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Optimality Conditions and Exact Penalty for Mathematical Programs
with Switching Constraint
Yan-Chao LianJ and Jane J. Y

Abstract. In this paper, we give an overview on optimality conditions and exact penalization for the
mathematical program with switching constraints (MPSC). MPSC is a new class of optimization problems
with important applications. It is well known that if MPSC is treated as a standard nonlinear program,
some of the usual constraint qualifications may fail. To deal with this issue, one could reformulate it as a
mathematical program with disjunctive constraints (MPDC). In this paper, we first survey recent results
on constraint qualifications and optimality conditions for MPDC, then apply them to MPSC. Moreover,
we provide two types of sufficient conditions for the local error bound and exact penalty results for
MPSC. One comes from the directional quasi-normality for MPDC, and the other is obtained via the
local decomposition approach.
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1 Introduction

The mathematical program with switching constraints (MPSC) defines a class of optimization problems in
which some of the equality constraint functions are products of two functions. The terminology “switching
constraint” comes from the fact that if the product of two constraint functions is equal to zero, then at
least one of them must be equal to zero. MPSC can be used to model the discretized version of the
optimal control problem with switching structure (see e.g. [I, [2, [B] and the references therein), or to
reformulate the so-called mathematical programs with either-or-constraints (see [3, Section 7]). MPSC

has many interesting applications, e.g., optimal control with switching structures have been used to model
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certain real-world applications [4, [5][6] and the mathematical program with either-or-constraints was used
to study some special instances of portfolio optimization [2].

It is well known that if the mathematical program with equilibrium constraints (MPEC) [7, [§], or the
mathematical program with vanishing constraints (MPVC) [9] [I0], are treated as nonlinear programs,
then there are issues involving the usual constraint qualifications such as the Mangasarian-Fromovitz
Constraint Qualification (MFCQ) and/or the linear independence constraint qualification (LICQ) for
MPEC and MPVC. It is not surprising that this issue also exists for MPSC. Indeed, Mehlitz [3, Lemma
4.1] showed that if an MPSC is treated as a nonlinear program, then MFCQ fails at any feasible point
z* for which there is a pair of switching functions with value equal to zero. Consequently, he introduced
the concepts of weak, Mordukhovich (M-), and strong (S-) stationarity for MPSC and presented some
associated constraint qualifications. Kanzow et al. [2] adopted several relaxation methods from the
numerical treatment of MPEC to MPSC. Li and Guo extended some weak and verifiable constraint
qualifications for nonlinear programs to MPSC in [I1]. In the work of [3| [I1], the error bound property
was not studied and that is one of the main focuses of this paper.

The mathematical program with disjunctive constraints (also called the disjunctive program) is a type
of set-constrained optimization problem where the set is the union of finitely many polyhedral convex
sets. Programs such as MPEC, MPVC and MPSC can be reformulated as disjunctive programs. The
classical concepts of optimality for disjunctive programs such as S-stationary condition based on the
regular normal cone and M-stationary condition based on the limiting/Mordukhovich normal cone for
disjunctive programs were introduced by Flegel et al. [12]. Although M-stationary condition holds for
a local minimizer under very weak constraint qualifications such as the generalized Guignard constraint
qualification (GGCQ), it may be weak for some problems and it does not exclude feasible descent di-
rections. Based on concepts of metric subregularity and some new developments in variational analysis,
for disjunctive programs, Gfrerer [I3] introduced various new concepts of constraint qualifications and
stationarity concepts including the strong M-stationarity and the extended M-stationarity which are
stronger than M-stationarity. Moreover, a directional version of LIC(Q and directional first and second
order optimality conditions are given in [I3]. Another direction of sharpening optimality conditions and
weakening constraint qualifications is to consider directional optimality conditions and constraint qual-
ifications. Bai et al. [14] introduced the directional quasi/pseudo-normality as sufficent conditions for
the metric subregularity which are weaker than both the classical quasi/pseudo-normality and the first
order sufficient condition for metric subregularity. Benko et al. [I5] generalized the notions of directional
pseudo- and quasi-normality to obtain more sufficient conditions for metric subregularity. In particular,
they have shown that for the disjunctive program, the (directional) pseudo-normality can always take the
simplified form while for a special class of the disjunctive program called the ortho-disjunctive program
(which includes MPSC), the (directional) quasi-normality can also take the simplified form. Mehlitz [16]

introduced an alternative concept of LICQ and obtained first and second order optimality conditions



for disjunctive programs. Recall that M-stationary condition does not preclude the existence of feasible
descent directions. To deal with this issue, recently Benko and Gfrerer [I7] introduced the so-called
O-stationarity and Q,s-stationarity where Qjs-stationarity is stronger than M-stationarity. A further
extension of Q-stationarity and Qps-stationarity are presented in Benko and Gfrerer [18]. To deal with
the difficulty of calculating the limiting normal cone to the feasible region, Gfrerer [19] introduced a
new concept of stationary condition for a set-constrained optimization problem called the linearized M-
stationary condition. Recently, sequential optimality conditions and constraint qualifications and their
applications in numerical algorithms became a popular topic. A suitable theory has been developed in
the context of MPEC in [20] 2I]. Mehlitz [22] has generalized the underlying theories to an very general
optimization problem which includes MPDC as a special case.

In this paper, we will survey the aforementioned results about new stationarity concepts and sufficient
conditions for metric subregularity for disjunctive programs. We then apply these results to obtain various
optimality conditions and local error bound results for MPSC. Moreover, we propose to use the local
decomposition approach to study sufficient conditions for the error bound property by the corresponding
constraint qualifications for each branch as a standard nonlinear program (NLP).

The remainder of this paper is organized as follows. In Section 2, we review some constraint qual-
ifications from nonlinear programs, and existing constraint qualifications and optimality conditions for
MPSC. In Section 3, we summarize the results that we need for disjunctive programs. In Section 4,
we apply the results from Section 3 to MPSC. In Section 5, we derive the local error bound and exact
penalty results for MPSC. In Section 6, we conclude our discussion and provide relationships among
various constraint qualifications, error bound properties and stationary conditions.

Throughout the paper, for a differentiable mapping ¢ : R” — R™ and a vector z € R", we denote by
Ve(z) the Jacobian of ¢ at z. For a differentiable function f : R™ — R, we denote by V f(z) its gradient
vector and V2 f(z) its Hessian matrix at z provided that it is twice differentiable. For a set C, we denote
by C° := {z | 2Ty < 0,Vy € C} its polar cone, and by dist¢(z) the distance between x and C. Unless

otherwise specified, || - || denotes an arbitrary norm in R™.

2 Review of constraint qualifications and optimality conditions

In this section, we first recall some constraint qualifications for NLP. Then we review some existing
constraint qualifications and optimality conditions for MPSC. The reader is referred to [3| [IT] for those

constraint qualifications for MPSC that are not reviewed here.



2.1 Constraint qualifications for NLP

Consider the standard nonlinear program
min f(z) s.t. g(2) <0, h(z) =0, (1)

where f: R" - R, g : R — RP, h : R® — R? are continuously differentiable. Denote by Z, := Z,(z) =
{i € {1,--- ,p}|gi(Z) = 0} the index set of active inequality constraints at z. We recall some constraint

qualifications for problem () that we will refer to in this paper.
Definition 2.1 Let z € R™ be a feasible point of problem (). We say that Z satisfies

L. linear independence constraint qualification (LICQ), if the family of gradients {Vg;(2)};ez, U{Vhi(2)}i,

is linearly independent;

2. Mangasarian-Fromovitz constraint qualification (MFCQ) [23], or equivalently positive-linearly inde-
pendent constraint qualification (PLICQ) if the family of gradients {Vgi(2)};cz, U {Vhi(2)}i_, is
positive-linearly independent, i.e. the family of gradients {Vg;(2)};cz, U{Vhi(Z)}{_, is linearly in-

dependent with non-negative scalars associated to the gradients of the active inequality constraints;

3. constant rank constraint qualification (CRCQ) [24], if there exists a neighborhood N(Z) of Z such
that for every I C Z, and every J C {1,--- ,q}, the family of gradients {Vg;(2)}icr U{Vh;(2)}ics

has the same rank for every z € N(Z);

