This is the Pre-Published Version.
This version of the article has been accepted for publication, after peer review (when applicable) and is subject to Springer Nature’s AM terms of
use (https://www.springernature.com/gp/open-research/policies/accepted-manuscript-terms), but is not the Version of Record and does not reflect
post-acceptance improvements, or any corrections. The Version of Record is available online at: http://dx.doi.org/10.1007/s10957-021-01889-w

Fully Piecewise Linear Vector Optimization Problems

X. Y. ZHENG
Department of Mathematics, Yunnan University, Kunming 650091, P. R. China
Email: xyzheng@ynu.edu.cn

X. Q. Yang
Department of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong
Email: mayangxq@polyu.edu.hk

Abstract: We distinguish two kinds of piecewise linear functions and provide an interesting
representation for a piecewise linear function between two normed spaces. Based on such a
representation, we study a fully piecewise linear vector optimization problem with the objective
and constraint functions being piecewise linear. To solve this problem, we divide it into some
linear subproblems and structure a dimensional reduction method. Under some mild assumptions,
we prove that its Pareto (resp. weak Pareto) solution set is the union of finitely many generalized
polyhedra (resp. polyhedra), each of which is contained in a Pareto (resp. weak Pareto) face of
some linear subproblem. Our main results are even new in the linear case and further generalize
Arrow, Barankin and Blackwell’s classical results on linear vector optimization problems in the
framework of finite dimensional spaces.
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1 Introduction

Vector optimization has been recognized to be useful in theory and application and extensively
studied (see books [7, 12, 13,22] and the references therein). However, the study of nonlinear
vector optimization is far from systemic (possibly because the vector ordering is much more
complicated than the scalar one). On the other hand, linear vector optimization has been well
studied (cf. [1-3,6,7, 12,13, 15, 20, 22] and the references therein). In particular, in the finite
dimensional case, Arrow, Barankin and Blackwell in their pioneering paper [2] proved that both
the Pareto solution set and the weak Pareto solution set of a linear vector optimization problem are
the unions of finitely many faces of its feasible set (also see [12, Theorem 3.3] and [13, Theorems
4.1.20 and 4.3.8]). The linearity assumption is quite restrictive in both theory and application.
To overcome the restriction of linearity, one sometimes adopts the piecewise linear functions (cf.
[5,9,10,14,21,23,24]). The family of all piecewise linear functions is much larger than that of all
linear functions and there exists a wide class of functions that can be approximated by piecewise
linear functions. Moreover, one may use piecewise linear functions generated by finitely many
test data to establish mathematical models for some practical problems. Therefore, from the
viewpoint of theoretical interest as well as for applications, it is important to study piecewise
linear problems. Given two normed spaces X and Y, we consider two kinds of piecewise linear
functions from X to Y, denoted respectively by PL(X,Y) and PL(X,Y). A function f is in
PLi(X,Y) if and only if its graph is the union of finitely many polyhedra in the product X x Y



(cf. [11,24] and the references therein), while f is in P L(X, Y) if and only if there exist polyhedra
P; in X, continuous linear operators 7; from X to Y and b;in Y (i = 1,--- ,m) such that

X:UP;’ and f(x):Ti(X)'Fbi YxeP;,i=1,---,m.

i=1

The family PL(X, Y) is also known in the literature (cf. [9,21,23]). Clearly, a continuous linear
operator from X to Y is always contained in PL(X, Y); however if Y is infinite dimensional then
every linear operator from X to Y must not be in L;(X, Y). This motivates us to study the
relationship between PL(X,Y) and PL(X, Y). To do this, we first consider polyhedra in normed
spaces. In Section 2, we provide several properties on polyhedra in normed spaces. In particular,
with the help of the notion of a prime generator group of a polyhedron (cf. [4,8,19]), we establish
some results on the maximal faces of a polyhedron, which not only play a key role in the proof
of the main theorem on piecewise linear functions but also should be valuable by themselves. In
Section 3, we prove that PL(X, Y) is always contained in PL(X, Y) and that

dm(Y) <o © PL(X,Y)=PL(X,Y) and dim(Y) =0 & PLi(X,Y) = 0.

As one of the mains results, we prove by using the Fubini theorem on Lebesgue’s measure that
each f in PL(X,Y) can be represented as the sum of a linear operator on an infinite dimensional
subspace and a piecewise linear function on a finite dimensional subspace.

