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ABSTRACT. We introduce StoDCuP (Stochastic Dynamic Cutting Plane), an extension of the Stochastic
Dual Dynamic Programming (SDDP) algorithm to solve multistage stochastic convex optimization problems.
At each iteration, the algorithm builds lower bounding affine functions not only for the cost-to-go functions,
as SDDP does, but also for some or all nonlinear cost and constraint functions. We show the almost sure
convergence of StoDCuP. We also introduce an inexact variant of StoDCuP where all subproblems are solved
approximately (with bounded errors) and show the almost sure convergence of this variant for vanishing
errors. Finally, numerical experiments are presented on nondifferentiable multistage stochastic programs
where Inexact StoDCuP computes a good approximate policy quicker than StoDCuP while SDDP and the
previous inexact variant of SDDP combined with Mosek library to solve subproblems were not able to solve
the differentiable reformulation of the problem.
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1. INTRODUCTION

Risk-neutral multistage stochastic programs (MSPs) aim at minimizing the expected value of the total cost
over a given optimization period of T" stages while satisfying almost surely for every stage some constraints
depending on an underlying stochastic process. These optimization problems are useful for many real-life
applications but are challenging to solve, see for instance [33] and references therein for a thorough discussion
on MSPs. Popular solution methods for MSPs are based on decomposition techniques such as Approximate
Dynamic Programming [27], Lagrangian relaxation, or Stochastic Dual Dynamic Programming (SDDP) [23].
SDDP is a sampling-based extension of [3], itself a multistage extension of the L-shaped method [35]. The
SDDP method builds linearizations of the convex cost-to-go functions at trial points computed on scenarios of
the underlying stochastic process generated randomly along iterations. The use of such cutting plane models
for the objective function in the context of deterministic convex optimization dates back to Kelley’s cutting
plane method [I6] and has later been extended in many variants such as subgradient [17], bundle [I8], [20],
and level [2T] variants. Kelley’s algorithm was also generalized by Benders to solve [2] mixed-variables
programming problems. Recently, several enhancements of SDDP have been proposed, see for instance [32],
[12], [24], [19] for risk-averse variants, [26], [5], [6] for convergence analysis, [34] for the application of SDDP
to periodic stochastic programs, and [22], [8] to speed up the convergence of the method. In particular, in
[8], Inexact SDDP was proposed, which incorporates inexact cuts in SDDP (for both linear and nonlinear
programs). The idea of Inexact SDDP is to allow us to solve approximately some or all primal and dual
subproblems in the forward and backward passes of SDDP. This extension and the study of Inexact SDDP
was motivated by the following reasons:

(i) solving to a very high accuracy nonlinear programs can take a significant amount of time or may even
be impossible whereas linear programs (of similar sizes) can be solved exactly or to high accuracy
quicker. Examples of convex but challenging to solve subproblems include semidefinite programs [36],
quadratically constrained quadratic programs with degenerate quadratic forms (see the numerical
experiments of Section , or some high dimensional nondifferentiable problems. For subproblems
where it is difficult or impossible to get optimal solutions, if we are able to provide a feasible primal-
dual solution, we should be able to derive an extension of SDDP, i.e., cuts for the cost-to-go functions,



from approximate subproblem primal-dual solutions. Therefore one has to study how to extend the
SDDP algorithm to still derive valid cuts and a converging Inexact SDDP or an Inexact SDDP with
controlled accuracy when only approximate primal and dual solutions are computed for nonlinear
MSPs.

(ii) As explained in [8], numerical experiments (see for instance [7] [I0, [15]) indicate that very loose cuts
are computed in the first iterations of SDDP and it may be useful to compute with less accuracy
these cuts for the first iterations. Using this strategy, it was shown in [8] that for several instances
of a portfolio problem, Inexact SDDP can converge (i.e., satisfy the stopping criterion) quicker than
SDDP.

In this paper, we extend [§] in two ways:

e a natural way of taking advantage of observation (i) above in the context of SDDP applied to
nonlinear problems, consists in linearizing some or all nonlinear objective and constraint functions
of the subproblems solved along the iterations of the method at the optimal solutions of these
subproblems. When all nonlinear functions are linearized, all subproblems solved in the iterations
of SDDP are linear programs which allows us to avoid having to solve difficult problems that cannot
be solved with high accuracy. However, to the best of our knowledge, this variant of SDDP, that we
term as StoDCuP (Stochastic Dynamic Cutting Plane) has not been proposed and studied so far in
the literature (SDDP does build linearizations for the cost-to-go functions but not for some or all of
the remaining nonlinear objective and constraint functions). In this context, the goal of this paper
is to propose and study StoDCuP.

e As far as (ii) is concerned, it is interesting to notice that it is easy to incorporate inexact cuts
in StoDCuP (i.e., to derive an inexact variant of StoDCuP), control the quality of these cuts (see
Lemma , and show the convergence of this method (see Theorem below). This comes from
the fact that we can easily compute a cut for the value function of a linear program (and in StoDCuP
all subproblems solved are linear programs) from any feasible primal-dual solution since the corre-
sponding dual objective is linear, see Proposition 2.1 in [§]. On the contrary, deriving valid (inexact)
cuts from approximate primal-dual solutions of the subproblems solved in SDDP applied to nonlinear
problems and showing the convergence of the corresponding variant of Inexact SDDP is technical
and the computation of inexact cuts may require solving additional subproblems, see [8] for details.
Moreover, Inexact SDDP from [8] applies to differentiable multistage convex stochastic programs
while both StoDCuP and Inexact StoDCuP apply to more general differentiable or nondifferentiable
multistage convex stochastic programs.

The outline of the paper is the following. To ease the presentation and analysis of StoDCuP, we start
in Section [2| with its deterministic counterpart, called DCuP (Dynamic Cutting Plane) which solves convex
Dynamic Programming equations linearizing cost-to-go, constraint, and objective functions. Starting with
the deterministic case allows us to focus on the differences between traditional Dual Dynamic Programming
and its convergence analysis with DCuP and its convergence analysis. In Section 3| we introduce forward
StoDCuP and prove the almost sure convergence of the method. In Section[4 we present Inexact StoDCuP,
an inexact variant of StoDCuP which builds inexact cuts on the basis of approximate primal-dual solutions
of the subproblems solved along the iterations of the method. We also prove the almost sure convergence
of Inexact StoDCuP for vanishing noises. Our convergence proofs of DCuP and StoDCuP are based on the
convergence analysis of SDDP for nonlinear problems in [6] but additional technical results are needed due
to the linearizations of cost and constraint functions, see Lemma [2.1}(c),(d), Lemma Lemma [2.4}(b),
Theorem [2.6}(i),(ii), Lemma [3.4}(c), Lemmas and Theorem [3.9] Finally, numerical experiments
are presented in Section [5] on nondifferentiable multistage stochastic programs. Two variants of Inexact
StoDCuP are presented: with and without cut selection strategies. In all instances tested, at least one
inexact variant computes a good approximate policy quicker than StoDCuP while SDDP and the previous
inexact variant of SDDP from [§] combined with Mosck library to solve subproblems were not able to solve
a differentiable reformulation of the problem (recall that such reformulation is necessary to use the inexact
variant of SDDP from [8] which applies to differentiable stochastic programs).

We will use the following notation:



e For a real-valued convex function f, we denote by ¢;(-; z) an arbitrary lower bounding linearization
of f at xo, i.e., €5(-;20) = f(x0) + s5(w0) T (- — o) where sf(z¢) is an arbitrary subgradient of f at
Zo-

The domain of a point to set operator T': A = B is given by Dom(T")= {a € A : T(a) # 0}.

For vectors =,y € R", (x,y) = x "y is the usual scalar product between z and y.

For a € R", B(a;e) = {x € R": ||z — al|2 < &}

The domain of a convex function f: X — (—o00,00] is dom(f) = {z € X : f(z) < oo}.

The relative interior ri X of a set X is the set {x € X : 3¢ > 0: B(z;¢) N Aff(X) C X}.

The subdifferential of the convex function f : X — (—o0,00] at x is

Of(@) ={s: fly) = f(x) + (s,y — ) Vy € X}.
e The indicator function dx(-) of the set X is given by dx(x) =0 if x € X and dx(x) = oo otherwise.
A function f:R™ — (—o0, 0] is proper if there is « such that f(z) is finite.
e e is a vector of ones whose dimension depends on the context.

2. THE DCuUP (DyNaMIC CUTTING PLANE) ALGORITHM

2.1. Problem formulation and assumptions. Given xy € R™, consider the optimization problem

T
inf th(xt;xt—l)
(2.1) oo €RT
gt(:ct,xt_l) S 0, Atxt + tht—l = bt, t= 1, e ,T,
Ty € Xt, t= 1,...,T,

where A; and B; are matrices of appropriate dimensions, f; : R® x R" — (—o0, 0] and ¢g; : R” x R"* —
(—00, 00]P. In this problem, for each step ¢, we have nonlinear and linear coupling constraints, g;(z;, z;—1) < 0
and A;xy + Byxy_1 = b respectively, and set constraints x; € AX;. Without loss of generality, nonlinear
noncoupling constraints h(x;) < 0 can be dealt with by incorporating them into the constraint g;(z¢, x:—1) <
0. For convenience, we use the short notation

(2.2) Xi(wp—r) ={xr € & ¢ ge(wy,w01) <0, Ay + Byxy_y = by}
and
(23) Xto(l'tfl) = Xt(xt,l) Nri Xt.

With this notation, the dynamic programming equations corresponding to problem ([2.1)) are

(2.4) O(rs1) = { xjgugn Fi(xe, xe-1) i= fe(@e, xp—1) + Qeg1 ()

xt € Xe(2e—1),

fort =1,...,T, and Qr41 = 0. The cost-to-go function Q;y;(x;) represents the optimal total cost for time
steps t + 1,...,T, starting from state x; at the beginning of step ¢ + 1. Clearly, it follows from the above
definition that

(2.5) Dom(X}) Cc Dom(X;) Vt=1,...,T.

Setting Xy = {x0}, the following assumptions are made throughout this section.

Assumption (H1):
1) Fort=1,...,T:
a) A; C R™ is nonempty, convex, and compact;
b) f; is a proper lower-semicontinuous convex function such that Xy xX;—1 C int (dom(fy));
¢) each of the p components gy;,7 = 1,...,p, of g; is a proper lower-semicontinuous convex function
such that Xy xX;_; C int (dom(gy;)).
2) Xi(z0) # 0 and X,—; C int [Dom(X})] for every t =2,...,T.

The following simple lemma states a few consequences of the above assumptions.

Lemma 2.1. The following statements hold:



(a) for everyt=1,...,T, Qi1 is a convex function such that
X C int (dom(Q¢41));

(b) for everyt=1,...,T, Qiy1 is Lipschitz continuous on Xy;
(c) foreveryt=1,....,T,i=1,...,p, and (x4, x4—1) € X xX_1,

Oft(xe,x4-1) # 0, Ogti(ws, T4-1) # 0;
(d) foreveryt=1,...,T,i=1,...,p, the sets

U{0f@nzi1) : (@ we1) € XixX 1}, | J{0ge (e, me1) ¢ (@, 201) € Xix Xy}
are bounded.

