arXiv:1511.07230v3 [math.PR] 30 Oct 2017

Noname manuscript No.
(will be inserted by the editor)

Some Results on Skorokhod Embedding and Robust

Hedging with Local Time

Julien Claisse - Gaoyue Guo - Pierre

Henry-Labordeére

Received: date / Accepted: date

Abstract In this paper, we provide some results on Skorokhod embedding
with local time and its applications to the robust hedging problem in finance.
First we investigate the robust hedging of options depending on the local

time by using the recently introduced stochastic control approach, in order
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to identify the optimal hedging strategies, as well as the market models that
realize the extremal no-arbitrage prices. As a by-product, the optimality of
Vallois” Skorokhod embeddings is recovered. In addition, under appropriate
conditions, we derive a new solution to the two-marginal Skorokhod embedding
as a generalization of the Vallois solution. It turns out from our analysis that
one needs to relax the monotonicity assumption on the embedding functions
in order to embed a larger class of marginal distributions. Finally, in a full-
marginal setting where the stopping times given by Vallois are well-ordered,
we construct a remarkable Markov martingale which provides a new example

of fake Brownian motion.

Keywords Skorokhod embedding - Model-free pricing - Robust hedging -
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1 Introduction

The Skorokhod embedding problem (SEP for short) consists in choosing a
stopping time in order to represent a given probability on the real line as the
distribution of a stopped Brownian motion. First formulated and solved by
Skorokhod [1], this problem has given rise to important literature and a large
number of solutions have been provided. We refer the reader to the survey
paper by Obléj [2] for a detailed description of the known solutions. Among

them, the solution provided by Vallois [3] is based on the local time (at zero)
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of the Brownian motion. As proved later by Vallois [4], it has the property
to maximize the expectation of any convex function of the local time among
all solutions to the SEP. Similarly, many solutions to the SEP satisfy such an
optimality property. This feature has given rise to important applications in
finance as it allows to solve the so-called robust hedging problem which we

describe below.

The classical pricing paradigm of contingent claims consists in postulating first
a model, i.e., a risk-neutral measure, under which forward prices are required
to be martingales according to the no-arbitrage framework. Then the price
of any European derivative is obtained as the expectation of its discounted
payoff under this measure. Additionally, the model may be required to be
calibrated to the market prices of liquid options such as call options that are
available for hedging the exotic derivative under consideration. This could lead
to a wide range of prices when evaluated using different models calibrated to
the same market data. To account for the model uncertainty, it is natural to
consider simultaneously a family of (non-dominated) market models. Then the
seller (resp. buyer) aims to construct a portfolio to super-replicate (resp. sub-
replicate) the derivative under any market scenario by trading dynamically in
the underlying assets and statically in a range of Vanilla options. This lead
to an interval of no-arbitrage prices whose bounds are given by the minimal
super-replication and the maximal sub-replication prices. The robust hedging
problem is to compute these bounds as well as the corresponding trading

strategies.
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We consider the classical framework where all European call options having the
same maturity as the exotic derivative are available for trading. As observed by
Breeden and Litzenberger [5], the marginal distribution of the underlying price
process at maturity is uniquely determined by the market prices of these call
options. In this setting, the robust hedging problem is classically approached
by means of the SEP. This approach relies on the fact that every continuous
martingale can be considered as a time-changed Brownian motion. Thus, for
payoffs invariant under time change, the problem can be formulated in terms
of finding a solution to the SEP which optimizes the criterion given by the
payoff. This approach was initiated by Hobson who considered the robust
superhedging problem for lookback options in his seminal paper [6]. Since then,
the SEP has received substantial attention from the mathematical finance
community and this approach was subsequently exploited in Brown, Hobson
and Rogers [7] for barrier options, in Cox, Hobson and Obléj [8] for options
on local time, in Cox and Obléj [9] for double-barrier options and in Cox and
Wang [I0] for options on variance. One of the key steps in the SEP approach is
to guess the form of the optimal hedging strategies from a well-chosen pathwise

inequality.

Recently, a new approach to study the robust hedging problem was developed
by Galichon, Henry-Labordére and Touzi [I1]. It is based on a dual represen-
tation of the robust hedging problem, which can be addressed by means of
the stochastic control theory. It appears that the stochastic control approach

is remarkably devised to provide candidates for the optimal hedging strate-
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gies. Once postulated, the hedging inequality can be verified independently.
This is illustrated by the study of Henry-Labordere et al. [I2], where they
solve the robust hedging problem for lookback options when a finite number
of marginals are known. To the best of our knowledge, it is the first paper to
address the multi-marginal problem, at the exception of Brown, Hobson and
Rogers [13] and Hobson and Neuberger [14] who considered the two-marginal
case. In addition, it led to the first (nontrivial) solution of the multi-marginal
SEP, which can be seen as a generalization of the Azéma-Yor solution, see

Obléj and Spoida [I5].

In this paper, we aim to collect a number of new results regarding Skorokhod
embedding with local time and its applications. First we are concerned with the
robust hedging problem for options written on the local time of the underlying
price process. Such derivatives appear naturally in finance when considering
payoffs depending on the portfolio value of an at-the-money call option delta
hedged with the naive strategy holding one unit of the risky asset if in the
money, else nothing, as expressed mathematically by Ito-Tanaka’s formula.
By using the stochastic control approach, we first recover the results on the
robust superhedging problem obtained by Cox, Hobson and Obléj [g], i.e.,
we identify optimal superhedging strategies and the upperbound of the no-
arbitrage interval. Then we derive the corresponding results for the robust

subhedging problem. The last result is new to the literature.

In addition, we provide a new solution to the two-marginal SEP as a gener-

alization of the Vallois solution. To this end, we have to make rather strong
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assumptions on the marginals that we aim to embed. However it is remarkable
that these assumptions are to a certain extent necessary to derive a solution
without relaxing the monotonicity assumption on the embedding functions.
To the best of our knowledge, this is one of the first solution to the multi-
marginal SEP to appear in the literature. In addition to the purely theoretical
interest of this result, it is also a first step toward a solution to the robust
hedging problem in the two-marginal setting, i.e., when the investor can trade

on Vanilla option with an intermediate maturity.

Finally, we consider a special full-marginal setting when the stopping times
given by Vallois are well-ordered. In the spirit of Madan and Yor [16], we
construct a remarkable Markov martingale via the family of Vallois’ embed-
dings and compute its generator. In particular, it provides a new example of
fake Brownian motion. From a financial viewpoint, our result characterizes
the arbitrage-free model calibrated to the full implied volatility surface, which
attains the upper bound of the no-arbitrage interval when the investor can

trade in Vanilla options maturing at any time.