In the case where the objective is piecewise linear but the constraint is linear, several authors
considered a partially piecewise linear vector optimization problem and proved that the weak
Pareto solution set of such a partially piecewise linear problem is the union of finitely many
polyhedra, while its Pareto solution set is the union of generalized polyhedra (cf. [5,9, 21-23]
and the references therein). In Section 4, we consider a fully piecewise linear vector optimization
problem with both the objective and the constraint being piecewise linear. Based on the main
results in Section 3, we reduce a fully piecewise linear vector optimization problem (in brief
(PLP)) to several linear subproblems in the finite dimensional framework and prove that the weak
Pareto solution set (resp. Pareto solution set) of (PLP) is not only equal to the union of finitely
many polyhedra (resp. generalized polyhedra) Ay, --- , A, but also each A, is contained in a weak
Pareto face (resp. Pareto face) of some linear subproblem. Moreover, we provide procedures to
obtain exact formulas for optimal value sets and (weak) Pareto solution sets of (PLP), which is
new even in the framework of finite dimensional spaces and in the linear constraint case.

2 Polyhedra in Normed Spaces

Let Z be a normed space with the dual space Z*. Recall (cf. [16]) that a subset P of Z is a (convex)
polyhedron if there exist uj,--- ,u,, € Z* and sy, -- , s,, € R such that

P={xeZ: (u,xy<s,i=1,---,m}. (D)

An exposed face of P is a set F' such that F = {u € P : (x*,u) = sup(x*, x)} for some x* € Z*
xeP

(cf. [16, P.162]). It is known that each polyhedron has finitely many exposed faces. Recall
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( [21,24]) that a subset P of Z is a generalized polyhedron if there exist a polyhedron P in Z,
Vi,-o-,v, € Z"and ty,--- ., € R such that P = PNiz e Z: (i) <t, 1 <i <k} Given
75 € Z*\ {0}, let N(z") denote the null space of z*, thatis, N(z*) :={z € Z : (", 2) = 0}.

Recall that a normed space Z is a direct sum of two closed subspaces Z; and Z,, denoted by
Z=721972,,if ZiNnZ, = {0} and Z = Z; + Z,; and codimension codim(Z;) of Z; is defined as
dimension dim(Z,) of Z,. It is well-known that codim(N(z*)) = 1 for a nonzero linear functional
Z* on Z. It is easy to verify that if Z = Z; @ Z, then for each z € Z there exists a unique
(z1,22) € Z, X Z, such that z = z; + z, and the projection mapping Il,, : Z = Z, ®Z, — Z, is
linear, where

Iz, (z1 +22) :i= 22 Y(z21,22) € Z) X Z,. )

It is known that if Q is a polyhedron in Z; ®Z, then 112, (Q) is a polyhedron in Z; (cf. [16, Theorem
19.3] and the following Proposition 2.1).

For a convex set C in Z, let int(C) (resp. rint(C)) denote the interior (relative interior) of C. It
is known that if dim(Z) < co and C # 0 then rint(C) # 0. Throughout, let N denote the set of all
natural numbers. For m € N, let 1m denote the set {1,--- ,m}. Now we provide some results on
polyhedra which are useful for our analysis later.

Proposition 2.1. Let (2}, 51), -+ , (2, Sm) €EZ"XRand P:={z € Z: (g,z) <s; Vi€ 1m). Let
Z, and Z, be two closed subspaces of Z such that

7, C ﬂ N@), dim(Z) = codim(Z)) < o and Z = Z; ® Z,. 3)
i=1
Then
P=2Z, + P and rint(P) = Z, + rint(P), 4)
where P :={z€ 27, : (@, s, i=1,--- ,m}

The first equality in (4) is a slight variant of [24, Lemma 2.1] and can be proved similar to
the proof of [24, Lemma 2.1], while the second equality in (4) is immediate from the following
observation: the affine subspace aff(Z; + P) is equal to Z; + aff(P) (thanks to (3) and the definition
of P).

From Proposition 2.1, one can see that many properties on polyhedra established in the finite

dimensional case also hold in the infinite dimensional one. In particular, the following corollaries
are consequences of Proposition 2.1 and [16, Corollary 6.5.1].

Corollary 2.1. Let {(uj, s1),--- ,(uy, s,)} and P be as in Proposition 2.1. Then rint(P) = {z €
Z: (u,z)y < s, i€ ln\Ipyn (N F, where Ip := {i € In: (u’,z) = s; forall z € P} and

iGI_p

Fi={zeZ: u,z)= s}

Corollary 2.2. Let Z, and Z, be two closed subspaces of Z such that Z = Z,®Z, and dim(Z,) < co.
Let P be a polyhedron in Z, and F be a subset of P. Then F is an exposed face of P if and only if
Z, + F is an exposed face of the polyhedron Z, + P in Z.

The following proposition is known and useful for us (cf. [24, Lemma 2.2]).

3



Proposition 2.2. Let Py and P, be two polyhedra (resp. generalized polyhedra) in Z. Then P+ P,
and Py N P, are polyhedra (resp. generalized polyhedra).

