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DISTRIBUTED STOCHASTIC SUBGRADIENT PROJECTION
ALGORITHMS FOR CONVEX OPTIMIZATION

S. SUNDHAR RAM, A. NEDIC, AND V. V. VEERAVALLI *

Abstract. We consider a distributed multi-agent network system where the goal is to minimize
a sum of convex objective functions of the agents subject to a common convex constraint set. Each
agent maintains an iterate sequence and communicates the iterates to its neighbors. Then, each agent
combines weighted averages of the received iterates with its own iterate, and adjusts the iterate by
using subgradient information (known with stochastic errors) of its own function and by projecting
onto the constraint set.

The goal of this paper is to explore the effects of stochastic subgradient errors on the convergence
of the algorithm. We first consider the behavior of the algorithm in mean, and then the convergence
with probability 1 and in mean square. We consider general stochastic errors that have uniformly
bounded second moments and obtain bounds on the limiting performance of the algorithm in mean
for diminishing and non-diminishing stepsizes. When the means of the errors diminish, we prove
that there is mean consensus between the agents and mean convergence to the optimum function
value for diminishing stepsizes. When the mean errors diminish sufficiently fast, we strengthen the
results to consensus and convergence of the iterates to an optimal solution with probability 1 and in
mean square.

Key words. Distributed algorithm, convex optimization, subgradient methods, stochastic ap-
proximation.
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1. Introduction. A number of problems that arise in the context of wired and
wireless networks can be posed as the minimization of a sum of functions, when each
component function is available only to a specific agent [23,25,26]. Often, it is not
efficient, or not possible, for the network agents to share their objective functions with
each other or with a central coordinator. In such scenarios, distributed algorithms
that only require the agents to locally exchange limited and high level information
are preferable. For example, in a large wireless network, energy is a scarce resource
and it might not be efficient for a central coordinator to learn the individual objective
functions from each and every agent [23]. In a network of databases from which
information is to be mined, privacy considerations may not allow the sharing of the
objective functions [34]. In a distributed network on a single chip, for the chip to
be fault tolerant, it is desirable to perform the processing in a distributed manner to
account for the statistical process variations [32].

We consider constrained minimization of a sum of convex functions, where each
component function is known partially (with stochastic errors) to a specific network
agent. The algorithm proposed builds on the distributed algorithm proposed in [19]
for the unconstrained minimization problem. Each agent maintains an iterate se-
quence and communicates the iterates to its neighbors. Then, each agent averages
the received iterates with its own iterate, and adjusts the iterate by using subgradi-
ent information (known with stochastic errors) of its own function and by projecting
onto the constraint set. The inter-agent information exchange model is a synchronous
and delayless version of the computational model proposed by Tsitsiklis [30]. The

*The first and the third authors are with the Electrical and Computer Engineering Department
at the University of Illinois at Urbana-Champaign. The second author is with the Industrial and
Enterprise Systems Engineering Department at University of Illinois at Urbana-Champaign. They
can be contacted at {ssriniv5,angelia,vvv}@illinois.edu. This work has been supported by NSF
Career Grant CMMI 07-42538.


http://arxiv.org/abs/0811.2595v1

2 S. Sundhar Ram, A. Nedi¢ and V. V. Veeravalli

algorithm is distributed since there is no central coordinator. The algorithm is local
since each agent uses only locally available information (its objective function) and
communicates locally with its immediate neighbors.

Related to this work are the distributed incremental algorithms, where the net-
work agents sequentially update an iterate sequence in a cyclic or a random or-
der [5,12,16,23,25]. The effects of stochastic errors on these algorithms have been
investigated in [3,9,14,17,23,25,28]. In an incremental algorithm, there is a single
iterate sequence and only one agent updates the iterate at a given time. Thus, while
being distributed and local, incremental algorithms differ fundamentally from the al-
gorithm studied in this paper (where all agents update simultaneously). Also related
are the optimization algorithms in [2,31]. However, these algorithms are not local as
the complete objective function information is available to each and every agent, with
the aim of distributing the processing.

The work in this paper is also related at a much broader level to the distributed
consensus algorithms [2,11,13,15,18,20,21,29-31,33]. In these algorithms, each agent
starts with a different value and through local information exchange, the agents even-
tually agree on a common value. The effect of random errors on consensus algorithms
have been investigated in [10,13,15,33]. In addition, since we are interested in the
effect of stochastic errors, our paper is also related to the literature on stochastic
subgradient methods [6-8].

We consider general stochastic errors that have uniformly bounded second mo-
ments and obtain bounds on the limiting performance of the algorithm in mean for
diminishing and non-diminishing stepsizes. When the means of the errors diminish,
we prove that there is mean consensus between the agents and mean convergence to
the optimum function value for diminishing stepsizes. When the mean errors diminish
sufficiently fast, we strengthen the results to consensus and convergence of the iterates
to an optimal solution with probability 1 and in mean square.

Our work expands the multi-agent distributed optimization framework studied
in [19]. The new contributions are: 1) the study of the effects of stochastic errors
in subgradient evaluations; 2) the consideration of constrained optimization problem
within the distributed multi-agent setting. The presence of the constraint set com-
plicates the analysis as it introduces non-linearities in the system dynamics. The
non-linearity issues that we face have some similarities to those in the constrained
consensus problem investigated in [20], though the problems are fundamentally differ-
ent. The presence of subgradient stochastic errors adds another layer of complexity
to the analysis as the errors made by each agent propagate through the network to
every other agent and also across time, making the iterates statistically dependent
across time and agents.

The rest of the paper is organized as follows. In Section Bl we formulate the
problem, describe the algorithm and state our basic assumptions. In Section [3] we
state some results from literature that we use in the analysis, while in Section ] we
derive two important lemmas that form the backbone of the analysis. In Section Bl we
study the convergence properties of the method in mean, and in Section [l we focus on
the convergence properties with probability 1 and in mean square. Finally, we discuss
some implications and provide some concluding remarks in Sections [l and

2. Problem, algorithm and assumptions. In this section, we formulate the
problem of interest and describe the algorithm that we propose. We also state and
discuss our assumptions on the agent connectivity and information exchange.



Distributed Stochastic Subgradient Algorithms for Convex Optimization 3

2.1. Problem. We consider a network of m agents that are indexed by 1,...,m.
Often, when convenient, we index the agents by using set V' = {1,...,m}. The
network objective is to solve the following constrained optimization problem:

minimize Z fi(x)
i=1
subject to x € X, (2.1)

where X C R” is a constraint set and f; : X — R for all 7. Related to the problem
we use the following notation

fa)=)_ fi@),  fr=minfl), X'={reX:f@z)=f}
=1

We are interested in the case when the problem in (Z]) is convex. Specifically,
we assume that the following assumption holds.

ASSUMPTION 1. The functions f; and the set X are such that

(a) The set X is closed and conver.

(b) The functions f;, i € V are defined and convex over an open set that contains

the set X.

