptation.

Example 4.3. In the last example, we consider the three dimensional Cahn–Hilliard equation

(2.2) with the following initial condition

u0(x, y, z) = ε cos(1.5πx) cos(1.5πy)
(

sin(πz) + sin(2πz)
)
,

where Ω = [−1, 1]3 and the parameters ε = 0.05, TOLt = 20, TOLt,m = 1, TOLs = 1.5,

TOLi = 8e− 5.

Figure 6 displays the contour plots of the discrete energy history, time steps, and the

change in the number of nodes with time. It is evident that the energy and the number of

nodes both decrease over time, and the time steps change with time. In Figure 7, we show the

sequence of adaptive meshes and contour plots of the corresponding approximate solutions.

We observe that the meshes adapt around the zero level set, which confirms the effectiveness
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Figure 6. Example 4.3, Left: discrete energy; Middle: time-steps; Right:

number of nodes.

Figure 7. Example 4.3, adaptive meshes and snapshots of numerical solu-

tions.

of the derived a posteriori error estimation and adaptive algorithm for the three-dimensional

Cahn–Hilliard equation.

5. Conclusions

In this paper, we derived a novel SCR-based recovery type a posteriori error estimator

for the Crank-Nicolson finite element method applied to the Cahn–Hilliard equation. The

derivation of the error estimator utilized the elliptic reconstruction technique and the time
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reconstruction technique, which was based on approximations on three time levels and led to

a second order error estimator for time discretization. Based on the derived a posteriori error

estimator, we designed an efficient time-space adaptive algorithm. The numerical results

indicated that the recovery-type a posteriori error estimator and the time-space adaptive

strategy could greatly improve the efficiency of the adaptive algorithm for the Cahn–Hilliard

equation. Notably, our proposed time-space adaptive finite element method outperformed

the adaptive finite element method based on residual-type a posteriori error estimators, as

well as the space-only adaptive finite element method. These results demonstrate the superior

efficiency of our method in accurately solving the Chan–Hilliard equation at hand.

Appendix A. Proof of Theorem 3.2

In this section, we present the proof of the Theorem 3.2. To begin with, we recall the

following results.

Lemma A.1. [2] Let V̇ :=
{
φ ∈ H1(Ω), φ̄ := 1

|Ω|

∫
Ω
φdx = 0

}
, there exists CI > 0 such that

for all φ ∈ V̇ if d = 2 and for all φ ∈ V̇ ∩ L∞(Ω) if d = 3, we have

‖φ‖3
L3(Ω) ≤ CI‖φ‖1−σ

L∞(Ω)‖∇∆−1φ‖σ‖∇φ‖2, (A.1)

where σ = 1 if d = 2 and σ = 4
5

if d = 3.

Lemma A.2. [3] (Generalized Gronwall’s Lemma) Suppose that the nonnegative functions

y1 ∈ C([0, T ]), y2, y3 ∈ L1(0, T ), a ∈ L∞(0, T ), and the real number A ≥ 0 satisfy

y1(t) +

∫ t

0

y2(s)ds ≤ A+

∫ t

0

a(s)y1(s)ds+

∫ t

0

y3(s)ds

for all t ∈ [0, T ]. Assume that for B ≥ 0, β ≥ 0 and every t ∈ [0, T ], we have∫ t

0

y3(s)ds ≤ B sup
s∈[0,t]

yβ1 (s)

∫ t

0

(y1(s) + y2(s)) ds.

Setting E := exp
(∫ T

0
a(s)ds

)
and assume that 8AE ≤ (8B(1 + T )E)−1/β, then we obtain

sup
t∈[0,T ]

y1(t) +

∫ T

0

y2(s)ds ≤ 8Aexp

(∫ T

0

a(s)ds

)
.

Now, we are ready to present the proof of Theorem 3.2.

Proof. According to (3.7), we have that

∂teu +Aew =−Aεw +
Anwnh − An−1wn−1

h

2
+A(q(t)− qn) + wnh −Rnwnh

+ (t− tn− 1
2
)∂2
nuh, (A.2)

εAeu − ew =− εAεu + εw + ε
Anunh − An−1un−1

h

2
+
P nf(unh)− P n−1f(un−1

h )

2ε
− wnh − wn−1

h

2
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+ εA(p(t)− pn)− (q(t)− qn) +
f(u)− f(pn)

ε
+

1

ε
(unh − pn) . (A.3)

To make the conclusion clean, we separate the remaining of this proof into eleven steps.

