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ZERO-SUM STOCHASTIC GAMES WITH PARTIAL INFORMATION
AND AVERAGE PAYOFF

SUBHAMAY SAHA

ABSTRACT. We consider discrete time partially observable zero-sum stochastic game with
average payoff criterion. We study the game using an equivalent completely observable
game. We show that the game has a value and also we come up with a pair of optimal
strategies for both the players.

1. Introduction

Stochastic games were introduced by Shapley in [9]. Following this pioneering work there
has been a lot of work on stochastic games. For a survey on zero-sum games we refer to [10].
Most of the available literature in this category concerns stochastic games with complete
observation, i.e., at each stage, the state of the game is completely known to the play-
ers. Although there is considerable amount of literature (see [2], [3], [4] and the references
therein) available on partially observable Markov decision processes (POMDP) of which
stochastic games are a generalisation, the corresponding literature in partially observable
stochastic games is rather sparse. In [5] the authors study zero-sum games for partially
observable stochastic games under discounted payoff criterion. In this article we investigate
the same problem with the average payoff criterion. In [3] the authors study POMDP
under the average cost criteria using the approach based on Athreya-Ney-Nummelin con-
struction of pseudo-atoms ([1], [8]) as described in [7]. In this article we extend those ideas
to the zero-sum game case. Zero-sum stochastic games are generally studied by solving the
corresponding dynamic programming or Shapely equations [I0]. This approach has also
been carried out for partially observable games in [5]. In this paper instead of solving the
appropriate Shapely equations we solve two dynamic programming type inequalities, which
in turn lead to the existence of a value and saddle point strategies. Also our article extends
the idea of using the pseudo-atom approach in solving MDP, to the stochastic game setup.
Under certain Lyapunov assumption we use the pseudo-atom construction to carry out a
coupling argument, which gives us appropriate bound on the relative a—discounted value

function. This bound then enables us to make appropriate limiting arguments.
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The rest of the paper is organized as follows. In Section 2 we describe the model. In
Section 3 we use the vanishing discount approach to prove the existence of a value and a

saddle-point equilibrium for the POSG. We conclude with a few remarks in Section 4.

2. Preliminaries and Model Description

Let X,Y and U,V be Polish spaces representing state, observation and action spaces for
player 1 and player 2 respectively. We further assume that U and V are compact. For any
Polish space S, we denote by P(S) the Polish space of probability measures on S and by
B(S) the Borel o-field on S. Let {X,,} be an X-valued partially observed controlled Markov

chain with Y-valued observation process {Y;,}. Let
(x,u,v) € X xU x V = p(dz,dy|z,u,v) € P(X xY)

be a transition kernel which is assumed to be continuous in its arguments. Let A denote a
regular Borel radon measure on X. We assume the existence of a probability measure 1 on
Yandap € Cp(X xU xV x X xY), with ¢(-) > 0 such that

p(dz, dy|z,u,v) = p(x,u,v, z,y)\(dz)n(dy) .

The chain is controlled by two players. The first player chooses his actions from U and
player 2 chooses his actions from V. Let {U,} be an U-valued control sequence of player 1
and {V,,} be a V-valued control sequence of player 2. The transition probability function of

the controlled chain {X,,} together with the observation chain {Y,,} is given by
P(Xoi1 € A Yois € BXo Y U Vi <) = [ [ 050, U Va2 p)A2), ()
AJB

for A € B(X) and B € B(Y). The partially observed stochastic game (POSG) under
ergodic payoff criteria is the following:

(i) The initial distribution of the (unobservable) state process is 1) which is known to both
the players; Y| is deterministic, say Yy = y* for some fixed element y* in Y.

(ii) At the Oth epoch the players based on the knowledge that the initial distribution of
the state process is v, independently choose actions ug € U and vg € V. Consequently,
conditional on the event Xy = xo player 1 gets an (unobservable) payoff ¢(zg, ug, vg) from

player 2. Here
c: X xUxV =R,

is assumed to be a bounded continuous function. The next state and observation pair
(X1,Y1) is generated according to the stochastic kernel p(dz, dy|xo, ug, vo).