Note that a closed subspace of Z is not necessarily a polyhedron in Z. In fact, it is easy to
verify that a closed subspace E of Z is a polyhedron in Z if and only if its codimension codim(E)
is finite. Note that if E is a closed subspace of Z with codim(E) < +oco and if H is a subspace of
E then E + H is a closed subspace of Z with codim(E + H) < +o0. The following proposition can
be easily proved.

Proposition 2.3. Let Z be a normed space, E be a closed subspace of Z with codim(E) < +oo,
and let H be a subspace of Z. Then the following statements hold:

(i) E + H + P is a polyhedron in Z for each polyhedron P in some finite dimensional subspace of
Z

(ii) H + P is a polyhedron for each polyhedron P in Z.
The following lemma is useful in the proofs of some main results.

Lemma 2.1. Let Cy,--- ,C,, be closed sets in a normed space Z such that B(xy,ry) C |J C; for
i=1

some xy € Z and ro > 0. Then there exists iy € 1m such that B(xy, ro) N int(C;,) # 0.

m—1 m—1
Proof. By the assumption, B(xg,ry) \ U C; is open, and B(xy, ) \ |J C; C B(xg, rp) N int(Cy,).
i=1 i=1

m—1

Hence either B(xy, ro)Nint(C,,) # @ or B(xy, r9) C |J C;, which implies clearly that the conclusion
i=1

holds. The proof is complete. O

With the help of Lemma 2.1, we can prove the following interesting proposition.

Proposition 2.4. Let C be a convex set in a normed space Z and let Fy,--- , F, be exposed faces

of a polyhedron P in Z such that C C | J Fj. Then there exists j, € 1v such that C c F o
=1

Proof. By Proposition 2.1, there exist two closed subspaces Z; and Z, of Z and a polyhedron P in
Z, such that (3) and (4) hold. Hence, by Corollary 2.2, there exists an exposed face F ;j of P such
that F; = Z,+F; (j € 1v), and so C c |J(Z, +F;). It follows from (2) and (3) that IT,,(C) c U F;.
J=1 J=1

Thus, it suffices to show that I1,(C) C F j, for some jj € 1v. To prove this, take (ﬁtj., a;) € Z; XR
such that L

a;=sup(il;,xp) and Fj={x e P: (@, x)=a;} Vjelv 5)

xzef’ |

Since Il (C) is a convex set in the finite dimensional space Z,, rint(Il,(C)) # 0. Take X €
rint(Ilz,(C)) and let Z3 := span(I1,,(C) — %). Then Z; is a subspace of Z, and there exists 6 > 0

such that £+ Bz,(0,6) c T, (C) c U F, thatis, Bz(0,6) ¢ |J(F;—%)NZ;. Hence, by Lemma 2.1,
J=1 j=1

there exist z3 € Bz(0,0), € € (0, +o0) and jj € 1v such that 23+ Bz(0,¢e) C (Fjo — X)NZ;. Letting
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it == X+ zz,onehas it + Bz(0,¢) C ﬁjo. This and (5) imply that (itj.o, vy = 0forall v € B£(0,¢)
and so (ﬁj.o,f/) =0forall v € Z;. Hence, I1,(C) CX+Zzs =1+ Z3 C{xx €2, : <£t;0,x2) = aj,}.

Noting that I1,,(C) c | F; c P, it follows that
j=1

N,(C)CPNixye€Zy: (U, 1) =a,}=Fj.

We also need the following proposition.

Proposition 2.5. Let P; be polyhedra in a normed space Z such that int(P;) # 0 (i = 1,--- ,m).
Then there exist polyhedra Q; in Z with int(Q;) # 0 (j = 1,---,v) such that | J P; = |J Q; and
=1

i=1

int(Q;) N Q; = 0 forall j, j € Tv with j # j'.

Proof. The conclusion holds clearly when m = 1. Given a natural number n, suppose that the
conclusion holds when m = n. Let Py,---, P,, P,y be arbitrary n + 1 polyhedra in Z such that

each int(P;) is nonempty. Then, by induction, it suffices to show that there exist polyhedra Q; in
n+l 4 J—

Z withint(Q;) # 0 (j=1,--- ,v)such that |J P; = |J Q; and int(Q;) N Q; = O forall j,j’ € 1v
i=1 =1

with j # j’. To do this, take polyhedra Hy,-- - , H; in Z such that

n [
U P, = U H, int(H;) #0 and H,Nint(H,) =0 Vi,i’ € 1] withi # 7. (6)

i=1 i=1

[ l n+l l
If int(P,,1) C U H;, then P,,; Cc |J H; and so | J P; = |J H;; hence the conclusion is trivially true.