The function f; is known only partially to agent ¢ in the sense that the agent can
only obtain a noisy estimate of the function subgradient. The goal is to solve problem
@) using an algorithm that is distributed and local[l

We make no assumption on the differentiability of the functions f;. At points
where the gradient does not exist, we use the notion of subgradients. A vector V f; is
a subgradient of f; at a point x € domf if the following relation holds

Vi) (y—x) < fily) — filz)  forall y € dom f. (2:2)

Since the set X is contained in an open set over which the functions are defined and
convex, a subgradient of f; exists at any point of the set X (see [1] or [27]).

2.2. Algorithm. To solve the problem in (21 with its inherent decentralized
information access, we consider an iterative subgradient method. The iterations are
distributed accordingly among the agents, whereby each agent ¢ is minimizing its con-
vex objective f; over the set X and locally exchanging the iterates with its neighbors.

Let w;  be the iterate with agent ¢ at the end of iteration k. At the beginning of
iteration k + 1, agent i receives the current iterate of a subset of the agents. Then,
agent ¢ computes a weighted average of these iterates and adjusts this average along
the negative subgradient direction of f;, which is computed with stochastic errors.
The adjusted iterate is then projected onto the constraint set X. Mathematically,
each agent ¢ generates its iterate sequence {w;} according to the following relation:

Wi k1 = Px [Vig — a1 (Vi (0ik) + € kt1)] (2.3)

starting with some initial iterate w; o € X. Here, V f; (v; 1) denotes the subgradient of
fi at v; 1, and €; 41 is the stochastic error in the subgradient evaluation. The scalar

1See [25,26] for wireless network applications that can be cast in this framework.
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ag+1 > 0 is the stepsize and Px denotes the Euclidean projection onto the set X.
The vector v; j, is the weighted average computed by agent 4 and is given by

Vik = Z am(k + Dwj g, (2.4)
JENi(k+1)

where N;(k+ 1) denotes the set of agents whose current iterates are available to agent
i in the (k + 1)-st iteration. We assume that i € N;(k + 1) for all agents and at all
times k. The scalars a; j(k + 1) are the non-negative weights that agent ¢ assigns to
agent j’s iterate. We will find it convenient to define a; ;j(k+1) as 0 for j ¢ N;(k+1)
and rewrite (24) as

m
Vi k = Z aiyj(k + 1)wj1k. (25)
j=1
This is a “consensus”-based step ensuring that, in a long run, the information of each
fi reaches every agent with the same frequency, directly or through a sequence of local
communications. Due to this, the iterates w; ; become eventually “the same” for all
j and for large enough k. The update step in (23] is just a subgradient iteration for
minimizing f; over X taken after the “consensus”-based step.

2.3. Additional assumptions. In addition to Assumption [Il we make some
assumptions on the inter-agent exchange model and the weights. The first assump-
tion requires the agents to communicate sufficiently often so that all the component
functions, directly or indirectly, influence the iterate sequence of any agent. Recall
that we defined N;(k 4+ 1) as the set of agents that agent ¢ communicates with in
iteration k + 1. Define (V, E;41) to be the graph with edges

Eppi={(,i):jeNi(k+1),i€V}.

ASSUMPTION 2. There ezists a scalar Q@ such that the graph (V,Uj=1,. qFEk+y1) is
strongly connected for all k.

It is also important that the influence of the functions f; is “equal” in a long
run so that the sum of the component functions is minimized rather than a weighted
sum of them. The influence of a component f; on the iterates of agent ¢ depends
on the weights that agent ¢ uses. To ensure equal influence, we make the following
assumption on the weights.

ASSUMPTION 3. Fori €V and all k,

(a) a; ;(k+1) >0, and a; j(k+1) =0 when j ¢ N;(k + 1),

(b) 30y aig(k+1) =1,

(¢) There exists a scalarn, 0 < n < 1, such that a; j(k+1) > n when j € N;(k+1),

(d) 3oy aij(k+1)=1.

Assumptions Bh and Bb state that each agent calculates a weighted average of
all the iterates it has access to. Assumption Bk ensures that each agent gives a
sufficient weight to its current iterate and all the iterates it receivesH Assumption [3H,
together with Assumption[2] as we will see later, ensures that all the agents are equally
influential in the long run. In other words, Assumption Bd is crucial to ensure that
Yo, fi is minimized as opposed to a weighted sum of the functions f; with non-equal
weights. To satisfy Assumption[Bd, the agents need to coordinate their weights. Some
coordination schemes are discussed in [19,25].

2The agents need not be aware of the common bound 7.
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3. Preliminaries. In this section, we state some results for future reference.

3.1. Euclidean norm inequalities. For any vectors vy, ...,vy € R, we have
2
M M M
2
; vi—M;vj S;Hvi—xﬂ for any x € R". (3.1)

The preceding relation states that the average of a finite set of vectors minimizes the
sum of distances between each vector and any vector in R", which can be verified
using the first-order optimality conditions.

Both the Euclidean norm and its square are convex functions, i.e., for any vectors
v1,...,0p € 1" and nonnegative scalars (1, ..., By such that Zf\il B; = 1, we have

M
> Bivi

i=1
M

> Bivs

i=1

M
<3 Billuill, (3.2)

2

i=1
M

<3 Billuill> (33)
i=1

The following inequality is the well-known non-expansive property of the Euclidean
projection onto a nonempty, closed and convex set X,

1Px [z] = Px[y]l| < [l —yl| for all z,y € R". (3.4)

3.2. Scalar sequences. For a scalar 8 and a scalar sequence {7}, we consider
the “convolution” sequence E];:o By = By + By + -+ By—1 + Yk We
have the following result.

LEMMA 3.1. Let {v;} be a scalar sequence.

(a) Iflimg oo v =y and 0 < B < 1, then limg_, o0 Z'Lo BrE—ty, = ﬁ

(b) Ifye >0 forallk, >, v < o0 and0 < B < 1, then > ;- (Z'Lo ﬂkilw) < 0.
(¢c) Iflimsup,,_,. vk = v and {(x} is a positive scalar sequence with Y ;- | (i, = oo,
ZkK:() Y Cr

25:0 Ck

K
limg o0 722’?3:2? = 7.

then limsupz_, < ~. In addition, if liminfy_, v = 7y, then

Proof. (a) Let € > 0 be arbitrary. Since 7 — 7 and for all k, there is an index K
such that |y, — | < e for all k > K. For all k > K + 1, we have

k K k K k
k—¢ k—¢ k—¢ k—¢ k—¢
E = E —+ E < m E —+ —+ E .
=0 o =0 o P s OS%)% B =0 ’ e ’

(=K+1 (=K+1

Since ZI;:KH gh—t < ﬁ and

= k—¢ k k—K k—K K pE—K
gﬁ =8"+---+p =f I+---+p8 )Sl—ﬂ’

3See for example [1], Proposition 2.2.1.
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it follows that for all £ > K + 1,

k k—K
k=t < B 7"'6'
2.8 W—(ogﬁ”%%)1—ﬁ+1—ﬁ

£=0

Therefore,

hmsupZﬁ]C ¢ 7+6.