Proof: (a) The proof is by backward induction on ¢. The result clearly holds for ¢ = T since Q41 = 0.
Assume now that Q1 is a convex function such that X; C int (dom(Q;4+1)) for some 2 < ¢ < T. Then,
condition 1) of Assumption (H1) implies that the function (2, 2;_1) = Fi(2¢,2t—1)+0x,(2,_,)(2¢) is convex.
This conclusion together with the definition of Q; and the discussion following Theorem 5.7 of [28] then imply
that Q; is a convex function. Moreover, conditions 1)b) and 2) of Assumption (H1) and relation imply
that there exists € > 0 such that for every x;_1 € X;_1 + B(O7 £),

dom(fy(,ze-1)) D Xy,  Xi(wi_1) # 0.
The induction hypothesis, the latter observation, and relations and , then imply that
Xi(zy—1) Ndom(Fy (-, x4—1)) = Xy(wp—1) Ndom(fi (-, z¢—1)) Ndom(Qy11) D X¢(w4—1) N Xy = Xy(24—1) £ 0
for every x;_1 € X;_1 + B(0,¢). Since by ,
dom(Q;) = {z4—1 € R" : Xy(x4—1) Ndom(Fy(-,x4—1)) # 0},

we then conclude that X;_; + B(0,e) C dom(Q;), and hence that X;_; C int (dom(Q;)). We have thus
proved that (a) holds.

b) This statement follows from statement a) and Theorem 10.4 of [28§].

c-d) These two statements follow from conditions 1)a), 1)b) and 1)c¢) of Assumption (H1) together with

Theorem 23.4 and 24.7 of [28]. L]
2.2. Forward DCuP. Before formally describing the DCuP algorithm, we give some motivation for it. At
iteration k£ > 1 and stage t = 1,..., T, the algorithm uses the following approximation to the function Q(-)
defined in (2.4)):

(2.6) OF Nay—1) = min { fF (@, 2m1) + Qi () t v € X Hwe1) }

where

(2.7) X N aemr) = {z € Xyt gf (@, mm1) <0, Ay + Brag—q = by}

and ftk_l7 gf_l, and Qf_:ll are polyhedral functions minorizing f;, g: and Qq1, respectively, i.e.,

(2.8) ftk_l < fi Qf_l < g+, Q,’f;ll < Qi

For t = T'+ 1, we actually assume that Q’%jrll = 0, and hence that Q% = Q1. Moreover, we also assume

that Q’;;ll = 0, and hence Qf}jrll = Or41.
Observe that for every £ >0, ¢t =1,--- T, and x;_1 € X;_1, relations and imply that
(2.9) Xi(zi-1) C XF(2i1) C X
and
1) + Qi () < filam1) + Qs (),
and hence that

(2.10) 9y <Q, Vt=1,2,...,T, Vk>0.
At iteration k, feasible points z¥, ..., % are computed recursively as follows: for t = 1,...,T, z¥ is set to be

an optimal solution of subproblem (2.6)) with z;_; = z}_; with the convention that z& = z. These points in
turn are used to compute new affine functions minorizing f;, g; and Q; which are then added to the bundle



of affine functions describing ft , gf 1 and fol to obtain new lower bounding approximations fF, gF,

and QF for fi, g, and Q, respectively.
The precise description of DCuP algorithm is as follows.

DCuP (Dynamic Cutting Plane) with linearizations computed in a forward pass.

Step 0. Initialization. For every t = 1,...,T, let affine functions f{ and g¢¥ such that f) < f; and
g,? < g, and a piecewise linear function Q? : X;—1 — R such that Q‘t) < Q; be given. We write Q? as
Q(wy—1) =09 + (BY, 24_1), set Q%H =0,and k= 1.

Step 1. Forward pass. Set C} , = QF | =0and f = zo. Fort =1,2,...,T, do:

a) find an optimal solution z¥ of

inf f z, 2 )+ 0
(211) Qb1 = { Witk S i) + Qi)
€ X1k ),
where X[ (-) is as in (2.7);
b) compute function values and subgradients of f; and gy, = 1,...,p, at (z§,2F ), and let £, (+; (zF, ¥ _,))
and £, (; (zF,25_1)) denote the corresponding linearizations;
c) set
(212) g = max (70 4y ()i @k at) ),
(2'13) gZ = Inax (gfi_lv Kgm (('7');(1"?’1‘?—1)))) Vi=1,...,p,

and define gf = (gfp cee 7gilfcp);
d) if t > 2, then compute Bf S 3Qk_1(xf_1) and denote the corresponding linearization of Qf_l as

CE() = Qk Haty) + (BF - — 2ty
moreover, set
(2.14) O = max{QF ' ck};
Step 2. Set k < k+ 1 and go to Step 1.

We now make a few remarks about DCuP. First, Lemma c¢) guarantees the existence of the subgradi-
ents, and hence the linearizations, of the functions f; and gy, i = 1,...,p, at any point (z;, zi—1) € Xy X Xj—1,
and hence that the functions fF and gF in Step 1 are well-defined. Second, in view of the definition of xf
in Step a), we have that zf € X/ '(zF ;) C &, for every t = 1,...,T and k > 0. Third, Lemma b)
below and the previous remark guarantee the existence of the subgradient 8F in Step d). Fourth, we dicuss
in Subsection ways of computing this subgradient.

In the remaining part of this subsection, we provide the convergence analysis of DCuP. The following
result states some basic properties about the functions involved in DCuP.

Lemma 2.2. The following statements hold:
(a) for everyk>1andt=1,...,T, we have

(2.15) <Y< o <o <ge

(2.16) Xi(zio1) C XN (@e1) € XF(zp_1) C Xy Vg €R™,
(2.17) Qf_H < erll < Qi1

(2.18) o< oitt <o,

(b) Foreveryk >1andt=2,...,T, function Qf is convez and int (dom(gf)) D Xi_1; as a consequence,
agf(xt,l) %0 for every vy 1 € X;_1.



Proof: (a) Relations (2.15) and (2.16] follow immediately from the initialization of DCuP described in step
0, the recursive definitions of fF and gf in (2.12) and (2.13), respectively, the definition of XF(-) in (2.7),

and the fact that
Cr(C)s (@f et 1) S fil)y Lo ()i (2, 28y) < gui(-o).

Next note that the inequalities in follow immediately from the respective ones in , and
, together with relations and . It then remains to show that the inequalities in (2.17)) hold.
Indeed, the inequality QF ; < Qt_fll follows immediately from with ¢t =t 4+ 1. We will now show
that inequalities QF < Q; for every t = 2,...,T + 1 implies that Qf“ < Q for every t = 2,...,T + 1,
and hence that the second inequality in follows from a simple inductive argument on k. Indeed, first
observe that the inequality Qf "1 < Q41 implies that Qf < @;. Next observe that the construction of Cf“
in Step d) of DCuP implies that CFH! < Qf, and hence that CF*' < Q,. It then follows from and
the inequality Qf < @, that Qf“ < Q;. We have thus shown that Qf < Qi foreveryt =2,...,T+1
implies that Qf'H < @, for every t = 2,...,T. Since the latter inequality for t = T + 1 is straightforward
and Q9 < Q, fort =2,...,T, follows.

(b) The assertion that QF is a convex function follows from the fact that QF "1 is convex and the same
arguments used in Lemma to show that Q; is convex. The assertion that dom(gf) D A;_; follows from
the fact that by we have gf < @9, and hence that

int (dom(gf)) D int (dom(Q;)) D Xi—1,

where the last inclusion is due to Lemma [2.1](a). L]
The following technical result is useful to establish uniform Lipschitz continuity of convex functions.

Lemma 2.3. Assume that ¢~ and ¢+ are proper conver functions such that ¢~ < ¢T. Then, for any
nonempty compact set K C int (dom(¢™)), there ewists a scalar L = L(K) > 0 satisfying the following
property: any convex function ¢ such that ¢~ < ¢ < ¢T is L-Lipschitz continuous on K.

Proof: Let ¢ be a convex function such that ¢~ < ¢ < ¢* and let K C int (dom(¢™)) be a nonempty
compact set. Since ¢~ and ¢T are proper, it then follows that ¢ is proper and dom(¢) > dom(¢™), and
hence that int (dom(¢~)) D int (dom(¢)) D int (dom(¢™)) D K. Hence, in view of Theorem 23.4 of [28], we
conclude that d¢(x) # 0 for every x € K. We now claim that there exists L such that ||8]] < L for every
B € 9¢(x) and x € K. This claim in turn can be easily seen to imply that the conclusion of the lemma
holds. To show the claim, let z € K and 0 # 8 € d¢(z) be given. The inclusion K C int (dom(¢™)) implies
the existence of € > 0 such that K. := K + B(0;¢) C int (dom(¢™)). Let

Ye =T + 5|g||’ 0" = max oT(y), 07 = min o~ ().
Clearly, y. € K. due to the definition of K, and the facts that x € K and ||y. — || < . Moreover, using the
fact that every proper convex function is continuous in the interior of its domain, we then conclude that the
proper convex functions ¢ and ¢~ are continuous on K. and K, respectively, since these two sets lie in the
interior of their domains, respectively. Hence, it follows from Weierstrass’ theorem that 8 and 6~ are both
finite due to the compactness of K and K., respectively. Using the facts that € K, y. € K., 8 € 0¢(x)
and ¢T > ¢, the definitions of 7 and #~, and the definition of subgradient, it then follows that

07 > o™ (y) = d(ye) = ¢(x) + (B,ye — x) = ¢(x) +e]|B] = 07 + ||
and hence that the claim holds with L = (6t —67) /e. L]

Lemma 2.4. The following statements hold:
(a) For each t = 2,...,T, there exist Ly > 0 such that the functions QF and Qf are Li-Lipschitz
continuous on Xy;_1 for every k > 1;
(b) For eacht=1,...,T, there exist Ly > 0 such that the functions fF and gF. are Iit—Lipschitz contin-
uous functions on Xy X Xy_1 for every k>1 andi=1,...,p.

Proof: Let t € {2,...,T} be given. The existence of L; satisfying (a) follows from Lemmas and and
applying Lemma twice, the first time with K = X, 1, ¢7 = Q; and ¢~ = Q?, and the second time with



K=X_1,¢"7 = Q;and ¢ = QO Moreover, the existence of L, satisfying (b) follows from Lemma [2
and applying Lemman twice, the first time with K = X, x X;_1, ¢7 = f; and ¢~ = f?, and the second
time with K = X, x X;_1, 67 = gy and ¢~ = g% fori =1,...,p. ]

We now state a result whose proof is given in Lemma 5.2 of [5]. Even though the latter result assumes
convexity of the functions involved in its statement, its proof does not make use of this assumption. For this
reason, we state the result here in a slightly more general way than it is stated in Lemma 5.2 of [5].

Lemma 2.5. Lemma 5.2 in [5]. Assume that Y C R™ is a compact set, f : R" — (—o00,00] is a function
and {fr : R™ — (00, 00]}32, is a sequence of functions such that, for some integer ko > 0 and scalar L > 0,
we have:

(a) fFPo(y) < fR(y) < f(y) < oo for every k > ko +1 and y € Y;
(b) f* is L-Lipschitz continuous on'Y for every k > 1.

Then, for any infinite sequence {y*}32, C'Y, we have

im [f(y*) = (") =0 lim [f(y*)— "] =0

k—+oo k—+oco
We are now ready to provide the main result of this subsection, i.e., the convergence analysis of DCuP.
Theorem 2.6. Let Assumption (H1) hold. Define
(7') m gti(x§7x§71)§0, i:17'~~7p7
k—+4o00
(i)  lim Qi(zf,) —g’;*l(a:’; 1) = lim Qi(af 1) — Q (zf1) =0,
k—+o00o — 400

(441) hm Qi (zf 1) ZfT ak, k) =0,
(iv) kgrfoo Qu(zh_y) — Qt (l’t—l) =0.

Then H(t)-(i) holds for t = 1,...,T, H(t)-(ii),(%i) hold for t = 1,....,T + 1, and H(t)-(iv) holds for
t=2,...,T+1. In particular, the limit of the sequence of upper bounds (23;1 fe(zk aF ))e>1 and of lower
bounds (Q’ffl(xo))kzl is the optimal value Q1(xo) of (2.1) and any accumulation point of the sequence
(z%,...,2k) is an optimal solution to ([2.1)).

Proof: We first prove H(t)-(i) for t = 1,...,T. Let t € {1,...,T} be given and define the sequence {yF} as

yk = (zF,2F ) for every k > 1. In view of Lemma we have 9 (YF) > gh(yF) > Ly, (WFyF) = griyr),

and hence

(2.19) 9t (W) = ge(yr), Yk > 1.
Due to Lemma (b), functions g~ are convex Ly-Lipschitz continuous on X, xX;_;. Therefore, recalling

([2.19), we can apply Lemmato f=gu, fF=9F y*=yF Y = X;xX,_, fori=1,...,p, to obtain

(2.20) hmka+oogt(33f7mf 1) — gf 1(@730? 1) =0.

The latter conclusion together with the fact that #¥ € XF~!(zF ), and hence gF ! (zF, zF ;) <0, for every
k > 1, then implies that H(¢)-(i) holds.