The paper is organized as follows. We briefly introduce in Section 2 the frame-
work of robust hedging of exotic derivatives and its relation with the martin-
gale optimal transport problem and the SEP. In Section 3, using the stochas-
tic control approach, we provide explicit formulas for the bounds of the no-
arbitrage interval and the optimal hedging strategies for the robust hedging
problem. Then we introduce our new solution to the two-marginal SEP in Sec-

tion 4. We illustrate this result by studying a numerical example. Finally, we
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consider in Section 5 the full-marginal setting and construct our new example

of fake Brownian motion.

2 Formulation of the Robust Hedging Problem

2.1 Modeling the Model Uncertainty

We consider a financial market consisting of one risky asset, which may be
traded at any time 0 < ¢t < T, where T denotes some fixed maturity. We
pursue a robust approach and do not specify the dynamics of the underlying
price process. Namely, given an initial value Xy € R, we introduce the set of
continuous paths 2 := {w € C([0,T],R) : w(0) = Xo} as the canonical space
equipped with the uniform norm [|w||e = supg<;<r [w(t)|. Let X = (X¢)o<i<r
be the canonical process and F = (F;)o<i<r be the natural filtration, i.e.,
Xi(w) := w(t) and F; = 0(Xs,s < t). In this setting, X stands for the
underlying price process with initial value Xy. In order to account for model
uncertainty, we introduce the set P of all probability measures P on (§2, Fr)
such that X is a P—martingale. The restriction to martingale measures is
motivated by the classical no-arbitrage framework in mathematical finance.
For the sake of generality, we do not restrict to X; € Ry but consider the
general case X; € R.

In addition, all call options with maturity T" are assumed to be available for
trading. A model P € P is said to be calibrated to the market if it satisfies

EP[( X7 — K)T] = ¢(K) for all K € R, where ¢(K) denotes the market price
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of a T'—call option with strike K. For such a model, as observed by Breeden

and Litzenberger [5], it follows by direct differentiation that
P(Xr > K) = = (K+) =: u(]K, o0]).

Hence the marginal distribution of X is uniquely specified by the market

prices. Let P* be the set of calibrated market models, i.e.,
PH = {]P’EP: Xr ~ u}.
Clearly, P* # () if and only if 4 is centered at X, or, equivalently,

/R|x|d,u(x) <00 and /Rxdu(x):Xo.

2.2 Semi-Static Hedging Portfolios

We denote by H° the collection of all F—predictable processes and, for every

PeP,
T
H2(]P)) = {A = (At)OStST S HO - / IAt|2d<X>t < oo, P— a.s.}.
0

A dynamic trading strategy is defined by a process A € H? := NpepH?(P),
where A; corresponds to the number of shares of the underlying asset held by
the investor at time ¢. Under the self-financing condition, the portfolio value

process of initial wealth Yy induced by a dynamic trading strategy A is given
by [1

t
YA = Y0+/ AgsdX,s, forallte[0,T], P—aus. foral PeP.
0

1" Both the quadratic variation and the stochastic integral depend a priori on the prob-

ability measure under consideration. However, under the Continuum Hypothesis, it follows

by Nutz [I7] that they can be universally defined.
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In addition to the dynamic trading on the underlying security, we assume that
the investor can take static positions in T'—call options for all strikes. Con-
sequently, up to integrability, the European derivative defined by the payoff
H(Xr), which can be statically replicated by T-call options in view of the

celebrated Carr-Madan formula, has an unambiguous market price

u(H) = / H(x) dy(z).

The set of Vanilla payoffs which may be used by the trader has naturally the

following form
L*(p) := {H : R — R measurable s.t. pu(|H|) < oo}.

A pair (A, H) € H? x L'(p) is called a semi-static hedging strategy, and

induces the final value of the self-financing portfolio:
YA = YA — u(H)+ H(Xy), P—as. foral PeP,

indicating that the investor has the possibility of buying at initial time any

derivative with payoff H(X) for the price u(H).

2.3 Robust Hedging and Martingale Optimal Transport

Given a derivative of payoff £ = £(X) Fp-measurable, we consider the cor-
responding problem of robust (semi-static) hedging. The investor can trade
as discussed in the previous section. However we need to impose a further
admissibility condition to rule out doubling strategies. Let " (resp. H") con-

sist of all processes A € H? whose induced portfolio value process Y2 is a
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P—supermartingale (resp. P—submartingale) for all P € P#. The robust su-

perhedging and subhedging costs are then defined by

UR(€) = inf {YO CHAH) e H < L) st YA > 6 P—as VP e P} :

DH(g) = sup { Yo : (A, H) € B x L' () st Vi <¢, P—as. VPEP}.

Selling ¢ at a price higher than UH(§) — or buying it at a price lower than
D# (&) — the trader could set up a portfolio with a negative initial cost and
a non-negative payoff under any market scenario leading to a strong (model-
independent) arbitrage opportunity.

By taking expectation in the hedging inequalities under P € P#, we obtain

the usual pricing-hedging inequalities:

Ut(§) = sup EF[g] = P"(§) and D"(¢) < inf E7[¢] = I"(¢),
PepPr PePr

where P#(§) and I*(£) are continuous-time martingale optimal transport prob-
lems. They consist in maximizing or minimizing the criterion defined by the
payoff so as to transport the Dirac measure at X to the given distribution pu
by means of a continuous-time process restricted to be a martingale.

The study of martingale optimal transportation was recently initiated by Bei-
glbock, Henry-Labordere and Penkner [I§] in discrete-time and by Galichon,
Henry-Labordeére and Touzi [I1] in continuous-time. By analogy with the clas-
sical optimal transportation theory, one expects to establish a sort of Kan-
torovitch duality and to characterize the optimizers for both the primal and
dual problems. The dual formulation has a natural financial interpretation in

terms of robust hedging, which explains the keen interest of the mathematical
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finance community in martingale optimal transport. When the payoff is invari-
ant under time-change, the SEP and the stochastic control approach turn out
to be powerful tools to derive the duality and compute explicitly the optimiz-
ers as illustrated in this paper. For duality results with more general payoffs,
we refer to the recent studies by Dolinsky and Soner [19], Hou and Obléj [20]

and Guo, Tan and Touzi [2].

2.4 Robust Hedging of Options on Local Time

In this paper, we focus on the robust hedging problem of options whose payoff

is given by
§:=F(Ly) with F: Ry — R,

where L = (L)o<i<r is the local time of X at Xj. Below, under appropriate
conditions, we will exhibit the optimizers for both the robust hedging and
the martingale optimal transport problems, and show further that there is no
duality gap, i.e., U*(F(Lr)) = P*(F(Lr)) and D*(F(Ly)) = I*(F(L)).