(iii) Now conditioned on the event Y7 = y; the players again choose their actions and so on.
This process is repeated over an infinite time horizon.

(iv) Each player can recall at any time the observations and actions of the past.
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We now construct a probability space on which all the random variables are defined. the

canonical sample space is defined as
Q:=(XxY xUxV)>®.
A generic element is of the form
w = (z0, Yo, U0, v0,T1,- ), x; € X,y; € Yu; € Uyv; € V.

The history spaces are defined as

Hy=XxY, Hyy1 =H, xUXV xXxY.
The state, observation, actions and history processes denoted by { X, },{Y,.}, {Un}, {Vn}, {Hp}
respectively are defined by the projections

Xp(w) =2y Yy (w) = yn

Up(w) =up Vy(w) =vy,

Hy(w) = (w0, Y0, U0, V05" * * , Un—15Vn—1, Tn, Yn) -
The entire history up to time n is not available to the players for decision making at time

n. The players have to make their decisions based on the observed history or information

vector

Ip 1= (y07 UQ, Vo, "+ s Un—1,Un—1, yn)
and the initial distribution . We define the information spaces as follows:

Iy:=Y, I, =1L, xUXxVxY.
The information process is defined by

In(w) = (y07 Up, Vo, "+ ,Un—1,VUn-1, yn) .
An admissible strategy for player 1 is a sequence 7' = {ml} of stochastic kernels on U
given P(X) x I,. The set of admissible strategies for player 1 is denoted by II'. Similarly
an admissible strategy for player 2 is a sequence 72 = {m2} of stochastic kernels on V/
given P(X) x I,,. The set of admissible strategies for player 2 is denoted by I12. With ¢ in
P(X) and a pair of admissible strategies (w!, %) € IT' x I1? specified, there exists a unique
1.2

probability measure IP’Z ™ on (2, B(2)) defined by

7™ (dio, dyo, dug, dvo, -+ , dun—1,dv_1, din, dy,)
= 1p(dxo)dy+ (dyo)m (duo|, yo) g (dvo| ¥, yo)p(da1, dyi |zo, ug, vo) - - - (2.1)

7Tfll—l(dun—l |¢7 Yo, up, Vo, -, yn—l)ﬂ-%—l(dun—l |1)[)7 Yo, Up, Vo, " "+, yn—l)p(d$n7 dyn|$n—17 Un—1, Un—l) .

We now describe the payoff criterion. Given the initial distribution ¢ and a pair of strategies
(!, %) € II* x 112, the average payoff criterion is given by

n—1

Voi 2(¢) = lim inf Lgrt S (X, Us, V) (2.2)

n—oo n ¥
k=0
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where Ezjl’ﬂ is the expectation with respect to the probability measure IP’ZLI’H. Player 1
wishes to maximise V1 2(¢) over all his admissible strategies and player 2 wishes to min-
imise the same over all his admissible strategies. A strategy 7*! is said to be optimal for
player 1 if

Vit n2(¥) > infsup Vi 12(9)
’ 2 1

for any 72 € I12. Similarly a strategy 7*2 is said to be optimal for player 2 if
Vo e2(¥) < supinf Vi 2(1)
b} Hl H2 b}

for any 7! € II'. The game is said to have a value if
inf sup Vi1 r2(¢) = supinf Vi r2(9).
2 m 112

*1 *2)

If a pair of optimal strategies (7**, 7 1 rr2)

exists for both the players then the pair (7*°, 7
is called a saddle point equilibrium. Now since the original state process is unobservable we
define another state variable which is observable to the players. In order to achieve that, we

have by conditioning

Vit z2(¢) = hnIr_ling Z E (U, U, Vin)] (2.3)
where {U,,} is the regular conditional law of X, given I, satisfying the recursion
fX oz, Upy Vi, 2, Yip1)AN(d2)
U, 11(dz) , n>0 2.4
+1( fX fX (2, Uny Vi, 2, Y1) A(d2) (2:4)

and
(Y, u,v) = /Xc(:n,u,v)zb(da:).

