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The nonconforming virtual element method with curved edges

Lourenco Beirdo Da Veiga* Yi Liu* Lorenzo Mascotto*$ Alessandro Russo*f

Abstract

We introduce a nonconforming virtual element method for the Poisson equation on domains
with curved boundary and internal interfaces. We prove arbitrary order optimal convergence
in the energy and L? norms, and validate the theoretical results with numerical experiments.
Compared to existing nodal virtual elements on curved domains, the proposed scheme has the
advantage that it can be designed in any dimension.

AMS subject classification: 65N15; 65N30.
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1 Introduction

Partial differential equations are often posed on domains with curved boundaries and internal
interfaces. The geometric error between a curved interface/boundary and a corresponding “flat”
approximation affects the accuracy of the standard finite element method, leading to a loss of
convergence for higher-order elements [32] [33]. This phenomenon has been addressed in many
different ways in the literature, the most classical being to employ isoparametric finite elements [26,
28], which require a polynomial approximation of the curved boundary and a careful choice of the
isoparametric nodes; another notable approach, which applies to CAD domains, is that of the
Isogeometric Analysis [21].

Both issues can be avoided employing curved virtual elements [10]. The virtual element
method [l [7] was designed a decade ago as a generalization of the finite element method to a
Galerkin method based on polytopal meshes. Basis functions are defined as solutions to local par-
tial differential problems with polynomial data. An explicit representation of the basis functions
is not required; rather, the scheme is designed only based on a suitable choice of the degrees of
freedom.

In [10], test and trial virtual element functions are defined (in 2D) so as their restrictions on
curved edges are mapped polynomials. Other variants were developed later. In [8], again focusing
on the 2D case only, virtual element functions over curved edges are restrictions of polynomials.
In [IT], a boundary correction technique tracing back to the pioneering work [I3] was generalized to
the virtual element setting; here, normal-directional Taylor expansions are used to correct function
values on the boundary. The gospel of [I0] has been applied to the approximation of solutions
to the wave equation in [23]. Mixed virtual elements on curved domains are analyzed in two and
three dimensions in [22 [24].

Other polytopal element method have been designed for curved domains. Amongst them, we
recall the extended hybridizable discontinuous Galerkin method [27]; the unfitted hybrid high-order
method [I7, [16]; the hybrid high-order method for the Poisson [12, [34] and (singularly perturbed)
fourth order problems [25]; the Trefftz-based finite element method [2].
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In this paper, we focus on the Poisson problem, design a nonconforming virtual element method
on curved domains and with internal curved interfaces, prove arbitrary order optimal convergence
estimates in the energy and L? norms, and validate the theoretical results with numerical results.

The proposed scheme is a generalization of the standard nonconforming virtual element method
to the case of curved boundaries and internal interfaces. Indeed, when the curved boundaries
happen to be straight, the proposed virtual space boils down to that in [3]. Compared to its
conforming nodal version [I0], in principle the nonconforming scheme can be designed and analyzed
in any dimension at once.

The proposed method is based on the computation of a novel Ritz-Galerkin operator that, due
to computability reasons, is different from the standard H' projection operator typically employed
in virtual elements. A noteworthy challenge of the forthcoming analysis resides in developing
optimal approximation estimates for such a Ritz-Galerkin operator; this result is interesting per
se and could be borrowed also by other methods handling curved boundaries/interfaces.

Even though the standard nonconforming virtual element can be algebraically equivalent to the
hybrid high-order method [20] for a particular choice of the stabilization, the method presented in
this paper differs from the hybrid-high order methods on curved domains available in the literature.

Preliminary notation. We denote the usual Sobolev space of order m, m > 0, on an open
bounded Lipschitz domain D in R%, d € N, by H™(D). We endow it with the inner-product
(‘,*)m.p, the norm || - ||,.p, and the seminorm |- |, p. Let H}(D) the subspace of H'(D) of
functions with zero trace over the boundary dD of D. When m = 0, the space H°(D) is the space
L?(D) of square integrable functions over D. In this case, (+,-)o.p = (*,-)p denotes the standard
L? inner-product. Sobolev spaces of negative order can be defined by duality. The notation (-, -)
stands for the duality pairing H 2 —H?ona given domain.

Further, we introduce the Sobolev spaces W™ (D), m € N, of functions having weak deriva-
tives up to order m, which are bounded almost everywhere in D. The case m = 0 coincides with
the usual space L°(D); the spaces of noninteger order m > 0, m ¢ N, are constructed, e.g., by
interpolation theory. The corresponding norm and seminorm are |[*[| .o (py and [+[yrm.cc(py-

Model problem. Let Q C R% d = 2,3, be a Lipschitz domain with (possibly) curved bound-
ary 0. Given f in L?(Q) and g in H 3 (09), we consider the following Poisson problem: Find u
such that

{Au =f inQ, (1.1)

u=g on 0f).
Introduce Vy = {u € H' () : ujpq = g}, V := Hj(), and the bilinear form
a(u,v) ;== [ Vu-Vov dQ Y u,v € HY(Q).
Q

A variational formulation of (II]) reads as follows:

Fi h th
{ ind u € V; such that (1.2)

a(u,v) = (f,v)o0.0 Yo e V.

We assume that the boundary 9 is the union a finite number of smooth curved edges/faces
{Ti}i=1,... N, L€,

N
Jri=oq.
i=1
Each T'; is of class C", for an integer n > 1, which will fixed in Assumption [5.1] below: if d = 2,
there exists a given regular and invertible C"-parametrization v; : I; — I'; for i = 1,... N, where



I; := Ja;,b;] C R is a closed interval; if d = 3, there exists a given regular and invertible C"-
parametrization v; : F; — I'; for ¢ = 1,..., N, where F; is a straight polygon. The smoothness
parameter 17 depends on the order of the numerical scheme and will be specified later.

Since all the I'; can be treated analogously in the forthcoming analysis, we drop the index i and
assume that 92 contains only one curved face I'. To further simplify the presentation, we focus on
the two dimensional case and postpone the discussion of the three dimensional case to Section [1]
below. We further assume that v : [0,1] — T

Remark 1.1. The forthcoming analysis can be extended to the case of internal interfaces (and
Jumping coefficients) with minor modifications. To simplify the presentation, we stick to the case
of T being a curved boundary face; however, we shall present numerical experiments for jumping
coefficients across internal curved interfaces.

Structure of the paper. In Section] we introduce regular polygonal meshes, and broken and
nonconforming polynomial and Sobolev spaces. In Section Bl we design a novel nonconforming
virtual element method for curved domain; show its well posedness; discuss its lack of polynomial
consistency. In Sections @ and B we prove stability and interpolation properties of the new virtual
element functions. Section [l is devoted to the proof of the rate of convergence in the H! and L?
norms. Details on the 3D version of the method are discussed in Section[7l In Section8 we present
numerical experiments that verify the theory established the previous sections.

2 Meshes and broken spaces

In this section, we introduce regular polygonal meshes with whom we associate broken polynomial
and Sobolev spaces, and nonconforming polynomial spaces.

2.1 Mesh assumptions

Let {7n} be a sequence of partitions of Q into polygons, possibly with curved edges along the
curved boundary. We denote the diameter of each element K by hx and the mesh size function
of T, by h := maxgeT;, hi. Let &, be the set of edges in 7;,. We denote the size of any edge e
by h., where the size of a (possibly curved) edge is the distance between its two endpoints; see
Remark 2.1l below. Let 5,5 and 5,? be the sets of all interior and boundary edges in 7;, with &, .
and &, s denoting the sets of curved and straight edges in 7y, respectively.

For each element K € Ty, we denote the sets of its edges by £X, which we split into straight £X
and curved edges X, respectively. We denote the set of elements containing at least one edge
in &P by T,Z; an element K in 7,” may contain more than one edge in £?. With each element K,
we associate the outward unit normal vector ng; with each edge e, we associate a unit normal
vector n, out of the available two.