The payoff F(Lr) can be interpreted as a payoff depending on the portfolio
value at maturity 7' of an at-the-money call option delta hedged with the
naive strategy holding one unit of the risky asset if in the money, else nothing,

mathematically expressed by Ité-Tanaka’s formula: E|

1 T
§LT = (Xr—Xo)" —/ 1ix,>x,1dXs.
0

2 In view of the pathwise construction of stochastic integrals in Nutz [I7], It6-Tanaka’s

formula implies that the local time can also be universally defined.
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Since the local time is invariant under time-change, E| the martingale optimal
transport problem can be formulated as an optimal stopping problem. Indeed,

it follows (formally) from the Dambis-Dubins-Schwartz theorem that

Pﬂ(F(LT))zfseu%E[F(Lf)] and I“(F(LT)):TiGH;HE[F(Lf)], (1)

where (LB);>¢ is the local time at zero of a Brownian motion (B;);>o and T

is the collection of solutions to the SEP, i.e., stopping times 7 such that
BT := (Biar)i>0 is uniformly integrable and B, ~ .

See Galichon, Henry-Labordere and Touzi [II] and Guo, Tan and Touzi [22]
for more details. Here, the formulation is directly searching for a solution
to the SEP which maximizes or minimizes the criterion defined by the payoff.
It is well known that, if F' is a convex (or concave) function, the optimal

solutions are of the form

7 :=inf {t >0: B¢ ]¢7(L,:B>7¢+(L16B)[}>

for some monotone functions ¢+ : Ry — Ry. This result was first obtained
in Vallois [4], where he gives explicit constructions for the functions ¢4. It
was then recovered by Cox, Hobson and Obldj [§] from a well-chosen pathwise
inequality. More recently, it was derived by Beiglbock, Cox and Huesmann [23]
as a consequence of their monotonicity principle, which characterizes optimal

solutions to the SEP by means of their geometrical support. However, the

3 Namely, given a family of stopping times (7¢)¢>0 such that ¢ +— 7¢ is continuous and

increasing, we have (Lr,)¢>0 = (Et)tZO where (L¢);>0 denote the local time at Xg of the

process (Xr,)¢>0-
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explicit computation of (¢, ¢_) is not provided by this approach. See also

Guo, Tan and Touzi [24] on the monotonicity principle.

3 Solution of the Robust Hedging Problem

Using the stochastic control approach, we reproduce in this section the results
for the robust superhedging problem — optimizers and duality — obtained in
Cox, Hobson and Obléj [8]. In addition, we provide the corresponding results
for the robust subhedging problem. Throughout this section, we take Xg =0
for the sake of clarity and we work under the following assumption on the
function F' and on the marginal u. In particular, in contrast with [8], we do

not need to assume that F' is nondecreasing.
Assumption 3.1 F : R, — R is a Lipschitz convex function.

Assumption 3.2 pu is a centered probability distribution without mass at zero.

3.1 Robust Superhedging Problem

In this section, under Assumptions[3.1]and [3:2] we provide the optimal hedging
strategy for U*(F(Lr)) as well as the optimal measure for P*(F(Lr)) and
we show that there is no duality gap, i.e., P*(F(Lt)) = U*(F(Lt)). The
key idea is that for any suitable pair of monotone functions (¢4, ¢_), we may
construct a super-replication strategy (A, H) = (A%+, H?+). The optimality
then results from taking the pair of functions given by Vallois that embeds the

distribution p.
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Assumption 3.3 ¢, :]0,00] — ]0,00] (resp. ¢— :]0,00] — ] — 00,0[) is
right-continuous and nondecreasing (resp. nonincreasing) such that v(0+) =0

and y(00) = 0o where, for alll > 0,

05 [, (st ) o

Let us denote by 1 the right-continuous inverses of ¢1. We also define the

functions Ay : Ry — R via (¢4, ¢—) by

l P 00
As(l) == A4 (0) _,_/0 qz)ji(z)eﬂf(z)/ e—v(m) F"(dm), 2)
A4 (0) := +F'(0) + /0 " e F"(dm). (3)

Throughout this paper, the derivatives under consideration are in the sense of
distributions, and whenever possible, we pick a “nice” representative for such
distribution. In particular, in the formula above, F’ and F"’ stand for the right
derivative of F' and the Lebesgue-Stieltjes measure relative to F’ respectively,

which are well-defined since F' is a convex function.

3.1.1 Quasi-Sure Inequality

We start by showing a quasi-sure inequality, which is a key step in our analysis.
It implies that, in order to construct a super-replication strategy, it suffices
to consider a pair (¢4, ¢_) satisfying Assumption The duality and the
optimality will follow once we find an optimal pair as it will be shown in the

next section.
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Proposition 3.1 Under Assumptions and the following inequality

holds
T
/ ArdXy+ H(Xr) > F(Lr), P—a.s. foralPeP, (4)
0

where

Ay = AL (Li)lix,>0p — A (Le)1{x, <0}, for allt €10, T, (5)
+x
H(tz) = FO) + [ As (p2(y)) dy, forallz>0.  (6)
0

Remark 3.1 The derivation of the semi-static strategy (A, H) is performed in

Section by means of the stochastic control approach.

Before giving the proof of Proposition we show that the quasi-sure in-

equality yields an upper bound for U#(F(Lr)).

Corollary 3.1 Under Assumptions [3.1] and one has for any centered

probability measure w,
PHM(F(Lr)) < U*(F(Lr)) < p(H).

Proof In view of Proposition it suffices to show that H € L'(u) and
A e H'. As proved in Lemma below, the maps A4 are bounded. In
particular, H’ is bounded and thus p(]H|) < oco. In addition, A is bounded
and thus A € H2. It remains to prove that the local martingale ( fot AgdXs)i>o0

is a supermartingale. The quasi-sure inequality implies that for all P € PH,

t
/ AgdX, > —C(Ly + |X¢|) forallte[0,T], P—as.,
0
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where C := || F'||oo V || H'||so- Denote M; := f(f AgdXg and Ny := C(Li + | Xy|).
Given (7,)nen & sequence of stopping times that reduces (M;)¢>o, it follows

by Fatou’s Lemma that for all s < ¢,
E[M; + Ni | Fo] < My + liminf B [N ar | F] - (7)
In addition, clearly, (IV;);>0 is a non-negative submartingale and thus it holds
0 < Nroae SE[Ne| Fropi -

In particular, the sequence (N, at)nen is uniformly integrable. Hence, it fol-

lows immediately from (7)) that (M;);>¢ is a supermartingale. O

The rest of the section is devoted to the proof of Proposition [3.1} We start by

establishing a technical lemma.

Lemma 3.1 With the notations of Proposition the maps A4 are uni-

formly bounded on Ry and it holds for all 1 > 0,

LA~ A@) = () + 0 /loo ™ Fdm),  (8)

H(p1(1) = Ar (o4 () = H(o-(1) = A- (Do (D). 9)

Proof (i) Let us start by proving . We observe first that

S (AL — A () = 5 (A,(0) — A_(0))

l 0
—|—/ 7’(,2)6”’@/ e~ V™) P (dm) dz.
0 z

In addition, Fubini-Tonelli’s theorem yields that

l l l
/ ' (z)e?®) / e M) F"(dm) dz = F'(I) — F'(0) — / e B (dm).
0 z 0
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The desired result follows immediately.

