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A block inertial Bregman proximal algorithm for nonsmooth nonconvex problems
with application to symmetric nonnegative matrix tri-factorization

MASOUD AHOOKHOSH!, LE THI KHANH HIEN?. NICOLAS GILLIS?, AND PANAGIOTIS PATRINOS'

ABsTRACT. We propose BIBPA, a block inertial Bregman proximal algorithm for minimiz-
ing the sum of a block relatively smooth function (that is, relatively smooth concerning
each block) and block separable nonsmooth nonconvex functions. We prove that the se-
quence generated by BIBPA subsequentially converges to critical points of the objective
under standard assumptions, and globally converges when the objective function is addi-
tionally assumed to satisfy the Kurdyka-FLojasiewicz (KL) property. We also provide the
convergence rate when the objective satisfies the Lojasiewicz inequality. We apply BIBPA
to the symmetric nonnegative matrix tri-factorization (SymTriNMF) problem, where we
propose kernel functions for SymTriNMF and provide closed-form solutions for subprob-
lems of BIBPA.

1. INTRODUCTION

This paper is concerned with the minimization of the sum of a block relatively smooth
(see Definition 2.2), and a block separable (nonsmooth) nonconvex function. Although this
problem has a simple structure, it covers a broad range of optimization problems arising
in signal and image processing, machine learning, and inverse problems. In our block-
structured nonconvex setting, the most common class of methodologies is first-order ones,
where the central to their convergence analysis is the so-called descent lemma in both the
Euclidean setting (e.g., [1, 11, 12, 36, 38]) and the non-Euclidean one (e.g., [10, 35, 48]).
While for the Euclidean case, the descent lemma is guaranteed if the function has Lipschitz
continuous gradients, in the non-Euclidean setting it holds for relatively smooth functions
encompassing the class of smooth functions with Lipschitz gradients.

In the Euclidean setting, there are large number alternating minimization algorithms
for handling our structured problem such as block coordinate methods [13, 14, 37, 46,
47] and Gauss-Seidel methods [8, 15, 28], proximal alternating minimization [5, 7], and
proximal alternating linearized minimization [19, 41, 43]. In the non-Euclidean setting,
several algorithms have been proposed, namely, Bregman forward-backward splitting [3,
9, 10, 20, 35, 45], accelerated Bregman forward-backward splitting [29, 31], stochastic
mirror descent methods [30], Bregman proximal alternating linearized minimization [2].
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In order to establish the global convergence of generic algorithms for (nonsmooth) non-
convex problems, one needs to assume that the celebrated Kurdyka-tojasiewicz inequality
(see Definition 3.10) is satisfied as a feature of the underlying problem’s class. The earliest
abstract convergence theorem was introduced by Attouch et al. [6] and by Bolte et al. [19],
relying on the following conditions that an algorithm should satisfy: (i) sufficient decrease
condition of the cost function; (ii) subgradient lower bound of iterations gap; (iii) subse-
quential convergence. These conditions are shown to be satisfied by many algorithms [6].
In [19], these conditions were extended for proximal alternating linearized minimization.
In the case of inertial proximal point algorithms [40, 41], it was shown that some Lya-
punov function satisfies the sufficient decrease condition, which leads to a generalization
of the abstract convergence theorem. A generalization of this theorem was introduced for
variable metric algorithms in [26], which has been recently extended for inertial variable
metric algorithms [39]. In this paper, we show that the results of [39] can cover the global
convergence of algorithms in non-Euclidean settings.

1.1. Contribution. Our contribution is twofold:

1) (Block inertial Bregman proximal algorithm) We introduce BIBPA, a block generaliza-
tion of the Bregman proximal gradient method [19] with an inertial force. We extend the
notion of relative smoothness [10, 35, 48] to its block version (with different kernels for
each block) to support our structured nonconvex problems. Notably, these kernel functions
are block-wise convex, a property that does not necessarily imply their joint convexity for
all blocks. Unlike the global convergence theorem in [6, 19] that verifies the sufficient de-
crease condition and subgradient lower bound of iterations gap on the cost function, for
BIBPA these properties hold for a Lyapunov function including Bregman terms (see the
equation (3.8)). Then, the global convergence of BIBPA is studied under the KL property,
and its convergence rate is studied for Lojasiewicz-type KL functions.

2) (Globally convergent scheme for solving the SymTriNMF problem) With appropriate
selection of kernel functions for Bregman distances, it turns out that the objective of the
symmetric nonnegative matrix tri-factorization (SymTriNMF) problem is block relatively
smooth, and the corresponding subproblems can be solved in closed form, an important
property when dealing with machine learning problems that include a large number of
variables. To the best of our knowledge, BIBPA is the first scheme with a rigorous theoret-
ical guarantee of convergence for the SymTriNMF problem.

1.2. Related works. There are three papers [2, 50, 51] that are closely related to this
paper. In [2], we introduced a multi-block relative smoothness condition that exploits a
single kernel function for all blocks, while in the current paper we assume a block relative
smoothness condition allowing a different kernel function for each block. Moreover, our
algorithm BIBPA involves dynamic step-sizes and inertial terms for each block that makes
our derivation and analysis different from those of [2]. Beside of the algorithmic differences
with [50], we use nonseparable (nonconvex) kernels as apposed to the separable convex
kernel used in [50] for each block. An inertial Bregman proximal gradient algorithm was
presented in [51] for composite minimization that does not support our block structure
nonconvex problems and therefore is different in derivation and analysis concerning our

work.
1.3. Organization. The remainder of this paper is organized as follows. While Section 2

discusses the problem statement and the block relative smoothness, Section 3 introduces
and analyzes a block inertial Bregman proximal algorithm (BIBPA). In Section 4, it is
shown the BIBPA’s subproblems are solved in closed form. Some conclusion are delivered
in Section 5.
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2. PROBLEM STATEMENT AND BLOCK RELATIVE SMOOTHNESS

We consider the structured nonsmooth nonconvex minimization problem

N

minimize ®(x) = f(x) + Z gi(xi), Q2.1
xeC i1

where C is a nonempty, convex, and open set in R” and C denotes its closure. Setting

n= Zf\;l n;andi=1,..., N, we assume the following hypotheses:

Assumption I (requirements for composite minimization (2.1)).