Equation (2.4]) is known as the filtering equation. Note that since Yy is deterministic, ¥y =
the law of Xj. This allows us to consider an equivalent stochastic game with P(X)-valued
state process {V¥,} with its evolution given by (2.4]), under the same set of admissible
strategies and with the payoff criterion given by (23)). This is a completely observable
stochastic game (COSG) because ¥,, is known to both the players via the information
upto time n. Thus we can solve the original POSG by solving this equivalent COSG. Now
in order to show that the POSG model under the average payoff criterion has a saddle
point equilibrium and a value we impose the following Lyapunov type assumptions on our
model.

(A1) There exists inf-compact functions h and V € C(X) satisfying h > 1, such that under

any pair of admissible strategies and for any initial distribution
EV(Xpnt1)|Fn) = V(Xy) < —h(Xy) + clg(X,) (2.5)

where K is some compact set with A(K) > 0 and F,, = o(Xg, Y, Uk, Vi, k < n). We have

dropped the super- and subscripts on [E for notational convenience. Let

Tk =min{n >0: X, € K}.
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Then it is well known that ([7])
E[rk|Xo = z] = O(V(x)) .
Define
Po(X) = {n e P(Y) s [ Vil < oc).
Now using (Z3) we obtain
BV (X41)] = EL | V@)t (da)
< E[V(X,)] + constant
_E| /X V(@)dW, (dx)] + constant .

Hence it follows that if ¥ € Py(X) then ¥, € Py(X), Vn > 1. We assume that ¥y € Py(X)
and hence {U,,} can be viewed as a Py(X)-valued process. We further assume that
(A2) Under all admissible strategies and for any initial distribution
E[V(X,
L EV(X)

n—00 n

=0.

3. SADDLE POINT STRATEGIES AND VALUE

We follow the vanishing discount approach to solve the average cost problem. Let o €
(0,1). Then consider the following discounted payoff POSG:

VO:‘JJFQ (¢) g Ew ’ [Z O[kC(Xk;) Uk)? Vk?)]
k=0

Player 1 tries to maximise the above quantity over all his admissible strategies and player
2 tries to minimise the same quantity over his admissible strategies. The definitions for the
value of the game and for the optimal strategies can be given analogous to that of average
payoff criterion. The following theorem can be proved using the equivalence with the COSG

as discussed above and standard arguments as in [5]:

Theorem 3.1. The discounted payoff POSG has a value and the value function V,(.) is

the unique bounded solution of the following pair of Shapley equations:

Va($) = min  max [E(zb,u,V)Jra / vaw')qzs(dww,u,u)]
) Po(X)

veP(V) ueP(U

— mpc min (60,00 +a | . Vil )old |, o) (3.1)

uePU) veP(V)

where
S(d |, 1, v) = / / (' 40,y 0) () ()
UuJvVv

with ¢(di' |1, u,v) being the controlled transition kernel of the Markov chain {¥,}, and

é(, pu,v) // (, u, v)p(du)v(dv) .
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Moreover let u* : Po(X) — P(U) be a measurable function such that u*(.) is an outer

mazimiser of (1) then the strategy {m*'} given by
x«1/ - *
T (lin) = u* () () -

is optimal for player 1. Further let v* : Po(X) — P(V) be a measurable function such that

v*(.) is an outer minimiser of &) then {r:?} given by
32 (Clin) = 0" () ().

1s an optimal strategy for player 2.