Step 1: Multiplying both sides of (A.2) by −∆−1eu and (A.3) by eu, respectively, then

adding the resulting equations, we obtain

1

2

d

dt
‖∇∆−1eu‖2 + ε‖∇eu‖2 =

(
Anwnh − An−1wn−1

h

2
,−∆−1eu

)
+
(
A(q(t)− qn),−∆−1eu

)
+
(
wnh −Rnwnh ,−∆−1eu

)
+
(

(t− tn− 1
2
)∂2
nuh,−∆−1eu

)
− εa (εu, eu) + ε

(
Anunh − An−1un−1

h

2
, eu

)
+

1

ε
(unh − pn, eu)

+

(
P nf(unh)− P n−1f(un−1

h )

2ε
, eu

)
+

(
−w

n
h − wn−1

h

2
, eu

)
+

((
εA (p(t)− pn)− 1

ε

(
f(pn)

tn − t
τn
− f(pn−1)

tn − t
τn

)
− (q(t)− qn)

)
, eu

)
+

(
1

ε

(
f(unh)

t− tn−1

τn
+ f(un−1

h )
tn − t
τn
− f(pn) + f(pn)

tn − t
τn
− f(pn−1)

tn − t
τn

)
, eu

)
+

(
1

ε

(
f(uh)− f(unh)

t− tn−1

τn
− f(un−1

h )
tn − t
τn

)

)
, eu

)
+

(
1

ε
(f(u)− f(uh)) , eu

)
,

for all t ∈ (tn−1, tn] and each n = 1, 2, . . . , N . Then integrate with respect to t, we get

1

2
‖∇∆−1eNu ‖2 +

∫ T

0

ε‖∇eu‖2dt

=
1

2
‖∇∆−1e0

u‖2 +

∫ T

0

(
Anwnh − An−1wn−1

h

2
,−∆−1eu

)
dt

+

∫ T

0

(
wnh −Rnwnh ,−∆−1eu

)
dt+

∫ T

0

(
(t− tn− 1

2
)∂2
nuh,−∆−1eu

)
dt

+

∫ T

0

(
A(q(t)− qn) + q(t)− qn,−∆−1eu

)
dt+

∫ T

0

−εa (εu, eu) dt

+

∫ T

0

(
qn − q(t)− (wnh − wh),−∆−1eu

)
dt+

∫ T

0

(
wnh − wh,−∆−1eu

)
dt

+

∫ T

0

ε

(
Anunh − An−1un−1

h

2
, eu

)
dt+

∫ T

0

1

ε
(unh − pn, eu) dt

+

∫ T

0

(
P nf(unh)− P n−1f(un−1

h )

2ε
, eu

)
dt+

∫ T

0

(
−w

n
h − wn−1

h

2
, eu

)
dt

+

∫ T

0

((
εA
(
p(t)− pn

)
− 1

ε

(
h(pn)

tn − t
τn
− h(pn−1)

tn − t
τn
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− 1

2
(t− tn−1)(t− tn)

h(pn)−h(pn−1)
τn

− h(pn−1)−h(pn−2)
τn−1

τn+τn−1

2

)
−
(
q(t)− qn

))
, eu

)
dt

+

∫ T

0

(1

ε

(
pn − pn−1 −

(
unh − un−1

h

)) tn − t
τn

+
1

2ε
(t− tn−1)(t− tn)

( pn−pn−1

τn
− pn−1−pn−2

τn−1

τn+τn−1

2

−
unh−u

n−1
h

τn
− un−1

h −un−2
h

τn−1

τn+τn−1

2

)
, eu

)
dt+

∫ T

0

(
1

ε

(
unh − un−1

h

) tn − t
τn

, eu

)
dt∫ T

0

(1

ε

(
f(unh)

t− tn−1

τn
+ f(un−1

h )
tn − t
τn
− f(pn) + f(pn)

tn − t
τn
− f(pn−1)

tn − t
τn

)

+
1

2ε
(t− tn−1)(t− tn)

 f(unh)−f(un−1
h )

τn
− f(un−1

h )−f(un−2
h )

τn−1

τn+τn−1

2

−
f(pn)−f(pn−1)

τn
− f(pn−1)−f(pn−2)

τn−1

τn+τn−1

2

 , eu

)
dt

∫ T

0

(1

ε

(
f(uh)− f(unh)

t− tn−1

τn
− f(un−1

h )
tn − t
τn
− 1

2
(t− tn−1)(t− tn)

f(unh)−f(un−1
h )

τn
− f(un−1

h )−f(un−2
h )

τn−1

τn+τn−1

2

)
, eu

)
dt

+

∫ T

0

(
1

ε
(f(u)− f(uh)) , eu

)
dt

:=
1

2
‖∇∆−1e0

u‖2 + B1 + · · ·+ B17, (A.4)

where

B1 :=

∫ T

0

(
wnh −Rnwnh ,−∆−1eu

)
dt;

B2 :=

∫ T

0

(
Anwnh − An−1wn−1

h

2
,−∆−1eu

)
dt;

B3 :=

∫ T

0

(
(t− tn− 1

2
)∂2
nuh,−∆−1eu

)
dt;

B4 :=

∫ T

0

(
A(q(t)− qn) + q(t)− qn,−∆−1eu

)
dt;

B5 :=

∫ T

0

−εa (εu, eu) dt;

B6 :=

∫ T

0

(
qn − q(t)− (wnh − wh),−∆−1eu

)
dt;

B7 :=

∫ T

0

(
wnh − wh,−∆−1eu

)
dt;

B8 :=

∫ T

0

ε

(
Anunh − An−1un−1

h

2
, eu

)
dt;
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B9 :=

∫ T

0

1

ε
(unh − pn, eu) dt;