Henceforth, we demand the following regularity assumptions on the sequence {7, }: there exists
a positive constant p such that

(G1) each element K is star-shaped with respect to a ball of radius larger than or equal to phy;
(G2) for each element K and any of its (possibly curved) edges e, h. is larger than or equal to phg.

Assumptions (G1)—(G2) imply that each element has a uniformly bounded number of edges.
We introduce a parametrization of the edges:

e for any straight edge e with endpoints ! and 2, we introduce the parametrization 7. (t) =
L@t ) vl
€
e for any curved edge e, we introduce the parametrization v, : I. C I := [0,1] — e as the
restriction of the global parametrization v : I — I to the interval I..



Remark 2.1. Let the lenght of a curved edge (. = [, ||7/(t)||dt. Sincey and v~ are fized once and
for all, and are of class WH°, the quantity h. introduced above is comparable with £.. Therefore
in the following we shall simply refer to both quantities as “length”.

We shall write z < y and x 2 y instead of x < Cy and = > Cy, respectively, for a positive
constant C' independent of 7Tj,. Moreover, z = y stands for x < b and b < a at once. The involved
constants will be written explicitly only when necessary.

The validity of (G1)—(G2) guarantees that the constants in the forthcoming trace and inverse
inequalities are uniformly bounded.

2.2 Broken and nonconforming spaces

Let P,(K), n € N, be the space of polynomials of maximum degree n over each element K; we
use the convention P_;(K) = {0}. Given xx the centroid of K, we introduce a basis for the
space P, (K) given by the set of scaled and shifted monomials

«@
Mn(K):{(:B;wK) Va € N?, |af < n, V:BGK}.
K

Here, v denotes a multi-index o = (g, o).

Similarly, let P, (1), n € N, be the space of polynomials of maximum degree n over the inter-
val I.. Given z;, and hj, the midpoint and length of I, we introduce a basis for the space P, (1)
given by the set of scaled and shifted monomials

My(L) = {<xhi‘"”> VaeN, a<n, V:cele}.
I.

Recalling that v, : I. C I — e denotes the parametrization of the edge e, we consider the following
mapped polynomial space and scaled monomial set:

Po(e)={G=q o 7' ¢ € Pu(le)},  Male)={m=m o 77" : me Myu(l)}.

If e is straight, then P,(e) and ./T/l/n(e) boil down to a standard polynomial space and scaled
monomial set, respectively. For any s > 0, we introduce the broken Sobolev space over a mesh Ty,
as

H*(Ty) =={ve L*Q): vx € H*(K) VK €Ty},

and equip it with the broken norm and seminorm

2 2 2 2
o2, = > Mol ol =D ol -

KeTy, KeTn

We define the jump across the edge e of any v in H(T3,) as

[v] :== Vg+Dg+ U g-ng- ife€ 5,5, e COKTNOK™ for given KT, K~ € T,
' UN, if e € &P, e C K for a given K € Tj,.

The nonconforming Sobolev space of order k over 7}, is given as follows:

Hl’"c(ﬁ,k’) = {’U S Hl(ﬁ) /[[U]] ‘n, qds =0, Vq € IF)k—l(e)a Ve € 5h}'

In the straight edges case, this space coincides with the standard nonconforming Sobolev space
in [3].



3 The nonconforming virtual element method on curved
polygons

In this section, we introduce the nonconforming virtual element method for the approximation of
solutions to (LZ). In Section Bl we introduce the local and global virtual element spaces and
endow them with suitable sets of degrees of freedom (DoFs). In Section B2l we discretize the
bilinear form by means of computable polynomial projectors and stabilizing bilinear forms. With
this at hand, we introduce the method in Section

3.1 Nonconforming virtual element spaces

We define a local virtual element space of order k in N on the (possibly curved) element K:
Vh(K) = {Uh S Hl(K) Avy, € Pk_g(K), ng - Vo, € IF’k_l(e) Ve € 5K}. (3.1)

We have that P, (K)|. = Iﬁn(e) if e is a straight edge; instead, if e is a curved edge, Po(K)|. C Iﬁn(e)
but in general, P,,(K)|. ¢ Pn(e). This implies that on curved elements the space V;,(K) contains
constant functions but not the space Py (K).

We can define the following sets of degrees of freedom for the space V3, (K).

e on each edge e of K, the moments

Di(vy) = le|™! /vhﬁzi ds Vi € Mg_1(e); (3.2)

e

e the bulk moments

Dg((vh) = |Kv|_1 /K’Uhmj dK Vm; € Mi—2(K). (3.3)

In Figure Bl we give a graphic representation for such linear functionals in the case k = 2.

Figure 3.1: Representation of the DoFs for k = 2. The edge moments ([B.2]) are the black balls (for straight
edges) and red balls (for curved edges); the bulk moments (3.3)) are the internal orange circles.

The following result generalizes [3, Lemma 3.1] to the case of curved elements.

Lemma 3.1. The sets of linear functionals B2) and B3) are a set of unisolvent DoF's for the
space Vi, (K).



Proof. The number of linear functionals in (8:2)) and (B3] equals the dimension of the space V;, (K).
So, we only have to prove the unisolvence. Let vy, in V},(K) be such that

Di(vp) =0 VYee&X and Di(vp)=0 Vi=1,---,k; j=1,---,k(k—1)/2. (3.4)
Then, it suffices to prove vy, = 0. To this aim, we integrate by parts, use ([3.4]), and obtain
/ |V’Uh|2 dK = / —Avpvp, dK + Z /IIK Vupvp ds = 0.
ecEK

We deduce Vv, = 0 in K, whence vy, is constant. Thanks to (3.4), v, has zero average over each
edge. The assertion follows. O

The global nonconforming virtual element space is constructed by a standard coupling of the
interface degrees of freedom (3.2)):

771 —{vaHlnC 7;1, }'Uh|K€Vh( )VKE%} (3.5)

Further, we define nonconforming virtual element spaces with weakly imposed boundary conditions:
if g is in L1(99),

Vil (Th) = {Uh € Va(Th) /(Uh ~ Qi1 =0 Vgi_1 € Pr_y(e), e € 5,?} . (3.6)

The above spaces and degrees of freedom are a generalization to curved elements of their straight
counterparts in [3]. Interpolation estimates are derived in Section [Hl below.

Remark 3.2. The enhanced version of the space Vi (K) [1] involves a modification of the space
inside the element and not on the (curved) edges. Therefore, designing an enhanced version of the
local spaces in BJ) is straightforward by combining the tools in [1] with the techniques presented
here.

3.2 Polynomial projectors and discrete bilinear forms

Here, we introduce projections onto polynomial spaces, stabilizing bilinear forms, and a discrete
bilinear form.

Projections onto polynomial spaces. On each element K, we introduce projection operators
onto polynomial spaces of maximum degree n in N:

e the (possibly curved) edge L? projection ﬁ%’e : L2(e) — ﬁn(e) given by

/ G —T0) ds =0 Vg, € Bo(e); (3.7)

€

e the Ritz-Galerkin projection ﬁXK : HY(K) — P, (K) satisfying, for all ¢, in P,,(K),

/an VHVK’U dK = — /Aqnv dK + z:/HOe (ng - Vap)v ds

ecEX
(3.8)
/ Agpv dK + Z /nK Vgn)v ds + Z / 1(ng - Vg )v ds,
cegk V° ecgl 7€
together with
{faK(U —~ﬁ§’Kv) ds=0 ifn=1, (3.9)
[ =1IVKv) dK =0 if n > 2; '



e the L? projection %X : L2(K) — P, (K) given by

/ (v —T9%) dK =0 Vg, € P, (K). (3.10)
K

Remark 3.3. If all the edges of an element K are straight, then ﬁkV,qu = qx for all q in Pr(K)
and ﬁkv’K boils down to the standard VEM operator Hkv’K [A]. Instead, if at least one edge of K
is curved, then ﬁkv,qu # qr unless k = 0. This fact is the reason of the lack of polynomial
consistency of the method on curved elements.