(ii) Let us show next that Ay is bounded. Clearly,
AL (0) < AL < ALl — A1)+ A_(0).

In addition, we have

where the second line follows from (8). We deduce that || A4 || < 3[|F| -
Similarly, it holds ||A_|lcc < 3||F'|lco-
(iii) Let us turn now to the proof of @D By change of variable, we get

é+(1)

o (W (y)) dy = / Ay (m) @, (dm).

(0,1

H(, (1)) — H(4(0)) = /¢

+(0)
In addition, integration by parts (see, e.g., Bogachev [25, Ex.5.8.112]) yields

that

l
Aslm) ¢, (dm) = A )1 () = A4 O01.0) = [ A% (m)o.(m) dm

(0,4]

Using further H(0) = H(¢4(0)) — A1 (0)¢+(0), we obtain

H(¢4 (1) = Ap (D)o (1) /e7 Z>/ ™) F"(dm) dz. (10)

Similarly, H(¢_(1)) — A_(1)¢— (1) coincides with the r.h.s. above, which ends

the proof. O
Proof (of Proposition Let us define u: R x Ry — R by

u(a, 1) = — A (D2t + A (e~ + Ax ()64 (1) — H(64 (1)) + F(Q).
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(i) We start by proving that u(x,l) > F(I)— H(z) for all z € R, [ > 0. Clearly,

the restriction of H to Ry (resp. R_) is a convex function and we have

lim H'(z) < AL(l) < lim H'(z).

a1+ (1) zlpx (1)

Thus, it holds
H(z) > Ay () (z = ¢4 (1) + H(9+ (1)), forall z>0,1>0.

This yields that u(x,l) > F(I) — H(x) for all x > 0, I > 0. Similarly, we have
H(z)>A_(D)(x—¢_(1)) + H(p_(1)), forallz<0,I>0.

Using further (), we conclude that u(z,l) > F(l) — H(z) for all z < 0, 1 > 0.

(ii) Let us show next that
T
w(Xp,Ly) = / AydXy, P—as. forallPeP.
0
Using successively 1to-Tanaka’s formula and the relation , we derive

— A (Lr)XF + A(L)X7

T 1 LT

:/ A, dthf/ (AL () —A_(1)) dl
0 2 0
T LT oo

:/ A dXt—F(LT)+F(O)—/ eﬂl)/ e 7M) B (dm) dl.
0 0 l

We deduce that

T
w(Xr, Lr) = / AydX, + Ay (Lp)oy (L) — H(by (Lr))

LT o0
+ () - / 1 / =) B (dm) dl.
0 l

The desired result follows immediately by using (10]).
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(iii) We conclude the proof as follows:
T
F(LT) - H(XT) S U(XT, LT) = / At d)(t7
0
where the first inequality comes from Part (i) above. O

Remark 3.2 We refer to Section for a comprehensive presentation of the

arguments that led us to consider the function u in the proof of Proposition|3.1

3.1.2 Optimality and Duality

In view of Corollary 3.1} the duality is achieved once we find a suitable pair
(@', ¢") such that the corresponding static strategy H* satisfies the relation
w(H*) = PH(F(L7)). In this section, we use Vallois’ solution to the SEP
to construct such a pair and to provide optimizers for both U#(F(Lr)) and
PH(F(L)).

We start by stating a proposition due to Vallois, which provides a solution to
the SEP based on the local time. Recall that (B;);>o and (LP);>0 denote a

Brownian motion and its local time at zero respectively.

Proposition 3.2 Under Assumption there exists a pair ( ﬂt, &") satisfy-

ing Assumption such that the stopping time
i=inf {t>0: By ¢ |¢"(L]), ¢ (LP)[}

rovides a solution to the SEP, i.e., B™" = (Brunt)i>0 is uniformly integrable
p > Y g

and B-,—;L ~ .

Proof We refer to Vallois [3] or Cox, Hobson and Obldj [8] for a proof. O
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Remark 3.3 If p admits a positive density p(z) w.r.t. the Lebesgue measure,

it holds

1 - ([¢" (1), ¢'L(1)])
204 (p(L(1))

¢'(dl) = L0001 (1) dl.
If we assume further that p is symmetric, then ¢/, = +¢* and
x
P (x) = / L(y)d% for all z >0
o #([y,o0)

where Y* denotes the inverse of ¢*.

The following theorem, which is the main result of this section, shows that the
pair (¢fy,¢") given by Vallois yields the duality and the optimizers for both

UH(F(Lr)) and P*(F(L)).
Theorem 3.1 Under Assumptions[3-1) and[3-3, there is no duality gap, i.e.,
PH(F(Lr)) = U*(F(Lr)) = p(H"),

where HY 1s constructed by @ from (¢!, ¢"). In addition, there exists an

optimizer P* for P*(F(Lr)) such that
T
/ Adet + HM(XT) = F(LT), P — a.s., (11)
0
where the process A" is given by with (¢, " ).

Proof (i) We start by constructing a candidate for the optimizer P#. Denote

by P# the law of the process Z = (Z;)o<i<r given by

Zt = Brup ., foralltel0,T]
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The process Z clearly is a continuous martingale w.r.t. its natural filtration
such that Zp ~ p. In other words, the probability measure P* belongs to P*.

(ii) Let us turn now to the proof of (II). We define u* : R x Ry — R by
W (o 1) = — AL + AR (e + AL QWD — HHWD) + FQ).

where A4 is given by f with (¢!}, ¢"). Since the local time is invariant

under time-change, we have
Xr = ¢4 (Lr)lixps0y + 02 (Lr)lix,<0p, PV —as.

Notice that P*(Xy = 0) = w({0}) = 0 in view of Assumption Thus,

using @ for the case X7 < 0, it holds
’I,L’u()(T7 LT) = F(LT) - H(XT), P* — a.s.
Further, Part (ii) of the proof of Proposition ensures that
T
u (X, Lt) = / AldX,, PF—as.
0

Notice that the pair (¢, ¢") satisfies Assumption in view of Proposi-
tion
(iii) To conclude, it remains to show that EF" [F(Lz)] = u(H*). This is achieved

by taking expectation in and using Lemma below. a

Lemma 3.2 With the notations of Theorem[3.]], it holds

T
/ AldX,
0

EF” =0.
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Proof This result is a slight extension of Lemma 2.1 in Cox, Hobson and
Obl6j [§]. The proof relies on similar arguments, which we repeat here for the
sake of completeness. Using the invariance of the local time under time-change,

we observe first that the desired result is equivalent to
TH
E [/ (AL (LB, 50y + AL 1, <0y) dBs| = 0.
0

For the sake of clarity, we omit the index g in the notations and we denote
L instead of L? in the rest of the proof. Let o, := inf{t > 0 : |B;| > n},
pm =1nf{t > 0: Ly > m}, Tpm := T Aon A pm, and 7, := 7 A 0, We also

denote
t
Mt = / (A+(LS)1{BS>0} + A_(Ls)l{Bﬁgo}) CIZBS7 fOI' all t Z 0.
0

From It6-Tanaka’s formula, it follows that

My = AL(L)B; = A-(L)B; — 5 [ (Ad(L) = A(L) dL.