4. relazed constant rank constraint qualification (RCRCQ) [25], if there exists a neighborhood N(Zz) of
z such that for every I C 7, , the family of gradients {Vg;(2)}ier U{Vhi(2)}_, has the same rank

for every z € N(Z);

5. constant positive linear dependence constraint qualification (CPLD) [26], if there exists a neigh-
borhood N (%) of z such that for every I C Z, and every J C {1,---,q}, whenever the family of
gradients {Vg;(2) }ierU{Vh;(Z) }ics is positive-linearly dependent, then {Vg;(z)}ier U{Vhi(2)}ics

is linearly dependent for every z € N(2);

6. relazed constant positive linear dependence constraint qualification (RCPLD) [27], if there exists a
neighborhood N(Z) of z such that (i) {Vh;(2)}{_; has the same rank for every z € N(2); (ii) For
every I C Z,, if the family of gradients {Vg;(2)}icr U {Vhi(2)}ies is positive-linearly dependent,
where J C {1,---, ¢} is such that {Vh;(2)},c is a basis for span {Vh;(2)}7_,, then {Vg;(2)}ier U
{Vh;(2)}ics is linearly dependent for every z € N(z);

7. constant rank of subspace component (CRSC) [28], if there exists a neighborhood N(Z) of Z such

that the rank of {Vg;(2)};ez- U{Vh;(2)}{_; remains constant for z € N(z), where

q
I- =1L, |-Va(z) €Y NVh(2)+ > V(2w >0,i €1,
i=1 i€Z,\{1}
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Fig.1 Relation among constraint qualifications for NLPs

Remark 2.1 Let L(z) := {d|Vg;(2)d <0, i € Z,,Vhi(2)d =0,i =1,--- ,q} be the linearization cone of
problem () at z. Kruger al. [29] pointed out that since the polar of the linearization cone is equal to

q —

L(2)° = Y NVhi(2) + Y miVgi(2)|ni 2 0,i € I, ¢,

=1 i€,

by the definition of the linearization cone, the index set T~ can be equivalently written as
I ={l€Z,|Vag(z)'d=0,vd € L(2)}.

Hence in [29], CRSC is also called relaxed MFCQ.
Definition 2.2 (see e.g. [30]) Let Fnrp be the feasible region of problem (Il). We say that an error

bound holds in a neighborhood N(Z) of a feasible point Z € Fp if there exists o > 0 such that for every
z € N(2)
P q
ttr,,,(2) < 0 (3 ol 0.0+ Yol
i=1 i=1
It is easy to see that the local error bound condition holds at zZ for NLP if and only if the feasibility
mapping z = (g(z), h(z)) — R”. x {0}4 is metrically subregular (see Definition B.J) at (z,0).
Andreani al. [28, Theorem 5.5] showed that CRSC implies the existence of local error bounds under
the second-order differentiability of functions g, h. This assumption was removed by Guo et al. [31].

Finally, we summarize relations among constraint qualifications for NLP discussed in this subsection in

Figure 1.

2.2 Constraint qualifications and optimality conditions for MPSC
In this paper, we consider the following MPSC:

min f(2)

s.t. 9(2) <0, h(z) =0, Gi(2)Hi(2)=0,i=1,---,m (2)
where f : R - R, g : R*" - R?, h: R" - R? Gy,---,Gp, : R" - R, Hi--- ,H,, : R" - R

We assume that unless otherwise specified, all defining functions are continuously differentiable. Let F

denote the feasible region of [2]). For a feasible point z* € F | we define some useful index sets as follows:
Iy :=1y(z") = {ie{l,---,p} | 9:(7) = O},
IL=TIc(z")={ie{i,--- ,m} | Gi(z") =0, H;(z") # 0},
Iy =TIy(z")={ie{i,---,m} | Gi(2") # 0, H;(z") = 0},

ey =Zeu(z")={ie{i,---,m} | Gi(z") = H;(z") = 0}.



Since by [3| Lemma 4.1}, MPSC never satisfies MFCQ at a feasible point z* with Z., # 0, Mehlitz [3]

defined and studied the following alternative stationarity concepts.

Definition 2.3 [3] We say that z* € F is a weakly stationary (W-stationary) point of MPSC (@] if there
exist multipliers (A9, A", A¢, AH) such that

q m

V) + DMV ) + > ANVhi(z) + Y (AW VGi(z") + A VHi(2%) = 0, (3)
iEI; =1 =1

N >0,i€;, N =0,ieZy N =0, icI. (4)

We say that z* € F is a Mordukhovich stationary (M-stationary) point of MPSC (2] if there exist mul-
tipliers (A9, A", A9, Af) such that @)—@) hold and A N\H = 0, i € T}, ;;. Moreover, we call (A9, A", \G \H)
an M-multiplier.

We say that z* € F is a strongly stationary (S-stationary) point of MPSC ([@)) if there exist multipliers
(N, AP NG A such that (B)-() hold and Y = A\ =0, i € T}, ;. Moreover, we call (A, A", X&' \HT)

an S-multiplier.

Consider the associated tightened nonlinear problem at z* € F:

(TNLP) min f(z)

s.t. 9(2) <0,h(2) =0,Gi(2) =0, i € L ULy, Hi(2) =0, i € T} ULy

Definition 2.4 [3] Let 2* be a feasible point of MPSC ([2)). We say that z* satisfies MPSC-LICQ/-MFCQ,
if LICQ/MFCQ holds for (TNLP) at z*.

Definition 2.5 Let z* be a feasible point of MPSC ([@]). We say that z* satisfies MPSC-CRCQ/-CPLD,
if CRCQ/CPLD holds for (TNLP) at z*.

Remark 2.2 The MPSC-CRCQ/-CPLD defined in Definition coincides with those defined in [11),
Definition 4.2]. The advantage of defining these constraint qualifications as the corresponding ones for the
tightened nonlinear program (TNLP) is that we can immediately conclude from the definitions of CRCQ
and CPLD for nonlinear programs that MPSC-CRCQ implies MPSC-CPLD without proof as in (i) of the
proof for [I1l, Theorem 4.2].

Definition 2.6 (MPSC-RCPLD) [I1I] Let z* be a feasible point of MPSC ([2]). We say that z* satisfies
MPSC-RCPLD if there exists a neighborhood N(z*) of z* such that

(1) The vectors {Vh;(2)}{_, U{VGi(2)}iezz, U{VHi(2)}icz;, have the same rank for all z in N(2*);

(i) Let Iy € {1,2,---,q},I> C Zf, I3 C Z}; be index sets such that the set of vectors {Vh;(z*)}icr, U
{VGi(z*) }ier, U{VH;(2*) }ier, is a basis for span ({Vh;(2*)}_,, {VGi(z") biezy, {VHi(2") }iezy,)-



For each Iy C 77, I5,Is C Iy, if there exist {A9, N NG AT Y ot all zero, with AY > 0 for each
i€ Iy and AN = 0 for each i € I}, such that

DOMVG(E)+ D MNVhi(z)+ Y AVGi(z") + > MVH(z") =0,

i€ly i€l i€l2Ul5 i€l3Ulg

then for any z € N(z*), the set of vectors

{Vyi(2)}icr, U{Vhi(2) tien U{VGi(2) bierur, U{VH;(2)}ierurs
is linearly dependent.

We now gather constraint conditions and necessary optimality conditions from [3], 1] in the following
theorem. One can find the definition of MPSC No Nonzero Abnormal Multiplier Constraint Qualification
(MPSC-NNAMCQ) and MPSC quasi/pseudo-normality from the comments after Definitions and [4.7]

respectively.

Theorem 2.1 [3| [11] Let z* be feasible for problem (3). If MPSC-LICQ is fulfilled at z*, then z* is S-
stationary. If MPSC-MFCQ/-CPLD/-CRCQ/-RCPLD/-NNAMCQ/-quasi/-pseudo-normality is fulfilled

at z*, then z* is M-stationary.

3 Optimality conditions for mathematical programs with dis-

junctive constraints

In this section we review some optimality conditions for the mathematical programs with disjunctive

constraints (MPDC):
min f(z) st P(z) € A, (5)

where f : R™ — R, P : R™ — R™ are continuously differentiable, and A C R™ is the union of finitely many
convex polyhedral sets. We denote the feasible region by Fp := {2z € R"|P(z) € A} and the linearization
cone by

L (2*) := {d € R"|VP(z*)d € Ta(P(2*))}.