Al g R — R:=RU {oo} is proper and lower semicontinuous (Isc);

a2 h; i R" > Ris i-th block Legandre, intdom/; = ... = intdom hy, C C domh,, and

domgNC #0withg =YY g

A3 f:R" = RisC'(intdomh;) and (L, . .., Ly)-smooth relative to (1, ..., hy);

A4 argmin {d)(x) |x € 6} # 0.

2.1. Notation. We denote by R := RU{co} the extended-real line. We use boldface lower-

case letters (e.g., x, y, z) for vectors in R” and use normal lower-case letters (e.g., z;, X;,

y;) for vectors in R", for n; € IN. For the identity matrix I,, we set U; € R™" such that

I, = (Uy,...,Uy) € R™", The set of cluster points of (x")ke]N is denoted as w(x%). A

function f : R” — R is proper if f > —co and f # oo, in which case its domain is defined

as the setdom f = {x € R" | f(x) < oo}. A vectorv € df(x) is a subgradient of f at x, and

the set of all such vectors is called the subdifferential 9 f(x) [42, Definition 8.3], i.e.

af(x) = v e R" | A w9 st xF > x, f(2) > f(x), afh) 3 vk > v,
where gf(x) is the set of regular subgradients of f at x, namely

3f(x) =y € R"| f(2) 2 f(x) + (v.2— x) + o(llz - xI|). Yz € R"}.

2.2. Block relative smoothness. We first describe the notion of block relative smoothness,
which is an extension of the relative smoothness [10, 35]. To this end, we introduce the
notion of block kernel functions, which coincides with the classical one (cf. [3, Definition
2. 1) for N = 1.

Definition 2.1 (i-th block convexity and kernel function). Let i : R" — R be a proper and
lower semicontinuous (Isc) function with intdom h # 0 and such that h € C'(intdom ).
For a fixed vector x e R" and i € {1, ..., N}, we say that h is
(i) i-thblock (strongly/strictly) convex if the function h(x+U;(-—x;)) is (strongly/strictly)
convex for all x € dom h;
(ii) a i-th block kernel function if i is i-th block convex and h(x + U;(- — x;)) is 1-coercive

forall x € domh, i.e., limyy_,q, LG - oo,
< llz1l

(iii) i-th block essentially smooth, if for every sequence (xk)kEJN C intdom h converging
to a boundary point of dom h, we have (IV:h(x%)|| — oo
(iv) i-th block Legendre if it is i-th block essentially smooth and i-th block strictly convex.

Let & : R" — R be a Legendre function. Then, the classical definition of Bregman
distances (cf. [23]) leads to the function D;, : R” X R* — R given by

h(y) — h(x) — (Vh(x),y —x) if y € dom h, x € intdom £,

00 otherwise. 22)

D;(y,x) = {
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However, in the remainder of this paper, we extend this definition for the cases that 4 is
only an i-th block Legendre function. Fixing all blocks except the i-th one, the Bregman
distance (2.2) will reduce to Dy, (x+U;(y;—x;), X) = h(x+U;(y;—x;)) —h(x)—(V;h(x), y;— x;),
which measures the proximity between x + U;(y; — x;) and x with respect to the i-th block of
variables. Moreover, the kernel / is i-th block convex if and only if D, (x+ U;(y;—x;),x) > 0
for all x + U;(y; — x;) € dom h and x € intdom /. Note that if / is i-th block strictly convex,
then Dy(x + U;(y; — x;), x) = 0 if and only if x; = y;.

We are now in a position to present the notion of block relative smoothness, which is
the central tool for our analysis in the next section.

Definition 2.2 (block relative smoothness). For i € [N], let h; : R" — R be i-th block
kernel functions and let f : R" — R be a proper and Isc function. If there exists L; > 0,
i € [N], such that Lihi(x + U;(z— x;)) — f(x + Ui(z— x;)) are convex for all x,x + U;j(z— x;) €
intdom h;, then, f is called (L, ..., Ly)-smooth relative to (A, ..., hy).

Note that if N = 1, the block relative smoothness is reduced to standard relative smooth-
ness [10, 35]. If f is L-Lipschitz continuous, then both /2| - I1? - f and L/2|| - I1? + f are
convex, i.e., the relative smoothness of f generalizes the notions of Lipschitz continuity.
ProposEion 2.3 (characterization of block relative_smoothness). Fori=1,...,N, leth; :
R" — R be i-th block kernels and let f : R* — R be a proper Isc function and f € C'.
Then, the following statements are equivalent:

(a) (Ly,...,Ly)-smooth relative to (hy, ..., hy);

(b) forall (x,y) € intdom i; X intdomh; andi=1,...,N,

SO+ Ui — x) < f(x) +(Vif(x),yi — x;) + Li D, (x + Ui (y;i — x;), X); (2.3)
(c) forall (x,y) € intdomh; X intdomh; andi=1,...,N,
Vif(x) = Vif(y), xi — yi) < L{Vili(x) = Vihi(y), xi — yi); (2.4)
(d) if f € C*(intdom f) and h € C*(int dom h;), then
LV: hi(x)- V2 f(x)>=0, VYxeintdomh;, i=1,...,N. (2.5)

Proof. The proof is a straightforward extension of those given in [35, Proposition 1.1], by
fixing all the blocks except one of them. O

2.3. Motivating example: symmetric nonnegative matrix tri-factorization. We con-
sider a symmetric matrix X € R™" and aim to decompose it in the form X = UVUT,
where U € R} and V € R} This translates to the minimization of %HX -UvU T||12p for
U,V > 0, leading to the unconstrained problem

. Iy _ T2
peinSIX = UVUTIG + 8020 +0vo. (2.6)

Proposition 2.4 (block relative smoothness of SymTriNMF objective). Let functions h; :
R™ x R™ — R and hy : R™" x R™" — R be strongly convex kernel functions as

hi(U, V) := LVIZIUIG + ZAXIFIVIF + DU, 2.7
(U, V) == %(IIUIIE + &2)IVIIG. (2.8)

with g1, &, > 0. Then the function f : R™"XR™" — ﬁgiven by f(U,V) := %IIX—UVUTII%
is (L1, Ly)-smooth relative to (hy, hy) with

