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Abstract

The purpose of this paper is to study the dynamical behavior of
the sequence produced by a forward-backward algorithm, involving two
random maximal monotone operators and a sequence of decreasing step
sizes. Defining a mean monotone operator as an Aumann integral,
and assuming that the sum of the two mean operators is maximal
(sufficient maximality conditions are provided), it is shown that with
probability one, the interpolated process obtained from the iterates is
an asymptotic pseudo trajectory in the sense of Benaim and Hirsch of
the differential inclusion involving the sum of the mean operators. The
convergence of the empirical means of the iterates towards a zero of the
sum of the mean operators is shown, as well as the convergence of the
sequence itself to such a zero under a demipositivity assumption. These
results find applications in a wide range of optimization problems or
variational inequalities in random environments.
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1 Introduction

In the fields of convex analysis and monotone operator theory, the forward-
backward splitting algorithm [1, 2] is one of the most often studied tech-
niques for iteratively finding a zero of a sum of two maximal monotone
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operators. This problem finds applications in convex minimization prob-
lems. Indeed, when each of the two maximal monotone operators coincides
with the subdifferential of a proper and lower semicontinuous convex func-
tion, the forward-backward algorithm converges to a minimizer of the sum
of the two functions, provided some conditions are met. Other applications
include saddle point problems and variational inequalities. Each iteration
of the algorithm involves a forward step, where one of the operators is used
explicitly, followed a backward step that consists in applying the resolvent
of the second operator to the output of the forward step.

The purpose of this paper is to study a version of the forward-backward
algorithm, where at each iteration, each of the two operators is replaced
with an operator that has been randomly chosen amongst a collection of
maximal monotone operators. The sequence of random monotone operators
is assumed to be independent and identically distributed (in a sense that
will be made clear below), and the step size of the algorithm is supposed
to approach zero as the number of iterations goes to infinity, in order to
alleviate the noise effect due to the randomness.

The aim is to study the dynamical behavior of the stochastic sequence
generated by the above algorithm. Our main result states that the piece-
wise linear interpolation of the output sequence is an asymptotic pseudo-
trajectory (APT) [3, 4] of a certain semiflow, which we shall characterize
below. Loosely speaking, it means that the iterates of our stochastic forward-
backward algorithm asymptotically “shadow” the trajectory of a continuous
time dynamical system, hence inheriting its convergence properties. In our
case, the latter dynamical system is taken as a differential inclusion involv-
ing the sum of the Aumann expectations of the randomly chosen maximal
monotone operators [5, 6], as also introduced in the recent paper [7].

The convergence of the algorithm towards an element of the set of zeros
of the sum of the Aumann expectations is of obvious interest. In this regard,
the above APT property yields two important corollaries. Using a result of
[8], we show that the sequence of empirical means of the iterates converges
almost surely (a.s.) to a (random) element of the set of zeros. Moreover,
when the sum of the Aumann expectations is assumed demipositive [9], we
prove that the sequence of iterates converges a.s. to a zero. Verifiable
conditions for demipositivity can be easily devised.

This paper is organized as follows. Section 2 provides the theoretical
background. Section 3 introduces the main algorithm and states the main
results. Section 4 reviews some applications to convex minimization prob-
lems. Related works are discussed in Section 5. Proofs are provided in
Section 6. Perspectives and conclusions are addressed in Sections 7 and 8
respectively.



2 Preliminaries

2.1 Monotone Operators

A set-valued operator A : RY = RV, where N is some positive integer, is
said to be monotone if ¥(x,y) € gr(A), V(z',y') € gr(A), (y —y',z —2') >0,
where gr(A) stands for the graph of A. A non-empty monotone operator
is said to be maximal if its graph is a maximal element in the inclusion
ordering. A typical maximal monotone operator is the subdifferential of a
function belonging to I'y, the family of proper and lower semicontinuous
convex functions on RY. We use M to represent the set of maximal mono-
tone operators on RY, and let dom(A) := {z € RY : A(x) # 0} be the
domain of the operator A.

Given that A, B € M, where B is assumed to be single-valued and where
dom(B) = RY, the forward-backward algorithm reads

X1 = (I +7A) ™ (0 = 7B (xa)), (1)

where I is the identity operator, «y is a real positive step, and (-)~! is the
inverse operator defined by the fact that (z,y) € gr(A™!) & (y,z) € gr(A)
for an operator A. The operator (I 4+ ~A)~!, called the resolvent, is single
valued with the domain RY since A € M [10, 11]. In the special case where
A is equal to the subdifferential Jf of a function f € I'y, the resolvent is also
refered to as the proximity operator, and we note prox;(z) = (I+9f) ().

We denote the set of zeros of A as Z(A) := {x € RN : 0 € A(z)}.
Assuming that B is so-called cocoercive, and that v satisfies a certain con-
dition, the forward-backward algorithm is known to converge to an element
of Z(A + B), provided the latter set is not empty [11].

2.2 Set-Valued Functions and Set-Valued Integrals

Let (E,.7, 1) be a probability space, where .7 is pu-complete. Consider the
space RY equipped with its Borel field Z(R"), and let ' : = = R" be
a set-valued function such that F(£) is a closed set for any £ € Z. The
set-valued function F' is said to be measurable if {£ : F(§)NH #0} € T
for any set H € Z(R"Y). This is known to be equivalent to asserting that
the domain dom(F') := {£ € 2 : F(&) # 0} of F belongs to .7, and that
there exists a sequence of measurable functions ¢, : dom(F) — RY such
that FI(&) = cl({pn(§)}) for all £ € dom(F') [12, Chap. 3] [13]. Assume
now that F' is measurable and that pu(dom(F)) = 1. For 1 < p < oo, let
LP(Z, 7, 1;RY) be the Banach space of measurable functions ¢ : & — RV
with [ |l¢||Pdp < oo, and let

Shi={p e LVE T, mRY) : p(¢) € F(€) p—ae.). (2)



If S}m # (), then the function F is said to be integrable. The Aumann integral

[5, 6] of F'is the set
/Fd,u:: {/gpd,u : @ES}:}.

2.3 Random Maximal Monotone Operators

Consider the function A : © — M. Note that the graph gr(A(&,-)) of any
element A(€,-) is a closed subset of RN x RY by the maximality of A(,")
[10, Prop. 2.5]. Assume that the function £ — gr(A(E,-)) is measurable as a
closed set-valued Z = R x R function. It is shown in [14, Ch. 2] that this
is equivalent to saying that the function & — (I +~vA(€,-)) "t is measurable
from = to RY for any v > 0 and any z € RY. If the domain of A(¢,-) is
represented by D(§), the measurability of £ — gr(A(&,-)) implies that the
set-valued function § — cl(D(§)) is measurable. Moreover, recalling that
A(&,x) is the image of a given x € RY under the operator A(&,), the set-
valued function ¢ — A(&,x) is measurable [14, Ch. 2]. Given z € D(§),
the element of least norm in A(&, z) is denoted as Ay(&, z). In other words,
Ao(§,2) = proju(eq)(0). It is known that the function § — Ag(§, ) is
measurable [14, Ch. 2].
For any v > 0, the resolvent of A(E,-) is represented by

Jy(& @) = (I +7AE ) (x).

As we know, J,(&,-) is a non-expansive function on RY. Since .J, (&, z) is
measurable in £ and continuous in z, Carathéodory’s theorem shows that the
function J, : £ x RY — RV is 7 ® Z(RY) measurable. We also introduce
the Yosida approximation A.(&,-) of A(E,-), which is defined for any v > 0
as the 7 @ %(R") measurable function

T — J’y(&ax)
7[7 .

The function A, (¢,-) is a v~ !-Lipschitz continuous function that satisfies
| Ay (& 2)|| T [|Ao(&, x)|| and A, (&, 2) — Ao(§,z) for any = € D(£) when
v 1 0. Moreover, the inclusion A, (§,z) € A(E, J, (& x)) holds true for all
r € RV [10, 11].

The essential intersection D of the domains D(§) is [15]

p= U N b

EcT:u(E)=0 (€E\E

A’Y(éa CC) =

in other words, z € D < p({{ : = € D(§)}) = 1. Let us assume that
D # () and that this function is integrable for each z € D. On D, we define
A as the Aumann integral

Alx) = / A€, 2)ulde).



One can immediately see that the operator A : D = RY so defined is a
monotone operator.