To study the mathematical program with disjunctive constraints (&), we need to study various tan-
gent cones and normal cones to set A. First we recall definitions of tangent cones and normal cones.
Suppose that A C R™ is closed and z* € A. The tangent/Bouligand cone, the Fréchet/regular and the

limiting/basic/Mordukhovich normal cone to A at z* are defined by

Ta(z*) = {deR™ |3t 10, d — dsuch that 2* +t;,d" € A},
Na(@®) = {CeR™(z—2") <o(|z—2"|) Vze A},
Na(z*) = {g e R™ ’ 3 {«*} C A, 3¢* such that o8 — %, & = ¢, ¢* € Na(z") }



respectively, see e.g. [32]. When A is convex, all the normal cones above are equal and they coincide
with the normal cone in the sense of convex analysis.
Using various normal cones, some stationary conditions were introduced; cf [12, Definition 1], [I7],

Definition 3].
Definition 3.1 Let z* € Fp.
(a) We say that z* is B-stationary (Bouligand stationary) if 0 € V f(z*) + Nz, (2*).
(b) We say that z* is S-stationary (Strongly stationary) if 0 € V f(z*) + VP(z*)T Ny (P(z%)).
(c) We say that z* is M-stationary (Mordukhovich stationary) if 0 € Vf(2*) + VP(z*)T Na(P(2*)).

Definition 3.2 Let z* € Fp. We say that the generalized Guignard constraint qualification (GGCQ)
holds at z* if

Nrp(2%) = (L, (24))°. (6)

GGCQ is a rather weak constraint qualification. For example, it holds if the set-valued map F(z) :=
—P(z) 4+ A is metrically subregular at z* (see Definition B.g]).

The following necessary optimality conditions are well known. Proposition Bl(a) follows from the
well-known fact that any local optimizer has no feasible descent directions and the fact that (Tx, (2*))° =

Nz, (2*). PropositionBI{b) follows from (a) and the change of coordinates formula in [32, Exercise 6.7).
Proposition 3.1 Let z* be a local optimal solution of problem (A). Then

(a) z* is B-stationary.

(b) If VP(z*) has full rank m, then z* is S-stationary.

(¢) [12, Theorem 7] Suppose GGCQ holds at z*. Then z* is M-stationary.

Recently some MPDC-tailored versions of LICQ have been introduced in [16, Definition 3.1] and in
[33, (31)] (see also Definition[4.35]). These conditions all ensure that a local optimal solution is S-stationary.

It is easy to see that although B-stationary condition does not need any constraint qualification, it
is implicit and hence not easy to use. S-stationary condition is sharper than M-stationary condition but
requires very strong constraint qualification to hold. M-stationary condition is necessary for optimality
under very weak constraint qualification but it can be very weak for certain problems. Recently, some
stationary conditions weaker than B-stationarity but stronger than M-stationarity have been introduced.
We now review these results.

For problems in the form (B) but with A being an arbitrary closed set, the limiting normal cone in
M-stationary condition can be hard to compute and the resulting M-stationary condition can be weak. In
order to deal with this difficulty, Gfrerer [19] introduced the so-called linearized M-stationary condition by

a repeated linearization procedure. We now apply the linearization procedure to our problem. Suppose



that z* is B-stationary for problem (B]) with A being a closed set and GGCQ holds at z*. Then since
—Vf(z*) e NFD (2*), by (@) the point d* = 0 is a global minimizer for the linearized problem

mdin Vf(z*)"d subject to VP(z*)d € Ta(P(z*)). (7)

If a constraint qualification holds, then M-stationary condition for the above linearized problem holds at
d* = 0. In our case since A is the union of finitely many convex polyhedral sets, the perturbed feasible
map Fp(d) := VP(z*)d—Tx(P(z*)) is metric subregular at (0,0) and hence GGCQ holds automatically.
Then by Proposition Bl(c), d* = 0 is an M-stationary point of the linearized problem which means that

0e Vf(Z*) + VP(Z*)TNTA(p(Z*))(O) (8)

The linearization procedure would continue if T (P(z*)) is not the union of finitely many convex poly-
hedral sets, until a series of tangent cones to tangent cones to the set A is the union of finitely many
convex polyhedral sets. The resulting optimality condition is called a linearized M-stationary condition.
In general, the linearized M-stationary condition is sharper than M-stationary condition. To see this,
suppose T (P(z*)) is the union of finitely many convex polyhedral sets and the original set A is not. Then
the linearized M-stationary condition is (8)). Since Ny, (p(.+))(0) € Na(P(2)), cf. [32] Proposition 6.27],
the linearized M-stationary condition is sharper than M-stationary condition. Moreover, Np, p(z*))(O)
would be easier to calculate than the normal cone Nj(P(z*)) in this case. But since in our case, A is
the union of finitely many convex polyhedral sets, Nz, (p(.+))(0) = Na(P(z*)) (see [34, p. 59]. Hence the
linearized M-stationary condition coincides with M-stationary condition for the disjunctive program.
Another approach taken by Benko and Gfrerer in [I7] to obtain sharper stationary condition than
M-stationary condition for problems in the form (B) but with A being an arbitrary closed set is to give
an accurate estimate for the regular normal cone to the constraint system. The idea is as follows. Let

Q1,Q2 C TA(P(2*)) be two closed convex cones. Then
VP(z*)7'Qi C VP(2*) ' Ty (P(z%)) = LI (%), i=1,2,

where VP (2*)71Q; := {d|VP(2*)d € Q;}. Therefore, if GGCQ holds at z*, we have

Nry(2%) = (L% (2%))°
C (VP Qi UVP(z*)1Qs)°

= (VP()7'Q1)° N (VP(z*)1Q0)° since Q1 and )2 are convex cones.

Moreover, suppose the following condition holds:

(VP(z*)7'Q:)° = VP(z")TQ5,i=1,2. (9)
Then it follows that
Nz, (%) € (VP()TQ3) N (VP(z")TQ5) = VP()T (QF N (ker VP(z*)" +Q3)) (10)



where ker VP(z*)T := {r|P(z*)Tr = 0} and the equality follows from [17, Lemma 1]. The right hand
side of the inclusion (I0) gives an upper estimate for N 7p(2%). In order to have that the above inclusion
provides a good estimate for the regular normal cone, it is obvious that we want to choose Q1,Q> as

large as possible so that the inclusion is tight. Furthermore, since one always has VP(z*)T N (P(z*)) C

Nz, (z*) (132, Theorem 6.14]), if

-~

VP(=)T (@3 N (ker VP(=*)T +Q3)) € VP(=")T Na(P(=")), (1)
then the equality holds in (I0) and consequently,
N, (%) = VP(*)T (QS N (ker VP(2*)T + Q3)) = VP (") Na(P(2")). (12)
How to choose Q1, Q2 satisfying the condition (IIl)? One good choice is to find @1, Q2 satisfying
Q5 NQS = Na(P(2")),

since then condition (II]) holds whenever VP (z*) has full rank.

Based on the estimates of the regular normal cone in (I0) and the fact that any local minimizer is
an B-stationary point, Benko and Gfrerer in [17] introduced the concept of the so-called Q-stationarity.
Moreover when an Q-stationary point is also an M-stationary point, then they call it an Qjs-stationary
point. In our case, since T (P(z*)) is the union of finitely many convex polyheral sets, we can choose
Q1,Q2 to be closed convex polyhedral cones. By [IT, Proposition 1], the polyhedrality of the cones
Q; C Ta(P(z*)),i = 1,2 ensures validity of ([@). We now give definition for Q-stationarity for the

disjunctive program.

Definition 3.3 ([I7, Definiton 4 and Lemma 2]) Let Q denote some collection of pairs (Q1, @2) of closed
convex polyhedral cones fulfilling Q; C Tx(P(z*)),i =1,2.

(i) Given (Q1,Q2) € Q, we say that z* is Q-stationary with respect to (Q1,Q2) for program (&) if

0€ Vf(z*)+ VP (Q; N (ker VP(z*)" +Q3)).