Lyzmax{® 2} and Ly>1. (2.9)

a;’ b



A block inertial Bregman proximal algorithm 5

Proof. Plugging the partial derivative Vy f(U,V) = -XUVT - XTUV + UVUTUVT +
UVTUTUYV into the definition of directional derivative, we obtain

V2, f(UV)Z==2XZVT + UVUTZV + UVZTUV + ZVUTUVT
+UVTUTZV + UVTZTUV + ZVTUTUV,
which consequently leads to
(Z, V2, f(U,VZ)= =2Z,XZV") +(Z,UVUTZV) +(Z,UVZTUV) +(Z,ZVUTUVT)
HZ,UVTUTZVY +(Z, UVTZTUV) +(Z,ZVTUTUV)
< (2X1 VI + SIUIPIVIP)IZIE.

On the other hand, from Vyh(U, V) = (011||U||12,||V||fr + b1 (IXIIF IVIIF + el))U, we have

V(U V)Z = 2aiIVIFU, 2))U + (allIVIFIUIG + b1 (IX1E IVIE + £1)Z,

implying that

(Z, V2, (U, V)Z)2 (alIVIEIUIE + br(IXIlE IVIF + 20))IZI2

2 (allVIPIUIR + by (X1 VI + £0)IZIE..
Therefore, the inequality
(Z, (L Vyym (U, V) = Vi, f(U, V)Z)
> ((Liar = OWVIFIUIP + (Libi = DIXT VI + &1 L1 1217 2 0

holds if Lya; —6 > 0 and L1b; — 2 > 0, as claimed.

It follows from Vy (U, V) = UTXU + UTUVUT U that
Vuf(U +1Z,V) = Yy f(U, V)
t
leading to the inequality (Z, V2, f(U, V)Z) = (Z,UTUZU" Uy < ||U|*|IZI%. Now, using

Vyha(U, V) = ax(JlUN}* + £2)V, we get (Z, Vi ha(U, V)Z) = ax(IIUI* + 2)IZIE, i.e.,

V2, f(U, V)Z = lim - UTUuzU'U,

(Z, LV ha(U, V) = Vi, (U, VZ) = ((Laaz = DIUI* + £2L0)IZIIF > 0
if Lya; — 1 > 0, giving our desired results. O
3. BLOCK INERTIAL BREGMAN PROXIMAL ALGORITHM

This section discusses our algorithm, starting from the prox-boundedness extension
[42].
Definition 3.1 (block prox-boundedness). A function g : R” — R is block prox-bounded
ifforeachi € {1,..., N} there exists y; > 0 and x € R" such that

inf {g(x + Ui(z — xp)) + yl Dy, (x + Ui(z - x,-),x)} > —o0.

z€R%
The supremum of the set of all such vy; is the threshold yff " of the block prox-boundedness,

y'.” = sup {y,» :dx e R", inf {g(x +Uiz=x))+ L Dp(x+ Uiz — xi),x)} > —oo}.
L8 z€R"i Yi !

7i>0
3.1
Proposition 3.2 (characteristics of block prox-boundedness). For h; : R" — R and proper
and lsc functions g; : R — R (i = 1,...,N), the following statements are equivalent:

(a) g = Zﬁi 1 & 1s block prox-bounded;
(b) foralli=1,...,N, gi+rihi(x+Uj(z—Xx;)) is bounded below on R" for some r; € R;
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(c) foralli=1,...,N, iminf;_c §@/n+U;c-x)) > —00.
Proof. The proof'is a straightforward adaptation of [2, Proposition 2.7]. O
For a given points x¥, x*~! € R" and o > 0, let us define the function M, s - dom /g X
intdom /; x intdom /; — R given by
N
ok -
M, 267 = (V) = S = D, x = 6+ D (X + ) g (32)

i=1
and the block inertial Bregman proximal mapping T, : intdom /; X intdom /; =3 R" as

T, (x*, ") ;= argmin M, (x" + Ui(z - ), x*, 1)

zeR%
) ok ~ (3.3)
= argmin (Vif (x) = 3£} = %171, 2= x) + 57 Dy, (08 + Uitz = ). 2 + 8i(2),
zeR"i i i
which is set-valued by nonconvexity of g; (i = 1,...,N), and it reduces to the inertial

Bregman forward-backward mapping for N = 1; cf. [21]. For a given sequence (x*) N> WE
introduce the following notation

ki ._ 1 k+1
= A L), (3.4)
i.e., x*0 = x* and x*N = x**! Using this notation and the mapping (3.3), we next introduce

the block inertial Bregman proximal algorithm (BIBPA); see Algorithm 1.

Algorithm 1 (BIBPA) Block Inertial Bregman Proximal Algorithm

InpUT x" € intdomhy, I, = (Uy,...,Uy) € R™" with U; € R™ and the identity
matrix I,,, k = 0.

1: while some stopping criterion is not met do
kO — ok

2: x*0 = xk,
3 fori=1,...,N do choose y* and o as Prop. 3.5 and compute

xf."i € Thl/yk(xk’i’l,xk’l), xbd = kil 4 Ui(xf’i - xf."’;l); 3.5)
4: X = x5k =k+1;

Outputr A vector xF.