2.4 Evolution Equations and Almost Sure APT

Given that A € M, consider the differential inclusion
Z(t) € —A(z(t)) ae. on Ry, z(0) = 2, (3)

for a given zp in dom(A). It is known from [10, 16] that for any zy €
dom(A), there exists a unique absolutely continuous function z : R, — R¥
satisfying (3) - referred to as the solution to (3). Consider the map

U :dom(A) x Ry — dom(A), (z0,t) — z(t),

where z(t) is the solution to (3) with the initial value zy. Then, for any ¢ > 0,
U(-,t) is a non-expansive map from dom(A) to dom(A) who can be extended
by continuity to a non-expansive map from cl(dom(A)) to cl(dom(A)) that we
still denote as W(-,¢) [10, 16]. The function ¥ so defined is a semiflow on the
set cl(dom(A)) x Ry, being a continuous function from cl(dom(A)) x R to
cl(dom(A)), satisfying ¥(-,0) = I and ¥(zo,t + s) = ¥(¥(zo,s),t) for every
29 € cl(dom(A)), t,s > 0. The set y(x) := {¥(x,t) : t > 0} is the orbit of x.
Although orbits of ¥ are not necessarily convergent in general, any solution
to (3) converges to a zero of A (which is assumed to exist) whenever A is
demipositive [9]. By demipositive, we mean that there exists w € Z(A) such
that for every sequence ((uy,,v,) € A) such that (u,) converges to u and
{v,} is bounded,

(Up —w,vp) —— 0 = wueZ(A).
n—oo

We now need to introduce some important notions associated with the
semiflow ¥. A comprehensive treatment of the subject can be found in [3,
17]. A set S C cl(dom(A)) is said to be invariant for the semiflow ¥ if
U(S,t) =S for all t > 0. Given that ¢ >0 and T > 0, a (¢,T)-pseudo orbit
from a point a to a point b in RY is a n-uple of partial orbits ({¥(y;,s) :
s € [0,t]})i=0,....n—1 such that t; > T for i =0,...,n — 1, and

lyo —all <&,
W (yi,t;) — yip1l <e, i=0,...,n—1,
Let S be a compact and invariant set .S for W. If for every € > 0, T > 0 and

every a,b € S, there is an (¢,T)-pseudo orbit from a to b, then the set S is
said to be Internally Chain Transitive (ICT). We shall say that a random



process v(t) on R, who is valued in RY, is an almost sure asymptotic
pseudo trajectory [3, 4] for the differential inclusion (3) if

sup ||v(t + ) — ¥(Projei(dom o(t 0 as.
sG[O,T}H ( ) ( 1(dom(a)) (v(1)), )| .

for any T' > 0. We note that in the APT definition provided in [3, 4], no
projection is considered because the flow is defined in these references on the
whole space. Projecting on cl(dom(A)) here does not alter the conclusions.
Let L(v) = (s cl(v([t, 00[)) be the limit set of the trajectory v(t), i.e.,
the set of the limits of the convergent subsequences v(ty) as t; — oo. It is
important to note that if {v(t)};er, is bounded a.s., and if v is an almost
sure APT for (3), then with probability one, the compact set L(v) is ICT
for the semiflow ¥ [3].

The authors of [8] establish a useful property of asymptotic pseudo tra-
jectories pertaining to the asymptotic behavior of their empirical measures.
We now consider that v : Q x R, — R is a random process on the prob-
ability space (€,.7,P) equipped with a filtration (%;)icr,. As we know,
v is said to be progressively measurable if for each ¢t > 0, the restriction to
Q x [0,t] of v is .F; @ HB([0,t])-measurable, where Z(|0,t]) is the Borel field
over [0,t]. For ¢t > 0, the empirical measure vi(w,-) of v is then the random
probability measure, defined by the identity

/f ) (w,dz) = /f v(w, s)

for any measurable function f : RY — R . We also note that a probability
measure v on RY is said to be invariant for the semiflow W if

/f v(dx) /f z,t)) v(dx)

for any ¢t > 0 and any measurable function f : RV — R,.

Now, if v is progressively measurable and if it is an almost sure APT for
the semiflow ¥, then on a probability one set, all of the accumulation points
of the set {v4(w, ) }+>0 for the weak convergence of probability measures are
invariant measures for ¥ [8, Th. 1]. !

3 Results

3.1 Algorithm Description and Main Results

Let B : 2= — M be a mapping such that, similarly to the mapping A intro-
duced in Section 2.3, the function & — gr(B(¢,-)) is measurable. Moreover,

'The result is stated in [8] when v is a so-called weak APT. It turns out that any almost
sure APT is a weak APT by Lévy’s conditional form of Borel-Cantelli’s lemma.



we assume throughout the paper that dom(B(&,-)) = RY for almost every
¢ € Z. We also assume that for every z € RY, B(-,z) is integrable, and
we set B(z) := [ B(& 2)u(d€). Note that domB = RY. Let (up)nen+ be
an iid sequence of random variables from a probability space (Q2,.%#,P) to
(Z,.7) having the distribution u. Starting with some arbitrary zo € RY,
our purpose is to study the behavior of the iterates

Tn41 = J’yn.H (un+1axn - 7n+1b(un+1’xn))’ (’I’L € N)’ (4)

where the positive sequence (7, )nen+ belongs to £2 \ ¢!, and where b is a
measurable map on (2 x RV, .7 @ Z(RY)) — (RN, Z(RY)) such that for
every x € RN, b(.,z) € 5113(.@) (2). A possible choice for b is b(&,z) =
By(&, x), which is .7 ® B(RY)-measurable, as the limit as v | 0 of B, (¢, z).
We define the affine interpolated process as

Tl "y 7) (5)

x(t) == x, +
() " Yn41

for every t € [Ty, Tnt1], where 73, = Y7 v Consider the differential inclusion

it) € —=(A+B)(2(t), VteRy ae, (6)
2(0) = zp .

If A+ B is maximal, then for any zg € D, (6) has a unique solution, in which
case, @ : cl(D) x Ry — cl(D) will represent the semiflow associated to (6).

Before stating our main result, we need to make a preliminary remark. A
point z, is an element of Z = Z( A+ B) if and only if there exists ¢ € S}l(_7m*)
and ¢ € Sé(w*) such that [ pdu+ [ dp = 0. We will refer to a couple (¢, 1))
of this type as a representation of the zero z,. Moreover, in Theorem 3.1
below, we shall assume that there exists such a zero x, for which the above
functions ¢ and 1 can be chosen in £?(Z,.7, u;RY), where p > 1 is some
integer possibly strictly larger than one. We thus introduce the set of 2p-
integrable representations

Rop(w4) = {(w/f) € SH o) X Shwy /wdu + /wdu = 0} :

We let TI(¢,.) be the projection operator onto cl(D(€)), and d(¢,-) (respec-
tively d(-)) be the distance function to D(§) (respectively to D).

Theorem 3.1. Assume the following facts:
1. The monotone operator A is mazimal.

2. There exists an integer p > 1 and a point x, € Z such that Rgp(x*) =+
0.



3. For any compact set K of R, there exists ¢ €]0, 1] such that

sup [ [ Ao(6,0) [ ) < oc.

zeKND

Moreover, there exists yo € D such that

[ 140(€ )2 ) < oo
4. There exists C > 0 such that for all x € RY,

[ dteautde) > catw?,

and furthermore, Yny1/7vn — 1.

5. There exists C > 0 such that for any x € RY and any v > 0,

%/ 175(€, 2) = T, 2)[[*u(d€) < C(1 + [l]|*F),

where the integer p is specified in 2.

6. There exists M : E — Ry such that M? is u-integrable, and for all
x € RN ||b(&, )| < M(€)(1+||z||). Moreover, there exists a constant
C > 0 such that [ [b(&, )| a(de) < C(1 + [l2]).

Then, the monotone operator A+ B is maximal. Moreover, with probability
one, the continuous time process x(t) defined by (5) is bounded and is an
APT of the differential inclusion (6).

Let us now discuss our assumptions. Suflicient conditions for the max-
imality of A are provided below in Sections 3.2 and 4.1. Assumption 2 is
relatively weak and easy to check. If we set € = 1, then Assumption 3 can
be replaced with the stronger condition stating that for any compact set K
of RY,
sup [ [ A0(¢,0) P (de) < oo

rzeKND

For more insight on the above assumption, let us compare it with the stan-
dard Robbins-Monro algorithm y,+1 = yn + Yn+1H (Yn, Ent+1), where H is
some measurable function. In order to ensure the almost-sure boundedness
of (yn), it is standard to assume that ||H(y,&)|| < M(&)(1 + ||y||) for every
(y,€) and for some square-integrable r.v. M () [18]. As far as our algorithm
is concerned, a similar assumption is needed on the operator B, but on the
other hand, no such assumption is needed on the operator A. Assumption 3
is weaker. Otherwise stated, when a random operator is used through its



resolvent, there is no need to require the “linear growth” condition often
assumed in the stochastic approximation literature.

Assumption 4 is quite weak, and is easy to illustrate in the case where
i is a finite sum of Dirac measures. Following [19], we say that a finite
collection of closed and convex subsets (Cy,...,Cy,) over some Euclidean
space is linearly reqular if there exists k£ > 0 such that for every x,

max d(z,C;) > kd(x,C), where C=()Ci,

i=1...m .
=1

and where implicitely C # (. Sufficient conditions for a collection of sets to
satisfy the above condition can be found in [19] and the references therein.
Note that this condition implies the so-called strong conical hull intersection
property Ne(z) = >, Ne,(x) for every x € C, where N¢(z) is, as we recall,
the normal cone to C at the point x.

Let us finally discuss Assumption 5. As v — 0, it is known that J,(§, )
converges to II(§,x) for every (&, ). Moreover, Assumption 5 provides a
control on the convergence rate. The fourth moment of ||.J, (&, z) — II(§, z)||
is assumed to vanish at the rate ¥4 with a multiplicative factor of the order
|z||?”. The integer p can potentially be as large as needed, provided that one
is able to find a zero x, satisfying Assumption 2. In the special case where
A(E, .) coincides with the subdifferential of the convex function f(¢, .),
Assumption 5 holds under the sufficient condition that for almost every &
and for every xz € D(¢),

192 fo(&, )|l < M'(€)(1 + [|«|P?), (7)

where 9, fo(§, x) is the smallest norm element of the subdifferential of f(¢, .)
at point x, and where M’'() is a positive r.v. with a finite fourth moment.

Indeed, in this case, the resolvent .J, (€, r) coincides with prox,, £, (), and
by [7],

%ruv(s,x) (&, )| < 2010f0(€.TI(E, )]

As a consequence, Assumption 5 stems from (7) and the non-expansiveness
of II(¢, .).