Next, we show that the three projectors above are computable by means of the DoF's.
Proposition 3.4. Given the DoFs B2)-B3) of a given vy, in V3, (K), we can compute H " Vhles
H%_I;vh, and ﬁkv’th, where the three operators are defined in B1), BI)-B3), and BEI0),

respectively.

Proof. The computability of ﬁgf 1Vh|e and Hz’fg follows immediately from the edge and bulk DoF's,

respectively. As for ﬁZ’th, since the average condition ([39) is obviously computable, it suffices
to show the computability of the right hand side of ([3.8]). The first term on the right-hand side is
computable from ([B.3)); the second and third terms are computable from (3.2]). O

Remark 3.5. Differently from the standard nonconforming virtual element framework [3], we do
not use an H* projection, but rather the Ritz-Galerkin projection H in BR)-BI). The reason
is that the definition of the local space and the choice of the DoFs would not allow us to compute the
standard H' projection from the degrees of freedom, due to the noncomputability of fe(nK -Vaqn)vp,
on curved edges.

A discrete bilinear form. We define a discrete local bilinear form af< (-, ) : V,,(K)x Vi (K) — R
on each element K as follows:

al (un,vp) = a (T S up, T S o) + SE((I = TS Yup, (1 =TS )on) Yun, v, € Vi(K).

Above, SE(-,-) : Vi(K) x Vi, (K) — R is a bilinear form that satisfies two properties: it is com-
putable via the local set of DoF's over K; it satisfies the stability bounds

onl} e S S%(vn,vn) Slonls e Von € Vi(K) Nker(IT) ). (3.11)

Denoting by {Dl}NdOf the set of all degrees of freedom of V},(K), a possible stabilization satis-

fying B.I) is

Naot (K)
SK(uh,Uh) = Z Dl(uh)Dl(’Uh),
=1
which can be rewritten in terms of boundary and bulk contributions as

k k(k—1)/2
SK(up,vn) = Y > Di(un)Di(vn) + Y Di(un) D (vn). (3.12)
ecEK i=1 j=1

We postpone to Section [d] below the analysis of such a stabilizing term. Of course, other stabiliza-
tions satisfying the computability and stability properties can be defined; we stick to the choice
in (BI2) since it is the most popular in the virtual element community.

Remark 3.6. The bilinear form a§(~, -) does not satisfy the usual consistency property of the
virtual element method [3, [5] when K is a curved polygon. The reason is the use of a polynomial
projection that is not the usual H' projection; see Remark[33 for further details.

Finally, we introduce a global discrete bilinear form ay,(+,+) : Vi, x V;, — R defined as

ah(uh,vh) = Z ahK(uh,vh) Yuyp, vp € Vi (3.13)
KeTy



The discrete right-hand side. Here, we construct a computable discretization of the right-
hand side (f,vp)o,o in (L2). For k > 2, we introduce

(fh,vh)oﬂ = Z / f Hg’j;vth Yy, € Vi (3.14)
KeT, 7K

Instead, for k£ = 1, we approximate f by its piecewise projection onto constants, average the test
function vy, over the edges of K, and write

(frnsvn)oo = Z {|K|(H8’Kf) <Ni Z DS(”h)) } (3.15)

KeTy ecEK

3.3 The method

We propose the following nonconforming virtual element method:

{ find u;, € V?(T5) such that (316)

an(un,vn) = (fr,vn)o,0 Vo, € V2(Th).

The well posedness of method (BI6]) requires further technical tools, which we derive in Section @
below. For this reason, we postpone its proof to Theorem [£.91

Remark 3.7. Method [B.18) is designed for meshes with rather general C' curved edges. The
assumptions on the meshes in Section[21, and notably the fact that curved edges are used only on
the (fized) curved boundary, will be used to derive convergence estimates in Section [@ below.

4 Stability analysis

In this section, we prove the stability bounds [B.II]) for the stabilization (BI3). We proceed in
some steps. First, we recall the inverse inequalities in [9] Lemma 6.3] for curved elements. The
proof is independent on whether the element is curved or not.

Lemma 4.1. Let K € Ty, for any v € H'(K) such that Av € P,(K), we have
1Av]lo,x S hig' vl k-
We introduce the scaled norm
ol oxc = B lawlly orc + el o

and the corresponding negative norm

qw ds
loll_y o = sup ot ds

et Mally orc
We recall the Neumann trace inequality for Lipschitz domains; see, e.g., [30, Theorem A.33].

Lemma 4.2. Given an element K and v in H'(K) such that Av belongs to L?(K), we have
g - Vol 21 o5 S vl ke + hil|Avllo,x-
Next, we state a polynomial inverse inequality on the boundary of an element K.

Lemma 4.3. Given an element K and vy, in Vi, (K), we have

_1
I - Vonllo ore < b e - Vonll_y o



Proof. Using that vp, belongs to Vj,(K), we have that ng - Vo, belongs to Iﬁk_l(e). So, proving the
assertion boils down to proving a mapped polynomial inverse estimate; see, e.g., [4, Lemma 2.3].
The uniformity of the constant follows from the regularity of the parametrization of the curved
edge. O

We are ready to show the continuity of the stabilization SX(-,-) in (B.12).

Proposition 4.4. Given an element K, vy, and wy, in Vi, (K), and SE(-,-) as in BI2), we have
the continuity property

_ 2 2 N1, - 2 2 1
SK(Uhvwh) S (h’KQHUhHQK + |vh|17K)2 (hKQHwhHOJ( + |wh|1,K)2-
If v, and wy, have zero average on K or OK, we further deduce
SK(Uhvwh) S |Uh|1,K|wh|1,K-

Proof. By the standard Cauchy-Schwarz inequality, it is sufficient to prove that

k(k—1)/2
S ’Uh,’Uh Z ZDZ ’Uh + Z Dg(’uh)Q (4 1)
ecEK i=1 i=1 .

Shidllonlly s+ lonl} e Von, wn € Vi(K).

We bound the edge and boundary contributions on the left-hand side separately. We start with
the first one. The standard trace inequality asserts that

_ 2 — 2 2
h}(l”vhHaK S hKQHUh”o,K + |Uh|1,K'

Recall that m; in My_1(I.) are shifted and scaled monomials of maximum degree k — 1 over I.
Then, using the regularity of the element, we have ||mi||i < hy, & he & hg. Recalling that each
element has a uniformly bounded number of edges, it follows that

Z zk:Dé(Uh Z le|™ QZ (/vhﬁzi ds)2

ecEK i=1 ecEK
<ZHQZMMMMNZHﬂMmZMM
ecEK ecEK
S el R onl2 ore S B2 llonll? s + [onl? .

ecEK

which is the bound on the edge contributions of the stabilization in (3I2]).
Next, we show the upper bound for the second term on the left-hand side of ([@IJ]). Since we
have that [[m; ||, . ) <1 for any shifted and scaled monomial m; in Mj_2(K), it is possible to

infer
k(k—1)/2 k(k—1)/2 2
S Diwp =k S ([ o a)
j=1 j=1 K
k(k—1)/2 9 k(k—1)/2
< el Z </K“h dK> < e[ Z IIUhHoK S hiy 2th||(2),K,
j=1 j=1

which concludes the main part of the proof. The final assertion follows immediately from known
Poincaré-type inequalities on Lipschitz domains. O

In order to show the coercivity of the stabilization S¥ (-, -) in (3.12]), we need a further technical
result; see, e.g., [19, Lemma 4.1] for the straight edge case (the extension to curved edges follows
with a mapping argument).



Lemma 4.5. Let e an edge of K and a := )", acMme,; belong to @n(e) where me; are the shifted

and scaled monomials in Mn(e), and collect the coefficients a; in the vector a. Then, we have
the following norm equivalence:

hellall> < llallg.e < hellallZ.