In order to verify the well-definedness of the iterations generated by BIBPA, we next
investigate some important properties of the mapping T, e

Assumption IL. Forallz € T,l/_/y/*(x,y) andy¥ € (0,/L), x+Uj(z—x)) e Candi=1,...,N.
Proposition 3.3 (properties of the mapping T, 0)» Under Assumption I and Assumption
11, y{.‘ € (0, yf.f‘g)for i € [N], and x*, x*~! € intdom h, the following statements are true:
(i) Thl M(xk, xk‘l) is nonempty, compact, and outer semicontinuous;
(ii) dom Th’ "= intdom /; X int dom /;;
(iii) Ifxf."i € Th‘/yk(xk’[’l, xk’l)for yf.‘ € (0, Y1,), then x*' € int dom h;.
Proof. The proof follows from [2, Proposition 2.10] and Assumption II. (]

In the subsequent lemma, we show that the cost function @ satisfies some necessary
inequality that will be needed in the next result.
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Lemma 3.4 (cyclic inequality of the cost). Let Assumption I and Assumption II hold, and
let (xk)ke]N be generated by BIBPA. If h; (i € [N]) is o;-block strongly convex, then we have

N
ok 1—y¥Li i i— ok —1. —1.i-
o) = 0y < )7 ([ - Dy 2+ Ly, ) (36)

Proof. Forie({l,...,N}andx{ € T, (51X, it holds that

N N
. k _ . . . : .
(VR = S = a7, = )+ LDy, (M T £ 3 i) < 3 g,
i i j:1 j:1

Together with Assumption a3 and Proposition 2.3(b), this implies
FOE) < FOAT) 4 (Vi R, 2 = ) + L Dy (e X
< fEE) + B g - B gt - - ;f“ Dy (644, x071) 4 9ok = b, iy
< FER + B gy — L gy - jf“ D), (k4 xk )
2k = IR o - 41P)
< FO 4 2 ) = T gk + (1 - ) Dy ki )

+MD (xk Li gk=Li=1y,

which ylelds

i i— o 1—y¥Li i i— o 1. —1.i-
() < D) ¢ (1 - LDy, (e, x4 4 Ly (1, 3)

Now, let us sum up both sides of (3.7) fori=1,...,N,i.e.,
D) = D)= T (D) - dkih)

<3 ((M—lyy;Ll)D (et Xt 4+ 2 ‘”‘ r D, (k) kL= 1))

O

We notice that Lemma 3.4 does not guarantee the monotonicity of the sequence (®(x*)) eN"
For x,y € R” and 6; > 0, we define the Lyapunov function £ : R" x R" — R,

N
L(x,y) := O(x) + Z&' Dy ((xts .oy X Yists o> YN (X1 o Xin1, Yis -5 YN)), (3.8)

Note that L(x**!, x%) = O+ + 3N, 6, Dy, (6%, x~1). We denote by L' and £
the terms L(x**!, x*) and L(x*, x*°1), respectively. We next indicate the monotonicity of
(LY en

Proposition 3.5 (descent property of the Lyapunov function). Let Assumption I and As-
sumption II hold, let (xk)kdN be generated by BIBPA, and let h; (i = 1,...,N) be o;-block

strongly convex. If limy_,q af.‘ =qa;and 0 <y; < m;—ZL‘f'/‘ and
k k _ o2 lef| ‘Ll .
|a|<2’0<yiSyiST’F}/{(S6iST—F}/{( i=1,...,N, (3.9)
. l—ykLt Ia\ ,kI .
then, setting a; := y—k‘ - _yk —6;and b; .= 6; — _;,*forl =1,...,N, we get
N
L9 8 <= (@ Dy M, x4 4 b Dy (4, ), (3.10)

i=1
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i.e., the sequence (.l:")ke]N is non-increasing and consequently limy_,., Dy, (x*, x*=1) = 0
ie., limy_, ||x* — x*~1 =0, foralli=1,...,N

Proof. Using (3.6) and applying the Lyapunov function (3.8), we have
£k+1 _ Lk_ (D(karl) (I)(xk) + ZN 5Dh (xk,i xk,i—l) Zz 15‘Dh (xk—l,i k—l,i—l)

< Z (( |ﬂ’kyik _ lfy)’fu +5)Dh(xkt xkt 1)+(|a’k_yik_5)D (xk ll k l,i—l))’

as claimed in (3.10). In order to guarantee the non-increasing property of the sequence
(Lk)kE]N, the inequalities a; = FZEL' - F -0;20,b; =06, - M > 0 should be satisfied,

(84
i

. 1—y*Li Ia\ 1—y;Li .
fori=1,...,N,ie. <o < XH T <l
/yk Yi U—i)’j-( Yi

by (3.9), i.e., L1 < £k, Together with (3.10), this yields that

i’:o 25\;1 a; Dhi(xk,i, xk,i—l) +b; Dhi(xk—l,i’xk—l,i—l)g ZZ:O (Lk _ £k+1)
=L0— LP < L9 —inf £ < +oo.

Let p — +o0, the result follows from Dj,(:, -) > 0 and block strong convexity of A;. O

., N, which is guaranteed

In convergence analysis of proximal algorithms, one usual assumption is the bounded-
ness of (xk)keN; cf., [5, 20]. A sufficient condition for this is given next.
Corollary 3.6 (boundedness of iterations). Suppose that all assumptions of Proposition
3.5 hold. Further, if ¢ has bounded level sets, then the sequence (xk)ke]N is bounded.

Proof. It follows from Proposition 3.5 that £(x**!, x*) is non-increasing, hence
D)< L, x5 = Ok + XV 6Dy, (5, x4
< Lxhx%) = o) + ZN | 6Dy, (x%, x%71) < oo,
Hence, N(x!, x%) := {x eR"| d(x) < d(x") + XV, 6Dy, (xo’i,xo’i’l)} encompasses (x*),
ie., (x*), .y € N(x', x0). Since ¢ has bounded level sets, we have (x), _ are bounded. [

The next proposition provides a lower bound for Zf\i | Dy, (ke xki=Ty Dy, (k=10 xk=Li=1),
Proposition 3.7 (subgradient lower bound for iterations gap). Let Assumption I and As-
sumption Il hold, let (xk)kelN be generated by BIBPA, and let h; (i € [N]) be o;-block
strongly convex. Furthermore, suppose 1 that Vif, Vih, (i = 1,...,N) are locally Lipschitz
on bounded sets with Lipschitz moduli LandL; > 0, Vzh is bounded on bounded set with
constants L; (i € [N]) and that the sequence (x* is bounded. For a fixed k € N and
J € [N], we define

)keJN

G = (Vi wh, (3.11)

where
YhH = % SUViG) = Vilie D) 4 S (Vi) = Vjhy(hD))
¥ T = ) + V) - V)
WhH:= z SH Vi) = Vil 1)) = V2 (eoi )k - ).