(ii) We say that z* is Q-stationary for program (@), if z* is Q-stationary with respect to some pair

(Q1,Q2) € Q.

(iii) We say that z* is Qp/-stationary provided that z* is both M-stationary and Q-stationary with
respect to some pair (Q1,Q2) € Q, i.e., there exists a pair (Q1,Q2) € Q such that

0€ Vf(z*)+ VP(z*)" (Q) N (ker VP(2*)" 4+ Q3) N NA(P(2%))) .

Based on the discussion before Definition [3.3, we obtain the following optimality conditions.
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Proposition 3.2 Let z* be a local optimal solution for program (A). If GGCQ holds at z*, then z* is Q-
stationary with respect to every pair (Q1,Q2) € Q. Moreover, z* is Qr-stationary with respect to every
pair (Q1,Q2) € Q. Conversely, if z* is Q-stationary with respect to some pair (Q1,Q2) € Q fulfilling

(I1), then z* is S-stationary and consequently also B-stationary.

Proof. Let z* be a local optimal solution for program (B). Then by Proposition Bl z* is a B-
stationary point, i.e., =V f(2*) € ]\A]].-D (z*). If GGCQ holds at z*, then by (I0) and Definition B3] z*
is Q-stationary with respect to every pair (Q1,Q2) € Q. Moreover, by Proposition 1] it is also an
M-stationary point and hence Qps-stationary. Conversely, suppose that z* is O-stationary with respect
to some pair (Q1,Q2) € Q fulfilling (). Then by definition of Q-stationarity and ([I2), z* is also
S-stationary and B-stationary. O

Now we review the asymptotical version of M-stationarity. Using a simple penalization argument,
[22, Theorem 3.2] showed that any local minimizer z* of MPDC must be AM-stationary for MPDC.
The question is under what conditions, is an AM-stationary point M-stationary? In [22) Definition
3.8], Mehlitz defined the so-called asymptotically Mordukhovich-regularity (AM-regularity for short) and
showed that under AM-regularity, an AM-stationary point is M-stationary. Moreover, for the case of
MPDC, according to the equivalence theorem shown in [22, Theorem 5.3], we can define AM-regularity

as follows.

Definition 3.4 [22 Definition 3.1] Let 2* € Fp. We say that z* is asymptotically M-stationary (AM-

stationary) if there exist sequences {z*}, {e¥} C R™ with z¥ — 2* ¥ — 0 such that
ek e Vf(2F) + VP(F)TNA(P(2F))  Vk.
Definition 3.5 [22, Theorem 5.3] Let z* € Fp. Define a set-valued mapping K : R” = R"™ by means of
K(z) := VP(2)"Npo(P(2%)) Vze€R™
We say that z* is AM-regular if the following condition holds:

limsup K(z) C K(2%),

z—z*

where

limsup K(z) := {y € R"|3 2% = 2*,9* =y, s.t. y* € K(2F) Vk}.

z—z*

Proposition 3.3 ([22] Theorem 3.2 and Theorem 3.9])) Let z* be a local minimizer of MPDC. Then z*

is AM-stationary. Moreover, suppose that z* is AM-regular. Then z* is M-stationary.

Recently, the following directional version of the limiting normal cone was introduced.

Definition 3.6 (directional normal cones) ([35, Definition 2] or [36] Definition 2.3]) Let A C R™ be

closed, z* € A and d € R™. The limiting normal cone to A at * in direction d is defined by

Na(z*;d) := {g e leﬂtk L0,d% 5 d,¢F ¢, st (R e Na(a™ + tpdb) }
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From the definition, it is obvious that the limiting normal cone to A at z* in direction d = 0 is equal to
the limiting normal cone. It is also easy to see that Ny (a*;d) = 0 if d ¢ Ta(z*) and Ny(a*;d) C Na(z*)

for all d. If A is convex, then by [I3, Lemma 2.1], the following relationship holds

Na(z*;d) = Na(z*) N {d}* Vd e Ta(z*). (13)

Definition 3.7 ([37, Definition 3.3]) Let A C R™ be closed, * € A and d € R™. We say that set A is
directionally regular at «* if

Na(z*;d) = Ni(z*;d) Vd,
where N’ (z*;d) := {g e Rm’\ﬁk 10,3dF = d,¢F = ¢, st ¢F e Na(a™ + tkdk)} _TIf A is directionally

regular at any point « € A, we say that the set A is directionally regular.

By [37, Proposition 3.5], any closed convex set is directionally regular. The following calculus rules

will be useful. Tt is a special case of [37, Proposition 3.3].

Proposition 3.4 ([37, Proposition 3.3]) Let A := Ay X Az x --- x A;, where A; C R™i is closed for
i=1,2,---,l and m =my +mg+---+my. Consider a point z* = (x7,--- ,x;) € A and a direction d =
(d1,---,d;) € R™. Moreover, suppose that all except at most one of A; fori=1,--- 1 are directionally

reqular at x}, then

Ta(@*) =Ta,(a7) x - x Ta,(27), Nal(z";d) = Na,(27;d1) x -+ x Na, (273 d1).

Definition 3.8 (directional metric subregularity) ([35, Definition 2.1]) Let F(z) := P(z) — A be
a set-valued map induced by P(z) € A. We say that the set-valued map F is metrically subregu-
lar in direction d at (z*,0) € gphF, where gphF = {(z,y)ly € F(z)} is the graph of F, if there
exist & > 0 and p,d > 0 such that distp-10)(2) < wdista(P(2)), Vz € 2* + V) 5(d), where V, 5(d) :=
{z € B,(0)||||d]|z — ||z]|d|| < &]|z||||d]|} is the so-called directional neighborhood in direction d, and F~*(y) :
{z|y € F(z)} denotes the inverse of F' at y. If d = 0 in the above definition, then we say F is metrically

subregular at (z*,0).

According to [15], when the disjunctive set A := UN AL Al = TI",[al,b!], where al,bl are given
numbers with a! < b}, with possibility of al = —oo and b} = +00, we call (B) the ortho-disjunctive

program. We now recall the following sufficient conditions for directional metric subregularity for the

ortho-disjunctive program.
Definition 3.9 Let z* be a feasible solution to the ortho-disjunctive program.

(a) ([15, Corollary 5.1]) We say that the quasi-normality holds at z* in direction d € L} (z*) if there
exists no ¢ # 0 such that

0=VP(")T¢ ¢ e Na(P(z*); VP(z")d), (14)
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and

3d* — dty L0 st G(Pi(z" + td®) — Py(2%)) > 04f & #0.
We say that the directional quasi-normality holds at z* if the quasi-normality holds at z* in any
direction d € L} (z*).

(b) ([15, Corollary 4.5]) We say that the pseudo-normality holds at z* in direction d € L} (z*) if there
exists no ¢ # 0 such that (I4) holds and

3d* = d ty, L 0 s.t. (¢, P(2* + td®) — P(2*)) > 0.
We say that the directional pseudo-normality holds at z* if the pseudo-normality holds at z* in
any direction d € L2 (2*).

(¢) ([38) Theorem 4.3]) We say that the first-order sufficient condition for metric subregularity (FOS-
CMS) holds at z* in direction d € L' (2*) if there exists no ¢ # 0 such that () holds.

(d) (|38, Theorem 4.3]) Suppose P is second-order differentiable at z*. We say that the second-order
sufficient condition for metric subregularity (SOSCMS) holds at z* in direction d € L} (z*) if there
exists no ¢ # 0 such that (I4]) and the following second-order condition hold

> Gd"VAP(2%)d > 0.
i=1
Note that the concepts of directional quasi/pseudo-normality for the ortho-disjunctive program as

defined in Definition B.9 correspond precisely to the ones introduced for the general set-constrained

optimization problem in [I4]. It was shown in [I5] B8] that the following implication holds:
FOSCMS in d = SOSCMS in d = pseudo-normality in d = quasi-normality in d.

We refer the reader to higher order sufficient condition for metric subregularity and other sufficient
conditions for metric subregularity in [15].

The following result is a directional version of [T4, Corollary 4.1].

Proposition 3.5 ([14, Corollary 4.1]) Suppose that the quasi-normality holds at z* in d € LY} (z*).
Then the set-valued map F(z) := P(z) — A is metrically subregular at (z*,0) in direction d.