i=1 i=1 i=1 i=1

1 _
Next suppose that int(P,,1) € | H;. For each i € 11, take xl’.‘j €Z*\{O}andt;; eR(j=1,---,k)
i=1

such that H; = ﬁ{x YA (x:.‘j,x) <t;;}. Then
j=1

Z\H; = | Jixez: (0> n) = JAin{xeZ: (x> 1,
j=1 k=1
, , k-1
where A} ;= Zand A} := N{x € Z: (x?},x) < tijy fork = 2,--- k. Since int(P,.1) \ H; =
j=1
int(P,41) N (Z\ Hy),

int(P,.)) \ H; = U nt(P) NALN{x €Z 1 (x5 x) > 1), (7)
k=1

For each k € 1x;, let Q, =P NA,N{x€Z: (x;,x) > ty}. Then each Q} is a polyhedron in Z
and, by Corollary 2.1,

int(Q}) = int(P,41) Nint(A) N{z € Z : (X}, 2) > ta). (8)
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Slncelnt(A)—{zeZ (x JX) <tjj, j=1,--+ k—1},

Qi Nint(QL) =0 Vk k' € 1k, with k # k. 9)

I I l . L .
Letl := {(kl, k) € kg X X Mg 0 (N int(Q) ) # Q)} and Q.. ky := () @, forall (ky,--- , k) €
i=1 ! =1

I
I'. Then, each Q, .. x) 1s a polyhedron in Z with int(Q, .. x)) = ) int(Q;;,) (thanks to Corollary
i=1 !

2.1). Hence, by (9),
Q(kl,'" ) N int(Q(kfl,...M)) =0 (10)
for all (ky,--- k) e I'and all (k],--- ,k)) € "'\ {(ky,--- ,kp}. Let

Ol :=int(P,, ) NALN{x € Z: (xi,x) > ty).
Then int(Po,) \ H; = U 0. (by (7)) and cl(Q}) ¢ Q. For any (ki,--- k) € I X -+ X I, it is

easy from (8) to verify that ﬂ Qk # 0 if and only if ﬁ 1nt(Qk) # (. Noting that P, \ H; C
cl(int(P,+1) \ H;), by (7) and the definition of Q, ... x)» one has

l l
P\ JH = (\Pui \ H)
i=1 i=1
l
- U ﬂ CI(QZ,.) - U Ok, k) C Pryr.
(k1 kel i=1 (k1 kp)el

n+1 1
It follows from (6) that | J P; = (U H,-) U ( U Q(k,,‘..,kl)). By (10) and (6), this shows that the
i=1 i=1 (k1 kp)el
conclusion also holds whenm = n + 1. O

For (uj, s1), -+ ,(u,,s,) €Z*XRand P={z€Z: (u;,z) < s;, I € ﬁ}, we say that (u;, s;) is
a redundant generator of Pif P={z € Z: <u;‘.,z) <sj, J€ 1n\ {i}} (cf. [8,19]). For convenience,
we adopt the following notion.

Definition 2.1 We say that {(uj, s),--- , (U, s,)} C Z* X R is a prime generator group of a
polyhedron P in a normed space Z if

P={ze€Z: u,z)< s, i€ ln} (11)

and (u?, s;) is not a redundant generator of P for all i € 1n.
Every polyhedron has a prime generator group (cf. [4,19]). Itis clear thatif {(u], 51), - - , (u,, s,)} C
Z* X R is a prime generator group of P then

P#{zeZ: (u,z)<s,ieln\{j}} VYjeln, (12)

In the remainder of this paper, we assume that every polyhedron P of Z is not equal to Z. So, it
is clear that u; # O for all i € 1n whenever {(u], s1),- -+ , (u;, 5,)} is a prime generator group of P.
Moreover, we have the following lemma.



Lemma 2.2. Let {(u}, s1)," - , (uy, s,)} be a prime generator group of a polyhedron P in a normed
space Z and suppose that int(P) # 0. Then u; and u’, are linearly independent whenever j, € 1n

and j, € E\ {71} satisfy (u’;l,fc) = s, and (u’;z,)'c> = s;, for some X € P.

Proof. Suppose to the contrary that there exist j; € 1n, J2 € 1n \{j1}, X € Pand @ € R\ {0} such
that (ujl,)'c> =5j, (uj.z, X) = s, and uj.z = au;‘.l. Take xy € int(P) and r > 0 such that B(xy, r) C P.
Then (ujl,x) < sj, and <u;‘.2, x) < s;, for all x € B(xo, r). It follows that @ > 0 and

xeZ: (W, x)<s;}={xeZ: (U, x) < sl

Thus, P={x€Z: (u;,x) <s;, i € ﬁ\ {/1}}, contradicting (12). O

Lemma 2.3. Let {(u}, s1)," - , (uy, s,)} be a prime generator group of a polyhedron P in a normed
space Z. Then, for each j € 1n,

FiP)=Pni{xeZ: (uj,x)zsj}i(l). (13)

Lemma 2.3 is immediate from Definition 2.1. The following two lemmas will be quite useful
in the proof of our main result.