~

Let b:=3_;bjm; belong to P, (K) where m; are the shifted and scaled monomials in My (K), and
collect the coefficients b; in the vector b. Then, we have the following norm equivalence

Rl < N1blI6 & < P Ibll7-
We are now ready to show the coercivity of the stabilization S¥(-,-) in (F12).

Proposition 4.6. Given an element K, v, in Vi(K), and SK(-,-) as in BI2), we have the
coercivity property
2
S* (on, o) 2 [onl] - (4.2)

Proof. Let vy, in V,(K). An integration by parts gives

|vh|iK = */ Avpuy, dK+/ (IIK : 8vh)vh ds
N o (4.3)
= —/ Avpvy, dK + Z (ng - Ouvp)vy ds.
K

ecEK V€

Expanding Avy, into a shifted and scaled monomial basis, and using Lemmas [Tl and 5] the first
integral on the right-hand side of (£3]) can be dealt with as follows:

k(k—1)/2 k(k—1)/2
—/ Avpo, dK == Y bj/ mjvn dK == Y b;|K[Di(vn)
K =1 K j=1
k(k—1)/2 1/2 (4.4)
<|K[blle [ DY Diwn)? < |K[[|blle= S (on, vn) /2
j=1

< bl Avnlo, xS (v, vr) % S onl1, kS (vn, va) /2.

As for the boundary integral in (@3], first expanding (nx - Vup,) into the {m;}* ; basis, then
employing Lemmas 1] £3] and [£5] we infer

k k
Z /(nK -Vop)vp, ds = Z Zaiye/ﬁu,evh ds = Z Zaiye|e|Dé(vh)

ecEK ecEK i=1 ecEK i=1
A 1/2
< Y lelllalle <ZD2(%)2> < Y JelllalleS™ (vn, o)
ccEK i=1 e€EX (4.5)
1 1
< Z he|ng - Vvh||07eSK(vh,vh)1/2 < hing - Vvh||076KSK(vh,vh)1/2
ecEK

Slling - Voull_1 oSS (@r,vn)? S (Jonl1x + b | Ava o, ) S (v, va) /2
L

< onl1,x SE (vn, va) 2.

Collecting (@4)) and (@3) in (£3), we obtain the bound in (£2). O
Consider the operator I1 : H'(K) — R given by



The following scaled Poincaré inequality is valid:

o — vllo.xc S hxcloly . (4.6)

To analyze the stability properties of the local discrete bilinear form, we need the following result,
which states the stability in H' of the operator II, "™ defined in B3)-(@3).

Lemma 4.7. Given an element K and vy, in Vi, (K), we have
Y S vnl1 kS only - (4.7)
Proof. Introduce vy, = v, — Hovh By definition of Hv K, we have |H ’ Uh|1 K =
Therefore, substituting g = Hk K5 in B3) we obtain
|ﬁkv7KUh|% K= |ﬁv’K77h|? K=

:_/ op A M0 dK + ) /vh ng - VI %o,) ds+ > /vth L(ng - VI %5,) ds

ecfK ecfk
:/ Vo - VIR o, dK = ) /th %€ (g - VIL, *5p,) ds
ecEK
< |@h|1,K|ﬁkv’KT)h|1,K + ||nk - VHV’KT)}LHO,BK
ecEX

Applying standard trace inequality and the scaled Poincaré inequality, we infer

h < |Uh|1K

and
1 ~ ~ ~ ~
hiclnse - VI S onlloore S T Ol + b VIL S On[1 5 S T 1, i
Combining the three above estimate, we get the assertion:
L e A T | T T S A P | TR TS

O

We conclude this section, by proving stability estimates on the local discrete bilinear form af (-, -);
stability estimates for the global discrete bilinear form ay(+,-) are an immediate consequence.

Proposition 4.8. Given an element K and the discrete bilinear form ak (-,-) based on the stabi-
lization in [BI2), we have the stability estimates

lonl? i S af (vnsvn) S Jonl; « Yo, € Vi(K).
Proof. We first prove the lower bound. Let v, = vp, — Hgvh. Using Proposition [£.6] we have
a® (vn, on) = a® (0, 0) S S (On, o) S ST = T Yo, (I — T ) op,) + SEALY X o, TLY ).

Since ﬁkv’K preserves constants, we can write (I — ﬁkv’K)T)h =(I- ﬁZ’K)vh. From Proposition (4.4
applied to the second term on the right-hand side of the inequality above, we infer

SEAYon, TR 0n) S RGBT 0[5 g + TS0 l7 -
By the definition of ﬁkv’K, it follows that

9T, 5y, = TG, = 1Y (vy, — TMGwy) = 0.
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Using (£.0) and |1:Ikv’K17h|iK = |1:Ikv’th|iK, we deduce
SH o, T 0n) S 1T ol e
Combining the above inequalities yields
o’ (0,0) S S™ (I = TG yon, (I = TR Jon) + [T n 1 = aff (vn, vn).

Next, we focus on the upper bound. Recalling that Hgﬁkv’th = v, the definition of ahK(-, )
in (31I3), and inequality ([@7), we conclude the proof:

ar (vn, vn) = [ S onl} e + S5 (I = T Yon, (T =T op)
2 _ ~V.K ~V. K
S lonl g + BRI =L )onll§ s + (2 = T Jonli g
2 ~VLK 2
S |’Uh|17K + (I — 11 )’Uhﬁ,K < |Uh|1,K-
O

Upon using Proposition 4.8 and the Brenner-Poincaré inequality [14], we derive the following
global stability estimates and the well posedness of method (B14]).

Theorem 4.9. Given the global discrete bilinear form ap(-,-) based on the local stabilizations
in B12), we have the global stability estimates

onls < an(on,vn) < lonlt, vp € Vi

As a consequence, method [B.I8]) is well posed.

5 Polynomial and virtual element approximation estimates

In this section, we introduce error estimates by means of polynomial and virtual element func-
tions. Notably, we investigate the approximation properties of the three following approximants
for sufficiently regular functions v:

e the L? projection v, of v into the polynomial space Py (K);

e the virtual element function v{f defined as the solution to

—Avf = —Hzngv in K
ng - Vo :ﬁz’fl(nK-Vv)—caK onec&X (5.1)

Joxe (W —v) ds =0,

where

o _ JIOKIT [ Av i k=1
0 if k> 2;

e the DoFs interpolant v¥ in V;,(K) of v defined as

{fK(vf —v)ymdK =0 VYm € My_o(K) 52)

Lwf —v)ymds=0 Vme Mi_1(e), VeeEX.

The functions v, and vX are well defined by construction. Also vf is well defined; in fact,

problem (G.1)) is well posed as compatibility conditions are valid. For k > 2,

Z /nK~vafds: Z /ﬁ%e(nK~Vv)ds: Z ng - Vo ds

ecEK ecEK ecEK V€

:f/ AvdK:f/ Hg’_KQAvdK:f/ Avde;
K K

K

12



for k=1,

Z /HK'VU,I,(dS = Z /ﬁ%e(nK-Vv)ds—caK|8K| = Z ng - Vo dS—CaK|aK|

ecEK ecEK ecEK V€

:7/ AvdK+/ AvdK:O:f/ AvfdK.
K K K

While v{f can be constructed elementwise providing a piecewise discontinuous virtual element

approximant, the DoFs interpolant vX yields a global nonconforming virtual element interpolant vy
by coupling the face DoF's. The discontinuous approximant vf will be instrumental in proving the
approximation properties of vX.

Assumption 5.1. Henceforth, the regularity parameter n of the curved boundary introduced in
Section [ satisfies n > k.

Polynomial error estimates for v, are well know; see e.g.[15]:

0.5 T hilv—valix S ol e Vo€ HMFYK).

lv = x|

To prove interpolation error estimates, we present an auxiliary error estimate, which can be proven
proceeding along the same lines as in [I0, Lemma 3.2] for the operator I1%:¢.