We now summarize some first and second order necessary optimality conditions for MPDC in the

following propositions.

Proposition 3.6 ([I3| Theorems 3.3]) Let z* be a local minimizer of problem (@) and d € C(z*), where
C(z*) = {d e L' (z*)|Vf(z*)d < 0} is the critical cone at z*. If F(z) := P(z) — A is metrically
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subregular at (z*,0) in direction d, then M-stationary condition in direction d holds. That is, there exists
¢ such that
0=V/f(z*)+VP()"¢, ¢ e Na(P(z); VP(")d). (15)

Moreover, if f and P are twice differentiable at z*, then there exists ¢ satisfying (I3) such that the second
order condition holds:

d'V2L(2*,¢)d > 0,
where L(z,() = f(z) + P(2)T¢ is the Lagrangian.

We also give a sufficient optimality condition based on S-stationary condition below. One may refer

to [13, Theorems 3.3] for more general sufficient optimality condition.

Proposition 3.7 ([13, Theorems 3.3]) or [I6, Theorem 4.3]) Let z* be a feasible solution for problem ()
where f and P are twice differentiable at z*. Suppose for each 0 # d € C(z*), there exists an S-multiplier

¢ satisfying S-stationary condition
0=Vf(z")+VP()T¢ ¢ e No(P(z"))

and the second order condition

dT'NV2L(2%,¢)d > 0.

Then there is a constant C > 0 and N(z*) a neighborhood of z* such that the following quadratic growth
condition is valid:

f(2)> f(z*) +C|lz — 2" Vz € Fp N N(z%).

In particular, z* is a strict local minimizer of MPDC.

Definition 3.10 (see (31) in [33]) Let d € L'} (2*). We say that LICQ in direction d (LICQ(d)) holds
at z* if

VP(z)"A =0, )€ spanNy(P(z*); VP(z*)d) = A = 0.

Proposition 3.8 ([33] Lemma 7]) Let z* be a local minimizer of problem (3) and d € C(z*). Suppose
that LICQ(d) holds. Then S-stationary condition in direction d holds. That is, there exists ¢ such that

0=Vf(z)+VP(")T¢, ¢ € Npyp(ary) (VP(27)d). (16)

Moreover, the multiplier ¢ is unique.
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4 Optimality conditions for MPSC from the corresponding ones

for MPDC

In this section, we reformulate MPSC as the following disjunctive program and derive the corresponding

optimality conditions from Section [Bl

min f(z) s.t. P(z) € A, (17)
where
P(z) := (9(2),h(2), (G(2), H(2))), A:=RE x {0} x Qg (18)
with the switching cone
Qsc = {(a,b) € R?*|ab = 0}. (19)

Since the switching cone Qg¢ is the union of the two subspaces R x {0} and {0} x R, the cone A is the
union of 2™ convex polyhedral sets.
By a straightforward calculation, we can obtain the formulas for various tangent and normal cones

for the switching cone Qg¢ defined in (I9) as follows.
Lemma 4.1 For all a = (a1,a2) € Qsc we have
{0} xR if a3 =0,a2 #0,
Tosc(a) = Qs if ap =ag =0, )

RX{O} ifalséo,ag:O

RX{O} ifalzo,ag#o,
NQSC (a) = {0} X {0} lf a; = ag = 07 )

{O}XR ifalaéO,agzo

R x {0} if a1 =0,as#0,
NQsc (a) = Qsc if ag =ag =0, )

{O}XR ifalyéO,agzo

R x {0} if a1 =0,a2 #0,d, =0,
{0} xR  if a3 #0,a2 =0,d2 =0,
Nrooo@(d@) = ¢ Rx{0} if a1 =as=0,d; =0,dy #0,
{0} xR if a1 = a2 =0,d1 #0,dy =0,

{O}X{O} ifa1:a2:d1:d2:o,
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RX{O} Z'falz(),CLQ#O,dl:O,
{O}XR ifa17é0,a2:0,d2:(),
Noge(a;d) = Nb,(a5d) = ¢ Rx {0} if a1 =as =0,dy =0,ds £ 0,

{O}XR ifa’l:aQ:Oadl?éoud?:ou

Qsc ifa1=a2=d1=d2=0.

Hence the switching cone Qsc is directionally reqular.

Since R? and {0}¢ are obviously directionally regular and the switching cone Qg¢ is directionally
regular, the calculus rules for tangent and directional normal cones of A as a Cartesian product in
Proposition B4 hold. Hence for any z* such that P(z*) € A, we can obtain the expression for the tangent

cone to A at P(z*) as follows:

Ta(P(2")) = Ter (9(27)) X Tioya(0) X L1 Tase (Gi(27), Hi(27))- (20)

First we study Q and Q) stationary conditions for MPSC. Let P(Z¢, ;) be the set of all (disjoint)

bipartitions of Z¢, ;. For fixed (51, 82) € P(Z¢ ), we define the convex polyhedral cone
QE™ = Tar (9(=")) x {0} x [T
i=1
where 7772 .= Tq , (G4(2*), Hi(2*)) if i € Tt U T}, and

o) (O}XR ifi€p,

R x {0} if i€ fo.

By [20) and the formula for the tangent cone to Qg¢ in Lemma F] it is easy to see that lec’g ?is a
subset of Ty (P(z*)) as required by O-stationarity. Moreover, similarly to [I7, Lemma 3], we can show

that for any (81, 52) € P(Z&y),
(Q56™)° N (QE™)” = Na(P(2").

Hence according to the discussion in Section Bl Q1 := lec’ﬂz, Q2 = ngc’ﬁl would be a good choice
for the Q-stationarity. Similar to [I7, Proposition 4], we can derive the definition of Q-stationarity for

MPSC by using the corresponding definitions for the disjunctive program in Definition B.3] by using
(Q1,Q2) = (lec’ﬁz, Qg@ﬁl). By Definition B3] z* is OQ-stationary with respect to (lec”gQ QBZ’Bl)

“Vf() € VP ((lec’52)°m(kerVP(z*)T+(Q§2c’ﬁl)°)

{Z NVgi(2*) + Z AiVhi(z*) + > (AWVGi(2*) + A VH,(27))

=1

](A’amG, NT) € (Q6™)° N (ker Vp(=")T + (Q47)°) }
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Next we are aiming to find a formula for (leéﬂz)o N (ker vP()T + (Qg@ﬂl)o) in the above. Obvi-
ously, we have (Q5117%)° = Nge (g(2*))xRIx([T:", 771P2)0 and the set (Qggﬁz)oﬁ(ker VP()T + (Q@gﬂl)‘))
consists of all A = (A" A9, XY A\H) such that there exists u = (u”, 9, pu%, pf) € ker VP(2*)T and
(" n?,n%, ) € Q") = Nar (9(2%)) x RT x ([T, 7/*"")° such that

=1 "1
A=t e Q™).
We now analyse the following different cases.

e Equality constraints: We obtain A" = p”* +n* € R?, nh € R, i.e., A", uh € RY.

Inequality constraints: For i € Z*, we have ) = u! + 7/ > 0,7] > 0 or equivalently A} >

max{0, uf }, whereas for i € {1,...,p} \ Z;, we obtain A} = uf = 0.

i € If: Since (Tfl’ﬁ2)° =R x {0}, we obtain A\f =nH =0 and so pff =0.

i € I} Similarly as in the previous case, we obtain A{ = uf = 0.

i € By Since (7772)° = R x {0} and (r7*71)° = {0} x R, we have
A AT = (1) + (0 nf") € R x {0}
and (n,nH) € {0} x R. Equivalently, we obtain A =0 and \¥ = uf.

i € B2: Similarly as in the previous case, we obtain AY = 0 and M\ = pfl.

We now denote two multiplier sets
Rsc = {(NgaﬂhaﬂcaﬂH) ERP x RT x R™ x Rm'ﬂg =0,i= {17 T 7p} \I:;,
pé =0,i€ Ty, pll =0,i eI}

and

p q m
Nsc = {(ug, u'uC o u) € Rse | D piVai(z") + Y uiVhi(z") + Y (uFVGi(2") + pi VHi(2")) = 0} :
i=1 i=1

=1

Based on the discussion above, we can now give the following definition.