Lemma 2.4. Let {(u}, s1),- - , (U}, s,)} be a prime generator group of a polyhedron P in a normed
space Z. Let F(P) be as in (13) and

FAP)i={z€Z: (u}2)=s;and (u},2) < s;, i € In\ {j}} (14)

for all j € 1n. Then the following statements are equivalent:
(i) int(P) # 0. .

(ii) F(P) = cl(F;(P))for all j € 1n.

(iti) F3(P) # O forall j € 1n.

(iv) F5 (P) # O for some j, € 1n.

Proof. First suppose that (i) holds. Then, by Corollary 2.1, there exists xo € Z such that (u;, x) <
s;forall i € 1n. For each j€E E, by (12), there exists v € Z such that (uj., v) > s;and (uf,v) < s;
foralli e 1n\ { Jj}. It follows that there exists Ay € (0, 1) such that

(W, doxo + (1 = Ag)v) = 5; and (u, Adgxg + (1 = )y < s; Vi€ In\ {j}.

Therefore, 1’%{ + W € F;.’(P) for all (x,k) € F;j(P) x N. Letting k — oo, it follows that
x € cl(F3(P)) for all x € F;(P), thatis, F;(P) C cl(F3(P)). Since the converse inclusion holds
trivially, this shows implication (i)=(ii). Since (i1))=(ii1) is immediate from Lemma 2.3 and
(111)=(iv) 1s trivial, it suffices to show (iv)=(i). To prove this, let X € F ;?O(P), that is, (ujo, X) =sj,
and (u:,Xx) < s; foralli € 1n\ {jo}. Taking h € Z with (ujo, h) < 0 (thanks to uj.o # 0), it follows
that there exists 7 > 0 sufficiently small such that {u;, X + th) < s; for all k € 1n. This shows that
X + th € int(P), and hence (iv)=(i) holds. The proof is complete. O



Lemma 2.5. Let Py and P, be two polyhedra in a normed space Z such that int(Py) N P, = 0,
and let {(uj;, s;j) © j=1,--- ,m} CZ* X R be a prime generator group of P; (i = 1,2). Then for
any (ji, jo) € Iny X Iny and xo € F3,(Py) N F$, (Py) there exists r > 0 such that N(u;,) = N(us3;)
and

F3 (P1) N Bz(xo, 1) = F,(P2) N Bz(xo, 1) = (xo + N(uy;)) N Bz(xo,7), (15)

where Bz(xy, 1) :={x € Z: ||x — xol| < r} and F;l (Py)is asin (14).

Proof. Let (ji, j2) € 1ny X 1ny and xo € F2 (P1)NFS (P). Then xo € P{ N P,. Since int(Py)N P, =
0, the separation theorem implies that there exists v* € Z* \ {0} such that (v*, xy) = inl}C WV x) =
XEL]

sup(v*, x). Noting that

xeP;
F5 (P1) N Bz(xo,1) = (xo + N(uj;)) N Bz(xo, 1) C P (16)
and
F3,(P2) N Bz(xo, 1) = (x0 + N(u3,)) N Bz(xo,r) C P (17)
for some » > 0 (thanks to the definitions of F;?1 (Py) and F;?Z(Pz)), it follows that (v*, xy) =
in V', x) = sup (v*, x). Hence inf W, x) = sup Vv x) =
xe(xo+N(u’fj1 )NBz(xo,r) xe(xOJrN(u;jz NNBz(x0,7) xeN(u’l‘jl )NBz(0,r) xeN(u;/.2 )NBz(0,r)

0, and so
NGO = N@j,) = Nws,)

because v* is linear and both N(u] jl) and N (u; jz) are maximal linear subspaces of Z. This,
together with (16) and (17), implies that (15) holds. O

3 Piecewise Linear Vector-Valued Functions

In this section, we will distinguish P L (X, Y) and PL(X, Y) and consider the structure of a piece-
wise linear function.

Proposition 3.1. Let X and Y be normed spaces. Then the following statements hold.

(i) The space L(X,Y) of all continuous linear operators between X and Y is always contained in
PLX,Y).

(ii) PL1(X,Y) # 0 if and only if dim(Y) < oo. Consequently, if Y is infinite dimensional, then
every linear function from X to Y is not in PL(X, Y).