B10 :=

∫ T

0

(
P nf(unh)− P n−1f(un−1

h )

2ε
, eu

)
dt;

B11 := −
∫ T

0

(
wnh − wn−1

h

2
, eu

)
dt;

B12 :=

∫ T

0

((
εA
(
p(t)− pn

)
− 1

ε

(
h(pn)

tn − t
τn
− h(pn−1)

tn − t
τn

− 1

2
(t− tn−1)(t− tn)

h(pn)−h(pn−1)
τn

− h(pn−1)−h(pn−2)
τn−1

τn+τn−1

2

)
−
(
q(t)− qn

))
, eu

)
dt;

B13 :=

∫ T

0

(1

ε

(
pn − pn−1 −

(
unh − un−1

h

)) tn − t
τn

+
1

2ε
(t− tn−1)(t− tn)

( pn−pn−1

τn
− pn−1−pn−2

τn−1

τn+τn−1

2

−
unh−u

n−1
h

τn
− un−1

h −un−2
h

τn−1

τn+τn−1

2

)
, eu

)
dt;

B14 :=

∫ T

0

(
1

ε

(
unh − un−1

h

) tn − t
τn

, eu

)
dt;

B15 :=

∫ T

0

(1

ε

(
f(unh)

t− tn−1

τn
+ f(un−1

h )
tn − t
τn
− f(pn) + f(pn)

tn − t
τn
− f(pn−1)

tn − t
τn

)

+
1

2ε
(t− tn−1)(t− tn)

 f(unh)−f(un−1
h )

τn
− f(un−1

h )−f(un−2
h )

τn−1

τn+τn−1

2

−
f(pn)−f(pn−1)

τn
− f(pn−1)−f(pn−2)

τn−1

τn+τn−1

2

 , eu

)
dt;

B16 :=

∫ T

0

(1

ε

(
f(uh)− f(unh)

t− tn−1

τn
− f(un−1

h )
tn − t
τn

− 1

2
(t− tn−1)(t− tn)

f(unh)−f(un−1
h )

τn
− f(un−1

h )−f(un−2
h )

τn−1

τn+τn−1

2

)
, eu

)
dt;

B17 :=

∫ T

0

(
1

ε
(f(u)− f(uh)) , eu

)
dt.

Next we estimate each of the terms {Bj}j=1,...,17, separately.

Step 2: First, the term B1, which contains a spatial discretization error term, is bounded

by using Schwarz inequality

|B1| =
∣∣∣∣∫ T

0

(
wnh −Rnwnh ,−∆−1eu

)
dt

∣∣∣∣
=

∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

(
wnh −Rnwnh ,−∆−1eu

)
dt

∣∣∣∣∣
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≤
N∑
n=1

∫ tn

tn−1

‖wnh −Rnwnh‖ ·
∥∥∆−1eu

∥∥ dt
≤

N∑
n=1

∫ tn

tn−1

C1h ‖wnh −Rnwnh‖1,Ω

∥∥∆−1eu
∥∥ dt. (A.5)

Owing to Remark 2.1, it can be ignored while h is small enough. In the same way, the term

B9 can be also ignored.

Similarly, the time discretization terms B2 and B3 can be estimated as

|B2| =
∣∣∣∣∫ T

0

(
Anwnh − An−1wn−1

h

2
,−∆−1eu

)
dt

∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

∥∥∥∥Anwnh − An−1wn−1
h

2

∥∥∥∥
−1

·
∥∥∇∆−1eu

∥∥ dt
:=

N∑
n=1

∫ tn

tn−1

γnw
∥∥∇∆−1eu

∥∥ dt. (A.6)

|B3| =
∣∣∣∣∫ T

0

(
(t− tn− 1

2
)∂2
nuh,−∆−1eu

)
dt

∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

∥∥∥∥τ 2
n

8
· ∂2

nuh

∥∥∥∥
−1

·
∥∥∇∆−1eu

∥∥ dt
:=

N∑
n=1

∫ tn

tn−1

βnu
∥∥∇∆−1eu

∥∥ dt. (A.7)

Step 3: For the term B4, based on the definition of elliptic reconstruction, we have

|B4| =
∣∣∣∣∫ T

0

(
A(q(t)− qn) + q(t)− qn,−∆−1eu

)
dt

∣∣∣∣
=
∣∣∣ N∑
n=1

∫ tn

tn−1

(
A
(t− tn−1

τn
qn +

tn − t
τn

qn−1 +
1

2
(t− tn−1)(t− tn)∂2

nq − qn
)

+
(t− tn−1

τn
qn +

tn − t
τn

qn−1 +
1

2
(t− tn−1)(t− tn)∂2

nq − qn
)
,−∆−1eu

)
dt
∣∣∣

=
∣∣∣ N∑
n=1

∫ tn

tn−1

(
(((ARn−1wn−1

h +Rn−1wn−1
h )− (ARnwnh +Rnwnh))

tn − t
τn

+
1

2
(t− tn−1)(t− tn)(∂2

nAq + ∂2
nq)),−∆−1eu

)
dt
∣∣∣

≤
N∑
n=1

∫ tn

tn−1

∥∥∥∥(ARn−1wn−1
h +Rn−1wn−1

h − (ARnwnh +Rnwnh))
tn − t
τn

+
τ 2
n

8
∂2
n(ARwh +Rwh)