Lemma 5.2. Let n € N and the regularity parameter n of the curved boundary satisfy n > n + 1.
Then, given an element K and any of its edges e, for all 0 < m < s <n+ 1, we have

[0 =TI 0 e S "ol Vo € HE(e).
We also recall the properties of the Stein’s extension operator E in [31, Chapter VI, Theorem 5].

Lemma 5.3. Given a Lipschitz domain Q in R? and s € R, s > 0, there exists an extension
operator E : H*(Q)) — H*(R?) such that

Evlo=v and |Ev|sre SVl q Yv e H*(Q). (5.3)
The hidden constant depends on s but not on the diameter of €.

We are in a position to show the first local interpolation result.

Lemma 5.4. Given vy as in [Gd)), then, for all v in H1(K), 1 < s <k, we have

K
o= [ S Pl 0

Proof. An integration by part yields

|v —vfﬁK =—(Av fvf),v *Uf)O,K + Z (ng - V(v —vf),v fvf)oﬁe
ecEK
= —((I =1 Av, 0 = v Yok + D (T =T (g - Vo), v = v o + (75,0 = vf )0 0
ecEK
= —((I—Hz’fg)Av,v —Uf)QK + Z ((I—ﬁg’fl)(n;{ -Vv),v —Uf)me.
ecEK
We deduce

0,K 70,
o —vf [} < I =T Avllo ke [[o = vi o,k + llv = v oo D>, 1T = TI%) ) (g - Vo) ose-
ecEXK

13



Using polynomial approximation properties and Lemma [5.2] gives
0,K . _
I = T555) Avllo,e S R Avlls—k S A5 Holgg k-

We split the edge contributions into curved and straight edges terms. As for the curved edges
terms, we use Lemma (B.2) with n = k — 1 (recalling Assumption B.1)) and write

_1 _1
S |l0 - | £ 3 ki Fln Voly 0T Y 190y

ecEX ecEk ecEk

As for the straight edges terms, since ﬁ%_el is the standard L?(e) projection onto polynomials of
maximum degree k — 1 over e, we use the trace inequality and write

> a-meyme vol| < 3 i Ve - gl
€ ecEK

ecEK

_1 1
<D V@O =a)lloe Shi v = arly g + hilv —arly i Var € Pr(K).
ecEK

Standard polynomial approximation properties imply

> | = wo)

ecEK

1
< hyc ol

’06 s+1,K*

By the Poincaré inequality and trace inequality, we infer
K K
lv—=v, llo.x S hrlv—v, |1k

and

1 1
wlv =k S hilv — vk

_1
lv = v oo < e llo = vy’

Collecting the above estimates leads us to

v = vk S el i+ D I1V0l_y -

ecEX
Summing over all the elements, we arrive at
N
o =0y in S R (lgpa i + D IV0ll_ar,):
=1

To end up with error estimates involving terms only in the domain €2 and not on its boundary, we
use the Stein’s extension operator of Lemma 5.3l For any curve I'; on the boundary of 99, let C;
be a domain in R? with part of its boundary given by dC; € C*!. Then, applying the standard
trace theorem on smooth domains and the stability of the (vector valued version) Stein’s extension

operator in (B.3]), we get

s—Li Ty = s—i; > s— 1 ,0C; ~ s— 1 ,Ci kR S s+1,Q°
[Voll,_4 [EVY| o1 p, < [|EVY S EVY < |EV[lgre S (vl

O

Thanks to the approximation properties of the piecewise discontinuous interpolant Uf we de-
duce the approximation properties of the global nonconforming interpolant v¥.

Lemma 5.5. For all v in H*T1(Q), 1 < s <k, we have
jo = vy, SRl

14



Proof. We follow the guidelines of [29, Proposition 3.1]. The idea is to use the definition of the
DoF's interpolant so as to bound the corresponding energy error by the energy error of any piecewise
discontinuous virtual element function.

Recalling the definition of v, for any vy, in V},(K), we get

Z /nK V(v -y )(U—Uf)

eeEK

Z/nK Vv—vh)(va%f/wvah)-wva?).

ecEK K

/V(U—vf)-V(v—vI = /Av—vl (v —vi)
K

:—/ A(v —vp) (v — vi)
K

The Cauchy—Schwarz inequality entails

K < inf - < |lv—v¥| k.
lv — vy |1,K_Uh€13h(K)|U vl < v =, 1K

The assertion follows summing over the elements, collecting the above inequalities, and using
Lemma [5.4] O

6 Convergence analysis

In this section, we present the error analysis in the energy and L2?-norms for the nonconforming
virtual element method (BI0); see Sections and [6.2] respectively. In particular, we first derive
Strang-like error bounds and derive optimal error estimates based on the tools in Section

6.1 Convergence analysis in the energy norm

We prove the error estimates in the energy norm in some steps. First, we discuss details on
geometrical errors due to the presence of curved elements.

Given a curved edge e, we denote the straight segment with endpoints given by the vertices
of e by €; see Figure [6.1]

~+@

Figure 6.1: Parametrizations of the curved edge e and straight segment € by means of the parametriza-
tions v and (.

Recall that n, is an assigned unit normal vector to the curved edge e; fix a unit normal vector ng
to the segment €. Given v from the interval I, := [t!, 2] into R? the usual parametrization of the

er-e

edge e, we have the following standard estimate, see, e.g., [18, eq. (2.18)]:

e — el e) S hxclVllwroer,)- (6.1)
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With the notation as in Figure[6.] for any curved edge e with endpoints x} and x2, we introduce
the linear map ¢ : I, — € given by

We further define the constant tangent vector to €

2 1
fo— T~ Te
€T 42 41

t(i t(i

We have that tz is equivalently defined as ¢’(t). Analogously, we can define t, := +/(t). Since we
are approximating a curved edge by a straight segment, it is known that, see, e.g., [I8, eq. (2.18)],

[t — tellzoo (1) S hclVlwroo (1)

We rewrite the two parametrizations ¢ and v as (for any ¢ € I.)

:B(t) = C(t) = /t {Igds + IB;, y(t) = W(t) = /t te(S)dS + wi'

1 1
e e

Using that the length of the reference interval is approximately hy, the difference of the two can
be estimated as follows:

t
Ja(t) = w(®) < [ te(s) ~ talds < I (6:2)
te
Finally, we clearly have ¢ o ¢ € P,,(I.) for any v in P,,(€). Thus, we write
P=1poCoy ! €Pule). (6.3)

We further introduce the H' projection TI"™ : H'(K) — Py (K) for all elements K as follows:
given a polynomial degree k,
Jie Var - V(v — Hkv’Kv) =0
V,K
fa K (U - Hk U)
With this notation at hand, we derive error estimates for the Ritz-Galerkin projector ﬁkv’K defined
in (E5)-E3).