(iii) PLi(X,Y) = PLX, Y) when dim(Y) < oo.

Proof. Since (i) is trivial and the sufficiency part of (ii) is a straightforward consequence of (i)
and (iii), it suffices to show (iii) and the necessity part of (ii). First suppose that PL(X,Y) # 0,
and let f be an element in L (X, Y). Then there exist finitely many polyhedra Ay, --- , A, in the
product X X Y such that

k k
gph(f) = | JAi and X = J A, (18)
i=1 i=1



where Ay ;== {x € X : (x,y) € A, for some y € Y} is the projection of A; into X. Given an i € 1%,
by Proposition 2.1, there exist two closed subspaces X;, X; of X and two closed subspaces Y}, ¥;
of Y such that

XxY=X;xY)® X xY), codimX;xY;) =dimX; x ¥;) < oo, (19)

Ai =X;xY + /~\l‘, (20)

where A, is a polyhedron in X; x ¥;. Since f is a single-valued function, it follows from (18) that
Y; = {0} and ¥; = Y. Hence Y is finite dimensional, and the necessity part of (ii) is proved. Next
we prove f € PL(X,Y). To prove this, we only need to show that there exist 7; € £(X,Y) and
b; € Y such that

S =Tix)+b; VYx e Allx. (21)

Since every convex set in a finite-dimensional space has a nonempty relative interior, rint(A;) # 0.
Take a point (a;, b;) in rint(A;). Thus, @; € rint([\[lgi), and E; := R+(/~\,-|,~([ — &) and Z; := R, (A, —
(@;, b;)) are linear subspaces of X; and X; x Y;, respectively. Noting that A; c gph(f), define
T - /~\,~|;(l, —&; — Y; such that

Ti(u) = fui +a) — f@) = fu; +a) — b Yu; € Nlg, — a. (22)
Then gph(T)) = A; — (@;, b;). Let T; : E; — ¥, be such that

Ti(tw) == tT,(w;)) Y(t,u;) € R,y X (/~\i|Xi - a;).
It is easy to verify that T; is well-defined and its graph is just the linear subspace Z; = R, (A, —
(@, b;)), and so T; is linear. Hence there exist ej € Y and e;“j € E: (j = 1,---, p) such that
- P —
ey, ,e, are linearly independent and 7i(x) = ), (ej/., xye; for all x € E;. For each j € 1p, let
=1

é;‘j : X; + E; — R be such that (é:.‘j,u + vy = (e;?,v) for all (u,v) € X; X E;. Then, by (19) and

E; c X,, é;."j is a linear functional on X; + E;, and its null space
N@E) ={xeXi+E;: €;x)=0=X;+{veE: (e,v) =0}

Since X; is a closed subspace of X and dim(E;) < oo, it follows that N (é;.“j) is a closed subspace of
X. Hence éj.‘j is a continuous linear functional on X; + E; (thanks to [17, Theorem 1.18]). By the

P
Hahn-Banach theorem, there exists x;."j € X" such that x;‘j|X[_ VE = é;‘j. Let T;(x) := ). <xl’.‘j, x)e; for
j=1
allxe X. ThenT; € L(X,Y),
p ~
N(T) > (VNG 2 X; and Tilgy, o, = Tiagg 0, = T (23)
J=1

Let x be an arbitrary element in A;|x and take y € Y such that (x,y) € A;. Then, by (19) and (20),
there exist x; € X; and X; € 1~\i|;(,_ such that (X;,y) € A; and (x, y) = (x; + X;,y) (because Y; = {0}).
Hence, by (22) and (23), one has

S =fE)=y= Ti(fCi — @)+ b; = T(X: — a;) + b; = Ti(x) — T(@) + b;.

9



This shows that (21) holds with b; = —=T:(@;) + b; and so fePL(XY). Therefore, PLi(X,Y) C
PLX,Y).
Now suppose that dim(Y) < oco. To prove the converse inclusion PL(X,Y) D PL(X,Y), let
fePL(X,Y). Then there exist P; € P(X), T; € L(X,Y)and b; € Y (i =1,--- ,m) such that
X=| )P and f(x)=Tix)+b; VxePiandVieTm. (24)

i=1

By dim(Y) < oo, there exist yj,---,y, € Y* such that Y* = span{y},-- -, y;}. For any x € X, since

Tix)=y & [ Tix) =%y ¥y eY]
= [O,Tix)) =L j=1,--.4],

Tix) =y &= [T;, 0 = 0y, =1, ,q].
Hence gph(T;) = {(x,y) €e X X Y : (Tj(yj),x) — (yj.,y) =0, j=1,---,q}, and so gph(T;) is a
polyhedron of X X Y. Noting (by (24)) that

gph(f) = |_J(eph(T)) + (0,5)) N (P; x ),

i=1

it follows that gph(f) is the union of finitely many polyhedra in X x Y. Therefore, f € PL(X,Y).
The proof of (iii) is complete. O