The results of Theorem 3.1 can first be used to study the convergence of
the sequence (Z,,) of empirical means, defined by

o= 22:1 V&L
" D k=1 Yk

Corollary 3.1. Let the assumptions in the statement of Theorem 3.1 hold
true. Assume that for any x, € Z, the set Ro(xy) is not empty. Then, for
any initial value xq, the sequence (T,) of empirical means converges almost
surely as n — 0o to a random variable U, whose support lies in Z.



Let us now consider the issue of the convergence of the sequence (z,,) to a
point of Z. Note that the conditions of Theorem 3.1 are generally insufficient
to ensure that x,, converges. A counterexample is obtained by setting N = 2
and taking A as a m/2-rotation matrix, B = 0 [20, Sec. 6]. However, the
statement will be proved valid when A + B is assumed demipositive. We
start by listing some known verifiable conditions ensuring that the maximal
monotone operator A + B is demipositive:

1. A+ B = 090G, where G € I'y has a minimum.

2. A+ B =1-T, where T is a non-expansive mapping having a fixed
point.

3. The interior of Z is not empty.

4. Z # () and A+ B is 3-monotone, i.e., for every triple (z;,vy;) € A+ B
for i = 1,2,3, it holds that 2?21@2‘7 x; —xi—1) > 0 by setting z¢ = x3.

5. A+ B is strongly monotone, i.e., (x1 — o2, y1 — y2) > allzy — x5|? for
some « > 0 and for all (z1,y1) and (z2,y2) in A+ B.

6. Z # 0 and A+ B is cocoercive, i.e., (v1 — x2,y1 — y2) > ally1 — yol?

for some a > 0 and for all (z1,y1) and (z2,y2) in A + B.

The above conditions can be found in [20]. Specifically, conditions 1-3 can
be found in [9], while Condition 4 can be found in [21]. Conditions 5 and 6
can be easily verified to lead to the demipositivity of A + B. Condition 1
is further discussed in Section 4.1 below. Condition 2 is satisfied if Z # ()
and if for any ¢, the operator I — (A + B)(&,-) is a non-expansive mapping.
Condition 4 is satisfied if Z # () and if all the operators (A + B)(¢,-) are
3-monotone. The last two conditions are most often easily verifiable.

We now have:

Corollary 3.2. Let the assumptions in the statement of Theorem 3.1 hold
true. Assume in addition that the operator A+ B is demipositive, and that
for any x, € Z, the set Ra(xy) is not empty. Then, for any initial value xg,
there exists a random variable U, supported by Z, such that x,, — U almost
surely as n — 0.

We now address the important problem of the maximality of A.

3.2 Maximality of A

By extending a well-known result on the maximality of the sum of two
maximal monotone operators, it is obvious that A is maximal in the case
where p is a finite sum of Dirac measures and where the interior of D is not
empty [10, 11]. For more general measures p, we have the following result.

10



Proposition 3.1. Assume the following:

1. The interior of D is not empty, and there exists a closed ball in D such
that ||Ao(&, 2)|| < M(E) for any x in this ball, and such that M (&) is
p-integrable.

2. For any compact set K of RN, there exists € > 0 such that

sup / Ao (€, 2)[ ulde) < oo.

zeKND

Moreover, there exists yo € D such that

/ 1 Ao(€, 90) |72 u(de) < oo

3. There exists C > 0 such that for any x € RY,

[t otae) > ca)

4. /HJﬂf(f,x) —TI(&, x)||u(dE) < ~C(x), where C(x) is bounded on com-
pact sets of RV.

Then, the monotone operator A is mazximal.

4 Application to Convex Optimization

We start this section by briefly reproducing some known results related to
the case where A(¢,-) is the subdifferential of a proper, closed and convex
function g(¢&, ).

4.1 Known Facts About the Aumann Integral of Subdiffer-
entials

A function g : = x RY —] — 00,00] is called a normal integrand [22] if the
set-valued mapping & — epig(&,-) is closed-valued and measurable. Let us
assume in addition that g(&, ) is convex and proper for every &.

Consider the case where A(§, ) = dg(&,-). The mean operator A is given
by? A(z) = [0g(&, z)pu(d€). Under some general conditions stated in [24],
the integral and the subdifferential can be exchanged in this expression. In

2By [14, 23], the mapping A : = — M, defined as A(&,-) = dg(&,-), is measurable in
the sense of Section 2.3.

11



this case, A(z) = 0G(x), where G(z) = [ g(&, ) u(d§). This integral is

defined as the sum

9(€, ) p(de) + / 9(€,2) p(de) + I(x)

/{5 19(&w)ER } {&:9(§,m)€]—o00,0[}

where
oy = { oo S o6 =) >0
0, otherwise,

and where the convention (400) + (—00) = 400 is used. The function G is
a lower semi continuous and convex function if G(z) > —oo for all = [24].
Assuming in addition that G is proper, the identity A = JG ensures that
the operator A is monotone, maximal, and demipositive, and that the zeros
of A are the minimizers of G.

4.2 A Constrained Optimization Problem

Let (X, 2,v) be a probability space. Let the functions f : X x RY —
] — 00,00 and g : X x RV —] — 00, 00[ be normal convex integrands. Here
we assume that ¢ is finite everywhere to simplify the presentation. However
we note that the results can be extended to the case where g is allowed to
take the value +00. Recall the optimization problem

zeC

min F'(z) + G(z), C= m G, (8)
i=1

where F(z) = [ f(n,x)v(dn), G(z) = [g(n,x)v(dn) and Ci,...,Cy, are
closed and convex sets. Consider a measurable function Vf : X x RN — R
such that for every n € X and z € RN, Vf(n, z) is a subgradient of (1, .)
at z. Let (vy), be an iid sequence on X with probability distribution v.
Finally, let (I,,) be an iid sequence on {0,1,...,m} with distribution «; =
P(I; = i) > 0 for every i. We consider the iterates

" proxaal’yn+1g(vn+17-) (xn - ’Yn—l—l@f(vn-l—h .%'n)), if In—l—l = 07
1= . = .
n+ proje, | (X = Y1V (Unt1,2n)), otherwise.

9)
We recall that dgo(n,z) is the least norm element of the subdifferential of
g(n, .) at x. Given H C RY | we use the notation |H| = sup{|jv| : v € H}.

Corollary 4.1. We assume the following. Let p > 1 be an integer.
1. For every x € RN, [|f(n,z)|lv(dn) + [ |g(n,z)lv(dn) < co.

2. For any solution x, to Problem (8), there exists a measurable function
M, : X — Ry such that [ M, (n)?v(dn) < oo, and for all € X,

0 (n, 20| + 10g(n, 2:)| < Mi(n) .
Moreover, there exists a solution . for which [ M,(n)*v(dn) < cc.
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3. For any compact set K of R, there exists ¢ €]0, 1] such that

sup E[|9go(0,z)||'** < oo.
zeK

Moreover, there exists yo € C such that E||0go (0, yo)||'T1/¢ < .

4. The closed and convex sets Cy,...,Cn are linearly regular, i.e.,

3k > 0,Vz € RY, max dist(z,C;) >  dist(z,C),

i=1,....m

where dist(z, S) denotes the distance of the point x to the set S. More-
over, 'Yn/rynJrl — 1.

5. There exists M : X — R such that [ M(n)*v(dn) < oo, and

V(@) € Xx RN, [V f(n,2)|| < M(n)(1+[|z]) .

6. There exists ¢ > 0 such that Vo € RN, [ ||V f(n,z)|*v(dn) < (1 +
l][%P).

Then, the sequence (x,,) given by (9) converges almost surely to a solution
to Problem (8).

5 Related Works

The problem of minimizing an objective function in a noisy environment
has brought forth a very rich body of literature in the field of stochastic ap-
proximation [17, 25]. In the framework of this paper, most of this literature
examines the evolution of the projected stochastic gradient or subgradient
algorithm, where the projection is made on a fixed constraining set.

In the case where the constraining set has a complicated structure, an
incremental minimization algorithm with random constraint updates has
been proposed in [26], where a deterministic convex function f is mini-
mized on a finite intersection of closed and convex constraining sets. The
algorithm developed in [26] consists of a subgradient step over the objec-
tive f followed by an update step towards a randomly chosen constraining
set. Using the same principle, a distributed algorithm involving an addi-
tional consensus step has been proposed in [27]. Random iterations involv-
ing proximal and subgradient operators were considered in [28] and in [29)].
In [29], the functions g(¢, .) are supposed to have a full domain, to satisfy
lg(&,z) — g(&v)|| < L(||lz — y|| + 1) for some constant L which does not
depend on ¢ and, finally, are such that [ |g(&, z)||?u(d¢) < L(1 + [|z]|?). In
the present paper, such conditions are not needed.

The algorithm (4) can also be used to solve a variational inequality
problem. Let C = N*,C; where Cy,...,C,, are closed and convex sets in
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RY. Consider the problem of finding x, € C that solves the variational
inequality
Vo eC, (F(xy),x —x,) >0,

where F : RV — RY is a monotone single-valued operator on R¥ [30, 31].
Since the projection on C is difficult, one can use the simple stochastic al-
gorithm @p 41 = proje, | (n, — Ynt1F (xy,)), where the random variables u,
are distributed on the set {1,...,m}. The variant where F' is itself an ex-
pectation can also be considered i.e., F(z) = [ f(&, z)u(d€). The work [30]
addresses this context. In [30], it is assumed that F' is strongly monotone and
that the stochastic Lipschitz property [ ||f(&,z)—f(&,v)|*1(d€) < Clla—y|?
holds, where C is a positive constant. In our work, the strong monotonicity
of F' is not needed, and the Lipschitz property is essentially replaced with
the condition |V f(£,z)|| < M(€)(1 + ||z||), where Vf(€,z) is a subgradi-
ent of f(§,-) at = (for instance, the least norm one), and M (§) satisfies a
moment condition.