Let us now show H(1)-(ii), (iii) and H(¢)-(ii)-(iii), (iv) for t = 2,...,T + 1 by backward induction
on t. H(T + 1)-(ii), (iii), (iv) trivially holds. Now, fix ¢ € {1,...,T} and assume that H(¢ + 1)-(ii),
(iii), (iv) holds. We will show that H(¢)-(ii), (iii) holds and that #(¢)-(iv) holds if ¢ > 2. Indeed, since
fo = fF = 4y, (syp) and fu(y) = Cr,(yiyf), we conclude that ff(yy) = fi(yf) for every k > 1, and
hence that limg_, o fi(yF) — fF(yF) = 0. Recalling by Lemma (b) that fF¥ is Ly-Lipschitz continuous on
Xy x X;_1 and using Lemmawith f="f, fF=rk W* = (yF), and Y = X, xX;_1, we conclude that
(2.21) lim ft<xf’ xf‘il) - tkil(vamitl) =0.

k— oo
Moreover, by the induction hypothesis (¢ + 1)-(iv), we have limy_, oo OF ; (zF) — Q¢+1(2F) = 0. Recalling
by Lemma (a) that functions QF are L;-Lipschitz continuous on X;_1, we can use Lemma.vmth ko =1,
=01, fF=0F ,y% =2f and Y = A}, to obtain

(2.22) hm Qt+1 (xf) = Qe (af) = 0.



Now, using Lemma we easily see that the objective function fF'~'(-,2f ;) + Q' (-) and feasible region
XE (k) of I st 5710, 0t + Q10 < R k) XE- ()2 X, S o
an optimal solution of and Qt(mt 1) is the optlmal value of min{F(zs, 25 ) : 2y € Xy(2F 1)} due to
([2-4), we then conclude that A G O T1(@F) < Qu(af ). Hence, we conclude that

0>kll)lf JAR 1)+Qt+1(xt) Qi (wy_ 1): hm fe(@f,wi ) + Qupa(ay) — Qulay y)

where the equality is due to (2.21)) and (2.22). We now claim that

(2.23) kgrf ft(mtﬂxt 1)+Qt+1(mt) Qt(xt 1) =0.

Indeed, assume by contradiction that the above claim does not hold. Then, it follows from the last conclusion
before the claim that

(2.24) hmk—>+oo ft(xt)mt 1)+ Qt-&-l(xt) Qt(xt 1) <0.

Since {(z¥,z¥ |)} is a sequence lying in the compact set X;xX;_;, it has a subsequence {(z¥, 25 |)}rex
converging to some (z},z;_;) € X;xX,_1. Hence, in view of H(t)-(i), (2.24), and the fact that f; and g,
are lower semi-continuous on X;xX;_1 and Q; (resp. Q;41) is lower semi-continuous on X;_; (resp. A}), we
conclude that

ge(@y,wi1) <0, filwg, aiy) + Qepa(2) — Qi) <0
and hence that z} € X;(z7_;) (recall that A; is closed) and Fi(x},zf_;) < Qi(x;_;) due to the definition

of X; and F; in (2.2)) and (2.4), respectively. Since this contradicts the definition of Q; in (2.4)), the above
claim follows. Combining

0< Qt(gﬂfq)_gf(qu) < Qulayy) - Qk Haty),
= Qulaf ) - tk Haf b)) - Qt+1 (xf) [by definition of a]

with relations (2.21)), (2.22)), (2-23) we obtain limy_, 1 o Qs(zF ;) — gfj(xt,l) = 0. Also observe that

lim Q;(zF )) Z fr(z

k—+o00

— i et )= Alehat ) — Qua(ab) 4l Qualeh) = 3 Sk )

k
oo T=t+1

=0 by =0 using H(t+1)—(iii)
= 07

and we have shown H (¢)-(ii), (iii).
Finally, if ¢ > 2, H(t)-(iv) follows from

0< Quat ) = Qe ) < Qi) —Cf(xf ) since QF > CF,
= Qt(xf,l) - tkil(xz]sfa Tp_1) — Qt+1 (xt) [by definition of xt]
combined with relations (2.21)), (2.22), (2.23)). ]

2.3. Computation of the subgradient in Step d) of DCuP. This subsection explains how to compute
a subgradient 3F of Qf_l() at xf_; in Step d) of DCuP.
Observe that we can express Qf_l as
min  f+0
z¢€R™, f,0€R
Ty € Xt,
(2.25) Qf_l(xt_ﬁ ! f=z eft(ﬂft’xt h(ﬂﬁaxi 1)) J=.1 sk =1,
9>Qt+1( xh) ‘(Btﬂ,xt ), i=1,...,k—1,
Ly, (xe, 201, (2], 2]_1)) <0, j = 1,...,k —-1,i=1,...,p,
Atl‘t + tht—l = bt.




Due to Assumption (H1)-2), for every z;_1 € AX;_1, there exists x; € ri(X;) such that Ayxy + Bixi—1 = by
and g¢(2¢, x¢—1) < 0, which implies that for every i =1,...,p, and j =1,...,k — 1, we have

Ly, (w4, 11, (xi,wi,l)) < gri(@e, e-1) <0

and therefore Slater constraint qualification holds for problem (2.25)) for every z;_1 € X;—1. Next observe
that due to the compactness of X} the objective function of ounded from below on the feasible set
It follows that the optimal value of (2.25)) is finite and by the Duality Theorem, we can write problem (2
as the optimal value of the correspondlng dual problem. To write this dual, it is convenient to rewrite Q 1
on X;_1 as

min f+6
z €R™, f,0€R
Tt € Xt,
b1 > pk—1 k-1 k-1

(2.26) O Y wyy) =< fe= - Ar T mt B wea + G

be > 0,71+ B4 e,

DF 'z, + EF e, + HF 1 <0,

Ay + By = by,

where e is a vector of ones of dimension k—1 and Ay, By ~', DF 1 EF =1, B (vesp. CF Y HE L 055
are matrices (resp. vectors) of appropriate dimensions. In particular, 5?;’“{1 is a matrix with k& rows with
(i + 1)-th row equal to (3{, ;)" and 9?1“1_1 is a vector of size k with first component equal to 6f,, and for
i > 2 component i given by 9;;% = iﬁ( Y= (B, 2.

We now write the dual of as

max hg gz, (o, A\, 1,0
(227) inl(xt—l) = o, i, 8, b 1( )
- a>0,u>0,0>0M,
where dual function h: ., , is given by

min L Tt J s 0; «, >\7 y )
(228) htwwtfl(a7)\7/’[/7 5) = z¢€R™, f,0€R t’xtil( ¢ f H )
T € Xta

with Lagrangian L ,, (x4, f,0; a, A\, p, 6) given by

Ligr (e, f,0;0, 0 11,8) = f+0+ (o, AF ey + Bf "ty + CF 1 — fe) + (N, Ay + Buwy—q — by)
+H{u, DE iy + BE oy + HE) 4 (0,087 + 8L e — ).

With this notation, we have the following characterization of 8fol(zf_1):

Lemma 2.7. Let Assumption (H1) hold. Then the subdifferential of Qf_l at x¥_, is the set of points of
form

(2.29) BIA+ (BFYTa+ (EFY

where (a, A\, ) is such that there is § satisfying (o, \, p,6) is an optimal solution of dual problem (2.27))

written for x; 1 = xF .

Proof: Defining
S = L xRxRxR"NCy N D,

where
A lay + Bf ey + CF T < fe,
Cv = (o, f,0,21): 9?7;1 Ly Bok=1s, < fe,
Yog + EF oy 1+Hk <o
D = {(x,f,0,x¢-1): Apay + Bixi—1 = b},
we have
] k



Using Theorem 24(a) in Rockafellar [29], we have

(231) ﬂf{c € agfil(mf—l) < (03070765) ea(f+0+H5k)(xf7ftk70tkaxf—l)
& (0,0,0,8F) €[0;1;1;0] + Ns, (xF, fir, Ok 2F_1), (a)

where fy, and 60y, are the optimal values of respectively f and 6 in written for z;_1 = xf_l. For
equivalence (2.31)-(a), we have used the fact that (¢, f,0,2,—1) — f + 6 and Is, are proper, finite at
(2%, fi, Oux, 2F_1), and the intersection of the relative interior of the domain of these functions, i.e., set
ri(Sk), is nonempty. Next,
(2.32)

Ny (@F, ferer Otor T_1) = Ney (TF, Foey Ok, T8_1) + N (@), forer O, 1) + Ny i (TF, fehs Ot Th_ 1),

and standard calculus on normal cones gives
Nxt XRXRXR™ (zfv .ftk7 9tk7 xf—l) = N/Yt, ($f) X{O} X{O}X {0}’

(2:33) Ny, fiks Ok, TF_1) - {[A:;O;O;Bm)\ : )\GRq}’

and No, (78, fir, O, 2F_1) is the set of points of form
(ATt (B T8+ (DF T
—e'a
—e'§
(B o+ (B T

(2.34)

where «, §, pu satisfy

@, 0,p1 >0,
T — — —
(2.35) a Ayt + BE e+ CF T — fe
5 0 + BYET af — e =0.
z Dy~ taf + Bl + H

Combining (2.31), ([2-32)), (2.33), (2.34)), we see that 3F € 82? (zF_,) if and only if BF is of form (2.29) where
a, A, b satisfies (2.35[) and

0 € Na(af) +ATx+ (A7) Ta+ (B0 + (D7),
(2.36) 0 = l-e'q,

0 = 1—e'd.
Finally, it suffices to observe that a, A, u satisfies (2.35)) and (2.36]) if and only if a, A, s, 0 is an optimal
solution of dual problem ([2.27)). L]

Using the previous lemma and denoting by (af, AF, uF, ) an optimal solution of (2.27) written for
x; 1 = xf |, we have that

(2.37) By =B af + BIA + (B g € 094 ().

Remark: When X} is polyhedral, formula follows from Duality for linear programming. For a more
general convex set X}, formula directly follows from applying to value function gf*l Lemma 2.1 in [6]
or Proposition 3.2 in [9] which respectively provide a characterization of the subdifferential and subgradients
for value functions of general convex optimization problems (whose argument is in the objective function
and in linear and nonlinear coupling constraints of the corresponding optimization problem). The proof of
Lemma is a proof of relation specializing to the particular case of value function fol the proof
of Lemma 2.1 in [6]. ]

3. THE STODCUP (STOoCHASTIC DYNAMIC CUTTING PLANE) ALGORITHM

3.1. Problem formulation and assumptions. We consider multistage stochastic nonlinear optimization
problems of the form
(3.38)

min 1, To, +E min ro,21,&)+E|...+E min Tr,Tr_1, ,
w1€X1(10,§1)f1( b 51) 12€X2($1,52)f2( 2 52) |: |:$T€XT(IT1,5T)fT( et 5T):|:|:|
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where ¢ is given, (&)7_, is a stochastic process, &; is deterministic, and
Xi(2i-1,&) = {2 € R" 1 Ayxy + Byary 1 = by, ge(2e, 00-1,6) < 0,24 € Ay}

In the constraint set above, &} is polyhedral and &; contains in particular the random elements in matrices
A, By, and vector b;.
We make the following assumption on (&;):

(HO) (&) is interstage independent and for ¢t = 2,...,T, & is a random vector taking values in R¥ with
a discrete distribution and a finite support ©; = {&1, ..., &, | With py; = P(& = &),i = 1,..., My, while
& is deterministic.

For this problem, we can write Dynamic Programming equations: the first stage problem is

(3.39) 01 (o) = { mitesc (et 20, 6) + Qe

for ¢ given and for t = 2,...,T, Qi(xi—1) = E¢,[Q¢(z1-1,&)] with

| ming,ern fe(zs, xeo1,&) + Qe (x4)
(340) Qt(xtfhgt) = { 7 € Xt(xt—17£t)7

with the convention that Qp; is identically zero.
We set Xy = {zo} and make the following assumptions (H1)-Sto on the problem data:
(H1)-Sto: for t =1,...,T,

1) X, is a nonempty, compact, and polyhedral set.

2) For every j =1,..., M, the function f;(-,-,&;;) is convex, proper, lower semicontinuous on X x X;_;
and X;xX;_1 C int (dom(fi(-, -, &)))-
3) For every j = 1,..., M,, each component gs(-,-,&;),t = 1,...,p, of function g.(-,-,&;) is convex,

proper, lower semicontinuous such that Xy xX;_1 C int (dom(gs; (-, -, &;)))-
4) Xq(x0,&) # 0 and for every t =2,...,T, for every j =1,..., M, X;—1 C int (dom(X;(+,&5)))-

Remark 3.1. Nonlinear constraints of form hy;(x,&) < 0 or hy(xy) < 0 at stage t can be handled, adding
the corresponding component functions hy; in gi, as long as (H1)-Sto is satisfied. In particular, convexity of
hei(+,&e5) is required for j =1,..., M.