k—o00

[y
|
=

Since € is arbitrary, we conclude that limsup,,_, . le:o BEEy, < 35
Similarly, we have

k k
bl > Rt 4 (o _ k=t
;B Ve g%glK%Zﬁ >, B

(=K+1

Thus,

— 00

k K k
. k=L S Timi . k—¢ _ k=)
liminf KE_O 5% e = liminf ( o in Y KE_O Bt (y—e) Y. B )

{=K+1
Since Ype o 857 > B K and 35, B4 = SEZHY 59 which tends to 1/(1- )
as k — oo, it follows that

k—(K+1)

k
limianﬁk_gw > ( mln 7,5) lim g 4 (y - hm Z B = 7_
=0

k—oc0 k—o00

Since € is arbitrary, we have liminfy_, o E?:o Bty > ﬁ This and the relation

: k _ :
limsupy, o >y_o 85 ‘v < 125, imply

JL“;OZW =g

(b) Let Y-y v < co. For any integer M > 1, we have
M [k M M-t M
k—¢ _ ¢
S{SEREIE i SEES eet
k=0 \¢=0 =0  t=0 £=0
implying that
0 k 1 o
k—¢
> (o) < e
k=0 \¢=0 =0

(¢) Since limsupy,_, ., v = 7, for every € > 0 there is a large enough K such that
Vi < v+ € for all k > K. Thus, for any M > K,

S e _ > o Wk n ZQ/IZKH Vi Che Ek 0 YkCk o+ )Zk K41 Ck

SitoGr Ynto G SeoGr Yt S ito Gk
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M vkCr

By letting M — oo and using ), (i = 00, we see that limsup,,_, .. ST
k=0

< 7+e,
and since € is arbitrary, the result for the limit superior follows.
Analogously, if liminfy_, . 7% = 7, then for every € > 0 there is a large enough K

such that vy > v — € for all £ > K. Thus, for any M > K,

M K M K M
k=0 TkGk k=0 TkGk kE=K+1 k=0 TkGk k=K+1
D k=0 WSk _ D 7C+Z 7ka>2 7<+(7—e)2 Ck
M - M M = M M :
Zk:o Ck Zk:o Ck Zk:o Ck Zk:o Ck Zk:o Ck
M
Letting M — oo and using ), (x = 00, we obtain liminfy/_, w > v —e
k=0
M
Since € > 0 is arbitrary, we have liminf,; ..o % > ~. This relation and the
k=0
M
relation for the limit superior yield limps_, oo % = when v, — ~. O

3.3. Matrix convergence. Let A(k) be the matrix with (¢, j)-th entry equal to
a; j(k). As a consequence of Assumptions Bh, Bb and Bd, the matrix A(k) is doubly
stochastidd. Define, for all k, s with k& > s,

Ok, s) = A(k)A(k —1)--- A(s + 1). (3.5)

We next state a result from [18] (Corollary 1) on the convergence properties of the
matrix ®(k, s). Let [®(k, s)];,; denote the (4, j)-th entry of the matrix ®(k, s), and let
e € R™ be the column vector with all entries equal to 1.
LEMMA 3.2. Let Assumptions[d and[3 hold. Then
1. limg oo (K, 8) = % eel for all s.
2. Further, the convergence is geometric and the rate of convergence is given by

m

][@(k,sﬂi,j . \ <05+,

where

0 (i-5)" A ()

3.4. Stochastic convergence. We next state some results that deal with the
convergence of a sequence of random vectors. The first result is the well known Fatou’s
lemma [4].

LEMMA 3.3. Let {X;} be a sequence of non-negative random variables. Then

E [liminf Xn} < liminf E[X,].

n—r00 n—r00

The next result is due to Robbins and Siegmund (Lemma 11, Chapter 2.2, [22]).

THEOREM 3.4. Let {By},{Dy}, and {Hy} be non-negative random sequences
and let {(i} be a deterministic nonnegative scalar sequence. Let Gy, be the o—algebra
generated by Bi,...,By,D1,..., Dy, Hy, ..., Hy. Suppose that ), (. < 00,

E[Brs1 | Gi) < (14 Ce)Br — D + Hy  for all k, (3.6)

and ", Hy, < oo with probability 1. Then, the sequence {Bj} converges to a non-
negative random variable and )", Dy, < oo with probability 1, and in mean.

4The sum of its entries in every row and in every column is equal to 1.
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4. Basic relations. In this section, we derive two basic relations that form the
basis for the analysis in this paper. The first of them deals with the disagreements
among the agents, and the second deals with the agent iterate sequences.

4.1. Disagreement Estimate. The agent disagreements are typically thought
of as the norms |Jw; — w; x| of the differences between the iterates w;y and w; g
generated by different agents according to (Z3)—(24). Alternatively, the agent dis-
agreements can be measured with respect to a reference sequence, which we adopt
here. In particular, we study the behavior of ||yr — w; i||, where {y;} is the auxiliary
vector sequence defined by

1 m
= =S, for all k. 41
Yk - ;w & or a (4.1)

In the next lemma, we provide a basic estimate for ||y, —w, r||. The rate of convergence
result from Lemma plays a crucial role in obtaining this estimate.

LEMMA 4.1. Let Assumptionsda, [3, and[3 hold. Assume that the subgradients
of fi are uniformly bounded over the set X, i.e., there are scalars C; such that

IV fi(x)]| < C; forallz € X and alli € V.
Then, for all j € V and k > 0,

[Ykt1 — wjpra || <mosE! max [[wiof| + 6 i Bt il (Ci + ll€iell)
+ al;;l i(Ci + lleik+1l]) + a1 (C + llejprall)-
=1
Proof. Define for all © € V and all k,
Diktl = Wi kt1 — iaw—(k + Dwj k. (4.2)

J=1

Using the matrices ®(k, s) defined in (B3] we can write

m k m
Wjkt1 = Z[(I)(k +1,0)]j,wi,0 + Pjrs1 + Z (Z[‘P(k +1, f)]j,iPi,f) . (43)

i=1 =1 \i=1
Using ([@2]), we can also rewrite yi, defined in [@.1]), as follows

m

Ykt1 = % Z Z a;,j(k + Dw;, + Zpi,k-'rl
=1

i=1 j=1

—_

-— Z (Z a; ;(k+ 1)> wj g+ Zpi,kJrl

=1 =1 i=1

In the view of the doubly stochasticity of the weights, we have " a; j(k+1) =1,
implying that

1 m m 1 m
Yk+1 = ey ;wj,k + z;pi,kﬂ =Yk + oo z;pi,kﬂ-
Jj= 1= 1=
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Therefore
k+1 m k+1 m
Ye+1 = Yo + — ZZPM szo—i— ZZPM (4.4)
Z 11:=1 Z 1=1

Substituting for yi11 from (£4) and for wj 41 from (@3]), we obtain

k+1 m
Hyk+1 - wj,kJrlH = H sz 0o+ — ZZI% 4
Z 1i=1
k. m
- (Z[‘P(k +1,0)]wi0 + ik + YD [k +1, f)]ml)u) H
i=1 =1 i=1