In the same vein as our paper, [32] considered a collection {A(4,)}¥, of
N maximal monotone operators, and studied the iterations

N

Ynt1 € A(on1(1),20) , g1 = H(I+%+1A(0n+1(i), N @ —Ynt1Ynt1)
=2

where (v,) € €2\ ¢!, and where (0,,) is a sequence of permutations of the
set {1,...,N}. The convergence of (Z,) to a zero of > A(i,-) is established
in [32]. In the recent paper [33], a relaxed version of Algorithm (1) is con-
sidered, where B is cocoercive and where its output, as well as the output of
the resolvent of A, are subjected to random errors. The convergence of the
iterates to a zero of A 4 B is established under summability assumptions on
these errors.

Regarding the convergence rate analysis, let us mention [34, 35] which in-
vestigate the performance of the algorithm ;11 = prox,, g(xn—fyn+1Hn+1),
where H,, 11 is a noisy estimate of the gradient V f(x,). The same algorithm
is addressed in [36], where the proximity operator is replaced by the resol-
vent of a fixed maximal monotone operator, and H,y; is replaced by a noisy
version of a (single-valued) cocoercive operator evaluated at x,,. The paper
[37] addresses the statistical analysis of the empirical means of the estimates
obtained from the random proximal point algorithm.

This paper follows the line of thought of the recent paper [7], who studies
the behavior of the random iterates z,+1 = Jpt1(Unt1,2,) in a Hilbert
space, and establishes the convergence of the empirical means Z,, towards
a zero of the mean operator A(z) = [ A(£, z) p(d€). In the present paper,
the proximal point algorithm is replaced with the more general forward-
backward algorithm. Thanks to the dynamic approach developed here, the
convergences of both (Z,) and (z,) are studied.

14



Finally, it is worth noting that apart from the APT of Benaim and
Hirsch [3], many authors have introduced alternative concepts to analyze
the asymptotic behavior of perturbed solutions to evolution systems. An
important one is the notion of almost-orbit of [38, 39], and [40], which has
been shown to be useful to analyze certain perturbed solution to differential
inclusions of the form (3). The almost-orbit property is however more de-
manding than the APT property, and is in general harder to verify, although
it can lead to finer convergence results. Fortunately, the concept of APT
has been proven sufficient here to guarantee that the interpolated process
x(t) almost surely inherits both the ergodic and non-ergodic convergence
properties of the orbits of ®.

6 Proofs

Let us start with the proof of Proposition 3.1 because it contains many
elements of the proof of the main theorem.

6.1 Proof of Proposition 3.1

We recall that for any £ € = and any v > 0, the Yosida approxima-
tion A, (&,-) is a single-valued ~~1-Lipschitz monotone operator defined on
RN, As a consequence, the operator A7 : RV — R¥  given by AY(z) =
[ Ay (& z)p(dE), is a single-valued, continuous, and monotone operator de-
fined on RY. As such, A” is maximal [10, Prop. 2.4]. Thus, given any
y € RY, there exists 27 € RY such that y = 7 + AY(27). We shall find a
sequence 7y, — 0 such that 7" — z* € D with y — 2* € Az*. The maxi-
mality of A then follows by Minty’s theorem [10].

Let zp and p be respectively the centre and the radius of the ball referred to
in Assumption 1, and set

A,\/(é‘,x’y) D
T4, &

where the convention 0/0 = 0 is used. By the monotonicity of A,(¢,-),

u(§) =20+ p

0< / (27 = u(€), Ay (E,27) — Ay (€, u(€))) pu(dE).
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Writing C' = [ M(&)u(d€) < oo (see Assumption 1), we obtain

[t A6 o) ud) = 2, ~ o7
[u© A6 ) = o™ =) = p [ 14,60 lde),
167 A u©N utde) < a1 [ 140le. u(©)l ) < o),
[ 1), A e dg) < ol + ).

Therefore,
p/ 145 (&, 27| (d)+[|2711* < 2™ ([ ([lyll+ 1201 +C)+C (|20l +p) +]I20]l 1yl -

This shows that the sets {||27]|} and { | || A, (&, 27) H ,u(d{)} are both bounded.
Writing A"/(g’ x,y) = 7_1(H(£’ x,y) - J"/(g’ x’y)) + ('I’y - (5’ ))’ and us-
ing Assumption 4, we obtain that the set {y~! f |z — TI(E, z7)||p(dE)} is
bounded. By Assumption 3, {d(z")/v} is bounded. Given z7, let us choose
Z7 € D such that |27 — Z7|| < 2d(z"). By the boundedness of {||z7]}, there

exists a compact set K C RY such that #7 € K. Associating a positive
number ¢ to K as in Assumption 2, we obtain

/ 1A, (€)1 p(de)

<2 (14,611 +14,(6.07) — 4, (6.57) ) ude)
d( )‘lJrE
-

<2 [ Aole, 3] (dg) + 214 ,
which is bounded by a constant independent of v thanks to Assumption 2.
Thus, the family of = — R" functions {A,(£,z7)} is bounded in the Banach
space L11¢(2, .7, u; RV).

Let us take a sequence (7,,x7) converging to (0,z*). Let us extract a
subsequence (still denoted as (n)) from the sequence of indices (n), in such
a way that (A, (§,27")),, converges weakly in £17¢ towards a function f(&).

By Mazur’s theorem, there exists a function J : N — N and a sequence of
J(n)

sets of weights ({agn. b =n...,J(n) : agp > 0,3 ;2 g, = 1}), such
that the sequence of functions (g,(§) = g(ng agnAy, (§,27)) converges

strongly to f in £'7¢. Taking a further subsequence, we obtain the u-
almost everywhere convergence of (g,) to f.

Observe that z* € cl(D) since d(z’) — 0. Choose a sequence (z,) in D
that converges to z*, and for each n, let T, = {{ € E : 2z, € D(§)}. Then,
on the probability one set T' = N, T,,, it holds that z* € cl(D(£)). On the
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intersection of T and the set where g, — f, set n,(§) = J,,(§, 27) — o,
and write

[ (N < T30 (€, 27) = S (& 2™) | 4 (|5, (€5 27) = 2.

Since J,, (£, -) is non-expansive and since 2* € cl(D(¢)), we have 1,,(§) —, 0.
Considering Assumption 2, we also have

[ (N < M2+ 115, (€, 27) = T (€ wo) |+ 1l T3, (€5 90) = oll + [yl
< 2" + sup |27} + 2llyoll + [[Ao (&, vo)ll
Y

when v, < 1. By Assumption 2 and the dominated convergence theorem,
we obtain that 7, — 0 in £/, With this in mind,

/ 1 (€), Any (€,27) ()

<(/ ||nn<£>||1+1/m<d£>> e (/1 <d£>>w+€) ,

and the left-hand side converges to zero. Consequently, the random variable

J(n)

Z akn Tk 57 ) - x*7A’Yk(§7x’Yk)>

converges to zero in probability, hence in the p-almost sure sense along a
subsequence. Fix £ in this new probability one set, choose arbitrarily a
couple (u,v) € A(¢,-), and write

J(n)

Ko = (= T (67), 0t — @y (6,27).

k=n
It holds by the monotonicity of A(&,-) that X,, > 0. Writing

J(n)
Xn:<u—x*,v—gn +en Zak‘nnlﬁ )

and making n — oo, we obtain that (u—a*,v—f(§)) > 0. By the maximality
of A(&,-), it holds that (z*, f(£)) € A(&,-).

To conclude, we have

J(n)

v=3 ona™ 4 + [ oul©) utde),

g(rzak px % =, x* € D, and g, &) fe Sfll(-,:r*)' Making n — oo, we
obtain y — z* = [ f(&) p(d§) € A(x*), which is the desired result. O
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6.2 Proof of Theorem 3.1

Noting that dom B = RY and using Assumption 6 of Theorem 3.1, one can
check that the assumptions of Proposition 3.1 are satisfied for B. The result
is that B is maximal. Because B has a full domain and A is maximal, A+B is
maximal by [11, Corollary 24.4]. Thus, the first assertion of Theorem 3.1 is
shown, and moreover, the differential inclusion (6) admits a unique solution,
and the associated semiflow ® is well defined.

Defining Y5 (§, z) := Ay(§, x —vb(&, x)), the iterates x,, can be rewritten
as

Tpy1 = Tn — Y 10(Ung1, Tn) — Y1 Yqnit (Unt1, Tn)

=Tn — 'Yn+1h“/n+1 (xN) + Vn+1Mn+1,

where we define

(@) = [ (V3(60) + b(&,2))n(ae).

and
NMn+1 = _Y'yn_H (un+1, xn) +Enyﬂm+1 (unJrla xn) _b(un+1a xn) +Enb(un+1a xn) 5
where E,, denotes the expectation conditionally to the sub o-field o (uq, ..., uy)

of Z (we also write Eg = E). Consider the martingale

n
My = e
k=1

and let M (t) be the affine interpolated process, defined for any n € N and
any t € [Tna TnJrl[ as

Mn+1 - Mn

M(t) := My, + npy1(t — ) = My, + —
n

(t—1p)-

For any t > 0, let
r(t) :=max{k >0 : 7, <t}.