Definition 4.1 Let z* € F. We say that z* is O-stationary for MPSC (@) with respect to (81, 82) € P(Z&y) if
there exists multipliers (A9, A", A%, M) € Rsc such that
P q m
0=VF=")+ D MVa(")+ D> ANVhi(z) + Y _(AVGi(z") + A VHi(2"))
i=1 i=1 i=1
and (9, u", u%, pf) € Nsc such that

A > max{pf,0},i € Iy, AT =0, = uf i € B, AT = 0,A] = i’ ,i € Ba.
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It is easy to see that for MPSC, an Q-stationary point is also an M-stationary point. Hence for MPSC,
O-stationary condition coincides with Qas-stationary condition.
Applying Proposition B2] similar to [I7, Proposition 4 and Theorem 5], we have the following optimality

conditions.

Proposition 4.1 Let 2™ be a local optimal solution for MPSC. If GGCQ holds at z*, then z* is Q-stationary with
respect to every pair (B1,2) € P(Z&y). Conversely, if z* is Q-stationary with respect to some pair (B1, B2) €

P(Z&w) such that for every u € Nsc there holds

ps g =0,puf wff =0 V(i) € B x Ba, (21)
pd i =0 V(i,i') € B x B, (22)
pipi =0 V(i,i') € B2 X Ba. (23)
Then z* is S-stationary.
Proof. The first statement follows directly from Proposition We now prove the converse statement.

Suppose that z* is O-stationary with respect to some pair (81,82) € P(Z&y). Then by definition, there exist
(A9, A NG MY € Rso and (1, 1, 1€, p!) € Nsc satisfying the Q-stationary condition. Since by the definition
of Q-stationarity, A7 =0,i € 81 and AY = 0,7 € B2. Soif AY = 0,7 € B1 and AT = 0,i € B2, then z* must be S-
stationary in this case. Otherwise, either there is some j € 1 such that )\]G # 0 or some j € 2 such that )\f # 0.
First consider the case when )\J-G # 0 for some j € pi1. Set (5\97 PR S\H) = (NI —pf N = NG — N — T,
Then
» a_ m ~
0=VF")+ D MVa(")+ > ANVhi(z) + Y _(AFVGi(z") + A VHi(2"))
i=1

i=1 i=1

and

N =0,i¢I;, N >0, €Ty, A =0,i €Ty, A\ =0,i € Z&5, A =0,i € i, A\ =0,i € Ba.

Further, since 0 # )\? = MJG, then by @I) we have uf = 0 Vi € B2 and by @2) we have uf = 0Vi € 81 .
Consequently, 5\? =0, and S\lH = 0 holds for all i € 81 U B2. Hence z* is S-stationary. The proof for the case

when A\ # 0 for some j € f3; is similar and (ZI) and (Z3) are used to derive the result in this case. O

Applying Definition 3.43.5] and Lemma [£.]] we have the following AM-stationary condition and AM-regular

for MPSC.

Definition 4.2 Let 2* € F. We say that z* is AM-stationary of MPSC if there exist sequences {*} C F, {¢*} C
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R™ and multipliers {(A?*, A% A9* AFF)L C RP x RT x R™ x R™ with €¥ — 0, 2" — 2* such that Vk

P q m
VEE) + D MEVG(") + D AEVR(E) + Y (ATPVG(E) + AV H () = €,
i=1 i=1 i=1

M =0,if gi(z") < 0N > 00df gi(2") = 0; ATN =0, if Hi(2") =0 # Gi(z");

IR — 0, if Gi(2") =0 # Hi(zF); XGPAER =0, if Gi(z") = Hi(z") = 0.

Definition 4.3 Let z* € F. Define a set-valued mapping K : R" = R" by means of

(A9, A AG AT CRE x RY x R™ x R™,
P NIV Gi(2) + 30 NiVhi(2) | M =0fori ¢ I,

+3 (AEVGi(2) + NIV H(2)) | A =0for i€ I5, 0 =0 for i € Ty,

NN =0 fori e Ty

We say that z* is AM-regular if the following condition holds:

limsup K(z) C K(z").

z—z*

Applying Proposition 3.3, we have the following conclusion.

Theorem 4.1 Let z* be a local minimizer of MPSC, then z* is AM-stationary. Moreover, suppose that z* is

AM-regular. Then z* is M-stationary.

We now apply Propositions B:6 and [3.8 to MPSC in the form of (). By the expressions for Tx(P(z")) in (20)
and the expression for the tangent cone of the switching set in Lemma [£] the linearization cone of the feasible

region F can be expressed as follows:

L") = {d|VP(z")d € Ta(P("))}
Vgi(2*)d <0 eIy,
Vhi(z*)d =0 i=1-,q
= (deR"| vG(z*)d=0 i €1,
VH;(z)d=0 i€y,
(VGi(2*)d)(VH;(2*)d) =0 i€ Tsy

Denote the critical cone at z* by Cx(z*) := {d € L}*(2*)|Vf(z*)d < 0}. Given d € L}(z*), we define
Z,(d):={i €I, | Vgi(z")d =0},
Te(d) == {i € Toy | VGi(2")d = 0, VH;i(z*)d # 0},
Ti(d) = {i € Ty | VGi(27)d #0, VH;(2")d =0},

Ton(d) == {i € Thy | VGi(2")d = VHi(")d = 0} .

19



Then by the Cartesian product rule in Proposition [3.4] the expressions for the tangent cone and the directional

limiting normal cone to the switching cone in Lemma [£] we have,
NA(P(2"); VP(2")d) = Ngr(9(27); Vg(z")d) x Nyoya(h(z"); Vh(z")d)
X2 Nage ((Gi(2"), Hi(27)); (VGi(2")d, VHi(2")d)),
with
2 =0 i€ Ty UTh(d),
Nose((Gil2"), Hi(2")); (VGi(2))d, VHi(2)d)) = § AF N | A =0 i e TguTs(a),
XX =0 ieTiyd)
Since d € L'(2*) implies Vg;(2*)d < 0 Vi € Z and by (I3)
Ner (9(2"); Vg(2")d) = Ner (9(=")) N {Vg(z")d} -,
for any X9 € Ngr (g(2"); Vg(2*)d), we have that \] = 0 Vi ¢ Z;(d) and \] > 0 Vi € Z;(d). Hence
M >0 ieZy(d), X =0, i ¢I;(d),
M =0 i€ Ii UTx(d),

Na(P(z"); VP(z")d) = ¢ (A, A", 29,0 . (24)
M=o i€ TEL UTE(d),

AN =0 ieTip(d)
Based on the directional M-stationary condition (Il and directional S-stationary condition (I6]), we now define

the directional version of the W, S, M-stationarity for MPSC.

Definition 4.4 Let z* be a feasible solution of MPSC and d € Cx(z"). We say that z* is a W-stationary point

of MPSC (@) in direction d if there exists (A7, A", A®, M) such that

q m

0=VF)+ D MVaGE")+ D AVhi(z") + > _(ATVGi(z") + A VH(2")), (25)
€T} (d) i=1 i=1

N >0, i €Zi(d), A =0, i €Ty UZp(d), A\ =0, i € Z& UTE(d). (26)

We say that z* is a M-stationary point of MPSC (@) in direction d if there exists (A?, A", A%, A¥) such that
@8)-@8) hold and AFA? =0, i € Ty (d).
We say that z* is a S-stationary point of MPSC (@) in direction d if there exists (A7, \*, A%, ) such that
@5)-(286) hold and Y =\ =0, i € Z¢ 4 (d).
Using the formula in ([24]), we have
N=0 igTd),
spanNa(P(2"); VP(2")d) = { (A N AN | A6 =0 e Ty uTy(d),
M =0 ieTHUTL().
Hence based on Definition [3.10} we define the following directional version of the MPSC-LICQ.
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Definition 4.5 Let z* be a feasible solution of MPSC (@) and d € L'¥(z*). We say that the MPSC-LICQ in
direction d (MPSC-LICQ(d)) holds at z* if and only if the gradients
{Vgi(z")li € Zg(d)} U{Vh;(z")]j = 1,2, ,q} U{VGi(z")]i € I UL(d) ULgu(d)}

U{VH,;(z")|i € Z5; UZF(d) UZEm(d)}
are linearly independent.