We deduce that the stopped local martingale M ™™ is bounded. Hence, it is

a uniformly integrable martingale and we have

By [ (e - 4 o]

~E A4 (Ly, ) B~ A-(L.,,)B;, |

Tn,m Tn,m

= ]E I:(A+(LT71)B:; - Ai(LT")B"Tn) 1{"'71<Pm}:| )

where the last equality follows from B, = 0. It yields that

E [2 /OT"”" ((Ap(Ls) — A4 (0)) — (A_(Ls) — A_(0))) dLs]

=E [((A+(Lr,) = A4(0)) B = (A-(Lr,,) = A—(0)) B) 1, <py] -
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By the monotone convergence theorem, as m tends to infinity, we obtain

E B / (A4 (Le) = A4(0)) = (A~ (Ls) = A-(0)) ) dL

— E[(As(L,,) - A+(0) Bf, - (A_(L,,) — A_(0)) B;,].

Tn Tn

Then, as n tends to infinity, the 1.h.s. converges, again by the monotone con-

vergence theorem, to

B |5 [ (4420~ 400) ~ (A-(L) - A-0)) aL,

As for the r.h.s., using the fact that A4 are bounded and (Btj;\T)tzo are uni-

formly integrable, it converges to

E[(A+(L,) — A+ (0)) Bf — (A_(L,) — A_(0)) B;] < ox.

T

Hence, we obtain

E B /T (A+(Ls) = A-(Ls)) dLs| = E[A4(L;)BF — A_(L;)B],
0

where both sides are finite. This ends the proof. O

3.2 Robust Subhedging Problem

In this section, we address the robust subhedging problem. Namely, we derive
the lower bound to the no-arbitrage interval and the corresponding optimal
subhedging strategy. These results are new to the literature. The idea is to pro-
ceed along the lines of Section but to reverse the monotonicity assumption

on the functions ¢4 and ¢_.
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Assumption 3.4 ¢, :]0,00] — ]0,00] (resp. ¢— :]0,00] — ] — 00,0[) is

right-continuous and nonincreasing (resp. nondecreasing).
As in Section [2.3] we denote by 14 the right-continuous inverses of ¢+ and

T (SR N P

We also define the new functions Ay : Ry — R via (¢4, ¢_) by

Ag(l) == £F'(c0) — loo Qﬁf'(zz)eﬂf(z) /OO e V™) B (dm). (12)

3.2.1 Quasi-Sure Inequality

We start by showing the quasi-sure inequality corresponding to the subhedging
problem. Together with the second solution provided by Vallois to the SEP, it

leads to the solution of the robust subhedging problem.

Proposition 3.3 Under Assumptions and the following inequality

holds
T
/ ArdXy+ HXr) < F(Lt), P—a.s. foralPeP, (13)
0
where
At = A+(Lt)1{Xt>O} — A_ (Lt)l{XtSO]w fOT Cl” t (S [0771]7
(14)
+z
H(+z) := H(0) + At (W1 (y)) dy, for all x > 0,
0
(15)

H(0) := F(0) — /O o / e F"(dm) dz. (16)
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Corollary 3.2 Under Assumptions [3.1] and [3-, one has for any centered

probability measure p,
I"(F(Lr)) =2 D*(F(Lr)) 2 p(H).

The proof of Corollary [3:2]is identical to the proof of Corollary [3.1] However,
the proof of the quasi-sure inequality is not completely straightforward

and thus we provide some details below.
Proof (of Propositz'on Let us show first that once again we have

S AL~ A W) = F(1) + e / T e (),

H(p+ (1)) = A1 (o4 (1) = H(¢- (1) = A- (Do (1)

The first identity follows from Fubini-Tonelli’s theorem as was (8] in Lcmma

As for the second one, by change of variables and integration by parts, we have

H(¢4(00)) — H(¢+(1))

— [ Arm) ¢ (dm)

J1,00(
— A, (50)64(00) — A / ) / ") B (dm) dy.

Using further H(0) = H(¢4(00)) — A4 (00)¢4(00), we obtain

H(64 (1)) — A (D (1) / ) / ¢~ B (dm) dy.

Similarly, we can show that H(¢_ (1)) — A_(1)¢—(1) coincides with the r.h.s.
above. The rest of the proof follows by repeating the arguments of Propo-
sition using the fact that the restriction of H to Ry (resp. R_) is now

concave. 0
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3.2.2 Optimality and Duality

Using another solution to the SEP provided by Vallois, we derive the duality

and provide optimizers for both D*(F(Ly)) and I*(F(L7)).

Proposition 3.4 Under Assumption there exists a pair (¢fy,¢") satis-
fying Assumption such that B™" = (Brunt)t>o0 is uniformly integrable and

Bru ~ u, where
thi=inf {t>0: By ¢]¢" (L7), ¢'L (L)}
Proof We refer to Vallois [4] for a proof. O
Theorem 3.2 Under Assumptions[3.1] and[3.3, there is no duality gap, i.e.,
IM(F(Lr)) = D*(F(Lr)) = p(H"),

where H* is constructed by f from (¢!, ™). In addition, there exists

an optimizer P* for I*(F(Lr)) such that
T
/ Af dXt + H'LL(XT) = F(LT), P¥ — a.s.,
0
where the process A* is given by with (¢}, M).
The proof of this result is identical to the proof of Theorem |3.1

Remark 3.4 The assumption that p has no mass at zero can be dropped in
Theorem In this case, ¢+ can reach zero and we can assume w.l.o.g. that
¥4+ (0) = ¥_(0). Then we need to modify slightly the definitions of Ay by

replacing the upper bound oo in the integral term by ¥ (0).
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3.3 On the Stochastic Control Approach

As already mentioned, the results of Section [3.1| can be found in Cox, Hobson
and Obldj [8]. The actual novelty here comes from our approach which is based
on the stochastic control theory. In this section, we give some insights on the
arguments that led us to consider the quasi-sure inequality .

We start by observing that

PH(F(Lr)) = sup et {EF [F(Lr) — H(X7)] + p(H)}

< inf sup {E"[F(Ly) — H(X7)] + pu(H)}
HeL'(p) pep

Further, the Dambis-Dubins-Schwarz theorem implies (formally) that

PUF(Lr)) < | dnf ~sup {E [F(LY) — H(B:)] + u(H)}

where 7T is the collection of stopping times 7 such that B7 is a uniformly
integrable martingale. Inspired by Galichon, Henry-Labordére and Touzi [I1],
we study the problem on the r.h.s. above as it turns out to be equivalent to
the robust superhedging problem.