∥∥∥∥
−1

·∥∥∇∆−1eu
∥∥ dt
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≤
N∑
n=1

∫ tn

tn−1

(∥∥An−1wn−1
h + wn−1

h − (Anwnh + wnh)
∥∥
−1

+

∥∥∥∥τ 2
n

8
∂2
n(Awh + wh)

∥∥∥∥
−1

)
·∥∥∇∆−1eu

∥∥ dt
: =

N∑
n=1

∫ tn

tn−1

ηnw ·
∥∥∇∆−1eu

∥∥ dt. (A.8)

Step 4: The term B5 yields the spatial discretization error, which is bounded as follows

|B5| =
∣∣∣∣−∫ T

0

εa(εu, eu)dt

∣∣∣∣
=

∣∣∣∣∣−
N∑
n=1

∫ tn

tn−1

εa(εu, eu)dt

∣∣∣∣∣
≤

∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

ε‖∇εu‖ · ‖∇eu‖dt

∣∣∣∣∣
≤

∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

(
2‖∇εu‖2 +

ε2

8
‖∇eu‖2

)
dt

∣∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

2 ‖∇εu‖2 dt+
N∑
n=1

∫ tn

tn−1

ε2

8
‖∇eu‖2 dt, (A.9)

and in view of the triangle inequality and the linearity of the operators G and ∇, we get∫ tn

tn−1

‖∇εu‖2dt =

∫ tn

tn−1

‖∇(p− uh)‖2dt

=

∫ tn

tn−1

∥∥∥∇((Rnunh − unh
)t− tn−1

τn
+
(
Rn−1un−1

h − un−1
h

)tn − t
τn

+
1

2
(t− tn−1)(t− tn)(∂2

np− ∂2
nuh)

)∥∥∥2

dt

≤
∫ tn

tn−1

(∥∥∇(Rnunh − unh
)∥∥2
(t− tn−1

τn

)2

+
∥∥∇(Rn−1un−1

h − un−1
h

)∥∥2
(tn − t

τn

)2

+
(t− tn−1)2(t− tn)2

4
‖∂2

n∇p− ∂2
n∇uh‖2

+ 2
∥∥∇(Rnunh − unh

)∥∥ · ∥∥∇(Rn−1un−1
h − un−1

h

)∥∥(t− tn−1)(tn − t)
τ 2
n

+ 2
∥∥∇(Rnunh − unh

)∥∥ · ‖∂2
n∇p− ∂2

n∇uh‖
(t− tn−1)2(t− tn)

2τn

+ 2
∥∥∇(Rn−1un−1

h − un−1
h

)∥∥ · ‖∂2
n∇p− ∂2

n∇uh‖
(t− tn−1)(t− tn)2

2τn

)
dt

≤C2
0

(
(Enu )2 (t− tn−1)3

3(tn − tn−1)2
|tntn−1

− (En−1
u )2 (tn − t)3

3(tn − tn−1)2
|tntn−1
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+2EnuEn−1
u

1
2
(tn + tn−1)t2 − 1

3
t3 − tntn−1 · t

(tn − tn−1)2
|tntn−1

)
+
τ 3
n

12
C0‖∂2

n∇p− ∂2
n∇uh‖

(
Enu + En−1

u

)
+

τ 5
n

120
‖∂2

n∇p− ∂2
n∇uh‖2

≤C
2
0

3
τn
(
(Enu )2 + (En−1

u )2 + EnuEn−1
u

)
+ C2

0

τ 2
nτn−1

(
Enu + En−1

u

)
+ τ 3

n

(
Enu−1 + En−2

u

)
6τn−1(τn + τn−1)

(
Enu + En−1

u

)

+ C2
0τ

3
n

(
τn−1

(
Enu + En−1

u

)
+ τn

(
Enu−1 + En−2

u

))2

30τ 2
n−1(τn + τn−1)2

:=Ẽnu
2
, (A.10)

then taking (A.10) into (A.9), we get

|B6| ≤
N∑
n=1

2Ẽnu
2

+
N∑
n=1

∫ tn

tn−1

ε2

8
‖∇eu‖2 dt. (A.11)

Similarly, the spatial discretization error term B6 is estimated as follows

|B6| :=
∣∣∣∣∫ T

0

(
qn − q(t)− (wnh − wh),−∆−1eu

)
dt

∣∣∣∣
=
∣∣∣ N∑
n=1

∫ tn

tn−1

(
qn − (qn

t− tn−1

τn
+ qn−1 tn − t

τn
+

1

2
(t− tn−1)(t− tn)∂2

nq)

− (wnh − (wnh
t− tn−1

τn
+ wn−1

h

tn − t
τn

+
1

2
(t− tn−1)(t− tn)∂2

nwh)),−∆−1eu

)
dt
∣∣∣

=
∣∣∣ N∑
n=1

∫ tn

tn−1

((
qn − wnh

)tn − t
τn
−
(
qn−1 − wn−1

h

)tn − t
τn

− (t− tn−1)(t− tn)