Then, for any ¢t > 0, we obtain
t
x(rp +t) — () = — /0 h%(m+s)+l(xr(m+s)) ds + M (1, +t) — M(7,)
=H(t,+t)— H(my) + M(7, +t) — M(1,), (10)
where H(t) := fg Ry, (11 (@r(s)) ds. The idea of the proof is to establish that

on a P-probability one set, the sequence (z(7, + *))nen of continuous time
processes is equicontinuous and bounded. The accumulation points for the
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uniform convergence on a compact interval [0,7] (who are guaranteed to
exist by the Arzela-Ascoli theorem) will be shown to have the form

t
Z(t) - Z(O) - nh—>I20 0 ds /: M(dg) (Y%(m.,_s).,_l(fa xr(m—f—s)) + b(§7 xr(m—f—s))) ’
) (11)
where the limit is taken over a subsequence. We then show that the sequence
of 2x[0,T] — R functions ((, s) “/r(m+s)+1(§’ r(rats))s 0(& Tr(mts)))n
is bounded in the Banach space £!75(Z x [0,T],u ® A), where \ is the
Lebesgue measure on [0, 7]. Analyzing the accumulation points and follow-
ing an approach similar to the one used in the proof of Proposition 3.1, we
prove that the limit in the right-hand side of (11) coincides with

A1)~ =(0) = — Tim_ [ ds ( /_ FOE, )ude) + /_ f(b)(S,S)u(d§)> ,

n—o0 0

where for almost every s € [0,7T], f(®(-,s) and f®)(-,s) are integrable se-
lections of A(-,s) and B(-,s), respectively. This shows that z satisfies the
differential inclusion (6). Hence, almost surely, the accumulation points of
the sequence of processes (z(7, + -))nen are solutions to (6). Recalling that
the latter defines a semiflow ® : cl(D) x Ry — cl(D), it follows that the
process z(t) is a.s. an APT of (6).

Throughout the proof, C refers to a positive constant, that can change
from line to line, but that remains independent of n. We use ¢, ¢, etc. to
denote random variables on 2 — R, that do not depend on n. For a fixed
event w € 2, these will act as constants.

Proposition 6.1. Let Assumptions 2 and 6 of Theorem 3.1 hold true.
Then,

1. The sequence (x,,) is bounded almost surely and in L*(Q,.F,P;RY).
2. B[, v [ Y5, (& za)[21(dE)] < oo.
3. The sequence (||x, — z4||)n converges almost surely.

Proof. Writing ||,,41 —x*HQ = ||z, —a:,(||2 + 2(Tpt1 — Ty Ty — Tue) + || Tg1 —
x,|%, we obtain

2041 — 2l? = N1z — 2ull” = 29041 (Vyss (Ung1, @n), Tn — )
= 2V 41 (0(Uny1, Tn), T — Ti) + ’772z+1‘|b(un+1a Tp) + Y'yn+1(un+1’ xn)H2

Thanks to Assumption 2, we can choose ¢ € Si(. ) and Y € Sé ) such

('7$*

that 0 = [(¢ 4+ ¥)dp. Writing u = U1, 7 = Ynt1, Yy = Yo (Unt1, Tn),
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Jy = Ty (Unt1, T — Yng10(Ung1,2p)), and b = b(up1, xy) for conciseness,
and recalling that Y, = (z — vb — J,) /v, we write

<ny,$n - x*> = <Yﬂ/ - gp(u), J“/ - x*> + 7<Y“/ - gp(u), Y’Y> + 7<Y“/ - gp(u), b>
+(p(u), T — 4)
> |V 11P = v {p(w), Ya) + Yy = @(u), b) + (p(u), 2 — 2.,

since Y, € A(u, J,) and A(&, ) is monotone. By the monotonicity of B(¢,-),
we also have (b, x,, — z,) > (¥(u), x, — x4). By expanding v%||b + Y, ||?, we
obtain altogether

zns1 = @l < llwn — 2l = P NY517 + 2% (p(u), Y) + 29 (p(u), b)
+2[Ibl7 = 2y(e(w) + (), 25 — 22)
< lzn = @l =221 = BTHIY 2 + 42 (1 + 871 b
+29°Bllo(w)l* — 2y(p(u) + ¢ (u), zn — 24) (12)

where we used the inequality |(a,b)| < (8/2)|lal/? + ||b]|?/(28), where 5 > 0
is arbitrary. By Assumption 6,

En[bl* < C(1+ [lzal®) < 2CQA + |2 ]? + [l — 2.]?)

for some (other) constant C. Moreover E, (p(u) +9(u), 2, — z4) = 0. Thus,

Enllznst —ael® < (1 + C%+1)Hxn - ?

21— / 1Yo (€ ) P0dE) + T2y

Choose 8 > 1. Using the Robbins-Siegmund Lemma [41] along with (v,) €
2, the conclusion follows. O

Remark 1. This proposition calls for some comments. In the standard
forward-backward algorithm described in the introduction of this paper, the
operators A and B are both deterministic, and B is a single-valued operator
satisfying a so-called cocoercivity property. In these conditions, the itera-
tion (1) belongs to the class of the so-called Krasnosel’skii-Mann iterations,
provided the fixed step size 7 is chosen small enough [11]. A well known
property of these iterations is that the sequence (z,,) is Fejér monotone with
respect to Z(A + B). Specifically, for all z, € Z(A + B), (||zn, — z4||) is de-
creasing. In our situation, the forward operators B(&, ) are not required to
be single-valued. On the other hand, Assumptions 2 and 6 are needed along
with the fact that (v,) € £2. Instead of the Fejér monotonicity, we obtain
the weaker result given by Proposition 6.1-3.

The following lemma provides a moment control over the iterates x,,.
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Lemma 6.1. Let Assumptions 2 and 6 in the statement of Theorem 3.1
hold true. Then, sup, E||z,|/?’ < cc.

Proof. We shall establish the result by recurrence over p. Proposition 6.1
shows that it holds for p = 1. Assume that it holds for p — 1. Using
Assumption 2, choose ¢ € Si(.’x*) and ¢ € 512312.@*) such that 0 = [(p +
¥)dp. Inequality (12) shows that for some constant C' > 0,

lTna1 — x*||2 < |lzn — x*H2 —2Vny1(p(uny1) + V(Uuny1), Tn — 24)
+ Cvp 1 (o (uns )P+ 15(ung1, 20) (1) -

Raising both sides to the power p then taking their expectations, we obtain

p! %o+
|t — 24| < Z mckz(_Q)kg,ynﬁl-i- sqkikaks) - (13)
k1+ka+ks=p Lz

where we set for every k= (k1, ko, k3),

T, = E[Hxn = 27 (lp(uns)I? + [10(untr, 20) )

X <90(un+1) + T/J(Unﬂ), Tn — $*>k3
We can make the following observations:

e By choosing ks = k3 = 0, we observe that E||z,,1 — 7.]|? is no greater
than E||x,, — 2,||? plus some additional terms involving only smaller
powers of ||z, — z4/|.

e The term corresponding to (k1, ke, k3) = (p—1,0,1) is zero since uy4+1
and o(uq,...,uy,) are independent and E, (p(upt1) + ¥(upt1), Tn —
r,) = 0. This implies that any term in the sum except E||z, — |
is multiplied by ~v,41, raised to a power greater than 2.

e Consider the case (ki, k2, k3) # (p —1,0,1) and (k1, k2, k3) # (p,0,0).
Using Jensen’s inequality and the inequality xFy¢ < 2*T¢ + y**¢ for
non-negative x,y, k and £, we get

IT%) < | llon = P05 x (e (un )l + [o(uns1, 7))
X ol 41) + luns)|]
< CEllen = @59 x (lp(ttn )% + [b(unsr,2a) [42)
X (lpan )1 + (1))
< CE [l = 2l b 41, ) 2225

+ CEllzn — P75 | B [ o (uns 1) 25 + () [2242]
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By conditioning on o(u1,...,u,) and by using Assumption 6, we get

E [l — 25 b, ) [
< CEllzn — 2l 452 (1+ fJaa|[#275)] < C(Ellan — 2] +1).

Noting that 2k; + k3 < 2(p — 1), we get that E|jz, — z,]|?*1 ™% < C by
the induction hypothesis. Since 2ko + k3 < 2p and since ¢ and v are
2p-integrable selections, it follows that \Tf | < C(1 + E|jz, — z,]|?P).
Note also that in the considered case, one has 2kg + k3 > 2, which
implies that all terms Tf are multiplied by 7% 41

In conclusion, we obtain that
El|Zn1 — 24P <E(L+ Cyppg)llen — 2| + Cyigy

for some constant C' > 0. Starting from n = 0 and iterating, we obtain that
sup,, E||z, — .]|?" < oo. O

We now need to control the distances to D of the iterates x,. Let us
start with an easy technical result, whose proof is left to the reader.