It is easy to show that under Assumption (H1)-Sto, functions Q; are convex and Lipschitz continuous on
Xt,12

Lemma 3.2. Let Assumption (HI)-Sto hold. Then Q is convex Lipschitz continuous on X;_1 for t =
2,...,T+1.

Proof: The proof is analogue to the proof of Lemma [

3.2. Forward StoDCuP. The algorithm to be presented in this section for solving (3.38]) is an extension
of the DCuP algorithm to the stochastic case. All inequalities and equalities between random variables in
the rest of the paper hold almost surely with respect to the sampling of the algorithm.

Due to Assumption (HO), the H M, realizations of (£;)Z_; form a scenario tree of depth 7'+ 1 where the

root node ng associated to a stage O (with decision x¢ taken at that node) has one child node n; associated
to the first stage (with &; deterministic).

We denote by N the set of nodes, by Nodes(t) the set of nodes for stage ¢ and for a node n of the tree,
we define:

e (C(n): the set of children nodes (the empty set for the leaves);
e 1,: a decision taken at that node;
e p,: the transition probability from the parent node of n to n;

11



e &,: the realization of process (§;) at node nﬂ for a node n of stage t, this realization £, contains in
particular the realizations b, of b;, A, of A;, and B,, of B;.
e {[,,p: the history of the realizations of process (£;) from the first stage node n; to node n: for a node
n of stage ¢, the i-th component of ) is {pt—i(,) for i = 1,... ¢, where P : N — N is the function
associating to a node its parent node (the empty set for the root node).
At each iteration of the algorithm, trial points are computed on a sampled scenario and lower bounding

affine functions, called cuts in the sequel, are built for convex functions Q;,t = 2,...,T 4+ 1, at these trial
points. More precisely, at iteration & denoting by xf ; the trial point for stage ¢ — 1, the cut
(3.41) Ch(arr) = 0F + (B i)

is built for Q; with the convention that C% ., is the null function (see below for the computation of 67, 3F).
As in SDDP, we end up in iteration k with an approximation QF of Q; which is a maximum of k + 1 affine
functions: QF (z¢—1) = maxo< <k Cg(ﬂct,l).

Additionally, the variant we propose builds cutting plane approximations of convex functions f;(-, -, &)
and gi(-,,&;), t =1,...,T,i = 1,...,p,j = 1,..., M, computing linearizations of these functions. At
the end of iteration k, these approximations will be denoted by ff; and gﬁj for fi(-,-,&;) and gui(-, -, &)
respectively, and take the form of a maximum of k£ + 1 affine functions. We use the notation

ffj(xt, Ty_1) = ezr%’a.u.).(’k afjxt + bfjxt_l + cfj,

gfij (T4, 74-1) = Jmax, dfijxt + efijxtfl + hfij?
where af;, bf;, df;;, and ef;; are n-dimensional row vectors. The trial points of iteration k are computed before
updating these functions, therefore using approximations ftkj*l, gfgl, and Qf;ll of fi(+, &), 9ui(+, &), and
Q41 available at the end of iteration k—1. These trial points are decisions computed at nodes (n¥,n%, ..., n’fw)
using these approximations, knowing that n¥ = n, and for ¢ > 2, n¥ is a node of stage ¢, child of node n¥_,,
i.e., these nodes correspond to a sample (ff, 557 . ,@2) of (&1,&2,...,&r). At iteration k, the linearizations
for fi(-,+, &), 9ui(+y -, &) (resp. Qy) are computed at (zF,, 2%) (resp. %) where n = nf_,, and m is the child
node of node n such that &,, = &;;. For convenience, for any node m of stage ¢, we will denote by j,(m) the
unique index j;(m) such that &, = &, (m). Before detailing the steps of StoDCuP, we need more notation:
forall k >1,t=1,...,T,j=1,..., M, let ij : Xp—1 = A be the multifunction given by

(342) ij(xt,l) = {(Et € Xt . gﬁ-j(wt,xt,l) S 072 = ]., ey Dy Atjxt + Btjxt,1 = btj};

where Ay, Byj, by; are respectively the realizations of A;, By, and b, in &; and let ij : X;—1 — R be the
function
R k
min [ (zy, x0-1) + Q T
(3.43) 9 () = { B o) Q)
Xy € th(xt_l).

The detailed steps of the algorithm are described below (see the correspondence with DCuP). We refer
to Figure [I] for the representation of the variables updated in iteration k of StoDCuP.

Forward StoDCuP (Stochastic Dynamic Cutting Plane) with linearizations computed in a
forward pass.

Step 0) Imitialization. For ¢t = 1,...,7, j = 1,..., My, i = 1,...,p, take f?yg?ij : Ay x X1 — R affine
functions satisfying f < fi(-,-, &), 98 < gu(s5 -, &5), and for t = 2,...,T, Q) : X1 — R is an
affine function satisfying Qto < Q. Set xp, = T, set the iteration count £ to 1, and Q0T+1 =0.

Step 1) Forward pass. Set C§_; = QF | =0 and zf = .

Cenerate a sample (£, €5, ... €k) of (&1,&,,...,&r) corresponding to a set of nodes (n¥,nf, ..., nk)

where n¥ = n;, and for ¢t > 2, n¥ is a node of stage ¢, child of node n¥ ;. Set nk = ny.

1The same notation Endex 1s used to denote the realization of the process at node Index of the scenario tree and the value
of the process (&;) for stage Index. The context will allow us to know which concept is being referred to. In particular, letters
n and m will only be used to refer to nodes while ¢ will be used to refer to stages.
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Inputs Cost-to-go

_; computed
k 1 k-1
o, » 91i1

Stage t =1

ko lek R
L1, 115 91401

Stage t = 2 xk, fk 17951';1 ok
k

ko ek ok ko k k
51, fo15 9ot T2, 1225 92i2 1’23af23a92i3

k-1 k-1 k
Stage t > . 120 ftj 5 9 Q;
I Eolek ok %
T, fits 9 T, Ifi3, Giio T3, ftS’gtz'B
$ f k—1 k
Stage T O T-12>JTj 79TU or
T f10 970 Ty [Ty 9T T3, fTS’ gTi3

FIGURE 1. Variables updated in iteration k of StoDCuP. In this representation, for simplic-
ity, every node had 3 child nodes and the sampled scenario is (£1,&a2,...,&2,...,Ere) with
corresponding decisions (2§, 255, ..., 2%, ... ,2%,). The decmonb computed for the nodes of
stage ¢ on this scenario are denoted on th1s figure by zF,, zk,, 2% for nodes with realization
of & given by respectively &1, o, &3. For a given stage t, the inputs are z¥_, (trial point),
fk Y gfgl (for all 4,7) while the outputs are QF and for node with realization

&5 of & decision J;f'j and functions ftkj, gfij.

Fort=1,...,T, do:
Let n=nk ;.
For every m € C(n),
a) compute an optimal solution z¥, of

min fEL (2, 2F) + QF ()
S (my (@mo ) + Qi
(3.44) Q@ E)Z{ ;J(k L)

tje(m) Fn

where we recall that

k ¢ ¢ ko L
oy (o) = gnax | A, (m)¥m T+ btju(m)®n + Ctji(m)»
Qt+1( m) = maxo<s<k—1 Cpyq(Tm).

b) Compute function values and subgradients of convex functions fi(-,-, &) and g (-, -, &m)
at (zf,,ak) and let 4, ¢ ((-,-); (@F,, %)) and €, (.. ¢,.)((,); (zF,, %)) denote the
corresponding linearizations.

c) Set
fét(m) = max ftkj:(in) ) gft('v'»fm)(('v s (ern, xﬁ)))a
gfi = max 951'717 Zgu‘('mﬁm)(('v');(xfnvxZ»)v Vi=1,...,p.

d) If t > 2 then compute 3£, € 8th (m) (xk)
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End For
If ¢t > 2 compute:

BE = > B

meC(n)
(3.45) e ~

01]‘,C = Z Pm [ijt(lm) (1’];) - <6fma Iﬁﬁ ,

meC(n)
yielding the new cut Cf(z;_1) = 0F + (8F, ;1) and QF = max{QF ', CF}.
End If
End For

Step 2) Do k < k + 1 and go to Step 2).

The following assumption will be made on the sampling process in StoDCuP:

(H2) The samples of (¢;) generated in StoDCuP are independent: (€5,...,€~) is a realization of £F =
(€5, ... &) ~ (&,... &) and €8k > 1, are independent.

T
Recall that there are HMt possible scenarios (realizations) for (£2,...,&r). Moreoever, by (H2), for
t=2
T
every such scenario s;, j = 1,..., HMt’ the events F,, = {{" = s;},n > 1, are independent and have a

t=2

positive probability that only depends on j. This gives >, -, P(E,) = oo and by the Borel-Cantelli lemma,

this implies that P( lim E,) = 1. In what follows, several relations hold almost surely. In this case, the
n—oo

corresponding event of probability 1 is lim,_,~, E, corresponding to those realizations of StoDCuP where
every scenario s; is sampled an infinite number of times.

Remark 3.3. As a consequence of the previous observation, for every realization of StoDCuP, and every
node n of the scenario tree, an infinite number of scenarios sampled in StoDCuP pass through that node n.

We have for StoDCuP the following analogue of Lemma for DCuP (the proof is similar to the proof
of Lemma :

Lemma 3.4. Let Assumptions (HO) and (H1)-Sto hold. Then, the following statements hold for StoDCuP:

(a) Fort=2,...,T, the sequence {BF}3, is almost surely bounded.
(b) There exists L > 0 such that for each t = 2,...,T, OF is L-Lipschitz continuous on X;_1 for every
k>1.

(¢) There exists L > 0 such that foreacht =1,...,T, j = 1,..., My, functions ft’j and gfij are L-
Lipschitz continuous on Xy X Xy_q for every k> 1 andi=1,...,p.

Remark 3.5 (On the cuts and linearizations computed). Assumption (HO) is fundamental for StoDCuP,
due to the following claim:

(C) StoDCuP builds a cut for Qi t =2,...,T, on any sampled scenario and a single cut for each of the

functions fe(-, -, &), gu(e, &)t =1,..., T, =1,..., My, i=1,...,p, at each iteration.

The validity of the formulas of the cuts for Q; will be checked in Lemma (3.8 The fact that a single cut is
built for functions fe(-,-, &), 9u(v, - &;j), i =1,...,p, t =1,...,T,j =1,..., My, comes from the fact that
at iteration k and stage t a cut is built for each of functions fi(-,-,&m), 9ti(-s &m), i = 1,...,p, m € C(n),
where n = nf_|, and due to Assumption (H0), to each m € C(n), corresponds one and only one index
J = jie(m) such that &y, = i = ijy(m) -

Remark 3.6. The algorithm can be extended to solve risk-averse problems. It was shown in [12] that
dynamic programming equations can be written and that SDDP can be applied for multistage stochastic
linear optimization problems which minimize some extended polyhedral risk measure of the cost. As a special
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case, spectral risk measures are considered in [I3] where analytic formulas for some cut coefficients computed
by SDDP are available. Similarly, StoDCuP can be extended to solve multistage nonlinear optimization
problems with objective and constraint functions as in if instead of minimizing the expected cost we
minimize an extended polyhedral risk measure of the cost, as long as Assumptions (HO) and (H1)-Sto are
satisfied. It is also possible to apply StoDCuP to solve risk-averse dynamic programming equations with
nested conditional risk measures (see [30], [B1] for details on conditional risk mappings) and objective and
constraint functions as in , again, as long as Assumptions (HO) and (H1)-Sto are satisfied. Using
SDDP in this risk-averse setting was proposed in [32].

We can simulate the policy obtained after k — 1 iterations of StoDCuP and define decisions x* at each
node n of the scenario tree as follows:

Simulation of StoDCuP after k — 1 iterations.

Set ak = w.
Fort=1,...,T,
For every node n € Nodes(t — 1),
For every m € C(n),

compute an optimal solution x%, of

: k—1 k k—1
(346) le,]_ (l'k) _ { r;lylnn ft]t(m)(xmaxn) + Qt+1 (.’Ijm)
S Tm € Xy oy (@),
End For
End For
End For

We close this section providing in Lemma below simple relations involving the linearizations of the
objective and constraint functions that will be used for the convergence analysis of StoDCuP.