Given f e PL(X,Y), there_exist (P, Ty,by),--+ ,(Py, Ty, by,) in the product P(X)x L(X, Y)XY
such that (24) holds. For i € 1m, since each polyhedron is closed, the first equality of (24) implies

thatint(P;) > X\ J PjandsoX = (J P;whenever int(P;) = 0. Hence, without loss of
jeTm\(i) jeTm\{i)

generality, we can assume that each P; in (24) has a nonempty interior. Moreover, we assume

without loss of generality that there exists k € 1m satisfying the following property:

(T;, b)) # (Ty,by) Vi, i’ € Ik withi # 7 (25)
and for each j € 1m there exists i € 1k such that (Tj,b;) = (T;,b;). For eachi € 1k, let

Iii={j€Tm: (Tj,b)) = (T;,b)} and Q;:=| JP;. (26)

Jeli

ThenX = U Qi X # |J Qiand flg, =Tjlp, + bjforall j € 1k. We claim that

ielk ielk,i+j
int(Q) Nint(Qy) =0 Vi,i' € 1k with i #1i. 227)

Indeed, if this is not the case, there exist i,i/ € 1k withi # i/, x € X and r > 0 such that
B(x,r) C Q; N Qy, and so f(x) = Ty(u) + b; = Ty(u) + by for all u € B(x,r). Since T; and T; are
linear, it follows that (7}, b;) = (T, by), contradicting (25). Hence (27) holds. Since each Q; is
closed, (27) can be rewritten as

0;Nint(Qy) =0 Vi, i’ € 1k withi # 7.

Therefore, by Proposition 2.5, we have the following result.
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Proposition 3.2. Foreach f € PL(X,Y) there exist (P;,T;,b;) € P(X)XL(X, V)XY (i=1,---,m)
such that

X = | JP. int(P) %0, P, Nint(P)) = 0 Vi j € Tm with i # (28)
i=1
and L
flPi = T,'lpl. + bi Yie lm, (29)

that is, f(x) = T;x + b; for all i € 1m and all x € P;.

Let{Ay,--- ,Am,A],-“ ,A;n,}CSD(X)besuchthatX: UA; = UA;.. Then X = U AN
i=1 J=1 G, Helmx1m’

A’. Setting I = {(i, j) € Im x 1m’ : int(A; N A’) # 0}, one has X = |J A; N A’ This yields the
@.pel
following proposition.

Proposition 3.3. Forany f, ' € PL(X,Y) there exist (P;, T;, b)), (P;, T/, b)) € P(X)x L(X,Y)xY
(i=1,---,m) such that (28) holds and

flp, = Tilp, + b; and f'|p, = T]|p, + b, Vi€ lm. (30)

Now we are ready to establish the main result in this section.

Theorem 3.1. Let (P, T1,by), -+ ,(Pp, Tyu,by) € PX)X L(X,Y)X Y and f € PL(X,Y) be such
that (28) and (29) hold. Then X; := lin (ﬁ Pi) is a closed subspace of X with codim (Xf) < 00
i=1
and
Ti(x)=---=Tu(x) VxeX;.

Proof. Foreachi e 1m, take a prime generator group {(x;.“j, tij): € 1v;} of P;. Then,

Pi={xeX: (x,x)<t, je lv) (31)

ij°
and _ _
P[?&{XGXZ <X:~},X>St,‘j, jG 1V,\{J,}} V], € lv;. (32)
Hence, X; =X, = NN (x;‘j) is a closed subspace of X with codim(X;) < } v;, and so there
ielm jelv; i=1
exists a closed subspace X, of X such that

X=X,®X, and codim(X;) = dim(X;) < oo. (33)

Let L
Pii={xeXy: (xi,x)<ty, jelv}. (34)

ij?
Then, by (31) and Proposition 2.1,

Pi=X,+P; and int(P,) = X, + int,(P)). (35)
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It follows from (28) and (33) that
inty,(P) # 0 and P;Ninty,(P;) =0 Vi, € lm withi # i'. (36)

Fix two arbitrary distinct indices i and ' in 1m. We only need to prove Tilx, = Trlx,. To prove
this, let

F3(P) :={x € X : (x};,x) = t;; and (x}, x) < t for all [ € Tv; \ {j}}

l]’
and

Fo(Py) = {x € Xy : (x};,x) = t;; and (x}, x) < t; for all [ € Tv; \ {j}}. (37)

ij?
Then, by the definition of X; and (33), F j(Pi) =X +F ;?(f’l-) and F ;?(131-) # () (thanks to Lemma