2
(∂2
nq − ∂2

nwh),−∆−1eu

)
dt
∣∣∣

≤
N∑
n=1

∫ tn

tn−1

(
‖qn − wnh‖ · ‖∆−1eu‖+ ‖qn−1 − wn−1

h ‖ · ‖∆−1eu‖

+ ‖τ
2
n

8
∂2
n(q − wh)‖ · ‖∆−1eu‖

)
dt

≤
N∑
n=1

∫ tn

tn−1

(
Ch ‖qn − wnh‖1,Ω + Ch

∥∥qn−1 − wn−1
h

∥∥
1,Ω

+ Ch‖τ
2
n

8
∂2
n(q − wh)‖1,Ω

)∥∥∆−1eu
∥∥ dt. (A.12)

According to Remark 2.1, it can be ignored while h is small enough. In the same way, the

term B13 can be also ignored.
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Step 5: The time discretization term B7 is bounded as follows

|B7| =
∣∣∣∣∫ T

0

(
wnh − wh,−∆−1eu

)
dt

∣∣∣∣
=

∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

(
(wnh − wn−1

h )
tn − t
τn
− 1

2
(t− tn−1)(t− tn)∂2

nwh,−∆−1eu

)
dt

∣∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

(∥∥wnh − wn−1
h

∥∥
−1

+

∥∥∥∥τ 2
n

8
∂2
nwh

∥∥∥∥
−1

)∥∥∇∆−1eu
∥∥ dt

:=
N∑
n=1

∫ tn

tn−1

δnw ·
∥∥∇∆−1eu

∥∥ dt. (A.13)

Similarly, the terms B14, B8, B10, B11 are also the time discretization terms, and they are

estimated as follows

|B14| =
∣∣∣∣∫ T

0

(
1

ε

(
unh − un−1

h

) tn − t
τn

, eu

)∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

∥∥∥∥unh − un−1
h

ε

∥∥∥∥ ‖eu‖ dt
:=

N∑
n=1

∫ tn

tn−1

δnu · ‖eu‖ dt, (A.14)

|B8| =
∣∣∣∣∫ T

0

ε

(
Anunh − An−1un−1

h

2
, eu

)
dt

∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

ε

∥∥∥∥Anunh − An−1un−1
h

2

∥∥∥∥ · ‖eu‖ dt
: =

N∑
n=1

∫ tn

tn−1

γnu ‖eu‖ dt, (A.15)

|B10| =
∣∣∣∣∫ T

0

(
P nf(unh)− P n−1f(un−1

h )

2ε
, eu

)
dt

∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

∥∥∥∥P nf(unh)− P n−1f(un−1
h )

2ε

∥∥∥∥ ‖eu‖ dt
:=

N∑
n=1

∫ tn

tn−1

ξnu · ‖eu‖ dt, (A.16)

|B11| =
∣∣∣∣−∫ T

0

(
wnh − wn−1

h

2
, eu

)
dt

∣∣∣∣
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≤
N∑
n=1

∫ tn

tn−1

∥∥∥∥wnh − wn−1
h

2

∥∥∥∥ ‖eu‖ dt
:=

N∑
n=1

∫ tn

tn−1

βnw · ‖eu‖ dt. (A.17)

Step 6: The term B12, which also contains a time discretization term, is estimated by using

the definitions of wn, w and Rn,

|B12| =
∣∣∣ ∫ T

0

((
εA
(
p(t)− pn

)
− 1

ε

(
h(pn)

tn − t
τn
− h(pn−1)

tn − t
τn

− 1

2
(t− tn−1)(t− tn)

h(pn)−h(pn−1)
τn

− h(pn−1)−h(pn−2)
τn−1

τn+τn−1

2

)
−
(
q(t)− qn

))
, eu

)
dt
∣∣∣

=
∣∣∣ N∑
n=1

∫ tn

tn−1

((
εA
(
pn
t− tn−1

τn
+ pn−1 tn − t

τn
+

1

2
(t− tn−1)(t− tn)∂2

np− pn
)

− 1

ε

(
h(pn)− h(pn−1)

)tn − t
τn

+
1

2ε
(t− tn−1)(t− tn)

h(pn)−h(pn−1)
τn

− h(pn−1)−h(pn−2)
τn−1

τn+τn−1

2

−
(
qn
t− tn−1

τn
+ qn−1 tn − t

τn
+

1

2
(t− tn−1)(t− tn)∂2

nq − qn
))
, eu

)
dt
∣∣∣

=
∣∣∣ N∑
n=1

∫ tn

tn−1

(((
εARn−1un−1

h +
1

ε
h(Rn−1un−1

h )− qn−1
)
−
(
εARnunh +

1

ε
h(Rnunh)− qn

))tn − t
τn

+

(εApn+
h(pn)
ε
−qn)−(εApn−1+

h(pn−1)
ε

−qn−1)

τn
− (εApn−1+

h(pn−1)
ε

−qn−1)−(εApn−2+
h(pn−2)

ε
−qn−2)

τn−1

τn+τn−1

2

(t− tn−1)(t− tn)