If i, i € [N], is block strongly convex, then Gt := (Q’l‘“, .. ,gj‘\,“) € L, x*) and

N N
IG5 < EZ VD, (ki ki=Ty +?Z N ) (3.12)
i=1 i=1
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with

c:

max{\/z/_m,..., \/Z/TN}(N(Z+ max{élzl,...,(SNZN}) +max{% +Z1,..., E—x +ZN}),
< max{\/2/_m,..., m}max{”‘(k”m,...,”N(IWNLN)}.

g YN

Proof. Following [42, Chapter 10], the subdifferential of £ at (x**!, x*) is given by
ILE 2 = (90 LM, xh), 0, LGH 25), (3.13)
where, for j = 1,..., N, by applying [42, Exercise 8.8] we have

N
B LM, 20 = V() + 0g (e + SV = Vi) (3.14)
i=j
j-1
u L x4 = SV = Vi) = Vh R - ). (3.15)
i=1

Writing the first-order optimality conditions for the subproblem (3.3) implies that there
exists a subgradient n’;“ €dg j(x’;“) such that

; ok _ . - .
Vif = S =D + #(thj(xk’f) = ViR h) + 7k =0 je V],

which implies 75! = yié(vjh JEEIY) = Vi (b)) + %(x’; — 271 = Vifahi), j e [N].
Therefore, we have (V’;.’rl = ij(xk+1)+n’j‘.“+2£j 5i(Vihi(xk) =V h(x*1)) € 6X§+1£(xk”,xk),
which implies G**! € d.L(x**!, x*). Together with the Lipschitz continuity of V;f, V;; and
the boundedness of Vizihi on bounded sets, the boundedness of (xk)kE]N, and the triangle
inequality, this implies that there exist constants L, L;, L; > 0 (for i € [N]) such that

o _ .
IGE = 1V + IWE < Sl = 7+ 19,768 = VD)l

N
3 SV = Vi + V) = Vi DI+ 119 3y D g - )

J
i=1
ark N N ;o
< Gk =D I ) ST = (G T -
i=1 i=1
Combining the last two inequalities with (3.9), it can be deduced that

IG5 1< (N(f+ max {6121,...,6NZN}) + max{% +Z1,..., Ek—’v +ZN}) Zf\il ||xf§+1 _ xjy”
1 N
o ﬁ} N ik kel
emax{S S )
< (N(Z+ max{élzl, .. -,6NZN}) + max{% + Zl, N s—x +ZN})Z£1 ||xf.‘+l - xfll
+ max{(rl(l;;}/llfl)’ o (TN(I;;/NLN)} Zfil ”xfc _ xf.‘_l”
ST I = b+ TR e = L
Hence, it follows from the block strong convexity of #; (i = 1,..., N) that
IG5 NI e X, I — X+ [k = X7
< EZZl /Dh(xk’i, xk,i—l) +’C‘Z§\;l \/Dh(xk—l,i, xk—l,i—l),

giving our desired result. O
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Remark 3.8. Note that a uniformly continuous function maps bounded sets to bounded
sets. Therefore, in Proposition 3.7, if the function Vizihi (i=1,...,N) is uniformly contin-
uous, it is bounded on bounded sets. O

Applying Proposition 3.7, the subsequential convergence of (x*) N Senerated by BIBPA
is presented next. On top of that we explain some basic properties of w(x?).

Assumption III. C C intdom /.

Theorem 3.9 (subsequential convergence and properties of w(x°)). Let all assumptions of
Proposition 3.7 and Assumption Il hold. Then, the following assertions are satisfied:

(i) every cluster point of(xk)ke]N is a critical point of @, i.e., w(x®) c crit ;
(ii) Ximy_oo dist (x*, w(x%)) = 0;
(iii) w(x®) is a nonempty, compact, and connected set;

(iv) the Lyapunov function L is finite and constant on w(x°).

Proof. Letus assume x* = (x],...,xy) € w(x°). The boundedness of (x")ke]N implies that
there exists an infinite index set,J € N such that the subsequence (x5 e x*ask — oo.
It follows from (3.5) that

(Vif(xk,i—l) _ %’k(xf‘ _ x{f—l), x{'ﬁl _ xfc> + }%@Dh;(xk’i, xk,i—l) + gi(x{'ﬁl)

R 1 4 (3.16)
< (VM) = Sk = ) = ) Dy () 4 ().

Invoking Proposition 3.5 and using block strong convexity of /;, there exist &* > 0, k? eNN,
and a neighborhood B(x}, £) such that limy e, Z (x5! — x5 < limy_,e Dy, (2%, x571) =
0, xf.‘ € B(xf, g), i € [N], fork > k? and k € 7, i.e., lim/ﬁm(xf’rl - xf) = 0. Hence,
substituting k = k; — 1 for k; € J into (3.16) and taking the limit from both sides of (3.16),
we derive limsup,_,, gi(xff ) < gi(x) i =1 € [N]. Furthermore, since g; is Isc, this

yields that lim . g(x;") = gi(x*), then

N N
lim £(x“*!, x5) = lim ( FETL A+ Z gi(x) + Z 6 Dy, (xh, xk/’”)] = L(x*, x%).
= e i=1 i=1

Hence, from (3.12) and Proposition 3.5, we obtain

N N
. k+1 3 = ki yk,i—1 - k—1,i yk—1,i—1 —
Jim 6" < k‘i‘l‘w[c; /D (x4, x )+c; Dy, (i x )) =0,

which consequently yields limy_,., G*! = 0. As a result, we have 0 € d.L(x*, x*), owing
to the closedness of the subdifferential mapping L. The result of Theorem 3.9(i) follows
from the fact dL(x*,x*) = (®(x*),0). Moreover, Theorem 3.9(ii) is a straightforward
consequence of Theorem 3.9(i), and Theorem 3.9(iii) and Theorem 3.9(iv) can be proved
in the same way as [19, Lemma 5(iii)-(iv)]. (I

3.1. Global convergence for KL functions. In this section, we consider the class of
Kurdyka-tojasiewicz (KL) functions (see [32, 34]) and show that for such functions the

sequence (x*) LeN Converges to a critical point x*.