Lemma 6.1. For all v in H*T1(Q), 1 < s <k, we have

Yar € Pp(K), Yve HY(K). (6.4)

=YK
[o =T olun S Aol gy a0 (6.5)

Proof. According to the triangle inequality and the approximation properties of HkV’K, we have

lo =T Kol < o =T Xol ke + Y50 = T X0l ke S hielol,y g+ TS0 = T 5ol .

s+1,
By definition of ﬁkv’K and HZ’K, for all g in P (K), we can write

/quVHVKU—HVK ) dK = /qu VvdK—i—/AqudK Z/n“ (ng - Vg )v ds

ecEK

Z/ Hoe Y(ng - Vai)v ds = Z/ HOe Y(ngk - Vai)v ds.

ecEK ecEK

If £ = 1, we have by definition of V},(K) that HZ’KU = ﬁkv’KU and the right-hand side vanishes.
So, we focus on the case k > 2. We set

P = V(I Ko — Y %) € [Py_1 (K))2.
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v and obtain

We rewrite the above identities for the choice ¢ = HZ’K’U — ﬁkv’K

|HVK’U—HVK’U|1K— Z /I %¢ ) (% - ng)v ds
ecER
70, e 70,e
=y / (I —T° ng) (I -1 v ds (6.6)
ecEK
170, e 70,e
< =T ) (@ 0o, | = T v]lo.e-
ecEK

Let ¢ : e — R? be the mapped polynomial associated to Py, Le., P i=1poloyt e Prile).
Since, by the same observation in 6.3), ¢ - i € Pi_1(e), we deduce

||<I—ﬁ2f1><w-nK>||o,es||¢-nK—«/3-A||oe+||ﬁ°’e (¥ k) = i,
<l nc = -l + TS (= b @) < 209k — b+ o
< hé max[(y) - n(y) ~ $(y) 1) 67

< hé (max|gh(y) - (n(y) — )| +max |((y) — h(y)) - n(y)).

y€Ee yEe

By (61]), we have the following estimate for the first term on the right-hand side of ([6.7)):

max () - (n(y) — )| S hx max by (1) S hi max [pp(@(t))] S hicl[$llecrc- (6.8)

As for the second term on the right-hand side of (6.7)), we use ([6.2):

max |(4(y) — %B(y)%n(y)l:Igg}flw(y(t))*%ﬁ(y(t))l

yeEe

(6.9)
= max [y (y(t) — p(=(t)) < B 1l -
Collecting ([6.8) and ([€9) in (67) and using a polynomial inverse estimate, we obtain
I T2 ) (@ i)l S hkclllloouic + Bl lwroe(ae) S Rl o, (6.10)

On the other hand, the trace inequality for polynomial and Lemma with n = k — 1 imply
170,e 5*l
(I =1L )olloe S by 2 lvll—y e (6.11)

Collecting ([@.I0) and (@I1) in (66), we deduce
N
VK < s
o =T vln Sh <(||v||s+1,n + z_; ||v||s§,ri> :

Recalling the Stein’s extension operator E in Lemma with stability properties as in (5.3]) and
proceeding along the same lines of Lemma [5.4] we obtain

[olls—1 r, S 1BV 1 oc, S 1EV[sci < 1Ev][sre S vl o
The assertion follows combining the two estimates above. O

Remark 6.2. Lemmal6.1l plays a critical role in the optimality with respect to k of the convergence
estimates detailed in Theorems[6.6l and[06.7] below. A more direct approach would not exploit that e
converges to € as h — 0; the ensuing approximation estimate would either be sub-optimal (order
hE=1/2 in the H' norm) or require a higher order polynomial degree on curved edges in the definition
of the local spaces thus leading to a more computationally expensive scheme.
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Next, we provide results that are instrumental to derive optimal convergence of the method;
see Theorem We begin by recalling the discretization error on the right-hand side; see, e.g.,
[5, Section 4.7].

Lemma 6.3. Let the right-hand side f of (L)) belong to H*=1(Q), £ < s < k+ 1, where { = 2
ifk=1,¢ =114k > 2, and the discrete right-hand side fy be as in BIA)-@BID). Then, for

any vy, i Vi, we have

|(f_fh Uh)OK| < h’|f|1,Q|vh|17h fOTk:la
TRl alvnlyy,  for k> 1

Next, we introduce a bilinear form that will allow us to take into account the nonconformity of
the method in the error analysis, namely Nj, : H2+<(Q) x H-"¢(T,, k) — R defined by

N (u,vp) = Z /,9K(nK - Vu)vy, ds = Z Vu - [vn] ds.

KeTy ec&, V€

If u, the solution to (L), belongs to H27(Q) and is such that Au belongs to L2(K) for all
elements K, an integration by parts implies that

a(u,v) = (f,vn) + Nu(u,vp) Yo, € Vi, € HY™ (T, k). (6.12)

In the following result, we cope with the estimate of the term related to the nonconformity of the
scheme.

Lemma 6.4. Let u, the solution to (1)) belong to H*T1(2), 1/2 < s < k. Then, for all vy, in Vj,
we have

N (w, vn)| S P2 llull 4 0lvnl -

Proof. The proof follows along the same line as those in [3, Lemma 4.1]. We briefly report it here
for the sake of completeness. _
From the definitions of the space H"¢(Tj, k) and the operator Hgfl, recalling that Py(e) C

Py 1(e), finally using the Cauchy—Schwarz inequality, we find

Ni(w o) = 3 / (Vu— 0, V) - [on] ds = 3 / (Vu— 1% Vu) - ([on] — [[00n]) ds

e€ly € e€y, €

= > IVu =10, Valoe| [on] = [5on]llo,e,
ecly,

where I1§ denotes as usual the L? projection on Tp,-piecewise constant functions. Using Lemma [5.2]
and the Poincaré inequality, for each internal edge e = KT U 0K ~, we get

~ 1 1
IVu =T Vulloe S 0572 ullggye S B2 [l osr kor-
and

_1 1 1
I [vn] — Movnlllo,e S A2 Jvn — DYunllo.+ror— + R2 |vn — Moonl1 k+ur- S A2 onl1 koK

An analogous estimate is valid for boundary edges. The assertion follows summing over all elements.
O

Next, we estimate from above a term measuring the lack of polynomial consistency of the
proposed method, i.e., the error between the bilinear functions a(-,-) and ax(-, ).

Lemma 6.5. Let u the solution to (L)) belong to H*T1(Q), 1 < s < k. Then, we have

lap (u,vp) — a(u,vp)| < hs|\u|\s+179|vh|17h Yoy, € Vp.
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Proof. For any element K, we have
al (u,vp) — a® (u,vp) = aK(ﬁkv’Ku, ﬁkV,th) + SE((1 - ﬁkv’K)u, (I — ﬁkv’K)vh) — o (u,vp)
= aK(ﬁkv’Ku, ﬁkV,th — o) —af(u - ﬁkv’Ku, vn)

+ SR =T X yu, (1 =T X yop) = 1 + Iy + I

As for the term I;, we denote ¥, = v, — vy, and use the definition of the operator ﬁkv’K, then

L = aK(ﬁkv’Ku,T)h — ﬁkv Z / (I- HO ‘(g - Vﬁkv’Ku)T)h ds
ecEX
< onlloox Y H — 1)) nK-VHkV’Ku)‘ .
0,e
ecEK

Using the approximation of the operator Hk 1> the Poincaré inequality, and the trace inequality,
we infer, for u, as in (BI0), the two inequalities

1 ~ ~
hi || — 110 (ng - VH,?KU)‘ )
1 1 ~ ~
S hi||r - H“>0m~v%>044&<I—H$00m~vaKu—w»M
S higlng - Vgl —i—h2 ng - V(Hv Ku—uw)
Oe (6.13)
S 3l Vutrlly g o+ BRIV (i — T S w)llo e S Biclltm Lo i + Jun — Ty 1
< il i + il = tallos s + e =l + fu = T ¥l

; V. K
S icllull e + = T4l

and .
hi [onllo,ox S hig lonllox + 10nlx < lonly k-

As for the term I, by the continuity (£71) and approximation properties (6.3]) of ﬁkv’K, we deduce
I, < ‘u — ﬁv’Ku’ v .
2> k 1, K| h|1,K

We handle the term I3 using Proposition [£.4] the Poincaré inequality, the approximation proper-
ties (G.3) of Hkv’K, and Lemma [T

)%
VK SV K 1
(R I =TS onl§ s + 1T =TS )on 3 i)

S =TS~ B e < = Bl el

2
— TV, K TV, K
Is S (2L =Tl + (1 =T ]

The assertion follows collecting the above estimates, summing over the elements, and using the
approximation properties of HZ’K in Lemma [6.11 O

We are now in a position to state the abstract error analysis in the energy norm for method (B16)
and deduce optimal error estimates.