2
, eu

)
dt
∣∣∣

≤
N∑
n=1

∫ tn

tn−1

(
2
∥∥∥(εAn−1un−1

h +
1

ε
h(un−1

h )− wn−1
h

)
−
(
εAnunh +

1

ε
h(unh)− wnh

)∥∥∥
+
∥∥∥(εAn−1un−1

h +
1

ε
h(un−1

h )− wn−1
h

)
−
(
εAn−2un−2

h +
1

ε
h(un−2

h )− wn−2
h

)∥∥∥) · ‖eu‖dt
=

N∑
n=1

∫ tn

tn−1

θnu · ‖eu‖dt. (A.18)

Step 7: The term B15 also yields a time discretization error, which is estimated by using

Lagrange mean value theorem and embedding theorem.

|B16| =
∣∣∣ ∫ T

0

(1

ε

(
f(unh)

t− tn−1

τn
+ f(un−1

h )
tn − t
τn
− f(pn) + f(pn)

tn − t
τn
− f(pn−1)

tn − t
τn

)
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+
1

2ε
(t− tn−1)(t− tn)

 f(unh)−f(un−1
h )

τn
− f(un−1

h )−f(un−2
h )

τn−1

τn+τn−1

2

−
f(pn)−f(pn−1)

τn
− f(pn−1)−f(pn−2)

τn−1

τn+τn−1

2

 , eu

)
dt
∣∣∣

≤

∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

(
t− tn−1

τnε
(f(unh)− f(pn)) , eu

)
dt

∣∣∣∣∣+

∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

(
tn − t
τnε

(
f(un−1

h )− f(pn−1)
)
, eu

)
dt

∣∣∣∣∣
+

∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

(
1

2ε
(t− tn−1)(t− tn)

f(unh)−f(pn)

τn
τn+τn−1

2

, eu

)
dt

∣∣∣∣∣
+

∣∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

1

ε
(t− tn−1)(t− tn)

f(un−1
h )−f(pn−1)

τn
τn+τn−1

2

, eu

 dt

∣∣∣∣∣∣
+

∣∣∣∣∣∣
N∑
n=1

∫ tn

tn−1

 1

2ε
(t− tn−1)(t− tn)

f(un−2
h )−f(pn−2)

τn
τn+τn−1

2

, eu

 dt

∣∣∣∣∣∣
≤

N∑
n=1

∫ tn

tn−1

3

2ε
‖f ′(ξ1)‖0,3,Ω · ‖u

n
h − pn‖0,6,Ω · ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

2

ε
‖f ′(ξ2)‖0,3,Ω ·

∥∥un−1
h − pn−1

∥∥
0,6,Ω
· ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

1

2ε
‖f ′(ξ3)‖0,3,Ω ·

∥∥un−2
h − pn−2

∥∥
0,6,Ω
· ‖eu‖ dt

≤
N∑
n=1

∫ tn

tn−1

3

2ε
‖f ′(ξ1)‖1,Ω · ‖u

n
h − pn‖1,Ω · ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

2

ε
‖f ′(ξ2)‖1,Ω ·

∥∥un−1
h − pn−1

∥∥
1,Ω
· ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

1

2ε
‖f ′(ξ3)‖1,3,Ω ·

∥∥un−2
h − pn−2

∥∥
1,6,Ω
· ‖eu‖ dt

≤
N∑
n=1

∫ tn

tn−1

1

ε
CEnu ‖eu‖ dt+

N∑
n=1

∫ tn

tn−1

1

ε
CEn−1

u ‖eu‖ dt+
N∑
n=1

∫ tn

tn−1

1

ε
CEn−2

u ‖eu‖ dt

:=
N∑
n=1

∫ tn

tn−1

αnu ‖eu‖ dt. (A.19)

Step 8: In order to estimate the term B16, which also yields a time discretization error, we

first simplify the following formula

f(uh)− f(unh)
t− tn−1

τn
− f(un−1

h )
tn − t
τn
− 1

2
(t− tn−1)(t− tn)

f(unh)−f(un−1
h )

τn
− f(un−1

h )−f(un−2
h )

τn−1

τn+τn−1

2
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=
[
3(unh)2un−1

h − 2(unh)3 − (un−1
h )3

]
·
(
t− tn−1

τn

)2
tn − t
τn

+
[
3unh(un−1

h )2 − (unh)3 − 2(un−1
h )3

]
· t− tn−1

τn

(
tn − t
τn

)2

+
[
3(unh)2∂2

nuh − 3unhu
n−1
h ∂2

nuh
]
· 1

2
(t− tn−1)(t− tn)

(
t− tn−1

τn

)2

+
[
3(un−1

h )2∂2
nuh − 3unhu

n−1
h ∂2

nuh
]
· 1

2
(t− tn−1)(t− tn)

(
tn − t
τn

)2

+
[
3unhu

n−1
h ∂2

nuh −
(unh)3−(un−1

h )3

τn
− (un−1

h )3−(un−2
h )3

τn−1

τn+τn−1

2

]
· 1

2
(t− tn−1)(t− tn)

+
[(

3unh(∂2
nuh)