For any H € L!(u), we consider the optimal stopping problem

u(z,l) .= sup E,, [F(LE) — H(B,)],
TET

where E,; denotes the conditional expectation operator E [-|By = z, L§ =1].
Using the formal representation dLP? = §(B;)dt where § denotes the Dirac
delta function, the Hamilton-Jacobi-Bellman (HJB for short) equation corre-

sponding to this optimal stopping problem reads formally as

1
max (F — H —w, 5819311 + 5(33)&1;) =0. (17)
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We look for a solution of the form

a(xt + bz~ +c(l), if (x,1) € D,

F(l) — H(x), otherwise,
where D := {(z,1); z €]¢_(1), ¢+ (I)[} with ¢4 satisfying Assumption For
the sake of simplicity, we assume that ¢4 are strictly monotone such that
¢+(0) = 0 and ¢4 (0c0) = £oo and that all the functions involved are smooth
enough to allow the calculation sketched below. Differentiating twice w.r.t. to
x creates a delta function é(z) which cancels out the delta function appearing

in the term §(z)0;v provided that a —b = —2¢. Then we impose the continuity

and the smooth fit conditions at the boundary 0D:
v(éx(1),1) = F(I) — H(¢+(1)) and 9pv(d+(1),1) = —H'(¢+(1)).
We deduce that
v(@, 1) = —H'(¢+(1))a" + H'(¢- 1))z~
T+ H (64 ()64 (1) — H(g1 () + F(1), for all (a,1) € D.

In addition, the function H has to satisfy the following system of ODEs:

H'(¢4)py — H(¢y) = H'(p-)p— — H(¢p-),

(H'(¢p4) — H'(¢p-)) = F' + H"(¢4)d', ¢4

N | =

This system of ODE can be solved explicitly and it characterizes H' o ¢4 as
in up to a constant such that

% (H'(0+) — H'(0-)) = F'(0) + /0 = =00 B () dim,
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Thus H is given by (6)) if we pick H(0) = F(0). Conversely, provided that F
is convex, H is also convex on R (resp. R_). It follows that v satisfies the
variational inequality in view of Part (i) of the proof of Proposition

Further, we observe that another solution of is given by
ula 1) o= —H' 6, (D)t + H (6 ()~
+ H' (¢ (D)1 (1) — H(p4(1) + F(1), for all (z,1) € R x Ry.

Then, given any solution w to the variational PDE (17)), it is straightforward
to derive heuristically a quasi-sure inequality. Indeed, using the formal repre-

sentation dL; = 6(X;) d(X);, Itd’s formula yields for all P € P,
T
F(Ly)— H(Xr) <w(Xr,Ly) < / Osw (X5, Ls) dX5, P—as.
0

In particular, if w coincides with u, we recover the quasi-sure inequality .

Further, if we denote by P* the distribution of (B, A_t_):e[0,r] Where

re=inf{t>0: B, ¢]o_(LE), 6, (LP)[},
we obtain

T
F(Ly)— H(Xr) =u(Xr,L1) = / Oru (Xs, Ls) dXs, P* —as.
0

4 Two-Marginal Skorokhod Embedding Problem

In this section, we provide a new solution to the two-marginal SEP as an
extension of the Vallois embedding. Let u = (i1, p2) be a centered peacock,

i.e., pu1 and po are centered probability distributions such that p (f) < pa(f)
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for all f: R — R convex. We aim to construct a pair of stopping rules based on
the local time such that 7" < 73", Bu ~ 1, Bop ~ i and B™' is uniformly
integrable. A natural idea is to take the Vallois embeddings corresponding
to w1 and po. However these stopping times are not ordered in general and
thus we need to be more careful. For technical reasons, we make the following

assumption on the marginals.

Assumption 4.1 p = (u1, p2) s a centered peacock such that py and ps are

symmetric and equivalent to the Lebesgue measure.

4.1 Construction

For the first stopping time, we take the solution given by Vallois [3] that

embeds puq, i.e.,
=it {t>0: B = o} (L)},
where ¢4 : Ry — R, is the inverse of

P (z) = /Ow /j{f;% dy, for all z > 0. (18)

For the second stopping time, we look for an increasing function ¢4 : Ry — R

such that
74 :=inf {t >7 | By > qi)’QL(Lt)}

Notice that 74 < 74" by definition. In particular, if ¢4 < ¢4 on a non-empty

interval, it can happen that |B;| > ¢4 (L) for some t < 7f*. As before, ¢k is
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defined through its inverse 1. Let us denote

x1 :—inf{:c>0: [)w/j{f;%dy>wﬁ(x)}.

Then we set

“ ypa(y)
P (x) = / ——==_dy, forall xe|0,z1] (19)
? o H2([y, o0
To ensure that z; > 0, we need to assume that dp := po — 3 < 0 on a

neighborhood of zero. If 21 = oo, the construction is over. This corresponds to
the case when the Vallois embeddings are well-ordered. Otherwise, we proceed
by induction as follows:

(i) if 29,-1 < 00, we denote

T

i = inf i—1 - K i—
) n {x>x2 10 Y5 (IQ 1)+/m2i1 (5,u([y,oo[)

VoY) 4, M(x)}.

Then we set for all x €]xg;_1, xa;],

T youly) du: (20)

)

vy (@) = vy (22i-1) + / o[y, oo])

(ii) if z9; < 0o, we denote

T2i+1 ‘= ll’lf{l’ > Xo; - @/Jg(le) + /I lj{f;%dy > 1/){‘(%)}

Then we set for all x €]xa;, 2;41],

B} — M (20 * yﬂ’Q(y)
¥y (w) = 5 ( 2z)+/m ol oD dy. (21)

To ensure that ¢4 is well-defined and increasing, we need to make the following
assumption. In particular, the point (iii) below ensures that x; < x;11 and

lim; o0 x; = 00.
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Assumption 4.2 (i) op <0 and dpu £ 0 on a neighborhood of zero;
(ii) du > 0 whenever Pi* < Y&;

(iil) @; = oo for some i > 1.

Theorem 4.1 Under Assumptions and if Y& is given by 7,

then B™ is uniformly integrable and By ~ po.

The proof of this result will be performed in the next section. Notice already
that both points (i) and (ii) of Assumptionare to a certain extent necessary
conditions to ensure the existence of an increasing function ¥4 that solves the
two-marginal SEP as above. See Remark below for more details. This
suggests that one needs to relax the monotonicity assumption on 4 in order
to iterate the Vallois embedding for a larger class of marginals. However, our

approach does not allow to compute the function ¢4 in this general setting.

4.2 Proof of Theorem [.1]

Let us start by a technical lemma which is a key step in the proofs of Theo-

rem [.1] and Theorem [5.1] below.