(% — [k + 170)11-,@-) Wi

=1
+ <E — [Pk + 174)]j,i> pie+ <E > pikt —Pj,k+1> H :

£=1 i=1 i=1

Therefore, for all j € V and all k,

yk+1 — wj k41| <Z —[®(k +1,0)]5,] |
i=1
+> > — = [k + 1Ol lpsell + — D il + el
(=1 i=1 i=1

We can bound [Jw; o] < max;ev ||wiol|. Further, we can use the rate of conver-
gence result from Lemma 32 to bound ‘% — [®(k, E)]M’ . We obtain

k m
g1 = wiaia || <mOB max fwioll + 030 Y piel
(=1 i=1

1 m
+— > lpikrall + Ipiasall- (4.5)
=1

We next estimate the norms of the vectors ||p; x| for any k. From the definition
of p; k41 in [@2) and the definition of the vector v;j in (Z4l), we have p; p41 =
Wj k+1 — Vi,k- Note that, being a convex combination of vectors w; ;. in the convex set
X, the vector v; i, is in the set X. By the definition of the iterate w; 11 in (2.3) and
the non-expansive property of the Euclidean projection in ([B.4]), we have

i k+1ll = | Px [vig — arv1 (Vfilvig) + €ikr1)] — vikll
< a1 ||V fivig)
< agy1 (G + € k41l]) -

In the last step we have used the subgradient boundedness. By substituting the
preceding relation in (@3], we obtain the desired relation. O

4.2. Iterate Relation. Here, we derive a relation for the distances ||v; x+1 — 2|
and the function value differences f(yx) — f(z) for an arbitrary z € X. This relation
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together with Lemma 1] provides the basis for our subsequent convergence analysis.
In what follows, recall that f =>"", f;.

LEMMA 4.2. Let Assumptionsd, [2, and[3 hold. Assume that the subgradients of
fi are uniformly bounded over the set X, i.e., there are scalars C; such that

IV fi(x)] < C; forallz € X and alli e V.

Then, for any z € X and all k,
D Mok =217 <D llvig — 21° = 2an11 (F(yw) = f(2))
i=1 i=1
+2ak41 <Izggi Oi) z; v — wj k|
J:

m m
—20k11 Y €1 (vik —2) + iy D (Ci+ lleirial)?
=1 i=1

Proof. Using the Euclidean projection property in (34]), from the definition of
the iterate w; x4+1 in (Z3]), we have for any z € X and all k,

Jwigsr — 2l = |Px [vig — i1 (Vfi(vig) + )] — 2|
ik — 2l1* = 20041V fi (vi k)T (Vi — 2) — 20041€] i1 (Vi — 2)

+ gy IV filvig) + 5i,k+1||2

By using the subgradient inequality in (2:2)) to bound the second term, we obtain

lwik+1 — 21 <|lvig — 2l = 2ak41 (fi(vig) — fi(2))

— 2004161 gy Wik — 2) + 0F 4y IV fi(vi) + €ipral® . (4.6)

Note that by the convexity of the squared norm [cf. Eq. (B3])], we have

ZHUz k+1_z|| Z Zaw (k+2)wjp41 — 2| < ZZ ai,j(k+2)[lw;, k+1_z||

=1 ||j=1

In view of Assumption Bl we have Y-, a; ;(k +2) =1 for all j and k, implying that

m m
Do lvigers =207 <D llwjrs — 21
i=1 J=1

By summing the relations in (6] over all i € V and by using the preceding
relation, we obtain

> lvikar = 2l <D lvik — 201> = 20611 > (filvin) — fi(2))
=1 =1 =1

2
—20k11 Y €1 (Vik —2) + 0y DIV Fivik) + eingal* (47)

i=1 =1
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From (Z2)) we have

fitvig) = fi(2) > (filvig) = filyr)) + (filyr) — fi(2))
> — [V fi(vig)llye — vipll + (filye) — fi(2)) - (4.8)
Recall that v;x = 3270 a;;(k + 1wjy, [cf. @) Substituting for v;x and using the
convexity of the norm [cf. (B2)], from (L8] we obtain

m

> filvig) = f levfz i) lye = vikll + (F(yx) = £(2))

i=1

> - ZIIsz Vi)l yk—zau (k + Dwjr || + (f(yr) = f(2))

Jj=1

levfz (Vi k ||Zaw (F + Dllyr — wjkll + (f (yx) = f(2))

Jj=1

> — ( aX”vfz (vik H) Z (Zalj (k+1 ) [y _wjvk”
j=1 \i=1
+ (f(yr) — f(2))
=~ (e VA1)l ) 3 = el + () = 52

j=1

By using the preceding estimate in relation (@), we have

D v =217 <Y ik — 217 = 2041 (F () = £(2))
i=1 i=1

+ 200 (max 9401 3 Lo =

j=1

m m
—20k11 Y € Wik — 2) + iy DIV ivik) + eipp]

i=1 =1

The result follows by using the subgradient norm boundedness, |V f;(vi )| < C; for
all k and ¢. O

5. Convergence in mean. Here, we study the behavior of the iterates gener-
ated by the algorithm, under the assumption that the errors have bounded norms in
mean square. In particular, we assume the following.

ASSUMPTION 4. The subgradient errors are uniformly bounded in mean square,
i.e, there are scalars v; such that

Eflleirt1l’] < 77 foralli eV and all k.

Using this assumption, we provide a bound on the expected disagreement E[||w; 1. — yi]|]
for nondiminishing stepsize. We later use this bound to provide an estimate for the
algorithm’s performance in mean. The bound is provided in the following theorem.

THEOREM 5.1. Let Assumptions [da, [, [3 and [f] hold. Also, let the subgradients
of each f; be uniformly bounded over X, i.e., for each i € V' there is C; such that

IV fi(x)]] < Cs for all z € X.
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If the stepsize {au} is such that limg_o a, = « for some o > 0, then for all j €'V,

0
limsup E[||yx+1 — wj k1] < amax{C; +v;} (2 + m_ﬁ )
k— o0 eV 1- ﬁ

Proof. The conditions of Lemma ] are satisfied. Taking the expectation in the
relation of Lemma[Tland using the inequality E[||€; &[] < /E[|l€:,x]|?] = 74, we obtain
for all j € V and all &,

k
Ellyk+1 — wj s l|] <mOpEH! max lwioll +mop max {Ci+ i} ; B tay
+ 2041 m@({C’l + Di}. (51)
S

Since limy_ o @, = @, by Lemma [3I}(a) we have limy_, o Zle BE—toy, = ﬁ Using
this relation and limy_,~ a; = «, we obtain the result by taking the limit superior in
EI) as k — 0. O

When the stepsize is diminishing (i.e., & = 0), the result of Theorem [B.1] implies
that the expected disagreements E[||yx+1 — w;j k+1]|] converge to 0 for all j. Thus,
there is an asymptotic consensus in mean. We formally state this as a corollary.