Lemma 6.2. For any ¢ > 0, there exist C(e) > 0 and C'(g) > 0 such that
for any vectors z,y € RV,

lz+yl* < A+e)llz|*+C @)yl and [a+yll* < (L+e)ll*+C" () Iyl

Proposition 6.2. Let Assumptions 2, 4, 5, and 6 of Theorem 3.1 hold
true. Then, d(x,) tends a.s. to zero. Moreover, for every w in a probability
one set, there exists c(w) > 0 and a positive sequence (¢py,(w))men converging
to zero such that for every integer n and every integer m such that n > m,

n )2 n
Z d(’yij) < ep(w) + c(w) Z Vs -
k=m

k=m

Proof. We start by writing x,,+1 = II(unt1,n) + Ynt+10n+1, where

Syi1 (Unt 1, Tn — Yot 1b(Ung1, Tn)) — IM(upt1, 2n)
5n+1 - .
Tn+1

Upon noting that J,(, .) is non-expansive for every &,

HJ'Yn+1 (un-i-la xn) - H(un-i-la xn) ”
Tn+1

10n41ll < [16(unt1, 20) | +

Using Assumptions 5 and 6, we have

Enlldn1* = 4/||b(£,wn)ll4u(d$) + 47,0 /\IJ%+1($,:vn) — TL(&, @) || pe(d€)
< C(1+ [|lza] ).
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Therefore, by Proposition 6.1-1., there exists a non-negative ¢; (w), which is
a.s. finite and satisfies Ey, ||0,11]* < ¢1(w) almost surely. By Lemma 6.1, it
also holds that sup,, E||6,[|* < oc.

Consider an arbitrary point u € cl(D). For any € > 0, by Lemma 6.2, we
have

it = ull’ < (14 &)t 2) — a2 4324, Cllos %

Since II(up41,-) is firmly non-expansive as the projector onto a closed and
convex set, we have

M (un1s 20) = ul? < fl2n —ul® = [ (ung1, 20) = a0
Taking u = II(x,), we obtain

d(wn41)? < ns1 — TI(z,)?
< (1 +e)(d(n)? = d(ups1,20)) + CVZ+1|’5n+1“2-
Taking the conditional expectation E, at both sides of this inequality, us-
ing Assumption 4 and choosing & small enough, we obtain the inequality
E,d*(zn41) < pd?(zn) + 721 CEy||6,41 ]|, where p € [0,1[. It implies that
d*(z,,) tends to zero by the Robbins-Siegmund Theorem [41]. Moreover,
setting A, = d(z,)?/7, and using the fact that v,/7,41 — 1, we obtain
that
EnAnJrl < PAn + 7n+1CEn‘|6n+1H2

for n larger than some nyg.
By Lemma 6.2 and the firm non-expansiveness of II(uy41,), we also have

st —ul* < (14 (U1, 20) =l + 341 Ol |

< (14 &)(lam — ull® = [Tttt 20) — 2al®)? + 341 C 0 I
(14)

We also set u = II(x,) and apply the operator E, at both sides of this
inequality. By Assumption 4, we have

[(@@? =~ a0 i) = o)t + a0 n(de) - 2d(@)? [ (e oPuae)
< d(o)! - dw)® [ dlé0Pulde) < (1~ C)d(o)"
since d(¢,x) < d(z). Tntegrating (14), we obtain
End*(2n11) < pd*(2n) + Yp11CEnlldnsa ]|,

where p € [0,1[, hence E,A2 | < pA2 + 72CE,||6,41||* for n larger than

some ng. Taking the expectation at each side, iterating, and using the
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boundedness of (E|d,/|*), we obtain that EAZ < C(p" + Y p_; v2p"F).

Therefore,
o0 o
S EAZ<O(1+)92) < cc.
n=0 n=0

Consequently, A,, — 0 almost surely. Moreover, the martingale

n

Yo=Y (Ap —Ex14p)
k=1

converges almost surely and in £2(,.%,P;R). Letting D = > el A
where m and n are any two integers such that 0 < m < n, we can write

n
Z Ek—lAk +Y, =Y,

k=m+1
n—1
<P (A + CepaBildpia?) + Yo — Yin
k=m
n
< A+ pDp, + pCr/e1(w) D e+ Yy = Yoo

k=m+1
To conclude, we have

Y, Y, C
Dy < T2ty e 2OVAE) 5

1—p 1—p

k=m+1

Since A,, — 0, and since (Y, (w))nen is almost surely a Cauchy sequence,
we obtain the desired result. O

Lemma 6.3. Let Assumptions 3 and 6 hold true. For any compact set K,
there exists a constant C > 0 and ¢ €]0, 1] such that for all x € K and all
v >0,

I (@] < €+ 245

and moreover,

d 14+e
1+ < (w)> .
Y
Proof. Set x € K, and introduce some & € D such that ||z — Z|| < 2d(z).
Relying on the fact that A (&, .) is %—Lipschitz continuous,

Javs . + ot ol % ) < €

1
V5 2)l| < (1A (& 2) ] + ;Hx —b(&,x) — 7]

< 140l D) + o€, a)] + 242
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Therefore,

ot = [ 1A0te D) +2 [ 1 2ncae) + 222

The first two terms are independent of « and, by Assumptions 3 and 6, are
bounded functions of x on the compact K. This proves the first statement
of the Lemma. Let ¢ = ¢(K) be the exponent defined in Assumption 3.
There exists a constant C' such that

()l + I 1)
CAIVA (€ )+ + (e, =) )
c((I4o(e D1+ (e )] +2550) 7+ foge, )

1+e
< C’<2€HA0(§,HZ)H”€ 2 e [ + 2 (R) ),

By Assumption 6 and since [ ||b(&, z)||' T u(d€) < 1+ [ ||b(€, z)||> u(dE), there
exists some (other) constant C' such that

J v €a)l? + ot o)) 5 )
5 C</ 140(&, &)1 p(d€) + 1 + [l + (@)H&).

The proof is concluded using Assumption 3. U

End of the Proof of Theorem 3.1

Recall (10). Given an arbitrary real number 7" > 0, we shall study the
asymptotic behavior of the family of functions {z(7,+-) }nen on the compact
interval [0, 7).

Given 6 > 0, we have |H(t +6) — H(t)]| < ft+6 17y, oy (Tr(s))[[ds. By
Proposition 6.1-1, the sequence (z,) is bounded a.s. Thus, by Lemma 6.3,
there exists a constant ¢; = ¢1(w) such that for almost every w,

d(xr(s))
Yr(s)+1

t+6 d(z 2
t r(s)+1
0 d(x r(s 2
e [ R,

t 7r(s)+1
<(c1+ca+1)d+e(t)

t+9
HH(t—i—5)—H(t)H§c15—|—2/ ds
t
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for some e(t) =400 0, where the last inequality is due to Proposition 6.2.
We also observe from Proposition 6.1 and Assumption 6 that M, is a mar-
tingale in £2(Q2,.%,P;RY), that

B[ M, > <E[2 Zwk/u (€. 20)|Pn(de) +2ka/||b 6.0 Pplde)]

and that the right-hand side is finite. Hence, M,, converges almost surely.
Therefore, on a probability one set, the family of continuous time processes
(M (7++)—M(T))nen converges to zero uniformly on R;.. The consequence
of these observations is that on a probability one set, the family of processes
{zn(.) Inen, where z,,(t) = z(7, +1), is equicontinuous. Specifically, for each
€ > 0, there exists d > 0 such that

lim sup sup lzn(t) — zn(s)]] < e.
n 0<t,s<T,|t—s|<d

This family is moreover bounded by Proposition 6.1-1. By the Arzela-Ascoli
theorem, it has an accumulation point for the uniform convergence on [0, T,
for an arbitrary T > 0. From any sequence of integers, we can extract a
subsequence (which we still denote as (z,) with slight abuse), and a con-
tinuous function z(-) on [0,77], such that (z,) converges to z uniformly on
[0,T]. Hence, for ¢ € [0,T],
t
Z(t) - Z(O) =— lim h“/r(rn+s)+1( r(TnJrs)) ds

n—o0

—hm/dS/ (dg) ( ,8) 490 (&,9)),

n—o0

b
where we set gn (5 t) ’Yr(Tn+S)+1 (5’ Lr( Tn-l—s)) and 97(1 ) (5, t) = b(&a 567’(7'”—1—5))'
Define the mapping g, := (g,(f)7 gﬁl)) on 2x[0,T] — R?Y. Recalling that the
sequence (Z,,) belongs to a compact set, say K, let € €]0, 1] be the exponent

defined in Lemma 6.3. By the same Lemma,
Td Tr(rn+s I+e
[ s [ e o < efre [ (Sny g
0 Vr(tn+s)+1
14¢

- (/OT d(;ET‘(Tn-FS))QdS) ; ]

fyr(Tn+s)+1

_C|:T+T

<a

for some constants ¢ and c¢;. Therefore, the sequence of functions (gy)
is bounded in £*¢(Z x [0,T],.7 ® B([0,T]),x ® X\;R?N), where A is the
Lebesgue measure on [0, 7]. The statement extends to the sequence of func-
tions

(Gu(&:t) = (9n(&: 1), 1957 (€0 119 (6.DID),
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which is uniformly bounded in £'*4(Z x [0, 7], 7 @ ([0, T)), p® \; R2V+2),
We can extract from this sequence a subsequence that converges weakly in
this Banach space to a function F' : = x [0,T] — R?Y*2, We decompose F
as F(&,t) = (f(&, 1), k(& t),v(E, 1)), where k,v are real-valued, and where
fEt) = (f D), FO(E, 1) with f@ f®) = x [0,T] — RN. Using the
weak convergence (gr(f),g,(lb)) — (@, ) we obtain

2() — 2(0) = — /O ds < [ 1 utde) + /_ f(b)(E,S)M(d£)> -

It remains to prove that for almost every t € [0,T], f@(.,t) € A(.,z(t))
and f®(.,t) € B(.,z(t)) p-almost everywhere, along with 2(0) € cl(D).
This shows that indeed z(t) = ®(z(0),t) for every ¢t € [0,T], and it follows
that x(t) is a.s. an APT of the differential inclusion (6).