Definition 3.10 (KL property). A proper and Isc function ¢ : R" — R has the KE property
at x* € dom o if there exist a concave function  : [0,n] — [0, +oo[ (with 7 > 0) and
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neighborhood B(x*; &) with & > 0, such that (i) y(0) = 0; (ii) ¥ is of class C' with y > 0
on (0,n), (ii) for all x € B(x*; &) such that o(x*) < p(x) < e(x*) + n it holds that

¥ (p(x) — @(x™)) dist(0, dp(x)) > 1. (3.17)
If this property holds for each point of dom 0, the ¢ is a KL function.

In [33, 34], Stanistaw Lojasiewicz showed for the first time that every real analytic
function' satisfies (3.17) with Y(s) = ﬁsl"’ with 6 € [0, 1). In 1998, Kurdyka [32]
proved that this inequality is valid for C' functions whose graph belong to an o-minimal
structure (see its definition in [25]). Later, (3.17) was extended for nonsmooth functions in
[17, 16, 18].

The KL property (3.17) of the underlying objective function plays a key role in estab-
lishing the global convergence of a generic algorithm for nonconvex problems; however,
this is not sufficient and one also needs some additional conditions to be guaranteed by the
algorithm (see below). In particular, for several algorithms the cost functions satisfy the
sufficient decrease condition (cf. [2, 6, 19]), while for some others the sufficient decrease
condition is satisfied for some Lyapunov functions (cf. [26, 40, 39, 41, 51]).

As shown in Proposition 3.5, Proposition 3.7, and Theorem 3.9 (see its proof), the se-
quence (x¥) e Zenerated by BIBPA satisfies the following conditions that are non-Euclidean
extension of those given in [6, 19] for the structured problem (2.1):

1) (sufficient descent condition) For each k € Nand a;,b; >0( =1,...,N),
N

D (@D 5, x5 4 by Dy (M) < 2 ) — £ X
i=1

2) (subgradient lower bound of iteration gap) For each k € IN, there exists a subgra-
dient G+ € L(x*!, x*) and ¢, d > 0 such that

N N
G <2 Y Dy ekioxki=h 4T Y (D (ko ki1
i=1 i=1

3) (continuity condition) The function £ is a KE function, and each cluster point x*
of (x")ke]N (x* € w(x%)) satisfies (x*, x*) € critL

We now use the above three conditions to prove that the whole sequence (x*) eN CONVETges.
Theorem 3.11 (global convergence). Let all assumptions of Proposition 3.7 and Assump-

tion I hold. If L is a KE function, then the following statements are true:
(i) The sequence (xk)ke]N has finite length, i.e.,

Z||x{f+1—x{f||<oo i=1,...,N; (3.18)
k=1

(ii) The sequence (xk)kdN converges to a stationary point x* of ®.

Proof. Define the sequence (d), .y as di := X1, /Dy, P, x5T) + /Dy, (xFT7 Xk 10T,
From Proposition 3.7 for ¢ := max {c, c}, we obtain

IG5 < 52, VDG ) + T XY, VDR T (3.19)

<R (VD X5 4 D, (T A1) = Tl

IA function @ R" - R said to be real analytic if it can be represented by a convergent power series.
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Applying twice the root-mean square and arithmetic mean inequalitywe come to

di< \/N S Dy (ki ki1 4 \/N T Dy (k=1 gk lit)

(3.20)
< \/ZN Zf\il (Dhi(xk,i, xk,i—l) + Dh, (xk—l,i’xk—l,i—l))_

Then, it can be concluded from Proposition 3.5 and (3.20) that

N . . s e
-Ek _LkJrlZ Zi:l (Cl[Dh/.(xk’l,xk’l 1)+biDh;(xk l,z,xk 1,i 1))

> 0 Y, (D, (eh, 2401 4 Dy, (61, 1) > L2,

where o := min{ay, by, ..., ay, by}. Together with (3.19) and Theorem 3.9(i), this implies
that [39, Assumption H] holds true with a; = %, by = 1,b =7¢,I = {1},&, = 0. There-
fore, since L is a proper lower semicontinuous KE function, [39, Theorem 10] yields that
Theorem 3.11(i) holds true and the sequence (x")ke]N converges to x* in which (x*, x*) is
a stationary point of the Lyapunov function £ (3.8), i.e., 0 € dL(x*, x*). Finally, the result

follows from the fact d.L(x*, x*) = (0D(x*), 0). O

3.2. Rate of convergence for Lojasiewicz-type KL functions. We now investigate the
convergence rate of the generated sequence under K¥. inequality of F.ojasiewicz-type at x*
W (s) := £ 5" with 8 € [0, 1)), i.e., there exists £ > 0 such that

-6
lo(x) — ¢*|? < kdist(0, dp(x)) Vx € B(x*;¢). (3.21)
Fact 3.12 (convergence rate of a sequence with positive elements). [22, Lemma 15] Let
(St)n b€ @ monotonically decreasing sequence in R, and let 6 € [0, 1) and 8 > 0. Suppose
that si" < B(sx — sk+1) holds for all k € IN. Then, the following assertions hold:

(i) If 6 = 0, the sequences (sy), converges in a finite time;
(ii) If @ € (0, /2], there exist A > 0 and 7 € [0, 1) such that 0 < s; < A7 for every k € IN.

1
(iii) If O € (1/2, 1), there exists u > 0 such that 0 < s; < uk 26-1 for every k € N

Let (S, given by Sy := L(xF, 1) — L(x*, x*). We next derive the convergence
rates of (x¥), . and (Sy), .y When £ satisfies the KL inequality of Lojasiewicz type.
Theorem 3.13 (convergence rate). Let all assumptions of Proposition 3.7 and Assumption

II hold, and (xk)kelN converges to x*. If L satisfies the KL inequality of Lojasiewicz type,
then the following assertions hold:

(i) if @ = 0, then the sequences (x")ke]N and ((D(xk))kEJN converge in a finite number of
steps to x* and O(x*), respectively;

(ii) if 8 € (0,1/2], then there exist 11 > 0, u; >0, 7,7 € [0, 1), and k € N such that
0< | —x*l <7, 0<Si<u™ Vk>k;
(iii) if 0 € (1/2, 1), then there exist A, > 0, uy > 0, and k € NN such that
10 10 -
0<|Ix*—x*|| < Lk 201, 0<8; <ok 20-1 Vk>k+1.