COROLLARY 5.2. Let the conditions of Theorem [21] hold with o« = 0. Then
limy, o0 Ef||wjke — yxl]] =0 for all j € V.

We next obtain bounds on the performance of the algorithm. We make the
additional assumption that the set X is bounded. Thus, the subgradients of each f;
are also bounded (see [1], Proposition 4.2.3).

Note that, under Assumption [ by Jensen’s inequality we have ||E[¢; k+1] || < 7;.
Therefore, under Assumption @]

limsup || E[€; k41] || < 75 foralli e V. (5.2)

k—o00

We have used this relation in our analysis of the agent disagreements in Theorem [5.11
Using this relation, we obtain special results for the cases when the errors are zero
mean or when their mean is diminishing, i.e., the cases E[e; 4+1] = 0 for all 4, k, or
limsupy,_, o |E[€i,k+1] || = O for all 4.

THEOREM 5.3. Let Assumptions[d [, [ and []] hold. Assume that the set X is
bounded. Let limg_.oo ay = o with o > 0. If a = 0, also assume that Zk ayp = 00.
Then, for all j € V,

m 2
- - B 9 2mlp
V< f* 4+ m — ; + m Nz 5T 1T _4
l}cmlnf Elf(wjr)] < f +I7y%§( lz —yll ;Mz mao (ieavx{cz Vz}) (2 + 1= ﬁ) )

where fi; = limsupy,_, o ||E[€i k+1] || and C; is an upper-bound on the subgradient norms
of fi over the set X.

Proof. Under Assumption ] the limit superiors fi; = limsup,_, ., ||E[€i k+1] || are
finite [cf. Eq. (E2)]. Since the set X is bounded the subgradients of f; over the set X
are also bounded for each i € V; hence, the bounds C;, i € V' on subgradient norms
exist. Thus, the conditions of Lemma are satisfied. Further, by Assumption [I]
the set X is contained in the interior of the domain of f, over which the function is
continuous (by convexity; see [27]). Thus, the set X is compact and f is continuous
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over X, implying that the optimal set X™* is nonempty. Let * € X*, and let y = «*
in Lemma A2l We have, for all &,

m m
Dol =2l < Y Moig — @7 |* = 2041 (F(y) = £7)
i=1 i=1

m
+2ai (myxG: ) Y o=
7j=1
m m
T * 2 2
20541 Y 1 Wik — 27) + i Y (Ci+ lleinial)?
=1

=1

Since X is bounded, by using ||v; x — z*|| < max, yex ||z —y||, taking the expectation
and using the error bounds E[||¢; 541]|?] < 72 we obtain

> E[lviker — 2 17] <D E[lloin — 2717 — 2ak41 (E[f(wr)] — f7)
i=1 i=1
+2ak41 <11Tg;<cz) z; Elllye — wjiell]
=
2 _\2
+20541 max [z —y] Z; [Eles k4]l + aiigs ; (Ci+vi)”(53)
By rearranging the terms and summing over k = 1,..., K, for an arbitrary K, we
obtain

K m
2> awr | ELFL = 1) = (e ) S Bl — il
k=1

j=1
m mao 2
) _ k+1 ] —
s ol 3 Bl = "5 (max(Ci+ 7)) )
1=
m m
2 2 2
< z;E[|\Ui,1 —a*|I’] - z;E[|\Ui,K+1 —a*|’] < m max o —yl|".
i= =

Note that when aiy1 — « and o > 0, we have Ek ap = oo. When a = 0, we have
assumed that ), o = co. Therefore, by letting K — oo, we have

it ( €170] — (mape 1) Y- Elln — sl

i =

m MQk41 ’
_ - Eles ]l — = Cotmb) | =71
e S el - 22 (e ) ) <

Using limsupy,_, o, ||E[€i k+1]]| = fi [see Eq. (52)] and limg_o o, = o, we obtain

2 m
ma
- g, MO . . . o
l}gloréfE[f(yk)] <fr+ 5 (rgga‘t;({cz—i-uz}) +<IZ%1‘3(CZ>E limsup E[||yx — wj k]|]

=1 k—o0

m
+ max o —y| ;ui.
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Next from the convexity inequality in (222]) and the boundedness of the subgradients
it follows that for all £ and j € V,

E[f(wjx) — flyr)] < (Z Ci) Elllyr — wjkll],

implying

k—o00 —00

2 m
mao
imi . < fF g T ) . i — .
i E1f 5] < £+ %5 (maxCi 9 )+ (e ) 3t . vl

4 (300 ) tmsup EfJys — w ] + a2~ 9l S
k— o0 z,yeX

i=1 =1
By Theorem [BE.], we have for all j € V,

0
h;?f;p Elllys — wjell] < amax{Ci + :} <2 N %) |

By using the preceding relation, we see that

liminf E[f(w, 1)

k—o00

2 m
mo
< f* L 0T s _ i
< (rgleavr)c{Cvaz}) + max ||z yll;uz
_ mb3
+ mao (Ilréa‘gcCl) Ii%a@‘{ci +7;} (2 + m)

- 0
+a (; Q-) max{C; +7;} <2 + %)

m 2
9 2mb
Sf*-i—:gzé}){(H:v—yH;ﬂrf—ma (rgéfa‘t;({(}'i—i—l/i}) (54—%) :

d
The network topology influences the error only through the term % and can

hence be used as a figure of merit for comparing different topologies. For a network

that is strongly connected at every time, [i.e., @ = 1 in Assumption 2] and when 7
in Assumption [B] does not depend on the number m of agents, the term % is of the
order m? and the error bound scales as m?.

We next show that stronger bounds can be obtained for a specific weighted time

averages of the iterates w; . In particular, we investigate the limiting behavior of

t .
{f(zit)}, where z;, :% Note that agent ¢ can locally and recursively
k=1

evaluate z; 441 from z;; and wj 1.

t .
THEOREM 5.4. Consider the weighted time averages z;,, :Zkf#ai’w forjeVv
k=1
and t > 1. Let the conditions of Theorem [2.3 hold. Then, we have for all j €V,

m 2
limsup Elf (z)l < f7+ nax |z — yll ;ﬂ + ma (Tiféa‘«;({ci + Vz'}> (g + %) :
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Proof. The relation in (B3] of Theorem [1.3]is valid, and we have for any «* € X*,

m

> E[llviner — 27] <D E[llvin — 27 [1?] — 2am41 (E[f(mr)] — f7)

i=1 i=1

+2ann (01 ) Y- Elln - wel

(=1
20141 max. o=yl [Elessen] |+ aer DG+ 70)2
=1 1=1

From the subgradient boundedness and the subgradient inequality in ([22]) we have
for any j,

ELF ()] — ELF (0] >—(ZO> o = w50l = = (1 ) Ell = ]

1=1
Therefore, we obtain

m

> Elllvigsr —2*17] <> E[llvik — 2" 1?] — 2041 (E[f (wix)] = f7)
i=1

i=1
+200 (e <mE[||yk ~wnall + 3 Ellye - wz-,km)

20141 max, o= o) > IEfeaia] |+ 02s 3G+ 70
=1 1=1

By re-arranging these terms, summing over k = 1,...,t and dividing with 2 22:1 Okt 1,
we further obtain

t m

ap+1E[f(w; . "
Zw R A — [ Y
T Dke1 k1 2Zk 1 Qk+1 55

akt1 (maxicv Ci) (mE[|lyx — wjkll] + 357, Ellys — wikll))

t
k=1 Zk:l Q41

m

« Ele; & bl
s ”x_yHsz eknlEfeenll | i ob
Dop—1 k41 23 5 kg1 i—1

m

(Cl + 771')2.