Now for the vanishing discount approach we need to compare V,(.) for two different
values of its argument. For that we construct on a common probability space two X-valued
controlled Markov chains as above, controlled by the same pair of strategies but with dif-
ferent initial distributions zﬁ and 1/; This is done by a modification of the construction in
the previous section. Let {r}} be an admissible strategy for player 1 and let {72} be an

admissible strategy for player 2. Define

ND=(XxXxY XY xUxV)®

— 1

with F being the corresponding product Borel o-algebra. Define Pg 52, a probability mea-
sure on (Q, F) by

BT 7 (dio, do, dijo, dfjo, duo, dvo, i, di, i, iy, dus, dvs, -+ dun—1, dvn—1, divn, din, djn, djn)

= P(divo)1h(do) 3y (diio)dy- (dijo) g (duo|th, Go) w2 (dvo |, Fo)p(dir, dfn |0, wo, vo)p(di 1, dji |0, wo, vo)
7 (dus [, Go, wo, vo, §1)72 (dv1 [, Go, w0, Vo, 1) - - - Th_ 1 (dtn—1], Jo, U0y V0, T1s - - 5 Un—2, Vn—2, Jn—1)
7T'r27,71(dv7l*1 |1/~)5 gOa Uo, Vo, glv o, Un—2,Un—2, g’n«*l)p(dinv dlynk&n*lv Un—1, v’n«*l)p(d‘inv dzjnkin*la Un—1, vnfl) .

On (€, F,P), define the processes {X,}, {Xn}, {Yn}, {Yn}, {Un}, {Vi} canonically. Then
the Markov chains {X,}, {X,} on (Q, F,P) form the desired pair. For notational simplicity
we omit the superscripts and subscripts on P. We denote by X, = (Xn,Xn) and the
associated observation pair by Y, = (Y, Y,). Then {X,} is an X? valued Markov chain.
Let the controlled transition kernel be denoted by

p(dz, dy|z, u,v) € P(X? x Y?)

for # = (1, 22) € X2. Define G = K? and define © € P(X?) by

o - 224001

for any Borel set A of X2. Then if follows from our assumptions that
(A X Y2|Z,u,v) > 6I(Z)O(A)

where § = %(inwaK,ueU,UGV,zeK fy o(z,u,v, 2, y)n(dy)\(K))?. This is the minorization con-
dition of [7] in the present context which enables us to carry out the Athreya-Ney-Nummelin

construction of pseudo-atom [7].
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Let H = X? and H* = X2 x {0,1}. Endow H* with its Borel c—field. For any measure
w on H, define a measure p* on H* as follows: For Borel A C H, let Ag = A x {0} and
Ay = A x {1}. Then
(o) = (1= Ou(ANK?) + u(A N (K2)°)
p(A)) = (AN K?).
For a measure 1 on H x Y2, we define the measure u* on H* x Y2 by
i (A x D) = (1 - §)u((ANK2) x D)+ p((AN (K2)) x D)
i (41 x D) = ou((AN K2) x D).
for D C Y2 Borel. On a suitable probability space (Q*, F*,P*), define an H*-valued con-
trolled Markov chain {X,i*} (where X = (X7, X)) with U- valued control process {U;}

and V- valued control process {V,*} and Y2-valued observation process {Y,’}, such that:

(i) The controlled transition kernel of { X}, ¢}, Y,*} is given by: for x = (z¢,i9) € H*,
q(dz, dij|z, u,v) = §*(dz, dj|zo,u,v), =€ Hy— K? x {0}
= (7" (A7, g, u,0) — 607 (dT)(dp)), @ € K7 x {0}
= ©*(dz)n*(dy), =z € Hi,
(i)
P*((Xg,i8) € Ag, Yy € AU € A Vg eT) =1 -P(Xo e ANK? Yy € AUy e A, Vp €T)
+P(Xg e AN(K? Yy A, Uye A Vyel)
P*((X5,i8) € A1, Yy € AU € A Vg €T) =0P(Xo e ANK:E Yy e AUy e A,V eT)
for ACc H A" cY?,ACU,T CV Borel,
(iif) and
P*(U,; € AV, €e DX, im, Yor) = (T iy YUm), m < n, U = ug, Vi = vg, k < n)
=P(U, € A, V,, €T|( X, Yin) = (X, Ym), m < n, Uy, = ug, Vi, = v, k <n) forn > 1.

From the above construction the following lemmas can be proved.