Lemma 4.1 Let ¢ be given as in Assumption and denote

T:=inf{t >0: B ¢ ]d_(Lt), o (Ls)[}-

For any f : R x Ry — R bounded such that | — f(¢+(1),1) is of bounded

variation, it holds for all1 >0, z €]o_(1), o4+ (1)[,

ol (B o)) = LED = JODY =D,
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where B, ; denotes the conditional expectation operator E[-|By = x, Ly = 1] and

= EO [ (fGim)m)  f(o-(m)m)
== /l ( 1(m) ¢—(m) ) "

Proof Let (My);>0 be the process given by

M, = f(o4(Lt), Lt) — C(Lt)Bj _

¢+ (Lt)

f(d—(Lt), Lt) — c(Ly)

b (Ly) B + c(Ly).

By applying It6-Tanaka’s formula and using further

(1) +

1 (f(¢>+(l),l) —cl) _ flo-(), 1) = C(l)) —0

2 o+ () o)

we deduce that

t —
Mt _ MO +/ f(¢+(L;)aLs) C(Ls) 1{BS>0} dBS
0

+(Ls)
' f ((ZS*(LS)?LS) - C(Ls)
+/o o_(Ly) 1{B.<0y dB;.

Hence, the process M is a local martingale. Further, the stopped process M™

is bounded since ||¢||oc < ||flloo and |BE,,| < ¢+ (Lra¢)|. It follows that

[+ (D), ) —cl) o+ flo-—(1),)) —c(l) _
E.;[M;] =My = _ 0.
@ [Mr] = Mo . () x o 1) ™ +c(l)
To conclude, it remains to see that M, = f(B,, L;) by definition. O

We are now in a position to complete the proof of Theorem For the sake
of clarity, we omit the index p in the notations and we split the proof in three
steps.

First step. We start by showing that the distribution of B,, admits a density
w.r.t. the Lebesgue measure. Let us assume here that the function 5 is in-

creasing and satisfies 72(0+) = 0 and y2(00) = oo where v := [; m dm.
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This will be proved in Step 3 below. Notice first that the distribution of B, is
symmetric by construction. By the strong Markov property and Lemma 4.1

if we take the function A(y) = 1y,<,) for some 2 > 0, it holds

f (218370 e—wq(l) dl7
1

EM (Bl =E[f (Br. L) =/0°°
where

A=Wy 4 (1), if [y < pa (1),
2
fy,1) =

Alyl), otherwise,

c(l) == 2 /loo )‘gfs;r;))ew(m)dm.

By a straightforward calculation, we get

C(Z) = (1 - 672(1)772(1&2(30))) l{lﬁwz(w)}a

(14 0220200 (90— 1)) 1y, oy, i 61(0) < 6200,

f(@1(),1) =
i<y (@)} otherwise.
Hence, we obtain
P(|B.,| <z)= 6—72(1/)2(7;))/ L 1< (a)) derzM=1(0)
{p1<¢2}

- / i<y (ayy de” 0 = / i<y (ayy de” 0.
{p1<p2} {p12>¢2}

We deduce by direct differentiation of the identity above that the distribution

of B, admits a density v w.r.t. the Lebesgue measure given by

Va(®) (go0y o =) if 4y (2 x
v(az)={ 2= ( @)+ ) pile) = wale). (22)

/ /
w;i(z)e*"ll(wl(l)) + wzi(x)s(;p) otherwise,
T T
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where

S(zx) := _e—Vz(T/Jz(ac))/ L{<yo(a)} der2W=—n ()
{p1<d2}

Second step. Let us show now that v coincides with ps when ¢ is defined

as 7. Notice first that the relation yields that

e~ W1(@) — o= J5 P dy

=2u1([z,0]), forall z € R,.

Using further the identities and , it follows that

(@) oo i 2 €2y, Toyan
V(;C) = /”LQ([x7OODS2Z( ) f E] (2] 1+ ],
O0ul®) oy e e

i (z) + M([%OODSQM( ) if 2 €]zaiit, T2isa).

where we denote [; := 91 (x;) = ¥2(x;) and
o2 (@) _
) __ _ (15)—71(15)
Si(x) == 5 Z( 1)7er2t)=m),
J=0
To conclude, it remains to show that Sa;(x) = pa([z, 0o[) for all z € [r2;, T2i+1]

and Sy;11(x) = ou([z,00]) for all € [xo;41,x242]. As a by-product, this

proves that
op([r,00]) >0, for all z € [T241,Z2i42], (23)

and thus 15 is well-defined. For ¢ = 0, it follows from the relation that

e~ V2(¥2(2))

So(z) = 5

= po([z,00[), for all z € [0, 2]

Assume that Sg;(r) = p2([z, 00[) for all x € [z2;, x2i41]. It results from the
relation that

=12 (a(@) +ra(lain) _ 0P, 000)

for all i1y T2isa).
5M([$2i+1’oo[), or a .IG[.IQ +1,T2 +2]
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Hence, we deduce that for all x € [z;41, Z2i12],

=71 (l2i41)
Soiv1(z) = e~ 12(b2(@)+y2(l2i41) <S2i (T2i41) — e 5 ) = 5#([757 OOD

Further, it results from the relation that

o2 (b2 (@)+ra(laie) _ _ HM2([2,00)

, forall x € [T9;19,T213].
p2([T2i42, 00[) [2iv2: Taital

Hence, we deduce that for all x € [zg;42, Z2;13],

e~ V1(l2it2)

Saipa(r) = e 122l <52¢+1 (Z2i42) + 5

) = palle.x).
Third step. We are now in a position to complete the proof. The relation
clearly imposes that 1y is increasing on every interval such that ¥ > s.
Under Assumption (ii), the relation together with ensures that
1o is increasing on every interval such that 11 < 9. In addition, it follows
immediately from that y2(0+) = 0. Further, in view of Assumption
(iii), one easily checks by a straightforward calculation that y3(c0) = oo. It
remains to prove that the stopped process B™ is uniformly integrable. Since
|Binr,| < |Br,| for all ¢ > 0, the uniform integrability follows immediately

from the assumption that ps admits a finite first moment. O

Remark 4.1 The first step of the proof does not rely on the specific form of
the increasing function ;. For this reason, the relation sheds new light
on Assumption [.2] For instance, if 1)1 < 12 near zero, then we see that v =

near zero. Else 1o = fo UE’[Z((?QD

dy near zero. Thus, one cannot expect to solve
the two-marginal SEP as above, if §u > 0 and du # 0 on a neighborhood of
zero. In addition, since S > 0 by construction, we deduce that 15 is increasing

if and only if v — p; > 0 whenever 1 < 5.
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4.3 A Numerical Example

As an example, we consider the pair of symmetric densities (11, t2) given by

p1(z) :=e 2 for all z >0,

5zt
Sadem i, ifo<z<l,
p2 (@) =
a(z )
e” 2 4 ou(1)x® 2™ a1 | ifx > 1,

a—1_;

where « is a parameter satisfying du(l) = adpu([1,00[). The corresponding

embedding maps 4" and ¥4 are given by

z°, fo<z <1,

)

B(z):=2% and o4 (x):=

z®, ifx>1.