Proof. We first set € > 0 to be that a constant described in (3.21) and x* e B(x*; &) for all
k> kand k € N. Let us define Ay := y(L(x*, 1) — L(x*, x*)) = ¥(Sy). Then, it follows
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from the concavity of ¢ and 2) that

A = Ape1= W(S1) = Y(Ske1) 2 ' (S)(Sk = Sk+1)

k—1 k 1 k ka’xkfl —L xkﬂ,xk
= Y/ (SOLEF X — LM xh)) > W

21 l(a‘Dh (xk/xk/ ])+h Dh (xk ]x o ]x—l )

- 521:1 \/D/,/(xk Li ok=Li= l)+czfi \/Dh,(xk 20 k=20-T)
1 il (Dhi (xk.i!xk.ifl )+D, (Kl il ))

Tesn (\/Dhl(xk—l.i!ljfl,xfl)_'_ \/Dhl(xk—z.i!xk—z.ifl)) ’

with ¢ := max{€¢}/min {a).b,....an.by}- Using (3.20) and applying the arithmetic mean and geo-
metric mean inequality, it can be concluded that

di< \/ZN Zfil (Dh,(x"’i, xk,i—l) + Dh, (xk—l,i,xk—l,i—l))
< \/ZCN(Ak ~ A 2N, (\/Dhl(xk—l,i, XETET) 4 Dy, (27, xk—z,i—l)) (3.22)
< eN(Ak = Ar) + 3 T (VDR G, 25T0T) 4+ (D, (6827, x8-20T))

We now define the sequences (ax), . and (by), oy given by

N
Pt 1= ) Dbk (D (e, 1), g = eN(A — M), @ = 4, (323)

i=1
where Y2, g = 2¢N 221 (Aj — Air1) = Aj — Aw = Ay < co. This and (3.22) yield pg4; <
%pk + g for all k > k. Since (@), 18 non-increasing,

Zl’j+1 < %Z(Pj— Dj+ +P;+1)+2CNZ A A]+1 ZP/H + 2pi + 2eNA.
j= j=k J=k J=k

From the root-mean square, the arithmetic mean inequality, ¥(Sy) < ¥(Sk-1), and Propo-
sition 3.5, this lead to

l*

3 1< pi +4eNA, = (\/Dh (T ) + Dy, (R 27, 65 2T)) + deNy(Si)
Jj=k

< \/N SN Dy (ki xki=1) 4 \/N SN Dy, (k1 kLl 1 4eNy(Sy)

V2N S (D (b, ki) + Dy (k14 i) + 4eNg(S)

Vo VSi—1 = Sk + 4cNy(Si-),

with o := min{ay, by, ..., an, by}. Since Dy,(-,-) > 0, fori = 1,..., N, it holds that

[t = X< e = Xl + I = xfll << B =)

<3 \/UA Dy, (k-1 xk-Li-1) < \/Uziz‘i:k VD, ORI T 4 Dy, (27, k20T,
Combining this with (3.24) and setting p := max{ 2oty \/Z/TN}, we come to

IE I - s p 23, 2N, (\/Dh,(x"’l’i, XELED) Dy, (2, k2
< p V2o VSi—1 = Sk + 4cpNy(Si-1),

which consequently yields

<
<
(3.24)

llxf = x}1l < vmax { \/Sk_l,l//(Sk_l)} i=1,...,N, (3.25)
with v := pV2N/o + 4cpN and Y(s) = 555 =9 Furthermore, the nonlinear equation

2
VSt — mS,ij‘f = 0 has a solution at S_; = (1-0/)T-26. For k € N and k > k, we



14 M. AHOOKHOSH, L.T.K. HIEN, N. GILLIS, AND P. PATRINOS

2
assume (3.25) holds and S;_; < (ﬁ)m. Two cases are recognized: (a) 6 € (0, 1/2];
(b) 8 € (1/2,1). In Case (a), if 6 € (0,1/2), then Y(Sy_1) < VSi_;. For 6 = 1/2, we get
W(Sk-1) = 155 VSi_1, which implies max{m, t,b(Sk_l)} = max{l, ﬁ} VSi:. Then,
max { VS, ¢(Si-1)} < max {1, £} VS, 1. In Case (b), it holds that Y(Si-1) > VSt
ie., max{m, ¢(Sk_1)} = 78,7 Combining both cases, for all k > k := max {I~c, IAc},
we end up with

max{l, < 1vS,_; if 8€(0,1/2],

s - i< {145} VS (0] (3.26)
vﬁSij’ if 8 € (1/2,1).

On the other hand, it follows from Proposition 3.5 that

Si—1 — Sk

= L1, x2) — £k, xk 1) > 0 2511 (Dh(xk—l,i’xk—l,i—l + Dh(xk—Z,i’xk—Z,i—l))
‘ ‘ . —\2

> %( Dy, (kT =TTy \/Dhi(xkfz,l,xkfz,lfl))

> LG GIP 2 5 dist(0, 0LE, x5 1)) > 78580 | = o8],

where ¢; := ﬁ. The results then follow from Sy — 0, (3.26) and Fact 3.12. O

4. APPLICATION TO SYMMETRIC NONNEGATIVE MATRIX TRI-FACTORIZATION

A natural way of analyzing large data sets is finding an effective way to represent them
using dimensionality reduction methodologies. Nonnegative matrix factorization (NMF) is
one such technique that has received much attention in the last few years; see, e.g., [24, 27]
and the references therein. In order to extract hidden and important features from data,
NMF decomposes the data matrix into two factor matrices (usually much smaller than
the original data matrix) by imposing componentwise nonnegativity and (possibly) other
constraints such as sparsity to take prior information into account. More precisely, let the
data matrix be X = [x1, x2, ..., x,] € R}>" where each x; represents some data point. NMF
seeks a decomposition of X into a nonnegative n X r basis matrix U = [uy, up,...,u,] €
R and a nonnegative r x n coefficient matrix V = [v1,vy,...,v,]7 € R7*" such that

X~ UV, .1

where R’ is the set of m X n nonnegative matrices. Extensive research has been carried
out on variants of NMF, and most studies have focused on algorithmic developments, but
with very limited convergence theory. This motivates us to study the application of BIBPA
to a variant of NMF, namely SymTriNMEF; see (2.6) for the formulation of SymTriNMF as
an optimization problem.