Lemma 3.7. Let Assumption (H1)-Sto hold. For everyt =1,....,T, j=1,.... My, i =1,...,p, we have
almost surely

(A7) fe(we, me—1,&;) > (e, wem1), gui@e, we—1,&5) > gt (@, me1), Vh > 0,V € Xy, Va1 € Xy_q,
and for every k > 1,
(348) Xt(xt—l;gtj) C thj(zt—l)a Va1 € Xi_q.

Forallt=1,...,T,i=1,...,p, for all n € Nodes(t — 1), for all k € S,,, we have for all m € C(n):

(3.49) Fe(@hy @y &m) = 155,y (@ ) and gei (@, @, Em) = 9135, (my (T T3), almost surely

Forallt=1,...,T,i=1,...,p, for all n € Nodes(t — 1), for all k > 1, for all m € C(n), we have

(3.50) gﬁ.;tl(m)(xlfn, zF) <0, almost surely,
(3.51) 0 < max(gei (s 275, &m)s 0) < Gei (s Tns Em) = Gy (omy (Tas ), almost surely

Proof: Let us show (3.47). The relation holds for k = 0. Now let us fix t € {1,...,T}, j € {1,..., M},
k>1and ¢ € {1,...,k}. At iteration ¢, setting n = n!_;, there exists one and only one node m in the
set C(n) such that &,, = &; with j = j,(m) and by the subgradient inequality for every z, € X}, for every
Ti_1 € Xp_1, We have

(3.52) fe(@e, w—1,&5) = fr(@e, -1,6m) = g6y (@ w15 (2h,, 38))

Gri(Te, -1, &) = G, Be—1,6m) = Ly (e (T 15 (2h,, 28)),

which, by Step c¢) of StoDCuP, immediately implies (3.47)) and clearly inclusion (3.48)) is a consequence of
B47).
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Take t € {1,...,T}, i € {1,...,p}, take a node n € Nodes(t —1) and k € S,,. Then for any m € C(n), a
linearization is bu11t for fi(-,-,&m) and g4 (-, -, &m) at (xF, 2F). Therefore,

(13.47)

ft(xfmxﬁagm) 2 ftjt(m)(xfmxﬁ)
> Ay (@ TR () = fi(ah,, @), &n) since nf_y =n,
13.47)

th( maxna m > gzjt(m)(xlfmxfz)
> ggu:(w,&m)(xﬁmxﬁ;(mﬁw }:L)) _gtz( Lo nafm) since n?—l =n,

and (3.49) follows.

Relation (3.50) comes from the fact that z%, ¢ X* Iy (m)( k) by definition of z¥, (see the simulation of

StoDCuP).
Finally take a realization w of StoDCuP. We show that

(3.53) 0 < max(ge; (2}, (w), xfz(w), €m);0) < gei(p, (W), 3 (W), Em) = G155 oy (@) (@, (), 25 ().
If gg; (x® ( ) k(w), &m) < 0then (3-53) holds because gy (-, -, &m) > gm (m)( w) and if gy; (2, (W), 28 (W), &) >
0 then ([3.53)) holds too because of mequahty ([3-50). Therefore, (3.53) holds. "

3.3. Implementation details for Steps b) and d) of StoDCuP. In this section, we explain how to
compute variables atj, bfj, ctj, df”, em, hfij, as well as cut coefficients 3F, in StoDCuP.
In Step b) of StoDCuP, we compute an arbitrary subgradient [s1; 82] of convex function fi(,-, &) at

k — T -
(xk  2F) where 51,55 € R and set a i (m) = = s/ and btj (m) = 52 If‘or 1 =1,...,p, we also compute

an arbitrary subgradient [sy;;so;] of convex function gy (-, -, &) at (2, 2F) where s1;,50; € R™; we set

m? n
k Tk T
Ay, (m) = S1iv €tijy(m) = S2i> and compute

k k
t}gf(m = filay Tmo mfm)*%t(m) btyfgcm> n

htm(m) g“( Tims ”’gm) dfwt(m) Ctije(m)Tn-

For the computation of 3£, it is convenient to introduce k x n matrices

0 0 0 0 0T
aﬁj bzij dtzg €tij (BY)
at; by d} €1 (BHT

ko tg ko tg ko tig ko tig Ok t
(3'54) Atj - ’ Btj - : ’ Dtij - : Etz] : s Mt : ’
k k k k kyT
Ay btj dtzj €tij (BY)
k dimensional vectors,
0 0 0
cfij hm 0;
Cis hl ot
k tj k tij 0:k t
(3.55) Cy; = S| Hi = : yand ;% = |,
k ! k
Ctj htzj 03

and matrices and vectors

Dz;lzlj E{lj Ht,]zlj

Dt2j Et2j Ht2j
(3.56) Dy = | E=| T | HE = :

Dfpj Etkm Htkpj

If X = {x; : Xyzy > T}, we can write problem (3.43)) as
min f+ 6
3 fé > A Tt + B G Tt—1 + Ct

(3.57) Qtj (xt 1) = Atjl't + Bt_]mt 1= bt]a

D .’Et+E l't 1+H£€]§0,
(99 > 9t+1 + BtJrlJ)t, th‘t > Tt.

16



Due to Assumption (H1)-Sto-4), for every z;—1 € X;—1 and j = 1,..., M, there exists z; € X} such that
Apjxy + Byjxe1 = by, and gyi(z4, 24-1,&;) < 0,4 =1,...,p, which implies gfij(mt,xt,l) <0,i=1,...,p,
Df;xy + Efjxyy + Hf; < 0 and therefore the above problem is feasible. Recalling (H1)-Sto-1), this
linear program has a finite optimal value. Therefore this optimal value is the optimal value of the dual
problem and can be expressed as:

max o (BExiy + CF) + p T (Bbaey + HE) + 67008 + X (b — Byay—1) + v 2

E _ .
Qtj(xt*l) - (Afj)—ra + (ij)—r/i + (ﬁ?-'s-kl)—r‘s - X:V - (Atj)T)\ =0,
ela=1,e"6=1,a,u,6,v>0.

The above representation of ij allows us to obtain the formulas for Bk . BF 6F. More precisely, con-
sider iteration k and stage t > 2 of the forward pass of StoDCuP. Setting n = nf_; and m € C(n), let
(ak  uk 6k vk AE) be an optimal solution of the dual problem

m?Ym? T m? m

(3.58)
T/ k- k k— T pk— k k— T p0:k— T k T
ar;?éa)zf N « (Btjt(lm)x" + Ctjt(lm,)) +p (Etjt(lm)x" + Htj,,(lm)) +46 9?+1 D (beje(m) — Bejumy@Tn) + v Tt
(A ) Ta+ (D0 ) T4+ (BEETH T8 = X v — (Ao m)) TA =0,

ela=1,e'6=1,a,u,dv>0.

By the discussion above, the optimal value of (3.58) is ij(xﬁ) We now show in Lemma E below that we
can choose in StoDCuP,

k—1 T k k—1 T k T k
Btkm = Z (Btj,(m)) am+(Etjt(m)) ,Um_Btjt(m)/\mv
meC(n)
k—1 T Kk k—1 T k T k
3509) B o= D Pon [ (Bl ) b+ (BE ) Ttk = B (M)
meC(n)
OF = D pu|{ak O )+ s L) 4 (0 00571+ (N b ) + (s 1),
meC(n)

More precisely, we show in Lemmathat computations (3.59) provide valid cuts (lower bounding functions

CF) for Q,, in particular that 8 € 8@7’;:(17”) (zk), as required by Step d) of StoDCuP, and ¥ € 99, (zF):

Lemma 3.8. Let Assumptions (HO) and (H1)-Sto hold. For every t = 2,...,T + 1, for every k > 1, we
have almost surely

(3.60) Q(w—1) > Cf (z4-1) and Qu(w4—1) > Qf (x4-1), Va1 € Xp_y.
Forallt=1,...,T, j=1,..., M, for every k > 1, we have almost surely
(3.61) Qi (w-1) < Qu(wi-1,&;) for all 2,1 € Xy

For all t = 2,...,T, for every k > 1, defining Qf_l(mfl) = Z;w:tl ptjgfjfl(xfl), we have for every n €
Nodes(t — 1) and for all k € S,:
(3.62) gf_l(xﬁ) = CF(zF), almost surely

Proof: Let us show (3.60)-(3.61) by backward induction on ¢. Relation (3.60) clearly holds for t = T + 1.
Now assume that for some ¢t € {1,...,T}, we have Q;11(z¢) > QF (2, for all z; € X; and all k > 1. Using
Lemma we have for all k > 1, for all j = 1,...,M;, for all z; € X}, z4_1 € X;_1, that ffj(xt,xt_l) <
fi(ze, 21, &;) and Xy(ai—1,&;5) C ij(xt,l), which, together with the induction hypothesis Qfﬂ < Qa1
implies

(363) ij (l‘tfl) < Qt(-rtflagtj) for all Ti—1 € thl,

i.e., (3.61). Now observe that due to Assumption (H1)-Sto, for every z;_; € X;_1, the optimization problem
min [ (@, 2ee1) + QF ()

T € thj_l(iEt_l),

ij_l(xtfl) = {
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is a linear program with feasible set that is bounded (since X} is compact) and nonempty (it contains the
nonempty set X;(x;—1)). Therefore it has a finite optimal value which is also the optimal value of the dual
problem given by

max Df{l(a Wy O, Uy N 1)

k-1 _

(3.64) Q7 (@) = § (A Ta 4 (DE )Tt (B85 T8 — X v — (4gg) A =0,

Ta—l e 5—1 o,y 60,7 > 0,
where
ij_l(oz, Wy 0,0, N; 1) = aT(ij_lxt_l + ij_l) + MT(Efj_lxt_l + Htkj_l) +6 G?fl Y AT (b — Bijmia) + v T
Now assume that ¢ > 2 Let us take m € C(nf_;). Recall that j;(m) is the unique index j such that &;; = &,.
Clearly (ak 5k vk A\E ) is feasible for dual problem (B.64]) written for j = j;(m) and therefore for any

ma/u‘ma mo ma
ri_1 € Xp_1 we have

(3.65) Qf]t(m)(xt 1) > Dtj (m)(amvﬂmvévknv m7>‘fn;xt—1)7

which gives

My
Qi(xp—1) = Zptjﬂt(xtfla &)
j=1
) Z PmQe(Tt-1,&m)
mEC(nf,l)
Z met(‘rt—laftjt(m))

meC(nk_))

D Py (@)

meC(nk_))

Z metj (m) (O‘mv /umv 51]%7 Vm» /\En; Ti-1)
meC(nk_))
Cf (xtfl)v
for every xy_1 € X;_1, where for the last equality, we have used (3.41)) and (3.59). Therefore we have shown
(13.60)).
Now take n € Nodes(t — 1) and k € S,,. Then by definition of (aX,, uk, 6% vE AE) and of CF, we get for

m?Ym? m7 m

any m € C(n):

(366) ijt ( ) ijt(i’n)( m7/’tm767kn7 m>>‘fn7 n)

and

(3.67) = ST pDEh ek A ) = ST pa@bh (k) = O (k)
meC(n) meC(n)

3.4. Convergence analysis. In what follows, if the stage associated to node n is 7(n), we use the notation
(3.68) Sp={keN":nf, =n}
In other words, S, the set of iterations k& where the sampled scenario passes through node n.

Theorem 3.9 (Convergence of StoDCuP). Let Assumption (HO), (HI)-Sto, and (H2) hold. Then
(i) for everyt =1,...,Ti=1,...,p, almost surely

(3.69) lim max(gy(z ]fn,xfb,ém),()) =0, Vm € Nodes(t),n = P(m).

k——+o0

Forallt=2,...,T +1, for all node n € Nodes(t — 1), we have almost surely
(3.70) H(t): lim Qu(zF) — QF (k) =
k— 400
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(ii) The limit of the sequence of first stage problems optimal values (fi7 ' (z zk o)+ bt (zk )e>1 is the

optimal value Q1(xo) of (3.39) and any accumulation point of the sequence (mﬁl) s an optzmal solution to

the first stage problem (3.39).