Theorem 6.6. Let u and uy, be the solutions to (1) and BIG), respectively. Then, for every uy
in Vi, we have

lu — unl, h S lu—wur|i,n+ sup
v €Vh

<|(f Jrsvn)oal n Ni(u, vp) 4 |an (u, vn) — a(u’vh”) . (6.14)

|Uh|1,h |Uh|1,h |Uh|1,h
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Furthermore, if u € HSTY(Q) and f € H*=Y(Q), with 1 < s < k, we also have

lu—=unly p S P ([ullgq,0 + 1 Fls-10)- (6.15)

Proof. We first prove the Strang-type estimate (614]). We split u —up, as (u —uy) + (uy — up), use
the triangle inequality, and get

lu —unly p, < lw—urli,p+ lur — upli,pe

Set ep, := up — ur. Following the lines of [3] Theorem 4.3] and recalling ([GI2), the coercivity
of an(+,-) allows us to write

lenl? s, S anlen, en) = an(un, en) — an(ur, en)

=(fn—fren)o.a — Nu(u,ep) — Z af(ujfu,eh)f Z af(u,eh)Jr Z aK(u,eh).

KeTy KeTy, KeTy

The proof of ([G.I4) follows by standard manipulations of the right-hand side above. The error
estimates (6.15]) finally follow bounding the terms on the right-hand side of (G.I4]) by means of
Lemmas [5.5] [6.3] [6.4] and O

6.2 Convergence analysis in a weaker norm

In this section, we prove L? error estimates for ([3.16) based on extra assumptions on €. Also
in this case, we follow the guidelines of the nonconforming element method error analysis; see [3|
Section 4.1]. We focus on the case k > 3, and discuss the cases k = 1 and 2 in Remark [6.8 below.

Theorem 6.7. Let k > 3. Assume that u and f, the solution and right-hand side of (IL1I), belong
to H*T1(Q), and H*~1(Q), 1 < s < k. Let up, be the solution to BI6). If Q is convex, then we
have

lu—unlloe S P ([ull 10 + | Flomr0)-
Proof. Consider the dual problem

—Ap=u—up in,
o=0 on 0f).

The convexity of ) entails that ¢ € H2(2) N H}(Q) is the unique solution to the above problem
and satisfies the elliptic regularity estimates

Bll2,0 < [lu —unlo,0-

Proceeding as in [3|, Theorem 4.5] using that k& > 3, and taking ¢; in V}, as the DoF's interpolant
of ¢ in (2], we obtain

||’LL - uh”g,ﬂ = Z a’K(¢ - ¢],U - Uh) +Nh(¢au - Uh) +Nh(ua¢1)

KeTy,

+(f = frdn)oo + Y (ag (un, é1) — a* (un, 1))

KeTy

< (hlu—unly j, + 27 ull gy o llw = unllo.o

+ 02 f = falloalu —unlloo+ D (af (un, é1) — a™ (un, ¢1)).
KeTy,
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For any element K, we have
ap (un, ¢1) — a’ (un, é1)
= @M (Y S un, T M 6r) = ™ (un, é1) + S™ (I = T Yun, (1= T ) o)
= GK(ﬁkv’Kuh, ﬁkv’KébI —¢r) — a® (up — ﬁkv’KUh,ﬁkv’beI)

K(uh — ﬁkv’K’U,h, d)[ — ﬁkv’Kd)[) + SK((I — ﬁkV,K)uh, (I — ﬁkv’K)d)[) =L+ 1+ 135+ 1.

—Qa

As for the term I7, we use the definition of ﬁZ’K, see (B3)—(33), and obtain

L= Z/ — )¢ (g - VITY Xup)gr ds

KeTh ecEX

=2 2 / TG g VI un) (1 =TI o ds

KeTh ecER

B o R Ty PR

KeTh ecER o o

Similarly with the inequality ([@I3)), we then infer

1
2
h’K

(1 = T ) (e - V(Y un)|

0,e

hi (I —T1%° ) (ng - VIIY K u) H +hE

(= IR (- I — )|

0,e
Ricllull 1,00 + B2 VIS (0= up) o,e S Rl gy e + TV (w0 — w1k

K||u||s+1,K + = T uly g+ T (= un) 1k

myx

gh%HuHerl,K"’ lu — “|1,K+|U_“h|1,K’

and
hiE (T =T )i llo.e < b II(T = TI2E ) (61 — D)lo.e + hyZ (T =TI ) llo.e
< hillor — dllo.x + |or — dlux + hicllolls o < lor — dlx + hllolls -

As for the term Iy, we set ¥ := Vﬁkv’Kgb[ — Vo¢r and up, := up — Houh, and arrive at

I = —a® (ap, — I X an, Y M o) = = ) / (I -T2 (g - VIIY X ¢p)ap ds
ecEX
.S /1 19 Y(nge - VYK 67 — 61))an ds
ecEX
=- > / (I =0 ) () (=T ) ds < D [(1 =T ) (9 ng)[lo.el| (1 = T o.e.
ecEK ecEK

Inequality ([@I0) entails
170,e 1
(I =15 ) (% - nk)lloe S hillllo,x
SHETY " dr — drliie Sh2(16 — drlie + (= T %)ol1 k)
and
70,e \— 770,e — — 70, \~ - - S ||
(I =10 anlloe < [[( =5 (@ —an)lloe + (L =15 )allo,e S 1@ — nllo,e + hiclltlls,e

_1 1
< b = nllo,re + bl — Tl ac + Biclull,, S Bl = wnly e + il

s,e ~
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Furthermore, we have _ _
| I3] < |up — HZ’Kuh|1,h|¢1 — H§7K¢I|1,h-
Finally, we bound Iy:

- ~V.K ~V.K 37— =~V.K =V.K 3
L] S (RN =T Yunl|§ g + 1 =T Yunl? ) 2 (i (=10 l15 i + [(1— T3 &) 2
< fun — I X upl welor — 0% 611,

Each of the above terms can be readily estimated by adding and subtracting u, ﬁkv’Ku, o,
SVLK
and II, "™ ¢:

HVK HVK

e = T 1 g S e | (0= T | T ) e

Slu-— +‘I Iy %) ‘
lu Uh|1K UlK

and
|or =T % bulire S 16— drlic + (1 =T )l + T (6 — 61, i
S 6= drlx + (T =)ol k.
Combining the above estimates and using Lemmas (.5 [6.3] [6.4] and [6.5] the assertion follows. [

Remark 6.8. The proof of Theorem [6.7 does not cover the cases k = 1 and 2, the reason being
the presence of the term

(f = fn, ¢1)o.0

Following [6, Section 2.7], one can derive optimal convergence in the L? norm for k = 1 and
one order suboptimal convergence for k = 2. In this case, optimality can be recovered by either a
suitable modification of the right-hand side (using better discretization of the test function in the
discrete loading term) or by adapting the enhanced version of the virtual element method.

7 The 3D version of the method

In this section, we discuss the nonconforming virtual element method for 3D curved domain and
why the theoretical results are an extension of their two-dimensional counterparts. Polyhedral
meshes are now employed and curved faces are the parametrizations of flat polygons. The geometric
assumptions (G1)—(G2) in Section 2] are still required, but are valid for K being a polyhedron.
We further require

(G3) every face F of K (or, if the face is curved, the associated parametric polygon 13) is star-
shaped with respect to all the points of a disk radius larger than or equal to phy.

The local nonconforming virtual element space on the (possibly curved) polyhedron K reads
Vi(K) = {uh € HY(K)| Av, € Py_o(K), ng - Voy, € Py_1(F) VF C aK},

where Iﬁk_l (F) is the push forward on F of Pk_l(ﬁ). The definition of V}, is the natural extension
of its 2D counterpart. The degrees of freedom are given by scaled (possibly curved) face moments
with respect to (possibly mapped) polynomials up to order k — 1 and scaled bulk moments up
to order k — 2. The global nonconforming virtual element space is obtained by a nonconforming
coupling of the face degrees of freedom as in the 2D case:

Vi(Th) = {vn € H""(Th, k)|vnx € Va(K) VK € Tp },

where [-]F is the jump across the (possibly curved) face and

HY" (T, k) = {v c H'(Tp)

/ [v]F - npq dF, Vg € Py_1(F), VF C K, K € Th} .
F
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No essential modifications of the 2D structure take place in 3D. This is the major advantage of
using the nonconforming version of the method. The 3D version of the conforming VEM on curved
domains in [I0] should involve curved virtual element spaces on faces that are currently unknown.