One popular application of SymTriNMF is community detection. Let X be the adjacency
matrix of graph so that X;; = 1 if item i is connected to item j, and X;; = O otherwise. Let
also X ~ UVUT be a SymTriNMF decomposition of X. Each column of U corresponds to
a community, that is, to a subset of items highly connected. In other words, the entry U j
of U indicates the membership of item j within community k, and U > 0 if j belongs
to community k. The r-by-r matrix V indicates the relationship between communities, that
is, whether the items within two communities are likely to interact: Vy, is the "strength" of
the interaction between the kth and pth communities. We have X ~ >};_, Z;= W UiViep U:f,,
so that X is decomposed via the sum of 7? rank-one factors corresponding to the » commu-
nities and their interactions; see [49, 52] for more details. Note that SymTriNMF is closely
related to the mixed membership stochastic blockmodel [4].

Given U* and V¥, we next derive the closed-form solutions for U*! and V*+!.
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Theorem 4.1 (closed-form solutions of the subproblem (3.5) for SymTriNMF). Let h; and
hy be the kernel functions given in (2.7) and (2.8) and U* and V* are given. Then,

(i) the iteration U of the subproblem (3.5) is given by

1
UM = L max {—k(VUhl(Uk, VA = Ay £ (UK, VR + b (UF - UFY), 0} 4.2)
7

with
Vuhy(U, V) = (allUIEIVAIG + bi(IXIE 1Vl + &0)U

and

E A 73 -
tk=%+i/7ﬁ+\/_l+—l (22— VA \/_ (4.3)

2 27 2 27
where Ty = bi(IXIFIV¥IF+21), T2 = aillVHIZImax (G5, O)I2, Ay = 73+ 737}
with G* := #(VUhI(U",V") YV f(UK, VE) + ek (U - UFY)).
(ii) for mi := axl|U|* + &y, the iteration V¥*! of the subproblem (3.5) is given by
VA = max {VE - L(ah(vh - v - vy U V), o), (4.4)
with va(Uk+l Vk) - (Uk+l)TXUk+l + (Uk+l)TUk+lvk(Uk+l)TUk+l.
Proof. Setting g1 := dyso and f(U, V) = $|IX — UVUT|I%, it follows from (3.5) that

UM = argmingege (Vo f(U4 V9 = S0 - U1, U - UY
1
+2D3, (U V), (UK, VA) + £1(U))
= argming, {5 V[V (U V9 = Yyl (U5 V9 = of (U = U, 0) + (U, V9.
4.5)

By [44, Corollary 3.5], the normal cone of the nonnegativity constraint U > 0 is Nyso(U*) =
{P eR™ | UF0OP=0, P< O} where U*®P denotes the Hadamard products given point-
wise by U*o P);; = U{‘J.PU foriel,...,mand j € 1,...,r. The first-order optimality
conditions for the subproblem (4.5) yields that Gr - (aﬂlU"“H%HV"H% + b1 (IXIIFIVHIF +

eN))UM! € Nyso(UM).
We now consider two cases: (i) G;; < 0; (i) G;; > 0. In Case (i), we have

Pij = Gf; = (@llUEIVAE + biAIXNEIVAE + ) U <0,

hence Uk’rl = 0. In Case (ii), if Uk’rl = 0, then P;; = G" > 0, which contradicts
< 0; hence Gk - (al||U"“||2||V"||2 + bi(IXNFIVHF + a‘l))U"Jrl = 0. Combining both
cases, we get (a1||U"”||2||Vk||2 + b (IXIIFIVEE + e))UH! = PrOJG>O(Gk) Denote 1, =
allU VA + bIHX”F”Vk”F’ then [[UMI% = (tx — billXIIFIVEIlF) /(a1 VH[2). We have
- b1||X||F||V"||Ft,f - al|IV¥2]] ProjGZo(Gk)||12: = 0. Note that the third order polynomial
c+VA \/_ + ad

27

Pr0J0>U (G* )
17

A=

equation y*(y — a) = c has the unique real solution y = 5+ \/

where A = ¢?+ 2t ca’. Then we get (4.3). Finally, the result follows from U**! =
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By setting g := dy»o and invoking (3.5), we get
Ve = argming . {(Vy f(UF, VE) - j%(vk — Y1), v — Yy
+%th((U"“, V), (UM, Vh) + gz(V)}
argmin, %(y’;vv FWURL V) = ab(VE = VI — Wiy (UM, VR, V) + %hz(U"“, V)
argminy, {[[V = = (h(VE = VET!) 4+ Via(UR V) = AWy £(UF V)1
Projy.o (VA = L(oA(VE = Vi) - AWy £(UM1, VEY)),
which proves (4.4). [l

5. FINAL REMARKS

The descent lemma is a key factor for analyzing the first-order methods in both Eu-
clidean and non-Euclidean settings. Owing to the notion of block relative smoothness, it
was shown that the descent lemma is still valid for each block of variables for structured
nonsmooth nonconvex problems with non-Lipschitz gradients. Based on this development,
BIBPA was introduced to deal with such problems, and it was shown to be globally conver-
gent for KE functions and its convergence rate was also studied. Besides, it was shown that
the objective of the symmetric nonnegative matrix tri-factorization (SymTriNMF) prob-
lem is block relatively smooth, and the corresponding subproblems can be solved in closed
forms. To our knowledge, BIBPA is the first algorithm with rigorous theoretical guaran-
tee of convergence for this problem. We emphasize that the main objective of this paper is
to provide a theoretical and algorithmic framework that can handle block structured non-
smooth nonconvex problems under the block relative smoothness assumption. Hence, a
comprehensive numerical experiments for such structured problems are postponed to a fu-
ture work.
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