2 − 3un−1
h (∂2

nuh)
2
)
·
(
t− tn−1

τn

)
+ 3un−1

h (∂2
nuh)

2
]
·
(1

2
(t− tn−1)(t− tn)

)2

+
[(1

2
(t− tn−1)(t− tn)

)3

(∂2
nuh)

3
]
, (A.20)

thus we have

|B16| =
∣∣∣ ∫ T

0

(1

ε

(
f(uh)− f(unh)

t− tn−1

τn
− f(un−1

h )
tn − t
τn

− 1

2
(t− tn−1)(t− tn)

f(unh)−f(un−1
h )

τn
− f(un−1

h )−f(un−2
h )

τn−1

τn+τn−1

2

)
, eu

)
dt
∣∣∣

=
∣∣∣ N∑
n=1

∫ tn

tn−1

1

ε

([
3(unh)2un−1

h − 2(unh)3 − (un−1
h )3

]
·
(t− tn−1

τn

)2 tn − t
τn

+
[
3unh(un−1

h )2 − (unh)3 − 2(un−1
h )3

]
· t− tn−1

τn

(tn − t
τn

)2

+
[
3(unh)2∂2

nuh − 3unhu
n−1
h ∂2

nuh
]
· 1

2
(t− tn−1)(t− tn)

(
t− tn−1

τn

)2

+
[
3(un−1

h )2∂2
nuh − 3unhu

n−1
h ∂2

nuh
]
· 1

2
(t− tn−1)(t− tn)

(
tn − t
τn

)2

+
[
3unhu

n−1
h ∂2

nuh −−
(unh)3−(un−1

h )3

τn
− (un−1

h )3−(un−2
h )3

τn−1

τn+τn−1

2

]
· 1

2
(t− tn−1)(t− tn)

+
[(

3unh(∂2
nuh)

2 − 3un−1
h (∂2

nuh)
2
)
·
(
t− tn−1

τn

)
+ 3un−1

h (∂2
nuh)

2
]
·
(1

2
(t− tn−1)(t− tn)

)2

+
[(1

2
(t− tn−1)(t− tn)

)3

(∂2
nuh)

3
]
, eu

)
dt
∣∣∣

≤
N∑
n=1

∫ tn

tn−1

∥∥∥∥3(unh)2un−1
h − 2(unh)3 − (un−1

h )3

ε

∥∥∥∥ · ‖eu‖ dt
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+
N∑
n=1

∫ tn

tn−1

∥∥∥∥3unh(un−1
h )2 − 2(un−1

h )3 − (unh)3

ε

∥∥∥∥ · ‖eu‖ dt
+

N∑
n=1

∫ tn

tn−1

∥∥∥∥∥
(
3(unh)2∂2

nuh − 3unhu
n−1
h ∂2

nuh
)
τ 2
n

8ε

∥∥∥∥∥ · ‖eu‖ dt
+

N∑
n=1

∫ tn

tn−1

∥∥∥∥∥
(
3(un−1

h )2∂2
nuh − 3unhu

n−1
h ∂2

nuh
)
τ 2
n

8ε

∥∥∥∥∥ · ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

∥∥∥∥∥∥∥∥∥
(
3unhu

n−1
h ∂2

nuh −
(unh)3−(un−1

h
)3

τn
−

(un−1
h

)3−(un−2
h

)3

τn−1
τn+τn−1

2

)
τ 2
n

8ε

∥∥∥∥∥∥∥∥∥ · ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

(∥∥∥∥∥
(
3unh(∂2

nuh)
2 − 3un−1

h (∂2
nuh)

2
)
τ 4
n

64ε

∥∥∥∥∥+

∥∥∥∥∥
(
3un−1

h (∂2
nuh)

2
)
τ 4
n

64ε

∥∥∥∥∥
)
· ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

(∥∥∥∥(∂2
nuh)

3τ 6
n

512ε

∥∥∥∥) · ‖eu‖ dt
:=

N∑
n=1

∫ tn

tn−1

ζnu ‖eu‖ dt. (A.21)

Step 9: Grouping together (A.8), (A.12) and (A.13), we have

|B1|+ · · ·+ |B4|+ |B6|+ |B7|

≤
N∑
n=1

∫ tn

tn−1

γnw
∥∥∇∆−1eu

∥∥ dt+
N∑
n=1

∫ tn

tn−1

βnu
∥∥∇∆−1eu

∥∥ dt
+

N∑
n=1

∫ tn

tn−1

δnw ·
∥∥∇∆−1eu

∥∥ dt+
N∑
n=1

∫ tn

tn−1

ηnw ·
∥∥∇∆−1eu

∥∥ dt
:=

N∑
n=1

∫ tn

tn−1

η0

∥∥∇∆−1eu
∥∥ dt

≤
N∑
n=1

∫ tn

tn−1

1

2
η2

0dt+
N∑
n=1

∫ tn

tn−1

1

2

∥∥∇∆−1eu
∥∥2
dt. (A.22)