Lemma 3.2. The set K2 x {1} is an accessible atom of {(X},i%)} in the sense of Meyn
and Tweedie ([7]).

Lemma 3.3. For any Borel A C HB' CY? A'CcUT'"CcV,0<i<n,n>0

P (0656, U3, (V2 U5, € [T ) x B x i )
=0

]P)<((X07}707U07‘/0)7 U 7(XTL7YTL7UTL7VTL)) € HAZ X BZ X Az X Fl>
=0
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Let
r=min{n >0: (X},i%) € K x {1}}. (3.2)

n?n

Then the following lemma can be proved using (A1) and standard arguments as in [7]

Lemma 3.4. Under (Al) we have,
E* 7 [(Xg,10) = (2,9)] = OV (21) + V(22)) (3-3)
for any (z,i) = ((x1,22),1) € X2 x {0,1}, where T is as in ([B.2).

The following lemma gives a bound on the difference of V,,(.) for two different values of

its argument.
Lemma 3.5. For 1&,1/; € Po(X), there erists a suitable constant K such that
Vald) = Vald) < K[ [ vair+ [ vai).

Proof. Let Vy (1)) > Vi (). The other case can be handled with a symmetric argument. Let
7! = {xl} be an optimal policy for player 1 for the discounted payoff POSG with initial
distribution t and let 72 = {m2} be an optimal policy for player 2 for the discounted payoff
POSG with initial distribution 1[1 Then we have

V() — Va()| < | ZamE [e(Xn, Uns Vau)] ZamE [e(Xn, Un, Vo)l

= ‘ Z amI_E[c(Xn, Un: Vn) - C(Xny Un: Vn)”

m=0

< [E* Za (X, U, Vi) — e( X5, Upe, Vi)
§2||c||oo “(7)

where the third step follows from the fact that X* +m,X;k +m for m > 1 has the same law

conditioned on all the information up to time 7. Thus from (B.3]) we have

Vo (1) — Va(1b2)| < KE[V(Xo) + V(Xo)] -

Hence the lemma follows. 0
Now fix 9* € Py(X). Define V(1) = Vo (1) — Vo (¥b*). Thus substituting in (3.1 we get

Vo () + (1 — )V, (¥*) = min  max U, +a/ o(d U, ]

() + (1 —a)Va(v’) = min  max |&(w, v e W, )
_ i v S(d' v, v)| . (3.4
s i ity va [ wwu>]< )

Now (1 — a)V4(¢*) is bounded. Thus we can find an a(n) — 1 such that

(1 - a(n))Va(n) (¢*) -7 (35)

for some v € R. Let V(1) = limsup V) () and V(1) = lim inf V) (4).

n—00 n—00
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Lemma 3.6. The function V satisfies

V($)+7 < max min [5(¢,uw)+ / Vw')qzs(dw'm,u)] (3.6)

nePU) veP(V) Po(X)
where v is as in ([B.30).

Proof. We have

Vot () + (1 — () Vi (%) = max i [éw,u,u)w(n) / vam)(w'w(dww,u,u)]

HeP(U) veP(V) Po(X)

Now taking limit n — oo in the above we get

V() +~ = limsup max min [5(%#, V)+Oé(n)/ Va(n)(¢')¢(d¢'lw,uﬂf)]

n—oo HEPU)veP(V) Po(X)

Va(n) (¢/)¢(d¢,‘¢y :uiw V):|

= limsup min
n—oo VEP(V)

< min limsup[é(w,,u;,u)—i-a(n)/
veP(V) n—oo Po(X)

E(w, i) + aln) [

Po(X)
Va(n) (w/)¢(dw,‘w7 :uiw V):| .