By Mazur’s theorem, there exists a function J : N — N and a sequence
of sets of weights ({agn,k=n...,J(n) : ag, >0, Zg(:nyz agn = 1}), such
that the sequence of functions defined by

J(n)

Gn(§7 S) = Z Uk.n Gk(§7 3)
k=n

converges strongly to F'. In the same way, we define g, (§,s) := >, apn gk(&,s),
and similarly for gﬁﬁ),gﬁf’). Extracting a further subsequence, we obtain the

1t ® A-almost everywhere convergence of G, to F. By Fubini’s theorem, for
almost every t € [0, 7], there exists a p-negligible set such that for every &
outside this set, G,,(&,t) — F(&,t). From now on to the end of this proof,
we fix such a t € [0, 7.

As d(z,) — 0, 2(t) € cl(D) (this holds in particular when ¢ = 0, hence
2(0) € cl(D)). Following the same arguments as in the proof of Proposi-
tion 3.1, it holds that z(¢) € cl(D(&)) for all £ outside a p-negligible set.

Define %(5) = J’Ym+1 (57 Lm — 7m+1b(§7 xm)) - Z(t) + 7m+1b(§7 xm) with
m = r(1, +t). Using the same approach as in the proof of Proposition 3.1,
it can be shown that, as n — oo, 1,(.) tends to zero almost surely along
a subsequence. We now consider an arbitrary £ outside a u-negligible set,
such that 7,(§) — 0 and z(t) € cl(D(£)).

Let (u,v) be an arbitrary element of A({,:). By the monotonicity of
A(é_, '),

(0 =Y, (& 2),u — Ty (&, x = b(,2))) 20 (Vo e RY, 7 >0),
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and we obtain

J(n)
(v =g\ (& t),u— ( Zakn (v — g\ (€, ),u — 2(1))
J(n)
> Z g n g](ga) (5, t)a 77/6(5, t) - rVr(Tk—l—t)—i—lb(g, xr(’rk+t))>

J(n)

(Hvu+2aknug (€ 01) 3 (1306 O+, 02 166 2 ) -

| \/

The term enclosed in the first parenthesis of the above right-hand side con-
verges to HUH —|— k(&,t), while the supremum converges to zero using Assump-

tion 6. As gn (5 t) — f@(&, 1), it follows that

(v = FD(Et),u—=(t) 20,

and by the maximality of A(€,), it holds that f(®(&,t) € A(E, 2(t)). The
proof that f(®)(&,t) € B(£, 2(t)) follows the same lines. O

6.3 Proof of Corollary 3.1

The proof is based on the study of the family of empirical measures of a
process close to x(t). Using [8], we show that any accumulation point of this
family is an invariant measure for the flow ®. The corollary is then obtained
by showing that the mean of such an invariant measure belongs to Z.

Let x,, = II(z,,) be the projection of z,, on cl(D), and write

" 2221 Yk

Let x(w,t) be the © x R, — RY process obtained from the piecewise
constant interpolation of the sequence (x,), namely x(w,t) = x, for ¢t €
[Tn, Tn+1[- On (92, .#,P), let (%) be the filtration generated by the process
obtained from the similar piecewise constant interpolation of (u,). With re-
gard to this filtration, x is progressively measurable. It is moreover obvious
that x(w,-) is an APT for (6) for almost all values of w. Let {v¢(w,-)}+>0
be the family of empirical measures of x(w,-). Observe from Theorem 3.1
that for almost all w, there is a compact set K(w) such that the support
supp(v(w, -)) is included in K (w) for all ¢ > 0, which shows that the family
{vt(w, ) }+>0 is tight. Hence this family has accumulation points. Let v be
the weak limit of (14, ) along some sequence (t,) of times. By [8, Th. 1], v
is invariant for the flow ®. Clearly, supp(r) is a compact subset of cl(D).
Moreover, for any = € supp(v) and any ¢ > 0, ®(x,t) € supp(v). Indeed,
suppose for the sake of contradiction that there exists 5 > 0 such that
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®(xz,ty) & supp(v). Then, ®(B(z,e) Ncl(D),ty) C supp(v)® for some & > 0
by the continuity of ® and the closedness of supp(v), where B(x,¢) is the
closed ball with centre x and radius e. Since v(®(B(z,e)Ncl(D),0)) > 0, we
obtain a contradiction. We also know from [42] or [20, Th. 5.3] that there
exists ¢ : cl(D) — Z such that

1 t
Vz € cl(D), i / O(x,s)ds = o(x).
0 oo

By the dominated convergence and Fubini’s theorems, we now have

/go(x)u(dx) - /y(dx) i - [ ds @ s) = lim - Otds/u(dx)q)(:c,s)

t—oo t 0 t—oo t

:/xu(dm),

which shows that [ zv(dz) € Z by the convexity of this set. Since we have
[ xdwn, — [xdvas n — oo, we conclude that all the accumulation points
of (z,,) belong to Z. On the other hand, since Rop(z,) # 0 for each z, € Z,
a straightforward inspection of the proof of Proposition 6.1-3. shows that
([[zn, — x4]|) converges almost surely for each z, € Z. From these two facts,
we obtain by [32] or [20, Lm 4.2] that (&, ) converges a.s. to a point of Z.
Since x,, — &, — 0 a.s., the convergence of (Z,) to the same point follows.

O

6.4 Proof of Corollary 3.2
Let us start with a preliminary lemma.

Lemma 6.4. Let A € M be demipositive. Assume that the set zer(A) of
zeros of A is not empty. Let ¥ : cl(dom(A)) x Ry — cl(dom(A)) be the
semiflow associated to the differential inclusion 2(t) € —A(z(t)). Then, any
ICT set of ¥ is included in zer(A).

Proof. Let K be an ICT set and let U be an arbitrary, bounded and open
set of RY such that K NU # (). Define G := Uss: (U, 5) for all t > 0. For
any x, € zer(A) and any x € U,

Wz, ) <[V (w,t) = Uz, O + o]l <l =zl + 2]l -

Therefore, Gy is a bounded set. By [4, Prop. 3.10], the set G = (),5 cl(G¢)
is an attractor for ¥ with a fundamental neighbourhood U. As K N U #
(), it follows that K C G by [17, Corollary 5.4]. We finally check that
G C zer(A). Let y € G, that is, y = limy_, o ¥(xg,tx) for some sequence
(zg,tx) such that xp € U and tp — oo. By compactness of cl(U), the
sequence zj can be chosen such that z; — & for some & € cl(U). Therefore,
y = limg_,o0 U(Z,tx), which by demipositivity of A, implies y € zer(A)
[9, 20]. O
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By Theorem 3.1 and the discussion of Section 2.4, L(x) is an ICT set.
Using Lemma 6.4 and the standing hypotheses, L(x) C Z. On the other
hand, since Ra(xy) # 0 for all z, € Z, a straightforward inspection of the
proof of Proposition 6.1-3. shows that ||z, — .|| converges almost surely for
any of those z,. By Opial’s lemma [20, Lm 4.1], we obtain the almost sure
convergence of (x,) to a point of Z. O

6.5 Proof of Corollary 4.1

Define the probability distribution ¢ := > " o;d; on {0,1,...,m}.
On the space X x {0,...,m} equipped with the probability p = v ® ¢,
let £ = (n,7), and define the random operators A and B by

-1 . if i =
AE,) ::{ % Oeg(n,)s =0, Be, = auf ).

Ne,, otherwise,

The Aumann integral B(z) = [ df(n, z)dr(n) coincides with OF(z) by [43]
(see also the discussion in Section 4.1). Similarly, A(z) = 9(G(x) + vc)(x).
The operator A is thus maximal. It holds that A+B = 0(F +G+¢), which
is maximal, demipositive, and whose zeros coincide with the minimizers of
F + G over C. The end of the proof consists in checking the assumptions of
Corollary 3.2. It follows the same line as [7] and is left to the reader. O

7 Perspectives

Beyond the forward-backward algorithm, the concept of random maximal
monotone operators can be used to study stochastic versions of other popular
optimization algorithms that rely on the monotone operator theory. Our
next research direction is therefore to extend our approach to other kinds of
algorithms, such as the Douglas-Rachford algorithm, as a way to construct
new families of stochastic approximation algorithms. In this perspective,
the present paper may contain useful ingredients.

It would also be interesting to weaken the assumption that the “inno-
vation” (uy,) is an iid sequence. More involved random models are often
useful. Among those are the ones where the innovation is a Markov chain
controlled by the iterates. Such models are popular in the classical stochastic
approximation literature.

Another research direction includes the case where the step size of the
algorithm is constant. In this context, the APT property does not hold and
the iterates are no longer expected to converge a.s., due to the persistence
of the random effects. Tools from the weak convergence theory of stochastic
processes can be useful to address this setting.

Finally, we believe that our algorithm can be shown to be useful to
address several specific applications in the field of convex optimization and

30



variational inequalities. An important aspect is to instanciate the algorithm
in practical scenarios related to machine learning, signal processing, or game
theory.

8 Conclusions

The question of providing stochastic versions of well-known deterministic
algorithms relying on maximal monotone operators has become increasingly
popular. In particular, several authors have studied the effects of additive
random errors on the behavior of the iterates, showing that the errors have
no effect on the limiting points, provided some adequate vanishing condition
of the former. The approach taken by this paper is conceptually different
in the sense that the operators themselves are assumed to be random. This
situation involves two key-ingredients. The first one is the Aumann expec-
tation of the random operators. The second one is the notion of asymptotic
pseudotrajectory, borrowed from Benaim and Hirsch, which is used to relate
the iterates to a continuous-time dynamical system.