Proof: We first show (3.69). Let us fix t € {1,...,T},7 € {1,...,p}, m € Nodes(t), n = P(m). Recall from
Lemma B.7] that

(371) 0 < max(gt,( L n?gm) 0) < gtl( L n’gm) gfz]tl(m) (Jf,]fn,],‘,’kl)
We now show that
(3'72) kEI—iI-loo gti(xfm l'icufm) gf”,l(m)( . xﬁ) =0,

which will show (3.69) due to relation (3.71)).

Recalling that set S, is infinite (see Remark [3.3), we denote by k(1),k(2),..., the iterations in S, with
k(i) <k(i+1): S, ={k(1),k(2),k(3),...}. Let us first show that we have

3.73 i i ko .k ), 0) = 0.
(3.73) k_>+;orf1kesnma><(gt (T, Ty Em), 0)

For all £ > 1, relation (3.49)) gives
k(¢
(3.74) gk, 20 ) = g0 (@b O, 250).

(xf,ﬁe) xfi(e))

Let us now apply Lemma to yf = , sequence f¢ = gm(f)( and f = g4i(-,-,&m) (observe that

the assumptions of the lemma are satisfied with ko = 1). Since
i O gl 6y
A fy7) = (YY)

we deduce that

. - ¢

(3.75) Jm f") = f7N) = dim g0, a0 6m) — gy (@O 2H0) = 0
Since k(¢) > 1+ k(¢ — 1), we have 0 < g4 (-, &m) — gz(ﬁ)(:nl)(-, ) < gti(sy 5 Em) — gfi(;:;))(-, -) and therefore
(3.75) implies

. k) k(0) k(6)—1 (_ k(£) ,.k(£)y _ . k—1 ko ky _
(376) ZLHJPOOQM( m ?:E'n. f ) gtz]t( )(xm axn )7k%+1clon,lkes gtz( ma nvfm) gt”t(m)(wmaxn) *O'
Finally, we show in the Appendix that
(3'77) lim th( m?xﬁ) gfwtl(m) ('T:wxlfz) =0,

k—+00,k¢S,

which achieves the proof of (3.72) and therefore of .

Let us now show #H(t) by backward induction on ¢. H(T'+1) holds since Qr11 = QF.,,. Assume now that
H(t + 1) holds for some t € {2,...,T} and let us show that #(¢) holds. Take a node n € Nodes(¢t — 1) and
let us denote again by k(1),k(2),..., the iterations in S, with k(i) < k(i + 1): S, = {k(1),k(2),k(3),...}.
Let us first show that
(3.78) lim - Qy(a}) — Qf(af) = lim Q,(}") — () =0.

k—+4o00,keS,
By definition of Qt( ) we have Qk(/)( ﬁ(z)) > Ctk(e) (:Eﬁ(z)) and therefore for all £ > 1 we get:

0< Qylak k(¢) ) — Qiﬂ(f) (x’ﬁb(@)) < Qt(xﬁ(f)) _Cf(l)(xlz(l))
= 0,k = QRO (RO,

(3.79) ¢
_ Z P | Qe (aF k(¢) ) — f](t()m)l@k(e))
mGC(nk(z))
By definiton of z¥,, we have
k(6)—1 k(6)—1 k(£)—1
(3.80) QEO (k) = (RO (kO 2O 1 Q) (kD)
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which, plugged into (3.79)), gives
(381) 0<Quek®) = Q@) < 3 pu[Quek®, €)= £ @O, kO) - QY (k).
mGC(nkizl))
Let us apply Lemma to yt = (a:ﬁnfé), i )), sequence f¢ = ftkj(f()m), and f = fi(-,-,&n) (observe that the
assumptions of the lemma are satisfied). Due to (3.49), we have
Jim fy) = () =0
—+o0

and therefore

_ k(e
(3.82) Jim ) = £ =t fu(@h O,k 60) - £ @0, 2) = o.
Since k() 2 k(£ 1) + 1, we have 0 < f(xi“n“ e &m) = Ly (n2n ) < folam® an® 6) -
k(1) fn(g) xfb(z) which combined with (3.82)) gives
ft]t ? g
(3.83) elg? Fr(zBO Zk® ¢y ftkj(f)ml( k(D) k(0 =

Using ([3.80)) and ( -, we get

k(¢ k(6)—
FEO-L (2RO gk ©O) 1 i)™ (k)

tje(m)

k(£)—
= 950 (k) < 9,2k, &),

Therefore the sequence (ftjt(n;)1 (xm@, zh® )+ foffl(x’;@) - Qt(xﬁ(e),fm)ﬂE is bounded and has a finite

limit superior which satisfies

(3.84) T RO (@8O, ahO) 4 0f) ! (k) — Q25O ) < 0

Applying Lemma to yt = xﬁg[) sequence f¢ = fol) ,and f = Q11 (observe that the assumptions of the
lemma are satisfied), since from the induction hypothesis we know that

eggloof(y‘) - ffyhH =0

we deduce that

—_ £—
(3.85) Jim @0 =170 = i Qe (@) - oV (k) = 0.

Since k(¢) > k(¢ — 1) + 1, we have 0 < Qt+1(x’fn(z)) - Qf_gl)* (z,’i{‘)) < Qt+1(xk“ ) — fol 2 (x re )), which
combines with (3.85)) to give

(3.86) Jim Q@) — 97 @) =o.
Combining (3.83)), (3.84), and (3. 86[) we obtain
(3.87) Jim fi(an 259, 60) + Qupa () = Qe €m) <0

Let us now show by contradiction that

(3.88) lim fo(aXO, 25O €,) + Quia (a5O) — Q,(zF?) ¢,,) > 0

k——+o0

Assume that (3.88) does not hold. Using the fact that sequence (z¥,,2%).cs, belongs to the compact
set Xy xX;_1, and the lower semicontinuity of fi(-,,&m), 9t(-,+,&m), O, Qi+, &m), there is a subsequence
(2k 2F)rex with K C S, converging to some (Z,,, 7,) € X;xX;_1 such that

Jt@m Ty Em) + Qea1(Zn) — Qi(Tn, Em) <0

and T,, € X¢(ZTy,&n). This is in contradiction with the definition of ;. Therefore we must have

0 = limes oo fi(@h? 250 6,) + Qrir (@5) — Q4259 ¢,0)
. k(4)—1 k(¢ k(¢ k(4)—1 k(¢ k(¢
= Timesjoo Frim (@5 2n) 4+ Q) @) — Qu(@n® )
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which, plugged into (3.81)) gives

: kY _ Ok (kY —
(389) k—>+1;on,1kESn Qt (xn) Qt (xn> 0.

Finally, we show in the Appendix that

‘ li kY _ ok(ky —
(3 90) k—>+c1orf}€¢5n Qt(xn) Qt (xn) 0,
which achieves the proof of H(t).
(ii) The proof of (ii) can easily be obtained from (i), see Theorem 4.1-(ii) in [6] for details. L]

Remark 3.10 (Stopping criterion). The stopping criterion is similar to SDDP. We can stop the algorithm
when the gap % is less than a threshold, for instance 5%, where Ub and Lb are upper and lower bounds,
respectively, defined as follows. Due to Lemma[3.8, we can take as a lower bound on the optimal value of
problem the value Lb = Qlffl(aro). The upper bound Ub corresponds to the upper end of a 100(1-
a ) %-one-sided confidence interval (with for instance o = 0.05) on the optimal value for N policy realizations

(using the costs of decisions taken on N independent sampled scenarios).

3.5. Other variants. It is easy to adapt several recent enhancements of SDDP to the forward StoDCuP
method we have just presented. More precisely, we can extend forward StoDCuP to forward-backward
StoDCuP which builds the trial points and cuts for the objective and constraint functions corresponding to
the sampled scenario in the forward pass and to build cuts for the cost-to-go functions Q; in a backward
pass. In this case, the backward pass also builds cuts for all functions fi(-,-, &), gu(-, -, &;) t =1,...,T,
j=1,...,M;,i=1,...,p. It is also easy to incorporate in StoDCuP regularization as in [I5], to apply
multicut variants as in [I0], [3], and cut selection strategies for the bundles of cuts of Q;, for instance along
the lines of [25], [7], [10]. Observe, however, that all linearizations for fi(-,-,&;) and g4 (-, -, &;) are tight
and therefore no cut selection is needed for these linearizations.

4. INEXACT cUTS IN STODCUP

In this section, we present an extension of StoDCuP to solve problem . Since all subproblems
of forward StoDCuP presented in Section [3| are linear programs, it is easy to derive an inexact variant of
StoDCuP that computes eF-optimal solutions (instead of optimal solutions in StoDCuP) of the subproblems
solved for iteration k and stage t. We show in Lemma [4.1] below that the cuts computed by this variant are

still valid and that the distance between the cuts and Q,’f*l() = Zjvitl ptjgfj_l() at the trial point z¥ for

stage t and iteration k is at most ¢f. This variant of StoDCuP, called inexact StoDCuP, is given below and
the convergence of the method is proved in Theorem

Inexact StoDCuP.

Step 1) Initialization. For ¢ = 1,...,T, take f;, g5; : Xix&;_1 — R affine functions satisfying f;; <
fe(5 5 i), g?ij < g4i(vy &), and for t = 2,...,T, QY : X;_1 — R is an affine function satisfying
Q) < Q4. Set a2y, = o, set the iteration count k to 1, and Q3 = 0.

Step 2) Generate a sample ({-tf7 §~§, e ,@2) of (&1,&a,...,&7) corresponding to a set of nodes (nf,nk, ..., nk)
where n¥ = ny, and for ¢t > 2, n¥ is a node of stage ¢, child of node n¥ ;. Set n§ = ny.
Do 6%, =0and 84, =0.
Fort=1,...,T,
Let n=nk ;.
For every m € C(n),
a) compute an eF-optimal feasible solution z¥, of

m
b oy R Sy (@ 7) QU ()
(4.91) Qi my(@n) = " k=1 ¢k
Tm € X3, m) (Tn)-

b) Compute function values and subgradients of convex functions f;(-, -, &) and g4 (¢, -, Em)
at (zk,,ak) and let €4, ¢ (-, ); (@F,,2%)) and €, (.. ¢,.)((,); (zF,, %)) denote the

min m?
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corresponding linearizations.

c) Set
ftl;t(m) = max ftkj,f_(in) ) Eft(‘fyfrn)(('? )a (Ifn?zﬁ))>a
gfi = nax gfiil’ égti(-,‘,gm)((',');(x,lfmfﬁ))>7 Vi=1,...,p.

d) Using the notation of Section [3.3] in particular ), (3.55)), and (3.55)), if t > 2 compute

an ef-optimal feasible solution ( ak ok ok fn, )\’fn) of the dual problem

k—1 k—1 k—1 T n0:k—1
amax o (B i+ Clim) + 1 (B @+ Hij () + 870

. +AT (Brje(my = Bij,(m)Tn) + vz
(AF-! )a+(D ) A (BT TS = X v = (Agjm)) TA =0,

tje(m) tj¢(m)

ela=1,e'6=1,a,u,dv>0.

End For

If ¢t > 2 compute:

Fom Y pa| (Bl b (B ) Tk = B oAk,

OF = 30 b [(ah CEL ) (s HE L) + (08, 0057) - (NS, b,y + (0 30) -

meC(n)

End If

End For

Step 4) Do k + k + 1 and go to Step 2).

Clearly Lemma still holds for Inexact StoDCuP. The quality of the cuts computed for Q; by Inexact
StoDCuP is given in Lemma [£.1}

Lemma 4.1 (Validity and quality of cuts computed by Inexact StoDCuP). Let Assumptions (HO) and
(H1)-Sto hold. For everyt=2,...,T + 1, for every k > 1, we have

(4.93) Qi(x4-1) > CF(x4-1) and Quzi—1) > QF(x41), Var_y € Xy
Foralt=1,...,T,j=1,..., My, for every k > 1, we have
(4.94) Qi (we-1) < Qu(wi-1, &) for all 1 € Xy

For all t = 2,...,T, for every k > 1, defining QF ' (zF) = Za 1pt]§3k (x%), we have for every n €
Nodes(t — 1) and for all k € S,:

(4.95) 0< O Hak) —Cl(ak) <&
Proof: The proofs of { and (| in Lemma can be used to prove ) and - for Inexact

StoDCuP, observing that only fea51b1hty and not optlmahty of the primal and dual solutions computed as
well as Lemma (which, as we have already observed, holds) are needed in these proofs.
Now take n € Nodes(t — 1) and k € S,,. Then recalling that

Df;l(a,u, S,V A\ Te—1) = aT(ij*lact,l + C’tkj*l) + uT(Efjflmtfl + Hfjfl) +46 H?fl Ty )\T(btj — Bijzi—1) + uTai"h

by definition of (ak,, uk 6k vk )\fn) and of CF, we get

k k—1 k k k
(496) Qtjt(m)( ) < Dt] (m) (amv lumv 6m? Vins )\m7 n) Qtjf (m)( )
and
meC(n)

Since Q7 (@) = Lmecnt_,) P (m) (T1)s Pm 2 0, and Yy P = 1, relations and ( -

imply (4.95

Lemma F:l below is the analogue of Lemma

22



Lemma 4.2. Let Assumptions (H0) and (H1)-Sto hold and assume that sequences e¥ are bounded: |eF| < ¢
for all t,k, for some 0 < € < +00. Then, the following statements hold for Inexact StoDCuP:

(a) Fort=2,...,T, the sequences {0F}2, and {BF}32, are almost surely bounded.