Next by the convexity of f note that

t ‘ ¢ ‘
flzie) =1 (Z M) <y 41 (W5),

k=1 D ket k1 k=1 D ko1 Q1

From the preceding two relations we obtain

m

E[f ()] < f* + —— o S E[[Jvi — 2]

t
23 Q1 S

N Zt: k1 (maxieyv Ci) (mE[|lyr — wik|l] + X071 Elllyr — wirll])

k=1 Zk:l Qk+1

m

m + t 2
I E €; _ .
4 s =yl 3 Py 1:+1|| levnrlll Zk;1 B SNG4 m) . (54)
z,yeX D ket Okt 23 k1 Okt (S
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First note that in the limit as ¢ — oo, the second term in (54) converges to 0 since
2221 apr1 = o0o. By using the results of Lemma Bk, for the remaining terms, we
obtain

t—o0 k—o0

s €1/ (25.)] < £ + (e, ) timsup <mEn|yk —wyal]l + D Ell wz—,km>

i=1
+ Jnax |z —yl| i lirrl)solip IE[€i k1] Il + % é(cz + ;)%
By Theorem [51 we have for all j € V|
limsup Elllye — wikll] < aemax{Ci + v} (2 + %) ,
which when substituted in the preceding relation, yields
limsup E[f(z;+)] < f* + 2ma <max Ci) max{C; + 7; } (2 + m—%)
t—00 % eV 1-0
o =l Yt el |+ 5 Y€+ )

m
< f* a — lims Ele;
< ST+ max o yII; imsup |Efe; -] |

2
+mao <111g<{01 + 171}) <g + %) .

The error bounds in Theorems [5.3] and 5.4 have the same form, but they apply to
different sequences of function evaluations. Furthermore, in Theorem [5.4] the bound
is for all subsequences of E[f(z; )] for each agent i. In contrast, in Theorem 53] the
bound is only for a subsequence of E[f(z; )] for each agent i. Theorem [5.4] demon-
strates that, due to the convexity of the objective function f, there is an advantage
when agents are using the running averages of their iterates.

When the erroff] moments |[E[€ k+1] || converge to zero as k — oo, and the stepsize
converges to zero [« = 0], Theorems and [5.4] yield respectively

liminf E[f(w; )] = f*  and lim E[f(zjx)] = f"

k—o00 k—o00

When a constant stepsize « is used, the vector z;; is simply the running average
of all the iterates of agent j until time ¢, i.e., z;+ = %22:1 wj 1. For this case, with

5 When the moments ||[E[e; x+1] || are zero, it can be seen that the results of Theorems 3] and
54l hold when the boundedness of X is replaced by the weaker assumption that the subgradients of
each f; are bounded over X.
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zero mean errors, the relation in (54) reduces to

B 0] < 7+ i Y Elli = 7]

2t
=1
1 t m
+(mxc) 32 <mEnyk gl + 3 Elly - wi,kn])
k=1 i=1
O — e
+§ Z(Ol + ;)7 (5.5)

This can be used to derive an estimate per iteration, as seen in the following.
COROLLARY 5.5. Under the conditions of Theorem [Z.3 with ||E[€; k+1] || =0 and
ar =0 for all i and k, for the average sequences {z;} we have for all t and j,

5 1 & . 2m?263?
Elf(z.0)] < f 2—;E lvia — 2*[|?] + B (meavxc) (rgéavﬂlwi,oo

2
+mo (rlnea‘e({cZ + 171}> (Z + %)

Proof. Taking the expectation in the relation of Lemma [£1] we obtain

k
Ellyss — sl S5 s ol + e (s (€4} ) S5
+ 2amax{C; + 7;}
eV
<m@B* ! max ||wi o + o | max{C; + 7;} | (2 + mbB .
- i€V ' i€V 1-p

Combining the preceding relation with the inequality in (5.5]), and using 22:1 prFL <

%, we obtain
1 & - 2m263?
E[f(zj )] <+ —Q;E ||Ui,1 I } W (Tlﬂea‘e(cz) (rf?‘“f(”wld)
2
B 9 2mép
+mao (%@({Cl + I/l}> (2 + m)
a

The preceding equation provides a bound on the algorithm’s performance at each
iteration. The bound can be used in obtaining stopping rules for the algorithm. For
example, consider the error free case (7; = 0) and suppose that the goal is to determine
the number of iterations required for agents to find a point in the e-optimal set, i.e.,
in the set X = {x € X : f(z) < f* + €}. Minimizing the bound in Corollary (5

over different stepsize values «, we can show that e-optimality can be achieved in

N, = h;‘ iterations with a stepsize a, = \/fge, where 1), is the positive root of the

quadratic equation

Bz? + 2V ACx — e = 0,
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and A, B and C are

1 2m203?
A= 3 ; llvia — 2%, B= %g (%%3(00 (Iiréa‘;<||wi,o|> ,

2
C=m (gleavx{ci + 171'}) (g + %) :
1

Since 1, scales as /€, we can conclude that N, scales as = Equivalently, we can
say that the level € of sub-optimality diminishes inversely with the square root of the
number of iterations.

6. Almost sure and mean square convergence. In this section, we impose
some additional assumptions on the subgradient errors to obtain almost sure consensus
among the agents and almost sure convergence of the iterates to an optimal solution of
(ZJ). Towards this, define F to be the o-algebra o (¢;; i € V,0 < ¢ < k) generated
by the errors in the agent system up to time k. In other words, F} captures the
history of the errors until the end of time k. We use the following assumption on the
subgradient errors €; j.

ASSUMPTION 5. There are scalars v; such that E[|e; ji1? | Fi] < v? for all k
with probability 1.

Note that Assumption [Blis stronger than Assumption @l Furthermore, when the
errors are independent across iterations and across agents, Assumption [B] reduces to
Assumption @l

We start by analyzing the agents’ disagreements measured in terms of distances
[lye — wjk||. We have the following result.

THEOREM 6.1. Let Assumptionsa, [3, [ and[A hold. Suppose that the subgradi-
ents of each f; are uniformly bounded over X, i.e., for each i € V there is C; such
that

IV fi(z)]] < Cs for all z € X.