Summing up (A.14)-(A.21), it holds that

|B8|+ · · ·+ |B16| ≤
N∑
n=1

∫ tn

tn−1

γnu ‖eu‖ dt+
N∑
n=1

∫ tn

tn−1

ξnu ‖eu‖ dt+
N∑
n=1

∫ tn

tn−1

βnw ‖eu‖ dt

+
N∑
n=1

∫ tn

tn−1

θnu · ‖eu‖dt+
N∑
n=1

∫ tn

tn−1

δnu · ‖eu‖ dt
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+
N∑
n=1

∫ tn

tn−1

αnu ‖eu‖ dt+
N∑
n=1

∫ tn

tn−1

ζnu ‖eu‖ dt

:=
N∑
n=1

∫ tn

tn−1

η1 ‖eu‖ dt

≤
N∑
n=1

∫ tn

tn−1

1

2
η2

1dt+
N∑
n=1

∫ tn

tn−1

1

2
‖eu‖2 dt. (A.23)

Step 10: As for estimation of the term B17, according to the Remark 2.3, the spectrum

estimate [1, 7], and the fact that

(f(a)− f(b)− f ′(b)(a− b)) (a− b) ≥ −f̃(b) | a− b |3

with f̃(b) = 3|b|, we obtain

|B17| =
∣∣∣∣∫ T

0

(
1

ε
(f(u)− f(uh)) , eu

)
dt

∣∣∣∣
≤
∣∣∣∣∫ T

0

(
−1

ε
(f ′(uh)eu, eu) +

1

ε

(
f̃(uh), |u− uh|3

))
dt

∣∣∣∣
≤
∣∣∣∣∫ T

0

(
−1− ε

ε
(f ′(uh)eu, eu)− (f ′(uh)eu, eu) +

1

ε
‖f̃(uh)‖L∞(Ω)‖eu‖3

L3

)
dt

∣∣∣∣
≤
∣∣∣∣∫ T

0

(
(1− ε) ΛCH(t)‖∇∆−1eu‖2 + ε (1− ε) ‖∇eu‖2 + 2‖eu‖2 +

1

ε
µg‖eu‖3

L3

)
dt

∣∣∣∣ .
(A.24)

Step 11: Taking (A.11), (A.22)-(A.24) into (A.4), we have

1

2
‖∇∆−1eNu ‖2 +

∫ T

0

ε‖∇eu‖2dt ≤1

2
‖∇∆−1e0

u‖2 +
N∑
n=1

2Ẽnu
2

+
N∑
n=1

∫ tn

tn−1

ε2

8
‖∇eu‖2 dt

+
N∑
n=1

∫ tn

tn−1

1

2
η2

0dt+
N∑
n=1

∫ tn

tn−1

1

2

∥∥∇∆−1eu
∥∥2
dt

+
N∑
n=1

∫ tn

tn−1

1

2
η2

1dt+
N∑
n=1

∫ tn

tn−1

1

2
‖eu‖2 dt

+

∫ T

0

(1− ε) ΛCH(t)‖∇∆−1eu‖2dt

+
N∑
n=1

∫ tn

tn−1

2 ‖eu‖2 dt+

∫ T

0

ε (1− ε) ‖∇eu‖2dt

+

∫ T

0

1

ε
µg‖eu‖3

L3dt. (A.25)
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Note that

‖eu‖2 =
(
∇(−∆−1eu),∇eu

)
≤ ‖∇∆−1eu‖‖∇eu‖

≤ 1

ε2
‖∇∆−1eu‖2 +

ε2

4
‖∇eu‖2, (A.26)

plugging (A.26) into (A.25), and further simplification, then we obtain

‖∇∆−1eNu ‖2+

∫ T

0

ε2

2
‖∇eu‖2dt

≤‖∇∆−1e0
u‖2 +

N∑
n=1

4Ẽnu
2

+
N∑
n=1

(
η2

0 + η2
1

)
τn

+

∫ T

0

(
1 +

5

2ε2
+ 2 (1− ε) ΛCH(t)

)
‖∇∆−1eu‖2dt

+

∫ T

0

2

ε
µg‖eu‖3

L3dt. (A.27)

According to Lemma A.1 and assume that ‖eu‖L∞ ≤ C, then it holds that∫ T

0

‖eu‖3
L3dt ≤

∫ T

0

CI‖eu‖1−σ
L∞(Ω)‖∇∆−1eu‖σ‖∇eu‖2dt

≤
∫ T

0

CI‖eu‖1−σ
L∞(Ω)‖∇∆−1eu‖σ‖∇eu‖2dt

≤CS

(
sup
t∈(0,T )

‖∇∆−1eu‖σ
)∫ T

0

‖∇eu‖2dt.

Setting

y1(t) := ‖∇∆−1eu‖2, y2(t) :=
ε2

2
‖∇eu‖2, y3(t) := 2ε−1µg‖eu‖3

L3 ,

B := 2ε−1µgCS, E := exp

(∫ T

0

a(t)dt

)
, β := σ,

then by Lemma A.2, we have

sup
t∈[0,T ]

‖∇∆−1eu‖2 +

∫ T

0

ε2

2
‖∇eu‖2dt ≤ 8η2 exp

(∫ T

0

a(t)dt

)
.
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