(b) There exists L > 0 such that for each t = 2,...,T, QF is L-Lipschitz continuous on X;_1 for every
k>1.

(¢) There exists L > 0 such that for each t = 1,...,T, j = 1,..., My, functions ft’j and gfij are L-
Lipschitz continuous on Xy X Xy—q for every k> 1 andi=1,...,p.

Proof: (a) Using (H1)-Sto, there is € > 0 such that for every t € {2,...,T}, every z;_1 € X;—1 + B(0;¢),
and every j = 1,..., My, the set X{;(2;_1) is nonempty and f{(-, ;1) + Qf, () is continuous on this set.
Therefore Q?j is convex and finite on X;_; + B(0;¢), implying that Q?j is Lipschitz continuous on X;_1. It

follows that Q‘t) is also Lipschitz continuous on X;_; and we can define mi)ré Q(t)(xt,l) € R. Similarly
7 Tr—1E€EX—1 "

to DCuP, due to (H1)-Sto, we can also choose ¢ > 0 in such a way that Q, is Lipschitz continuous on
X;_1 + B(0;¢), implying that we can define MaX,, | ex, ,+B(0) Qi(z1—1) < +00. We can now easily extend

the proof of Lemma u for every ;1 € X;_1 + B(0;¢), denoting n = nf_l, we have for k > 2:

93)
max Q1) = Qu(w1) = Cf(wi)
z4—1E€X;—1+B(05¢)
= CF(ak)+ (BF, 1 — k) [CF is affine],
{95)
= Qk 1( ) 5t <5ta$t 1—$k>
z min QY (z; 1) — &+ (B, w1 — ah).

T 1E€EXt—1

For BF # 0, take x4 = =¥ + to obtain

e P
2 IBF 1l

2
I1BF| < L= - (é—l— max Qi(x4—1) — min Q?(mt1)> .

41 E€EX—1+B(0s¢) T 1E€EX 17

Using (4.95), we also have for n = n¥_;:

—£+ min Qto(xt,l)SQi“:Cf( o)< max Qi(zi_1).

Te_1€X 17 Ty—1€X1
(b) immediately follows from (a) and (c¢) from (H1)-Sto. L]

Theorem 4.3 (Convergence of Inexact StoDCuP). Let Assumptions (HO0), (H1)-Sto, and (H2) hold and
assume that limy_, oo ef = 0 for t = 1,...,T. Then the conclusions of Theorem hold: for every
t=1,...,T,0=1,...,p, almost surely and - hold and the limit of the sequence of first stage
problems optimal values ( ffl(xf“, 0) + Qz Y@k ))k>1 is the optimal value Qi(zo) of and any
accumulation point of the sequence (% ) is an optimal solution to the first stage problem (3

ni

Proof: The proof is an adaptation of the proof of Theorem and uses Lemmas and We
highlight these adaptations below.
Using Lemma [4.1] for Inexact StoDCuP relation (3.79) becomes

0< Qt(fcﬁ(z)) _ Qf(z)(xfl(z)) < Qt(xfl(f)) . Cf(e) (mﬁ(f))

(3.62)

(4.98) = gt oEn®) - g ),
k(e k(0)—1
Et( ) + Z Pm Qt (wi(é),€m> - Qtj(t ()m) (xﬁ(é))} .
mGC(nf(fl))
Also, by definiton of xF , we now have
k(£)—1 k() —1 k() —1 k(e)—1 k(e
(4.99) QU (k) < kO 2ROy 4 o) T @h0) < QE N ak®) 4 e,
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Instance Variables Linear constraints | Quadratic constraints
Tn,M | (n+2A+MTH | 2n+ DA +MT 41+ MTh
3,10,2 60 105 20
3,10,10 1212 2121 404
5,10,10 120 012 210 021 40 004
5,10,20 1.92e6 3.36e6 6.4e5
10,200,10 2.02e11 4.01lell 4e9
10,200,20 1.0342e14 2.0531el4 2.0480e12

TABLE 1. Number of variables and constraints of the deterministic equivalents of the 6 instances.

which, plugged into (4.98)) gives
(4.100)

0 < Qu(ak®) — QF ) (kM) < 211 4 k()

>

'rnEC(nf(ﬁl))

P [k, €) — O (@O,

tj:(m

Qo).

The remaining relations and arguments used in the convergence proof of StoDCuP apply to prove the
theorem. -
5. NUMERICAL EXPERIMENTS

We consider the multistage nondifferentiable nonlinear stochastic program given by the following DP
equations: the Bellman function for stage ¢t = 1,...,T, is Q¢(x1—1) = E¢, w, v, [Qe(x1-1, &, ¥y, Up)] and for

t= ]., e ,T7 Qt(l'tfl,ft, \I/t, Ut) is given by
min fi (e, xe—1, &, Ur) + Qe (wt)
(5.101) —100e < z; < 100e,

maX(4(xt - e)T(xt - e)vxtTgtgt Tt + Z’t gt + ) S \Ijt,

where z; € R", fi(xy, m—1,&, Up) = max((wy — 1) T&EE (24 — 2421) +2l'& + 1,2l &l oy + 2l e + Uy), e
is a vector of size n of ones, and Qpy; is the null function. In these equations, &; is a discretization of a
Gaussian random vector with mean vector m; having entries 1 or —1 and covariance matrix 3; = AtAf +0.51
where A; has entries in [—0.5,0.5]; U; is a discrete random variable taking values +10, —10, and ¥, has
discrete distribution with support contained in [10%,10%]. The number of realizations M; for (&, ¥y, Uy) is
fixed to My = M for each stage. We assume that (£1, Vq,Uq) is known and (&2, Uo, Us), ..., (&7, U, Ur) are
independent.

We generate 6 instances of this problem with parameters T',n, M given by (T, n, M) = (3,10, 2), (3, 10, 10),
(5,10,10), (5,10,20), (10,200, 10), and (10,200, 20). The instances are chosen taking realizations ¥, of ¥,
sufficiently large, in such a way that Assumption (H1)-Sto-4) holdsE| It is easy to check that the remaining
assumptions (H1)-Sto and (HO) are satisfied and therefore StoDCuP and Inexact StoDCuP (IStoDCuP) can
both be applied to solve the problem. Since the problem is nondifferentiable, SDDP and Inexact SDDP from
[8] cannot be applied directly. However, it is possible to reformulate the problem as a differentiable problem
replacing in each max with 2 quadratic constraints. The number of variables and of linear and
quadratic constraints of the deterministic equivalent corresponding to this reformulation is given in Table
for all instances.

Using this reformulation, we implemented ISDDP given in [8] and SDDP, using Mosek [I] to solve the
subproblems. Unfortunately, none of the 6 instances could be solved by these implementations because
essentially all suproblems to be solved within SDDP and ISDDP cannot be solved by Mosek due to the
fact that all the matrices of the quadratic forms are ill-conditioned, yielding an error in the convexity
check performed by Mosek (even if of course in theory all subproblems are convex) which is done using
Cholesky factorizations of those matrices. Rather than a flaw of Mosek which is an efficient solver for
conic problems, the problem comes from the subproblems under consideration which are difficult to solve

2We checked that the instances generate nontrivial nondifferentiable problems in the sense that no function in the max
dominates the other on the set X; := {zx € R™ : —100e < z¢ < 100e}.
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Iteration 1-10 | 11-20 | 21-40 | 41-140 | 141-240 | 241-350 | > 350
MSK_DPAR_INTPNT_TOL_REL_GAP 10 5 3 1 0.5 0.1 e-6
TABLE 2. Relative error of the subproblem solutions in IStoDCuP along iterations (Mosek
parameter MSK_DPAR_INTPNT_TOL_REL_GAP).

because of the degeneracy of the quadratic formsﬂ In this condition, StoDCup and IStoDCuP (counsidering
the variants which linearize all nonlinear functions at all iterations for all subproblems) which only have to
solve linear subproblems are possible solution methods to solve the original problem. The corresponding
Matlab implementation can be found at https://github.com/vguigues/StoDCuPﬂ Both StoDCuP and
IStoDCuP were warm-started constructing 20 linearizations of each function fi(-,-,&;) and g4 (-, -, &) at
points randomly selected in the set X; := {z; € R" : —100e < z; < 100e}.

For IStoDCuP to be well defined, we also need to set the level of accuracy of the computed solutions
along the iterations of the method. It makes sense to increase the accuracy (or equivalently to decrease the
relative error) of the solutions as the algorithm progresses and eventually for a given iteration to increase the
accuracy with the stage. In our experiments the relative error of the subproblem solutions (Mosek parameter
MSK_DPAR_INTPNT_TOL_REL_GAP whose range is any value > 10714 and default value is 107%) is given
in Table |2} see also Remark 2 in [8] for other choices of sequences of noises €. For StoDCuP, this parameter
was set to 10710 for all iterations.

Same as SDDP, methods StoDCuP and IStoDCuP compute at each iteration a lower bound on the optimal
value which is the optimal value of the first stage problem solved in the forward pass and upper bounds
computed as SDDP by Monte-Carlo simulations, from iterations 200 on, using the last 200 forward scenarios.
We also run the methods with the smoothed upper bounds used in [4, [I4] which consists in using all previous
forward passes to compute the upper bound but this implementation needed many more iterations to satisfy
the stopping criterion for the large instances and the corresponding results will not be reported. We should
also recall (see [§]) that for both IStoDCuP and StoDCuP the first stage problems are solved with high
accuracy to get valid lower bounds from the optimal values of the first stage forward subproblems. The
algorithms stopped when a relative gap of at most 0.1 was achieved for the first four instances while for the
last two instances, the algorithms were run for 900 and 600 iterations, respectively.

As mentioned in Section the cut selection methods proposed in [7], [0} 25] for SDDP can be directly
applied to StoDCuP. The convergence of DDP, single cut SDDP, and multicut SDDP combined with these
cut selection methods was proved in [7, [I0]. For the three largest instances, we tested another cut selection
strategy for the inexact variant IStoDCuP of StoDCuP, denoted by IStoDCuP CS, which consists, in the
backward passes, from a given iteration I and for the next L — 1 iterations, to simultaneously add a new cut
(computed at the trial points computed in the forward pass) for each cost-to-go function and to eliminate
the oldest cut. As long as L is not too large, we only eliminate, progressively, the cuts computed with loose
accuracy (the cuts computed for the first L iterations). Therefore, with this method, in the end of iterations
I,I+1,...,1 4+ L —1, the number of cuts for each cost-to-go function is constant, equal to I, and then
from iteration I + L on, one cut is added for each cost-to-go function at each iteration as in IStoDCuP if
we choose one sampled scenario per forward pass. In our experiments, this cut selection strategy was run
taking I = L = 350.

The evolution of the upper and lower bounds along the iterations of StoDCuP, IStoDCup, and IStoDCuP
CS to solve the 6 instances is given in Figure [2] while the cumulated CPU time is given in Figure All
methods were implemented in Matlab and run on an Intel Core 17, 1.8GHz, processor with 12,0 Go of RAM.
More precisely, the number of iterations and CPU time required to solve all instances is given in Table
and the bounds and cumulated CPU time for some iterations are given in Table

We observe that the sequences of upper bounds tend to decrease, the sequences of lower bounds are
increasing, and all these sequences converge to the same values for a given instance; which illustrates the

3We also implemented ISDDP using the inexact cuts from Section 2 of [I1] and such variant could not solve our instances
neither, again because Mosek failed to solve all quadratic subproblems of the corresponding ISDDP.