The construction of the local and global discrete bilinear forms in Section directly extends
to the 3D case. The only difference resides in the design of the stabilizing term that requires a
different scaling. It can be proved that the stabilization

Naot (k)

SK(uh,Uh) = Z hKDl(uh)Dl(vh) Yup, vy € Vh(K)
=1

satisfies the 3D version of the estimates in (BII). In fact, the key technical tools in stability
analysis are inverse inequalities, see Lemma [} the Neumann trace inequality, see Lemma [£2}
polynomial inverse inequalities on the element boundaries, see Lemma [4.3} “direct estimates” such
as Poincaré-type and trace-type inequalities. All such bounds are valid also in 3D.

The abstract error analysis is dealt with similarly to the 2D case; see Theorems and
The only minor modification is in the definition of the nonconformity term which in 3D is defined
as

Ni(u,v) == Z /F[[v]]F-Vu dF,

Fe&}

where £} denotes the set of (curved) faces in the polyhedral decomposition. Thus, the proof of
error estimates for the nonconforming term follows along the same lines as in the 2D case, since
[3, Lemma 4.1] is valid in arbitrary space dimension.

8 Numerical experiments

In this section, we present some numerical experiments, so as to validate of Theorems and

Since the energy and L? errors are not computable, we rather consider the computable error
quantities:

=~V K 1
(ke v =T upllf x)2

=V K 1
(ZKGTh lu — 11, “hﬁ,K) 2
== 3 ELZ =

|U|1,sz

(8.1)
l[ullo,q

The two quantities above convergence with the same rate as the exact errors |u — uyl, , and
[l = unllo -

In Section Bl we consider two test cases on domains with curved boundary; in Section B2 we
consider a test case with an internal curved interface and curved boundary.

8.1 Curved boundary

As a first test case, we consider the domain Q = {(z,y)|z? + y* < 1}, see Figure B.1] (left-panel)
and the exact (analytic) solution

uy(x,y) = sin(nz) cos(my).
The function u; has inhomogeneous Dirichlet boundary conditions over 0.
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Figure 8.1: Left-panel: a circular domain Q. Right-panel: an example of (curved) Voronoi mesh over Q.

In Figure[82] we show the convergence of the two error quantities in (81]) on the given sequence
of Voronoi meshes with decreasing mesh size; see Figure B1] (right-panel) for a sample mesh. We
consider virtual elements of “orders” k = 2, 3, and 4.

5

Approximation Error EH1
Approximation Error E 2
IS w

100k

Figure 8.2: Left-panel: convergence of Fy1. Right-panel: convergence of F 2. The exact solution is us.
Voronoi meshes with decreasing mesh size are employed. The “orders” of the virtual element spaces are
k=23, and 4.
As a second test case, we consider the curved domain 2 introduced in [I0] and defined as
Q:={(z,y)st0<z <1, and g1(z) < y < g2(x)}, (8.2)
where
(1) = o sin(mr) and go(a) =1+ o sin(37a)
= —5 a = — s .
gi(x 50 Sinlrz nd go(x 50 Sn(3mz
We represent the domain in Figure On such an 2, we consider the exact (analytic) solution
up(z,y) = —(y — 91(2))(y — g2(2))(1 — 2)(3 + sin(5z) sin(7y)).
The function us has homogeneous Dirichlet boundary conditions over 0f2.
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0,00— T, 1,0

Figure 8.3: Domain €2 described in (82]).

Figure 8.4: Left-panel: an example of (curved) Voronoi mesh over 2. Right-panel: an example of
(curved) quadrilateral mesh over (.

The finite element partition on the curved domain € is constructed starting from a mesh for
the square [0, 1]> and mapping the nodes accordingly to the following rule:

(AVARVAN
N[ N[

_ (zs;ys+gl(zs)(1f2ys>>ﬂ if ys
(ro,ya) = .
(5,1 —ys + g2(ws)(2ys — 1), if ys

Above, (z4,ys) denotes the mesh generic node on the square domain (0, 1)2, and (xq,yq) denotes
the associated node in the curved domain 2. The edges on the curved boundary consist of an arc
of I'y or I's, while all the internal edges are straight. In Figure R4l we display two examples of
meshes, namely, a (curved) Voronoi and a (curved) square mesh.

In Figure[83] we show the convergence of the two error quantities in (1) on the given sequences
of meshes under uniform mesh refinements for “orders” k = 2, 3, and 4.
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Figure 8.5: Left-panels: convergence of F 1. Right-panels: convergence of E;2. The exact solution is us.
We employ sequences of (curved) Voronoi meshes (first row) and (curved) square meshes (second row)
with decreasing mesh size are employed. The “orders” of the virtual element spaces are k = 2, 3, and 4.

The theoretical predictions of Section [ are confirmed: convergence of order O(h*) and O(h¥*1)
is observed for the energy and L2-type errors in (8I)).

Next, we approximate the curved domain by using a polygonal mesh sequence of elements with
straight edges. Notably, we approximate the curved boundary by straight segments and force
homogeneous Dirichlet boundary conditions; see Figure

In Figure B we plot the results for the sequence of Voronoi meshes on the approximated
domain, obtained with the standard nonconforming VEM on polygons.

Figure 8.6: An example of (straight) Voronoi mesh over Q.
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Approximation Error EH1
Approximation Error EH1

Figure 8.7: Left-panel: convergence of Fy1. Right-panel: convergence of F;2. The exact solution is us.
Voronoi meshes with decreasing mesh size are employed. The “orders” of the virtual element spaces are
k=2,3.

In this case, we observe that the geometrical error dominates and the rate of convergence is
approximately 1.5 and 2 for the energy and L? type approximate errors in (81).

8.2 Curved interfaces

As a third test case, see [10], we consider the same circular domain  with boundary T's as in
Section Rl and we split into two subdomains €; and € by an internal interface I'; so as Q5 has
half the radius of Q; see Figure 8.8 (left-panel). Further, we are given a diffusion coefficient x and
a loading term f piecewise defined as

k=1 1in Qq, f=5 inQq,
k=5 1in g, f=1 in Qo,

We are interested in approximating the solution us to the elliptic problem

{diV(HVU) =f inQ,

u=0 on ',

which is given by (here r := /22 4 y2)

us(z,y) = ug(r) := —5r? 4 55 + o ifr <1/2,
3T,y 3 —%TQ*%ln(T)JF% ifl1/2<r<1.

The function ug is analytic in £2; and 5 but has finite Sobolev regularity across the interface I'y,
see Figure [B.g)).
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Figure 8.8: Left-panel: a circular domain  with a curved internal interface I'1. Right-panel: an example
of (curved) mesh conforming with respect to the internal interface.

In Figure B9 we show the convergence of the two quantities in (8) on the given sequence
of meshes with decreasing mesh size that are conforming with respect to the curved internal
interface I'1; see Figure B8] (right-panel). We consider virtual elements of “order” k = 2, 3, and 4.

Approximation Error EH1
Approximation Error ELz

10°F 5
1010k

Figure 8.9: Left-panel: convergence of Fpi1. Right-panel: convergence of Er2. The exact solution
is uz. Meshes with decreasing mesh size are employed that are conforming with respect to the internal
interface I'1. The “orders” of the virtual element spaces are k = 2, 3, and 4.

The theoretical predictions of Section [ are confirmed also for domains with internal curved
interface: convergence of order O(h*) and O(h**1) is observed for the energy and L2-type errors

in (BI).
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