If >0, aiJrl < 00, then with probability 1,

oo
> anpallyhir —wjpill <oo  forall jEV,
k=1
Furthermore, for all j € V, we have limy_ o0 ||Yk41 — wj k41| = 0 with probability 1

and in mean square.
Proof. By Lemma [I] and the subgradient boundedness, we have for all j € V,

k m
i1 = wj sl <mOB* max |lwioll +03 7 B o (Ci+ el
=1 =1

1 m
+ > a1 (Ci+ lleirsl) + onir (C5 + [l nsll) -
=1

Using the inequalities

(a242 + a2 (C+ lleiell)?)

DN | =

arr20ae (C; + leel]) <
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and (C; + Hei,4||)2 < 20?2 + 2||€;.4]|?, we obtain

2| Yrs1 — wy kg || Sapp2 moSEH!

+92ﬁk+1 ZZ( Ofya + i (CF + |leiel? ))
—Z ( s+ 0y (C2 1 e ))

max [|wio |
eV

1
+50%e2 T 0 (CF + llegpll?) -

By using the inequalities Zif:l pri—t < % forall k> 1 and 7=+ 1 <1, and by
grouping the terms accordingly, from the preceding relation we have

mb3
apollyrrs — w g || <akya mfptt! max [wioll + <1 + m) 4o
k m
+0) By (CF i)

(=1 i=1
1 m
+—afir Y (CF + lleipl®) + adpy (CF + llejanl®) -
i=1

Taking the conditional expectation and using E[||e; ¢||* | Fy—1] < v2, and then taking
the expectation again, we obtain

mo
Eloksallyrrs — wikill] <arromosst! maXsz‘,OH + (1 + 2(17_%)) Ao
+6 (Z (CF+v} )Zazﬁk“ !
i=1
1 2 2 2 2 2 2
+Eak+1Z(Ci —I—I/Z-) + Qg (C'j —|—Vj).

=1

Since Y, a7 < oo (and hence {a;} bounded), the first two terms and the last two
terms are summable. Furthermore, in view of Lemma Bl [part (b)], we have

j;i:f:/3k+l Y4 2 < oo,

k=1/¢=1

Thus, the third term is also summable. Hence Y po | E[aito||yer1 — wjpt1]|] < oc.
From the monotone convergence theorem [4], it follows that

o0 o0
EID ansallyrer — wipnll| =D Elawrollyen — winsa ],
k=1 k=1
and it is hence finite for all j. If the expected value of a random variable is finite,
then the variable has to be finite with probability 1; thus, with probability 1,

oo

> akpallyrir —wiks| < oo foralljeV. (6.1)
k=1
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We now show that limy_,« ||yx — wj x|l = 0 with probability 1 for all j € V. Note

that the conditions of Theorem [5.]] are satisfied with 7; = v; and a = 0. Therefore,
[lyx — w; k|| converges to 0 in the mean and from (Fatou’s) Lemma [3.3] it follows that

0 < E |liminf ||y — w; x|l | < liminf E[||yx — w;&|] =0,
k— o0 k— o0

and hence E[liminfy_, o ||yx — w; x||] = 0. Therefore, with probability 1,

liminf ||yx — w; || = 0. (6.2)
k— o0

To complete the proof, in view of (6.2]) it suffices to show that ||y, — w; x| con-
verges with probability 1. To show this, we define

Tik+1 = Z a; j(k+ Dw;(k) — arse1 (Vi (vig) + €ikt1),

Jj=1

and note that Px[r;x41] = wi k41 [see @3) and @F)]. Since yr = = 3" w; j, and
the set X is convex, it follows that y; € X for all k. Therefore, by the non-expansive
property of the Euclidean projection in (B4, we have ||w; k+1 —yx||® < [|7ik+1 — vkl
for all : € V' and all k. Summing these relations over all 7, we obtain

m m
> lwiger = yel> < lrines — el for all k.
1=1 =1

From yi41 = # Z;Zl wj p+1 and the fact that the average of vectors minimizes the

sum of distances between each vector and arbitrary vector in %" [cf. Eq BIJ)], we
further obtain

m m
S lwigrr = gl <D wiksr — yill*
1=1 1=1
Therefore, for all &,
m m
> lwiksr —yeea 1 <D ik — ysll® (6.3)
=1 =1

We next relate >0 |75 541 — yxl|? to i, |wik — yx||?. From the definition of
7ik+1 and the equality D777 a;;(k + 1) =1 [cf. Assumption Bb], we have

Tik+1 — Yk = Z aij(k+ 1) (wjk — yr) — g1 (Vfi(vig) + € gt1)
=1

By Assumption Bh and Bb, we have that the weights a; ;(k + 1),j € V yield a con-
vex combination. Thus, by the convexity of the norm [[B2) and 3)] and by the
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subgradient boundedness, we have

m
Irisr = vl ® <D ai ik + 1) Jwin — yell* + a1 IV fi(Wik) + €ipsa]|®
j=1

+ 20041 [V Filvin) + €iprr |l D ik + 1) [[w e — il

Jj=1

<Y aig(k+1) lwike — yl® + 20744 (CF + lleins|l?)
j=1

+ 20k11 (Ci 4 leipral) Y aig(k+ 1) [lwj ke — yill -

Jj=1

Summing over all ¢ and using Y .~ a; j(k+ 1) =1 [cf. Assumption BH], we obtain

m m m
2
S ik = wsll® < llwik = uell* + 20500 > (CF + lleirn )
=1

i=1 j=1

+ 2011 Y (Citlleirral) Y ai(k +1) [Jw;x — vl

i=1 j=1

Using this in ([G.3]) and taking the conditional expectation, we see that for all k, we
have with probability 1,

m m m
> Ellwiksr = veirl® | Fe] < llwin — well® + 2034, > (CF +07)

i=1 =1 =1

+ 2041 Z (Ci+vs) Z lwse = yrll (6.4)
i=1 =1

where we use a; j(k+1) < 1 for all i, j and k, and the relations E[[|€; x+1]|? | Fi] < v2,
Elll€sk+11l | Fx] < v; holding with probability 1.

We now apply TheoremB4lto the relation in ([G4]). To verify that the conditions of
Theorem [3.4] are satisfied, note that the stepsize satisfies ZZOZI aiﬂ < ooforallieV.
We also have Y77 | a1 ||wjk — vkl < oo with probability 1 [cf. (@I])]. Therefore,
the relation in (G.4)) satisfies the conditions of Theorem B4 with (;, = Dy = 0, thus
implying that |Jw; , — yx|| converges with probability 1 for every j € V. 0O

Let us compare Theorem and Corollary Corollary provided suffi-
cient conditions for the different agents to have consensus in the mean. Theorem
strengthens this to consensus with probability 1 and in mean square sense, for a
smaller class of stepsize sequences under a stricter assumption.

We next show that the consensus vector is actually in the optimal set, provided
that the optimal set is nonempty and the conditional expectations ||E[e; k+1 | F%] ||
are diminishing.

THEOREM 6.2. Let Assumptions[d, [2 [3 and[d hold. Suppose that the subgradients
of each f; are uniformly bounded over X, i.e., for each i € V there is C; such that

(IVfi(2)| < C; for all xz € X.