4The tests were run in file TestStoDCuP.m and the functions implementing StoDCup and IStoDCuP are
inexact_stodcup_quadratic.m and inexact_stodcup_quadratic_cut_selection.m, this latter being a variant with cut selection,
denoted IStoDCuP CS in this section.



(T,n, M) | Iterations StoDCuP Iterasttlzrlssclfsxact CPU time StoDCuP CPUS’f;%lgi%exaCt
3,10,2 216 216 10.13 7.63
3,10,10 586 451 597.2 148.4
5,10,10 1061 1221 4345 2825
5,10,20 1387 1376 4493 3784

10, 200, 10 900 900 62 536 55 061

10, 200, 20 600 600 26 414 25 276

TABLE 3. Number of iterations and CPU time (in seconds) for each instance and method.
For Inexact StoDCuP, we report the quickest, among IStoDCuP and IStoDCuP CS.

validity of StoDCuP and IStoDCuP to solve a multistage stochastic nondifferentiable convex problem and is
a good indication that both methods have been well implemented.

In all instances, at least one of the inexact variants of StoDCuP was quicker than StoDCuP and provided
policies of similar quality. A general behavior we expect for IStoDCuP is to have quicker iterations but
to need more iterations, as for instance T' = 5, n = 10, M = 10, or a similar number of iterations, as
for instances T'= 3, n = 10, M = 2 and T = 5,n = 10, M = 20 (in this latter the number of iterations
before gettting a gap smaller than 0.1 is 1376, 1387, and 1642 for respectively IStoDCuP CS, StoDCuP, and
IStoDCuP (see Table ) However, it may happen that StoDCuP requires more iterations as for instance
T =3, n=10, M = 10. The inexact variant with cut selection tested on the three largest instances allowed
us to decrease the gap with respect to IStoDCuP while still being quicker than StoDCuP. It is also interesting
to see that on the largest instance this inexact variant also yielded a much smaller gap than StoDCuP after
completing the 600 iterations (see Table |4 and Figure .

6. CONCLUSION

We introduced StoDCuP, a variant of SDDP which builds linearizations of some or all nonlinear constraint
and objective functions along the iterations of the method, as well as an inexact variant of StoDCuP which
is able to cope with approximate primal-dual solutions of the subproblems solved along the iterations. We
have shown the convergence of StoDCuP and of Inexact StoDCuP for vanishing error terms e¥.

Our numerical experiments have illustrated on a difficult nonlinear nondifferentiable multistage stochastic
program that StoDCuP can be an alternative solution method to SDDP and that its inexact variant can
converge quicker than StoDCuP. An interesting feature of the inexact variant is its flexiblity, able to cope
with any approximate primal-dual solution to the subproblems, allowing to further study the impact of
the calibration of error terms ¥ on the performance of Inexact StoDCuP. For DCuP, the calibration seems
simpler, see for instance Remark 2 in [§] on the calibration of the error terms for Inexact DDP which also

applies to Inexact DCuP.
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Iteration | UB IStoDCuP | UB StoDCuP | LB IStoDCuP | LB StoDCuP | Time IStoDCuP | Time StoDCuP
10 - - -36 424 -15 037 0.09 0.16
200 24 109 16 990 229.3120 29.3123 6.08 8.01
210 282.4 73.9 -29.3120 -29.3123 7.57 9.67
216 ~26.99 27.34 229.3120 29.3123 7.63 10.13

T=3,n=10,M =2

Iteration | UB IStoDCuP | UB StoDCuP | LB IStoDCuP | LB StoDCuP | Time IStoDCuP | Time StoDCuP
10 - - -98 584 -82 872 0.29 0.35
210 6361.8 3889.3 -19.023 -17.44 20.6 18.5
451 -14.97 -13.58 -16.27 -16.25 148.4 144.6

T=3n=10,M =10

Iteration | UB IStoDCuP | UB StoDCuP | LB IStoDCuP | LB StoDCuP | Time IStoDCuP | Time StoDCuP
10 - - -440 000 -352 310 0.65 0.72
400 9.68 13.84 -12.09 -12.58 140.9 151.7
800 -6.01 -8.69 -10.83 -10.85 1144.6 1897.2

1061 -7.84 -9.78 -10.72 -10.72 2166 4345
1221 -9.78 - -10.69 - 2825 -
T=5n=10,M =10
Iteration 600 1376 1387 1642
UB IStoDCuP CS -0.586 | -4.5343 - -
UB IStoDCuP -1.6317 | -3.7448 | -3.7993 | -4.5153
UB StoDCuP -0.0327 | -3.9773 | -4.5648 -
LB IStoDCuP CS -5.5886 | -4.9595 - -
LB IStoDCuP -5.6431 | -4.9584 | -4.9552 | -4.9078
LB StoDCuP -5.7420 | -4.9623 | -4.9591 -
Time IStoDCuP CS 525 3784 - -
Time IStoDCuP 575 4106 4180 6178
Time StoDCuP 579 4424 4493 -
T=5n=10,M =20
Iteration 400 600 900
UB IStoDCuP CS 2.5343e7 | 3.6465e5 143.2
UB IStoDCuP 2.1689e7 | 4.6095e5 | 338.7
UB StoDCuP 2.3785e7 | 3.0292¢5 | -50.4
LB IStoDCuP CS | -1.3343e6 | -4.0214e4 | -444.4
LB IStoDCuP -1.4643e6 | -5.0292e4 | -436.4
LB StoDCuP -0.9529¢e6 | -2.0954e4 | -428.9
Time IStoDCuP CS 8 534.6 21 166 56 082
Time IStoDCuP 7 946.7 21 557 55 061
Time StoDCuP 8 364.2 24 015 62 536
T =10,n =200, M =10
Iteration 400 500 600
UB IStoDCuP CS 1.943e8 1.1955e8 | 0.6321e8
UB IStoDCuP 2.2722e8 1.6320e8 | 1.2129e8
UB StoDCuP 2.3129e8 | 1.6563e8 | 1.0990e8
LB IStoDCuP CS -1.0060e8 | -0.5826e8 | -0.3522e8
LB IStoDCuP -1.6151e8 | -1.1376e8 | -0.6979¢e8
LB StoDCuP -1.5124e8 | -0.9974e8 | -0.6059¢8
Time IStoDCuP CS | 1.1254e4 | 1.7554e4 | 2.5276e4
Time IStoDCuP 1.1254e4 | 1.7618e4 | 2.5418e4
Time StoDCuP 1.2320e4 | 1.8689e4 | 2.6414e4

T = 10,n = 200, M = 20
TABLE 4. Cumulated CPU time (Time) in seconds and upper (UB) and lower (LB) bounds
computed by StoDCuP, IStoDCuP, and IStoDCuP CS for some iterations and the 6 in-
stances.
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APPENDIX

To prove (3.77) and (3.90]), we will need the following lemma (the proof of (ii) of this lemma was given in
[5] for a more general sampling scheme and the proof of (i), that we detail, is similar to the proof of (ii)):

Lemma 6.1. Assume that Assumptions (H0), (H1)-Sto, and (H2) hold for StoDCuP. Define random vari-
ables y* =1(k € S,).

(i) Let e >0, t € {1,...,T}, n € Nodes(t — 1), m € C(n), i € {1,...,p} and set

e = {k 2 12 gu(ohy, @, &n) = gl 4y (b 2h) 2 €}
Let
Qo(e) ={w € Q1 |K; m,i(w)] is infinite}
and assume that Qq(g) # 0. Define on the sample space Qy(g) the random variables L., (j),j > 1, where
Zem,i(l) =min{k >1:k € K. p, ;(w)} and for j > 2
Temi(j) =min{k > T i (j — 1) : k € K¢ i(w)},

i.e., Tom,i(4)(w) is the index of jth iteration k such that gu(zk, zk &) — gfi;tl(m) (zk xk) > e. Then

random variables (yn Lem, 1(])) i>1 defined on sample space Qo(g) are independent, have the distribution of y),

and therefore by the Strong Law of Large numbers we have

(6.102) lim ZwaH(J =E[y'] | =1.

N—+oo N

(i) Lete >0, t € {1,...,T}, n € Nodes(t — 1), and set

Kep={k>1:0Q4(af)— QF(ak) >c}.
Let

Qi (e) ={w € Q: |K, ,(w)| is infinite}
and assume that Q4(g) # 0. Define on the sample space Q4 (e) the random variables I, ,(j),j > 1, where
T n(1) =min{k > 1:k € K. ,(w)} and for j > 2

Zen(j) =min{k >Z. ,(j — 1) : k € K. (w)},

i.e., Zo.n(§)(w) is the index of jth iteration k such that Qu(zk) — QF(zF) > . Then random variables

(yns "(j))le defined on sample space Q1 (g) are independent, have the distribution of y. and therefore by the
Strong Law of Large numbers we have

ETL( —_ p—
(6.103) lim NZyn D=Ell| =1

Proof: (i) Define on the sample space Qq(e) the random variables (w,, ;)x by

1 ifk € Kem,i(w)

k _ £,m,1

Wem,i (@) = { 0 otherwise.

To alleviate notation (g,m,n,4 being fixed), let us put w* := w?mz, Z(j) == Zcm,i(j), For g; € {0,1}, we
have

(6.104) ]P’( () = ) Z (IJ —;; ():fj).
Observe that the event Z(j) = Z; can be written as the union {J; 7, Ta<.. <7, E(Zy,...,I;) of events

— = Ir — —wli =1
E(T,,....T;)=3 Y, o Tw =h _ .
@1, 25) {w4=0,1§£<Ij,e¢{zl,...,zj}}
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Due to Assumption (H2) observe that random variable yfj is independent of random variables w?, i =

1,...,Z;, and therefore events {yzj =7;} and {Z(j) = Z,} are independent which gives
(6.105)

P(Z/rzt(j) = yj)

I
~
N

Sk
I
=l
X
=
I
N
N—

Z;=1
= > P(y; = y])lP’(I(J) ZTJ) - P(yi :’J) > P(I(J) =Z) - P(yi :?j)
;=1 Z,=1

where we have used the fact that y! and Y7 have the same distribution (from (H2)).
Next for gy,...,7, € {0,1}, we have

I _ T _ T, — T, = =
]P’(yn(l):yl,...,yn(p):yp) = Z IP’(yfl:yl;...;ygl’:yp;I(l):11;...;Z(p):1p>.

1<T1<Z2<...<Z)p

By the same reasoning as above, the event

{ygl =T =T Z() = Tos. . 5 Z(p) = Tp}

can be expressed in terms of random variables yzl yeee ,yzp’l , wgh . ,wz", and is therefore independent of
event {y%” =7,} It follows that
(6.106)
() — . T T . N = .
P<yn(”:yj,1§3 Sp)= > P(yrf’J:yp)P(yf’ =y, 1<j<p-1LI(j)=1I;,1<j Sp)
1<T1<Z2<...<Tp
> = p—
~P(yi=7,) > Py =71<i<p-LIG)=T;1<)<p)
1<71<Z2<...<Zp
~P(ui=7,) > P =71<i<p-LI()=T,1<i<p-1)
1<Z1<Z2<..<Tp_1
_ () _ — )
= P(y}L = yp)IP’(yn(” =7;,1<j<p- 1)~
By induction this implies
P P
Z(j _ . _\ (6.105) ;
(6.107) P(yn(” —7,1<j5< p) - H]P’(y}b — yj) €109 Hp@gm _ j)
j=1 j=1

which shows that random variables (y,IL(j ))jzl are independent.
The proof of (ii) is similar to the proof of (i).

[
Proof of (3.77) and (3.90). As in [5], we can now use the previous lemma to prove (3.77)) and (3.90].
Let us prove (3.77). By contradiction, assume that (3.77)) does not hold. Then there is € > 0 such that the

set Qo(e) defined in Lemma is nonempty. By Lemma this implies that (6.102) holds. But due to
(3.76), only a finite number of indices Z ., ;(j) can be in S, (with corresponding variable y%‘m"'o ) being
one) and therefore P’ (th*)+OO % Zjvzl y%’m’i(j) = 0) = 1, which is a contradiction with ([6.102)).

The proof of (3.90) is similar to the proof of (3.77)), by contradiction and using (3.89) and Lemmal[6.1}(ii)
(see also [B], [@]). O
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