Since Z;(0) = Z;, Zt5(0) = Z7(0) = @ and Z¢& 5 (0) = L&y, it is easy to see that MPSC-LICQ(0) is exactly the
MPSC-LICQ.
It is easy to see that MPSC is an ortho-disjunctive program. Hence by Definition [3.9] it is easy to see that the

directional quasi/pseudo-normality for constraint system of MPSC (2] can be rewritten in the following form.

Definition 4.6 Let z* be a feasible solution of MPSC ([@)). z* is said to be MPSC quasi- or pseudo-normal in

direction d € L}*(2*) if there exists no (A7, A", A%, A#) # 0 such that
(i) 0=Vg(z*) "N + Vh(z") "M + VG (z*)'\C + VH(z*)T )\,
(i) N >0,i € Z;(d); N = 0,5 ¢ Z;(d); A\ = 0,i € TE UTE ()N = 0,0 € T Uy (d); WA = 0,4 € TE g (d);
(iii) 3d* — d and t) | 0 such that
Ngi(z* +trd™) >0, if X! £0,

MNohi(z* +td®) > 0, if A} £0,

NG (2" + tpdF) > 0, if AF #0,

MTH (2" 4 txd®) > 0, if AT #£0,

or
AT (" + ted®) + N h(2" + trd®) + AT G (2" + thd®) + NTTH (2" + thd®) > 0,
respectively.

z* is said to be directionally quasi- or pseudo-normal if it is quasi- or pseudo-normal in all directions from L (z*).

Note that MPSC quasi/pseudo-normality in direction d = 0 coincides with MPSC quasi/pseudo-normality
defined as in [I1] and when d # 0, the directional one is weaker.

We now apply Definition B9 to obtain FOSCMS/SOSCMS for MPSC.

Definition 4.7 Let z* be a feasible solution of MPSC @) and d € LY¥(z*). We say that MPSC first or-
der sufficient condition for metric subregularity (MPSC-FOSCMS) in direction d holds at z* if there exists no

(A9, N NG XY £ 0 such that (i)-(ii) in Definition holds.
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Note that MPSC-FOSCMS in direction d = 0 coincides with the MPSC-NNAMCQ defined as in [3] and when

d # 0, MPSC-FOSCMS is weaker than MPSC-NNAMCQ.

Definition 4.8 Let z* be a feasible solution of MPSC @) and d € L}*(z*). We say that MPSC second-
order sufficient condition for metric subregularity (MPSC-SOSCMS) in direction d holds at z* if there exists

no (A9, A", X6, A1) =£ 0 such that (i)—(ii) in Definition 8] hold and
d'V2LO (2, A0, 0\ NG A d > 0,
where £°(z, A, A" X9 X)) i= (M, g(2)) + (A", h(2)) + (A9, G(2)) + (AT, H(2)).

The following result follows from Propositions [3.6H3.8l The reader is referred to Figure 3 for sufficient condi-

tions for MPSC quasi-normality.

Theorem 4.2 Let z* be a local minimizer for MPSC (3) and let d € Cr(z"). If MPSC-LICQ(d) holds, then
z* is an S-stationary point in direction d. If MPSC quasi-normality holds at z* in direction d, then z* is an
M-stationary point in direction d. If f and F are twice differentiable at z* then there exist an M-multiplier in

direction d denoted by (A9, A", A M) such that the second-order condition holds:
dTVEL(2T NN A A Yd > 0,

where L(z, A9, X", XN = £(2) 4+ (M9, g(2)) + (\", h(2)) + (A\C, G(2)) + (WP, H(2)). Conversely, suppose that z*
is a feasible solution to MPSC and for each 0 # d € Cr(2*), there is an S-multiplier denoted by (A9, A", AF, \H)
and the second-order condition

d'V2L(z* NN A Yd > 0

holds, then z* is a strict local minimizer of MPSC.

For MPEC, Gfrerer [I3] pointed out that the extended M-stationary condition (which means the directional
M-stationary condition holds at every critical direction) is usually hard to verify and introduced the strong M-
stationary condition to build a bridge between M-stationarity and S-stationarity. Similarly we can propose a
concept of strong M-stationary condition in a critical direction. In what follows we denote by r(z*; d) the rank of
the family of gradients

{Vgi(z")li € Zg(d)} U{Vh; (z")]j = 1, - ,q} U{VGi(2)]i € I UL (d) U Lo (d)}
U{VH;(z")|i € 5 UZ{(d) UZE R (d) ]
Definition 4.9 A triple of index sets (Jy, Jo, Ju) with J, C Z;(d), Jo C I ULE(d) UG (d), Ja C Ly Uy (d)U

Z&p(d) is called an MPSC working set in direction d for MPSC @), if Jo U Jg = {1,2,--- ,m},
[ Jol +aq+ |Ja| + [ Ju| =r(z";d),
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and the family of gradients

{Vgi(z)i € Jg} U{Vh;z)j=1,---,¢} U{VGi(z")|i € Jg} U{VH;(z")|i € Ju}

is linearly independent.
The point z* is called strongly M-stationary in direction d for MPSC (@), if there exists an MPSC working
set (Jy, Ja, Ju) in direction d together with A = (A%, A", \¢ A7), an M-multiplier in direction d, satisfying
Al =0ief{l,---,p}r\ Jg,
A =0,i€{1,--,m}\ Ja,
M =0ie{l,-,m}\ Ju,

N =2\ =0,ieJenJu.
Similarly as in [13] Theorem 4.3], we have the following result.

Theorem 4.3 Assume that z* is M-stationary in direction d € Cr(z") for MPSC (2) and assume that there

exists some MPSC working set in direction d. Then, z* is strongly M-stationary in direction d.

Theorem 4.4 Let z* be feasible for MPSC (3) and assume that MPSC-LICQ(d) is fulfilled at z*. Then z* is

strongly M-stationary in direction d if and only if it is S-stationary in direction d.

Proof. The statement follows immediately from the fact that under MPSC-LICQ(d) there exists exactly one

MPSC working set and this set fulfills J, = 75 (d), Jo = Z& UZE(d) UZER(d), Ju = T U T (d) UZE(d). O

In [3] Example 5.2], it was shown that the optimal solution of the following problem is M-stationary but not
S-stationary. But we can show that MPSC-LICQ(d) holds at z* and z* is S-stationary in any nonzero critical

direction.
Example 4.1 [3| Example 5.2] Consider the following optimization problem

. 2
min 21+ 25

s.t. —214+22<0, 21220 =0.

Its unique global minimizer is given by z* := (0,0). The linearization cone and critical cone of this problem at z*

are given by

h
wg
5

Il

{d € R?| = d1 + do < 0,d1d> = 0},

Q
2
I3

*
I

{d €R?| —di +ds < 0,drd2 = 0,dy <0} = {d € R?*|d1 = 0,d> < 0}.
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Qr-stationary S-stationary

l S-stationary in direction d‘

Q-stationary l
lstrongly M-stationary in direction d‘

l M-stationary }(—{ M-stationary in direction d ‘

l linearized M-stationary ‘ l AM-stationary ‘

Fig.2 Relation among stationarities

Define g(z) := —z1+ 22,G(2) := 21, H(2) 1= z2. Let 0 # d € Cr(2"), then Z;(d),Z5(d),Z5p (d) are all empty but
the index set Z5(d) = {1}. Hence MPSC-LICQ(d) holds at z*. It is easy to check that z* is indeed S-stationary

in any direction 0 # d € Cr(z").

The strong M-stationarity in direction d builds a bridge between M-stationarity in direction d and S-stationarity

in direction d. We summarize the relations among the various stationarity concepts in Figure 2.

5 Error bound and exact penalty for MPSC

In this section we show the error bound property under two types of constraint qualifications: one is based on
the local decomposition approach and the other is based on the directional quasi-normality.
First we discuss the local decomposition approach. Let P(Z¢ g ) be the set of all (disjoint) bipartitions of Z¢ .

For fixed (81, f2) € P(Z&y), define

NLP(B1,82) min  f(2)

s.t. g(2) <0,h(2) =0,Gi(2) =0, i € Z& U B1, Hi(2) =0, i € Tz U Ba.