Also, assume that > oo |El€;ni1 | Fi] |* < oo for all i € V. Further, let the stepsize
sequence {ax} be such that > -, ) = o0 and Y o, ai < oo. Then, if the optimal
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set X* is nonempty, the iterate sequence {w; .} of each agent i € V' converges to the
same optimal point with probability 1 and in mean square.

Proof. Observe that the conditions of Lemma are satisfied. Letting z = z*
for some z* € X*, taking conditional expectations and using the bounds on the error
moments, we obtain for any x* € X™* and any k, with probability 1,

3

D Ellvinsr — 27 | Fe] <> llvik — 2" )1* = 20041 (f(ys) — f7)

i=1 i=1

+200k 41 (Ilréa‘;i Ci) > ke — wikl

j=1

m m
+20541 Y it vk — @l + afyy D (Ci+wi)?,
i=1 1=1
where f* = f(z*), and we use the notation p;r+1 = ||E[€;x+1 | Fi]|. Using the
inequality

20041 i k1 ||V — 27 < Oéi+1||vi,k - 95*||2 + Mzz,k-i-l’

we obtain with probability 1,

m m
D Elluiner =o' | A <3 (1-+ o) o = a1
i=1 i=1

o | Gl - 1) - (maxc) > e e

m 1
2
+ g 7% - -« C + v 6.5
i=1 TR i v ) (6.5)
By Theorem [6.1], we have with probability 1,

> apgallwix — il < oo.
k
Further, since ), uik < oo and Y, af < oo with probability 1, the relation in (6.5
satisfies the conditions of Theorem [3.4l We therefore have

> ar(fyr) = f7) < oo, (6.6)
k

and ||v; — 2*|| converges with probability 1 and in mean square. In addition, by
Theorem [G.I] we have limy_,o0 ||wir — ykl| = 0 for all ¢, with probability 1. Hence,
limg o0 |3 — Ykl — O for all 4, with probability 1. Therefore, |lyr — 2*|| converges
with probability 1 for any z* € X*. Moreover, from (G.0) and the fact that ), aj =
00, by continuity of f, it follows that yj, and hence wj; j, must converge to a vector
in X* with probability 1 and in mean square. O

Note that the result of Theorem [6.2] holds without assuming compactness of the
constraint set X. This was possible due to the assumption that both the stepsize
ap and the norms |[|Efe; 41 | Fi] || of the conditional errors are square summable.
In addition, note that the result of Theorem remains valid when the condition
o IEl€ik41 | Fi] ||* < oo for all i is replaced with Y37 ; ckr1||El€i k1 | Fiol || < oo
for all 7.
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7. Implications. The primary source of stochastic errors in the subgradient
evaluation is when the objective function is not completely known and has some
randomness in it. Such settings arise in sensor network applications that involve
distributed and recursive estimation [24].

Let the function f;(z) be given by fi(z) = E[gi(x, R;)], where R; is a random
variable whose statistics are independent of x. The statistics of R; are not available
to agent i and hence the function f; is not known to agent i. Instead, agent ¢ ob-
serves samples of R; in time. Thus, in a subgradient algorithm for minimizing the
function, the subgradient must be suitably approximated using the observed samples.
In the Robbins-Monro stochastic approximation [22], the subgradient V f;(x) is ap-
proximated by Vg;(z,r;), where r; denotes a sample of R;. The associated distributed
Robbins-Monro stochastic optimization algorithm is

Wi g1 = Px (Vi — @1V G (Vi ks Tikt1)] 5 (7.1)
where 7; 111 is a sample of R; obtained at time k. The expression for the error is
€ikr1 = VGi(Vik, Tik+1) — E[Vgi(vig, Ri)] .
If the samples obtained across iterations are independent then
Elei k1 | Fr) = El€i ks | vig] = 0.

If in addition, Var[Vg;(z, R;)] is bounded for all x € X then the conditions of Theo-
rems [5.3] £.4] and are satisfied.

Let us next consider the case when f;(z) = E[g;(z, R;(2))], where R;(z) is a
random variable that is parameterized by z. To keep the discussion simple, let us
assume that @ € . As in the preceding case, the statistics of R;(x) are not known
to agent i, but the agent can obtain samples of R;(x) for any value of z. In the
Kiefer-Wolfowitz approximation [22],

gi (z,mi(x + B)) — gi (z,7:(x))
ﬁ b

where 7;(z) is a sample of the random variable R;(z). The corresponding distributed
optimization algorithm is

Gi (Vi ks i (Vi + Bisk+1)) — Gi (Vg 73 (vik))
Bi k1

Wi k+1 = Px |Vik — Q41

)

where f3; 41 is a positive scalar. In this case, the error is

gi (Vi g, i (Vi + Biks1)) — 9i (Vi, mi(Vik))
Bi k+1

€ikt1 = — Vfi(vigk)-

If the function g; is differentiable then E[€; y+1 | vi k] is of the order f3; j41. Thus, the
conditions on the mean value of the errors can be controlled through the sequence
{Bix} and the conditions in Theorems (.3} B.4land [6.2lcan be met by suitably choosing
the sequence {3; 1 }.
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8. Discussion. We studied the effects of stochastic subgradient errors on dis-
tributed algorithm for network of agents with time-varying connectivity. We first
considered very general errors with bounded second moments and obtained explicit
bounds on the agent disagreements and on the expected deviation of the limiting
function value from the optimal. The bounds are explicitly given as a function of
the network properties, objective function and the error moments. For networks that
are connected at all times and 7 is independent of the size of the network, the bound
scales as a (max;cy {C; + v;})> m*, where m is the number of agents in the network, o
is the stepsize limit, and C; and v? are respectively the subgradient norm bound and
the bound on the second moment of the subgradient errors for agent 7. For the con-
stant stepsize case, we obtained a bound on the performance of the algorithm after a
finite number of iterations. There, we showed that deviation from the “error-bound”
diminishes at rate %, where t is the number of iterations. Finally, we proved that
when the expected error and the stepsize converge to 0 sufficiently fast, the agents
reach a consensus and the iterate sequences of agents converge to a common optimal
point with probability 1 and in mean square.

We make the following remarks. First, it can be shown that the disagreement
results in Corollary 5.2l and Theorem [6.1] hold even when the agents use non-identical
stepsizes. However, with non-identical agent stepsizes there is no guarantee that the
sum of the objectives rather than a weighted sum, is minimized.

Future work includes several important extensions of the distributed model stud-
ied here. At first, we have assumed no communication delays between the agents and
synchronous processing. An important extension is to consider the properties of the
algorithm in asynchronous networks with communication delays, as in [30]. At sec-
ond, we assumed perfect communication scenario, i.e., noiseless communication links.
In wireless network applications, the links are typically noisy and this has to be taken
into consideration. At third, we have considered the class of convex functions. This
restricts the number of possible applications for the algorithm. Further research is to
develop distributed algorithms when the functions f; are not convex.
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