All the assumptions in Theorem are satisfied as can be seen in Figure

Fig. 1 Embedding functions 11 (dotted line), ¥ (solid line) and the difference of densities

op (dashed line).
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In Figure[2] we provide a comparison of the analytical cumulative distributions
of B.# and B p with their Monte-Carlo estimations using 217 paths. We find
a very good match except on a neighborhood of zero. Note that the simulation
of 7 and 74" are quite difficult as we need to simulate the local time of

a Brownian motion, which is a highly irregular object. We have chosen to

simulate the local time Lja; at a time step kAt using

At
Lgat — Lik—1)at = EI{B(k_l)AtE[—e,e]}
with € = 0.04 and At = 1/4000. Since the derivatives of ¢* and ¢4 are infi-
nite at zero, the accuracy of our Monte Carlo estimations near zero depends
strongly on the discretization of the local time, which explains the small mis-

match in Figure

> CumulativeDensity_1 (MC)

o CumulativeDensity_1 (ANALYTICAL)

» CumulativeDensity_2 (ANALYTICAL)

CumulativeDensity_2 (MC)

0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20 1.30 1.40 1.50 1.60 170 1.80 1.90 2.00 2.10

Fig. 2 Analytic cumulative distributions of p1 () and p2 (X), and their Monte Carlo

approximations for p1 (¢) and pa (A).



Some Results on Skorokhod Embedding and Robust Hedging with Local Time 39

5 A Remarkable Markov Martingale with Full Marginals

In this section, we exhibit a remarkable Markov martingale under the assump-
tion that all the marginals of the process are known. In particular, it provides

a new example of fake Brownian motion.

5.1 Infinitesimal Generator

We consider that all the marginals (u;)o<¢<r of the process are known. For
the sake of simplicity, we assume that u; is symmetric and equivalent to the
Lebesgue measure for every t € [0,7T]. Denote by 7; (resp. ¢¢) the stopping

time (resp. the map) given by Vallois [3] that embed the distribution p;.
Assumption 5.1 For all0 < s <t <T, 75 <1, or equivalently, ¢s < ¢y.

The next result gives the generator of the Markov process (B, )o<i<7. It is
analogous to the study of Madan and Yor [16] with the Azéma-Yor solution to
the SEP. In particular, the process (B, )o<i<7 is a pure jump process, which

corresponds to an example of local Lévy model introduced in Carr et al. [26].

Theorem 5.1 Under Assumption (Br, )o<t<T 15 an inhomogeneous Markov

martingale whose generator is given by

£of(x) = - 2ellzl) (Sgn(a?)f’(x)

Oz r(|x])
/OO (f(y) + f(~y) - 2f(g;))dew(wt(y)>> ,

e ela)

where (1) == fé ﬁm) dm, 1> 0.
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Proof The process (B, )o<i<r is clearly an inhomogeneous Markov martin-
gale, see Madan and Yor [I6] for more details. It remains to compute the

generator. For each 0 <t < s < T, we denote

B"’t = ZL'] = ]E[f(B'rq)

By, =, Lr, = $u(|2)] = v(x, pu(|2])).
Then it follows from Lemma [L1] that

v(@,Ye(|z])) = as o ve(|z]) ™ +bs o vy (|z]) 27 + 5 0 Y (|2])
with

f( - ¢s(l)) - Cs(l)

9

bs(l) ==

X0)
oy D L (@sm) + (= 0s(m) oy
()= =5 /l bs(m) -

By definition, the generator is given by, for all x € R,
Lif(x) = dpar o hy(|]) x4+ dyby o Yy (|2]) 2™ + Bpey 0 hy(|]).

Differentiating the relation ¢; o ¥ (|z|) = |x| w.r.t. t, we obtain

Wp(|z])
Ordy o Py(|z]) + atnlzl) 0.

Using the formula above, a straightforward calculation yields that for all x > 0,

_ O ()

T Ogap 0 Py(w) = (f(x) — o ti(7)

X

ax¢t($) - f/(l‘)> - 6,58,5 o '(/Jt(l‘)

Similarly, it holds for all x < 0,

— T 0Oby 0 wt(—f)

_ Oy (—) (f(x) — ¢y 0 Yy (—x)
8xwt(_x) -

+ f’(x)) — Oyc 0 Py (—1).
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Hence, we obtain

O (|])
L @) = 5 bual) (

f(x) = cr o gi(lz])

||

~s(a) (@)
The desired result follows by using further

vwowe(al) (% £(y) 4 F(—
ce o P(la]) = e . ; f(y) yf( y)ax¢t(y)e—ytowt(y)dy

topy(|z|)  poo
=S [ U s,

5.2 Fake Brownian Motion

As an application, we provide a new example of fake Brownian motion. If

(it )o<i<T is a continuous Gaussian peacock, i.e.,

1 2
pe(x) = \/ﬁe_ﬂ, for all t € [0,T] and = € R,

it satisfies Assumption [5.1] in view of Lemma below. Then the process
(B, )o<i<t is a fake Brownian motion, i.e., a Markov martingale with the
same marginal distributions as a Brownian motion that is not a Brownian

motion.

Lemma 5.1 If (u)o<i<t i a continuous Gaussian peacock, then the map

t — () is decreasing for all x > 0.

Proof For the sake of clarity, we denote Ry(z) := u¢([x, 00[) in this proof. By

integration by parts, it holds for all x > 0,

(Tymely) zo Ry (y)
wtr) = | = | lg(Rtm)dy‘
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Further, by change of variable, we have R;(z) = Rl(%). To conclude, it is

Ri(ty)
R (tx)

clearly enough to prove that the map ¢ — is increasing for all x > 0 and
0 < y < z. By direct differentiation, we see that its derivative has the same

sign as

1242 o0 _ 22 _ 22 & _ 22
re 2 e 2Tdz—ye "2 e 2dz
ty tx

L[ () i),
t

zy

It remains to observe that the quantity above is positive since

2

2
z z
?+t2x2<y—2+t2 2 forall z>txy, 0 <y <z and z > 0. a

6 Conclusions

This paper makes contribution on several topics related to the Vallois embed-
ding and its applications. In particular, we provide a complete study of the
robust hedging problem for options on local time in the one-marginal case by
using the stochastic control approach. In addition, we derive a new solution to
the two-marginal Skorokhod embedding when the marginal distributions are
symmetric. Under appropriate assumptions, we compute the corresponding
monotone embedding functions. A natural direction for future research is to
relax the monotonicity assumption in order to embed more marginals. Besides
it would be of interest to iterate the stochastic control approach to deal with
the multi-marginal robust hedging problem in the spirit of Henry-Labordere
et al. [12]. However the problem is less tractable than one might hope and we

have not yet been able to provide a complete solution.
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