In the second step ) is the outer maximiser. Now fix 7. By dropping to a subsequence if
necessary, we may suppose that V., (¢) — V(¢) and i, — p* in P(U). Now by previous
lemma |V, (¢)| < K1(14 [ Vdy). Thus by Lemma 8.3.7 in [6], the last expression is bounded
above by

min
veP(V)

A, p*,v) +/

Po(X)

V(@) (d' [, 1, v)]

)+ [

Po(X)
The claim follows. U

< max min
nePU)veP(V)

V(z//w(dw’\w,u,v)] :

Similarly we have the following result.
Lemma 3.7. The function V_ satisfies

)+ [

Po(X)

1% > mi
V() +v > i e

V) (dy |, 1, Vﬂ . (37)

Proof. We have

(w ) +aln) [

Vo) (@) + (1 = a(n))Vam) (¢*) = min  max
'P()(X)

veP(V) peP(U)

Vot ()0 16, 1, uﬂ .

Now taking limit n — oo in the above we get

(W) +alw) |

Po(X)

Vet
A+ Ut 1,

G(wv3) +a(m) [

Po(X)

Vot ()0 16, 1, uﬂ

= liminf max
n—oo pueP(U)

> max liminf|é(v, p, v —l—an/
s i ind (0 ) o) [

Vo ()00 16, 1, u:;ﬂ

Va(n) (TZ)/)QS(CZWW’ Ky V:L):| :
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In the second step v is the outer minimiser. Now by arguments analogous to the proof of
the above lemma we have that there exists a v* € P(V) such that the last expression is
bounded below by

max [E(¢, )+ /P o L0 u*)]

REPU)

> min max [5(¢,u,u)+/7)(X)K(¢/)¢(d¢/|¢,ﬂa’/)]-

veP(V) uePU)

The claim follows. U
Finally we get the following theorem:

Theorem 3.8. Assume (A1-A2). Then ~ (as in (B.5)) is the value of the COSG. More-
over let u* : Po(X) — P(U) be a measurable function such that w*(.) is the outer maximiser
of the righthand side of B (exists by our assumptions and a standard measurable selection

theorem). Then the strategy {m*'} given by
o (lin) = w* (n)()
is an optimal strategy for player 1. Similarly let v* : Py(X) — P(V) be a measurable

function such that v*(.) is the outer minimiser of the righthand side of @&). Then {m:*}
given by

102 (Jin) = 0% (4n)(-)
is an optimal strategy for player 2.
Proof. Let {2} be an arbitrary admissible strategy of player 2. Then we have from (3.6))
A * *1 A
ET V(W] 4 S BT [6(W, Uny Vi)l + EL T [V(T0i1)], 1> 0

Therefore we have

*1 2 A A~
Ey " V(W) = V()
w2 Y
<= E 7 \I’my Uma V
v < Z )+ -
Then by taking limit n — oo we have using assumption (A2)
n—1
7 < liminf — ZOE (T, Uy Vin)] -

Similarly, if {ml} is an arbitrary admissible strategy for player 1, then we have by (3.7
7_‘_1 71_*2 7_‘_1 71_*2 - 7_‘_1 71_*2
Ew TV (V)] 2 Ew T [e(Wn, Un, Vi)l + Ew T V(Vnga)], n= 0.

Therefore we have

Ej " W) - V()

’7>_ZEWW \I’m,Um,V )] n
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Then by taking limit n — oo we have using assumption (A2)

n—,oo N

. 1 n—l ol 2
~v > liminf — Z Ey " [6(Wm, Un, Vin)l -
m=0
Now the conclusions follow. O

Now the following theorem follows from Theorem [B.8 and the equivalence of COSG and
POSG.

Theorem 3.9. The POSG with average cost criterion has a value and is equal to 7y (as
in (8)) for any initial distribution. Moreover, ({m*'},{n*?}) given by Theorem B is a

saddle point equilibrium.

4. CONCLUSION

In this article we study a partially observed stochastic game under average payoff cri-
terion. We estimate the unobservable state variable and use the state estimate as our new
observable state variable . We then use the vanishing discount approach to solve the aver-
age cost problem. Our analysis involves a coupling argument which uses the machinery of
pseudo-atom construction. We show that the game has a value and also prove the existence

of a saddle point equilibrium for our partially observable model.
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