Acknowledgements

This work was partially funded by phi-TAB, the Orange - Telecom ParisTech
think tank, and by the ASTRID program of the French Agence Nationale
de la Recherche (ODISSEE project ANR-13-ASTR~0030).

References

[1] Mercier, B.: Lectures on topics in finite element solution of elliptic
problems, Tata Institute of Fundamental Research Lectures on Mathe-
matics and Physics, vol. 63. Tata Institute of Fundamental Research,
Bombay (1979). With notes by G. Vijayasundaram

[2] Lions, P.L., Mercier, B.: Splitting algorithms for the sum of two non-
linear operators. STAM J. Numer. Anal. 16(6), 964-979 (1979)

[3] Benaim, M., Hirsch, M.W.: Asymptotic pseudotrajectories and chain
recurrent flows, with applications. J. Dynam. Differential Equations
8(1), 141-176 (1996)

[4] Benaim, M., Hofbauer, J., Sorin, S.: Stochastic approximations and
differential inclusions. SIAM J. Control Optim. 44(1), 328-348 (elec-
tronic) (2005)

[5] Aumann, R.J.: Integrals of set-valued functions. J. Math. Anal. Appl.
12, 1-12 (1965)

31



[6]

[10]

[11]

[12]

[13]

[16]

[17]

Aubin, J.P., Frankowska, H.: Set-valued analysis. Modern Birkh&user
Classics. Birkhduser Boston, Inc., Boston, MA (2009). Reprint of the
1990 edition

Bianchi, P.: Ergodic convergence of a stochastic proximal point algo-
rithm. ArXiv e-prints, 1504.05400 (2015)

Benaim, M., Schreiber, S.J.: Ergodic properties of weak asymptotic
pseudotrajectories for semiflows. J. Dynam. Differential Equations

12(3), 579-598 (2000)

Bruck Jr., R.E.: Asymptotic convergence of nonlinear contraction semi-
groups in Hilbert space. J. Funct. Anal. 18, 15-26 (1975)

Brézis, H.: Opérateurs maximaux monotones et semi-groupes de con-
tractions dans les espaces de Hilbert. North-Holland mathematics stud-
ies. Elsevier Science, Burlington, MA (1973)

Bauschke, H.H., Combettes, P.L.: Convex analysis and monotone op-
erator theory in Hilbert spaces. CMS Books in Mathematics/Ouvrages
de Mathématiques de la SMC. Springer, New York (2011)

Castaing, C., Valadier, M.: Convex analysis and measurable multifunc-
tions, vol. 580. Springer (1977)

Hiai, F., Umegaki, H.: Integrals, conditional expectations, and martin-
gales of multivalued functions. Journal of Multivariate Analysis 7(1),
149 — 182 (1977)

Attouch, H.: Familles d’opérateurs maximaux monotones et mesura-
bilité. Annali di Matematica Pura ed Applicata 120(1), 35-111 (1979).
DOI 10.1007/BF02411939

Hiriart-Urruty, J.B.: Contributions a la programmation mathématique:
cas déterministe et stochastique. Université de Clermont-Ferrand II,
Clermont-Ferrand (1977). These présentée a I'Université de Clermont-
Ferrand II pour obtenir le grade de Docteur és Sciences Mathématiques,
Série E, No. 247

Aubin, J.P., Cellina, A.: Differential inclusions, Grundlehren der Math-
ematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences|, vol. 264. Springer-Verlag, Berlin (1984). Set-valued maps
and viability theory

Benaim, M.: Dynamics of stochastic approximation algorithms. In:
Séminaire de Probabilités, XXXIII, Lecture Notes in Math., vol. 1709,
pp. 1-68. Springer, Berlin (1999)

32



[18]

[19]

Delyon, B.: Stochastic Approximation with Decreasing Gain: Con-
vergence and Asymptotic Theory. Unpublished Lecture Notes,
http://perso.univ-rennesl.fr /bernard.delyon/as_cours.ps (2000)

Bauschke, H.H., Borwein, J.M., Li, W.: Strong conical hull intersection
property, bounded linear regularity, jamesons property (g), and error
bounds in convex optimization. Mathematical Programming 86(1),
135-160 (1999)

Peypouquet, J., Sorin, S.: Evolution equations for maximal monotone
operators: asymptotic analysis in continuous and discrete time. J. Con-
vex Anal. 17(3-4), 1113-1163 (2010)

Pazy, A.: On the asymptotic behavior of semigroups of nonlinear con-
tractions in Hilbert space. J. Functional Analysis 27(3), 292-307 (1978)

Rockafellar, R.T.: Measurable dependence of convex sets and functions
on parameters. J. Math. Anal. Appl. 28, 4-25 (1969)

Rockafellar, R.T., Wets, R.J.B.: Variational analysis, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Math-
ematical Sciences], vol. 317. Springer-Verlag, Berlin (1998)

Walkup, D.W., Wets, R.J.B.: Stochastic programs with recourse. II:
On the continuity of the objective. SIAM J. Appl. Math. 17, 98-103
(1969)

Kushner, H.J., Yin, G.G.: Stochastic approximation and recursive al-
gorithms and applications, Applications of Mathematics (New York),
vol. 35, second edn. Springer-Verlag, New York (2003). Stochastic
Modelling and Applied Probability

Nedié, A.: Random algorithms for convex minimization problems.
Math. Program. 129(2, Ser. B), 225-253 (2011)

Lee, S., Nedic, A.: Distributed random projection algorithm for convex
optimization. Selected Topics in Signal Processing, IEEE Journal of
7(2), 221-229 (2013). DOI 10.1109/JSTSP.2013.2247023

Bertsekas, D.P.: Incremental proximal methods for large scale convex
optimization. Math. Program. 129(2, Ser. B), 163-195 (2011)

Wang, M., Bertsekas, D.P.: Incremental constraint projection-proximal
methods for nonsmooth convex optimization. Tech. rep., Massachusetts
Institute of Technology (2013)

Wang, M., Bertsekas, D.P.: Incremental constraint projection methods
for variational inequalities. Math. Program. 150(2, Ser. A), 321-363
(2015)

33



[31]

Kinderlehrer, D., Stampacchia, G.: An introduction to variational
inequalities and their applications, Classics in Applied Mathematics,
vol. 31. Society for Industrial and Applied Mathematics (STAM),
Philadelphia, PA (2000). Reprint of the 1980 original

Passty, G.B.: Ergodic convergence to a zero of the sum of monotone
operators in Hilbert space. J. Math. Anal. Appl. 72(2), 383-390 (1979)

Combettes, P., Pesquet, J.C.: Stochastic approximations and perturba-
tions in forward-backward splitting for monotone operators. Pure and
Applied Functional Analysis (2016). To appear

Atchade, Y.F., Fort, G., Moulines, E.: On stochastic proximal gradient
algorithms. ArXiv e-prints, 1402.2365 (2014)

Rosasco, L., Villa, S., Vi, B.C.: Convergence of stochastic proximal
gradient algorithm. arXiv preprint arXiv:1403.5074 (2014)

Rosasco, L., Villa, S., Vi, B.C.: A stochastic inertial forward-backward
splitting algorithm for multivariate monotone inclusions. arXiv preprint
arXiv:1507.00848 (2015)

Toulis, P., Tran, D., Airoldi, E.M.: Stability and optimality in stochas-
tic gradient descent. ArXiv e-prints, 1505.02417 (2015)

Alvarez, F., Peypouquet, J.: Asymptotic equivalence and Kobayashi-
type estimates for nonautonomous monotone operators in Banach
spaces. Discrete Contin. Dyn. Syst. 25(4), 1109-1128 (2009)

Alvarez, F., Peypouquet, J.: Asymptotic almost-equivalence of Lips-
chitz evolution systems in Banach spaces. Nonlinear Analysis: Theory,
Methods & Applications 73(9), 3018-3033 (2010)

Alvarez, F., Peypouquet, J.: A unified approach to the asymptotic
almost-equivalence of evolution systems without Lipschitz conditions.
Nonlinear Anal. 74(11), 3440-3444 (2011)

Robbins, H., Siegmund, D.: A convergence theorem for non negative al-
most supermartingales and some applications. In: Optimizing Methods
in Statistics, pp. 233-257. Academic Press, New York (1971)

Baillon, J.B., Brézis, H.: Une remarque sur le comportement asympto-
tique des semigroupes non linéaires. Houston J. Math. 2(1), 5-7 (1976)

Rockafellar, R.T., Wets, R.J.B.: On the interchange of subdifferentia-
tion and conditional expectations for convex functionals. Stochastics
7(3), 173-182 (1982)

34



	1 Introduction
	2 Preliminaries
	2.1 Monotone Operators
	2.2 Set-Valued Functions and Set-Valued Integrals
	2.3 Random Maximal Monotone Operators
	2.4 Evolution Equations and Almost Sure APT

	3 Results
	3.1 Algorithm Description and Main Results
	3.2 Maximality of A

	4 Application to Convex Optimization
	4.1 Known Facts About the Aumann Integral of Subdifferentials
	4.2 A Constrained Optimization Problem

	5 Related Works
	6 Proofs
	6.1 Proof of Proposition ??
	6.2 Proof of Theorem ??
	6.3 Proof of Corollary ??
	6.4 Proof of Corollary ??
	6.5 Proof of Corollary ??

	7 Perspectives
	8 Conclusions