Definition 5.1 Let z* be a feasible point of MPSC (2)). We say that z* satisfies

e MPSC piecewise MFCQ/CRCQ/CPLD/RCRCQ/RCPLD/CRSC, if for each (51,82) € P(Z&y), MFC-

Q/CRCQ/CPLD/RCRCQ/RCPLD/CRSC holds for (NLP(B1, B2)) at 2*.

We now compare the piecewise constraint qualifications just defined with MPSC-MFCQ/-CRCQ/-CPLD as
defined in subsection It is easy to see that if MFCQ/CRCQ/CPLD holds for (TNLP) at z* then for any
(B1,P2) € P(Zeu(z")), MFCQ/CRCQ/CPLD holds for (NLP(81,f2)) at z*. Hence MPSC-MFCQ/-CRCQ/-
CPLD implies MPSC piecewise MFCQ/CRCQ/CPLD.

MPSC piecewise MFCQ/CRCQ/CPLD does not imply MPSC-MFCQ/-CRCQ/-CPLD. For example, consider

MPSC with constraint system G(z) = —z1, H(z) = 21 — 2723 at 2* = (0,0). VG(z) = (-1,0)",VH(z) =
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(1 — 22123, —22%2). For (TNLP), CPLD does not hold at z*, but for (NLP(81,32)), LICQ holds at z*, then
MFCQ/CRCQ/CPLD holds at z*. This counter example shows that MPSC piecewise MFCQ/CRCQ/CPLD is
strictly weaker than MPSC-MFCQ/-CRCQ/-CPLD.

Since piecewise constraint qualifications are required to hold for all pieces, they may be harder to verify than
the non-piecewise version. However sometimes, these two concepts may be equivalent. For example, it was shown
in [39] that MPSC piecewise RCPLD is equivalent to MPSC-RCPLD.

In Theorem [E.1] we will show that MPSC piecewise CRSC which is the weakest one among all the piecewise
constraint qualifications introduced will imply the error bound property. For this purpose, we first give the

following definition for local error bound property of MPSC ().

Definition 5.2 We say that MPSC local error bound holds around z* € F if there exists a neighborhood V'(z*)

of z* and o > 0 such that
q m
distr(z) < a <Z max{gi(z),0} + Z [h;(2)| + Zmin{|Gi(z)|7 |H1(z)|}> Vz € V().
j=1 i=1

Theorem 5.1 If z* € F verifies MPSC piecewise CRSC, then MPSC local error bound holds in a neighborhood

of z2*.

Proof. Recall that the definition of MPSC piecewise CRSC means that for any (51, 32) € P(Z&y), CRSC holds
for nonlinear programs (NLP(f1,82)) at z*. When i € Z¢,, |Hs(2")| > |Gi(2")| = 0, there exists a neighborhood
Va(z") of z* such that |H;(z)| > |G;(z)], then we have min{|G;(2)|, |Hi(2)|} = |Gi(z)|, for i € Z§ and z € Vg(z").
Similarly, there exists a neighborhood Vi (z*) of z* such that min{|G;(2)|, |Hi(2)|} = |Hi(z)|, for i € I3 and
z € Vu(z"). Thus by [31, Corollary 4.1] we have that for (81, 82) € P(Z¢&y), there exist a neighborhood Vi, 5, (2)
and a constant ag, g, such that

P
distr(z) < op 8 | D max{gi(z) 0}+Z|h1 N+ D G|+ Y [Hiz
i=1

ZEI* UpBy ZEI* UBa

= QBB ZmaX{gi(ZLO}JrZWj(Z)l + > min{|Gi(2)], [Hi(2)|}

€Ty
+ > min{|Gi(2)], [Hi(2)]} + D 1Gil2)[ + Y [Hi(=)] ] .
€Ly i€p1 i€ B2
for all z € Vj, g, (2"). Taking a := max(g, p,)ep(zs,,) 6162, V(27) = Ny 80)eP(zs,) VB1.82(27), we get for all
z e V(z")

distr(2) < a | Y- max{gi(2), 0} + 3" |hy(2)] + 3 min{|Gi(2)], [H:(2)]}

€Ty

+ > min{|Gi(2)], [Hi(2) [} + D [Ga(2)| + > [Hi(2)

€Ty i€B1 1€ B2
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Finally, it holds for all (51, 82) € P(Z&y)- Set
B1(2) :={i € Ignl|Gi(2)| = min{|Gi(2)|, [Hi(2)[}},  B2(2) :=Tan \ Bi(2),
then (81 (2), 55 (=) € P(Tan).

Then we have

distr(2) <a [ > max{gi(2),0} + > [h;i(2)| + Y min{|Gi(2)|,|Hi(2)|}
i=1 j=1 €Ty
+ > min{|Gi(2)], [Hi(2)[} + Y min{|Gi(2)], [Hi(2)|}

€Ty 1€87 (2)

+ Z min{|Gi(2)|, |H:(2)|}

i€B3(2)
=a <Zmax{gi(z),0} + 27 hi ()] + D min{|Gi2)], |Hi(z)|}> .

This completes the proof.

O

Now we discuss the second approach based on the directional quasi-normality. First we need the following

calculation.

Lemma 5.1 Under the l1-norm, the distance functions are given by the following expressions for a,b € R :

dist(_s,0)(a) = max{a,0}, distoy(a)=|al,

aorb a=b2>0,
b la| > b >0,
) ) —-b la| > —b >0,
distosc ((a,b)) = min{lal, [b]} =
a |b] > a >0,
—a [b] > —a >0,

—aor —b a=b<0.

Theorem 5.2 Let z* € F such that MPSC directional quasi-normality holds. Then MPSC local error bound

holds in a neighborhood of z*.

Proof. If MPSC directional quasi-normality holds at z*, then by [14, Corollary 4.1], the set-valued map F(z) :=

P(z) — A is metrically subregular at (z*,0). By the definition of metric subregularity, there exist « > 0 and a

neighborhood N(z*) of z* such that
dist p—1(0)(2) < adista(P(z)) Vz e N(z%).

Recall the distance functions in Lemma [5.]] we complete the proof.

O

By Clarke’s exact penalty principle [40] Proposition 2.4.3], we obtain the following exact penalty result im-

mediately.
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MPSC-LICQ(d) LF MPSC-LICQ MPSC Linear CQ

|MPsc piecewise MFCQ |<—{ MPSC-MFCQ | MPSC-CRCQ
[
l MPSC-FOSCMS in direction d l<_* MPSC-NNAMCQ ‘ l MPSC-CPLD l l MPSC piecewise CRCQ ‘
[ MPSC-SOSCMS in direction d| [ MPSC piecewise CPLD | [MPSC piecewise RCRCQ |

l MPSC pseudo-normality ‘

l MPSC piecewise CRSC H MPSC piecewise RCPLD ‘

l MPSC pseudo-normality in direction d‘

l MPSC quasi-normality ‘

MPSC-RCPLD

AM-regularity

Fig.3 Relation among CQs, stationary conditions and error bounds for MPSC

l MPSC quasi-normality in direction d }—)’ Metric subregularity /Error bound‘
1

1

l M-stationarity in direction dl

M-stationarity

Theorem 5.3 Let z* be a local optimal solution of MPSC (3). If either MPSC directional quasi-normality or

MPSC piecewise CRSC holds at z*, then z* is a local optimal solution of the penalized problem:

m

min () + Lyor | 3" max{0,g(=}) + 3 [hs()] + > min{Gi(2)] ()]}

where « is the error bound constant and Ly is the Lipschitz constant of f around z*.

6 Conclusions

In Figure 3, we give a diagram displaying the relations of various constraint qualifications, stationary conditions
and error bounds. Note that in the diagram, the arrows pointing to stationary points only hold for local optimal
solutions. MPSC Linear CQ means all defining constraint functions g, h, G, H are all affine. The relation between
MPSC piecewise RCPLD and MPSC-RCPLD can be checked easily by using definitions. The proof of relation be-
tween MPSC-RCPLD and AM-regularity is similar to [20, Theorem 4.8]. To obtain all other relationships, we use
definitions and the results presented here together with the results from [3] 11 [14] [38]. From the diagram, we can
see that directional conditions in a nonzero critical direction d are weaker than the corresponding nondirectional

ones.
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