2.4). Take (n,u’) € inth(ﬁ,-) X inth(ﬁ,-/) and u* € X3 \ {0} such that (u*, &’ — i) # 0. Then there
exists 6 > 0 such that

it + Bx,(0,6) C inty,(P;) and @ + Bx,(0,6) C inty,(P;), (38)
where X3 := N(u*) = {x € X, : (u*, x) = 0}. Hence
dim(X3) =dim(X,) -1, X, = Xz ®R®@ — i) 39)

and
int, ([&z, @&'] + Bx,(0,06)) = (&, &) + Bx,(0,0) # 0, (40)

where [, W] :={u+t@@ —n): 0<r<1}and (&, &) :={u+t’ —u): 0 <t < 1}. Foreach
Z € Bx,(0,0), let

I, ={ie 1m: PN (z + &, i']) contains at least two points}

and I? :={i € im: inth(IA’i) N (z+ [it, w']) # 0}. Then I7 C I, and P; N (z + [&, @']) contains
at most an element for all i € 1m \ I,. Noting that X, = Liﬁ,- (thanks to (33)—(35) and (28)), it

i€lm

follows that
= JPinG@+Im @) Vze By(0,0). (41)

i€l,

Regarding X, as the Euclidean space RY™*2) (without loss of generality), let u, and ux, denote
the Lebesgue measures on X, and Xj, respectively. Setting Ey := {z € Bx,(0,0) : I # I}, we
claim that uyx, (Ey) = 0. To prove this, let z be an arbitrary element in E,. Then there exists i, € I,
such that i, ¢ I7, and so 13 N(z+[a, ] c P; \1ntX2(P ). Since P \1ntX2(P ) is the union of
finitely many faces of P, S it follows from Proposrtlon 2.4 that there exists a face of P _containing
the convex set PZ N (z + [&, u']), that is, there exists v* € X3 \ {0} such that

PN+, #]) Clx € P : (v',2) = sup(v',x)} = P.n (v + N(v))

XGIA),'Z

for some v € X; with (v*,v) = sup(v*, x). Since IA’I-Z N (z+ [i, u']) 1s a segment containing at least
XEPI'Z

two points (thanks to the definition of ;) and v* is linear, the entire segment z+ [, '] is contained

in the hyperplane v + N(v*). Noting that each P; (as a polyhedron in X;) has finitely many faces,
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it follows that there exist v, - ,vjl € X;\ {0} and vy,---,v, € X, such that z + [, '] C

q q
U + N(vp)) for all z € Ey, that is, Ey + [i, i'] C U(vk + N(v})). Since each N(v}) is of
k=1

dimension dim(X;) — 1, ux,(Eo + [it, &t']) < ux, (U (v + N(vk))) Z tx, (v + N(v;)) = 0. Thus,
by (39) and the Fubini Theorem on measure, one has px, (Ey) = O Next let z € Bx,(0,0) \ Ep.
Then I, = I7. Thus, by (41) and the definition of I,

z+[@ @1=| PN (@+[@ @) and inty,(P)N G+ (@ @] #0 Vkel.

KEl?

Hence, by (36), inty, (P)N(z+[a, #']) and inth(f'K,) N(z+[u, u']) are two disjoint open segments
inz+ [i, '] for any «, k" € I? with k # «’. Noting that z + & € inty, (I3,~) and z + i’ € inty, (f’i/) (by
(38)), it follows that there exist ¢, (], - - L0, € Im and A, A3, - - - A5 € [0, 1) such that

IZ — Io — {L(Z),Li’... ’Li’z}’ L(z) = i’ L§/Z — i” /l(z) = 0, /12_1 < /129 (42)

2+ +[0, XY@ — i) = (z+ [@, @'])Ninty,(P)),
z+ﬁ+(/lzq, 1@ —a) = (z + [a, )mmtxz(P ),
zH i+ A, BN —i) =+ #])N P

and
z+ i+ (A, L)@ — i) = (z+ [, @']) Ninty,(P; )

for all k € 1y,. Therefore

z+a+ A —i)e P NPz Vkely. (43)

This and (36) imply that z + @i + A{(@’ — i) ¢ inty,(P; ) U inty,(P;) for all k € 1y.. Letting

Jow =€ v <ij_ Szt AW — ) =1 ) (44)
and L
Jew =€ by 2 (xgppz+ i+ Q@ — ) = 1), (45)

it follows from (34) and Corollary 2.1 that J, ( o #0and Jiu # 0 forallk € 1y,. We claim that
there exist Z € Bx,(0,6) \ Eq and (j, jix) € lv X lv such that

Jew = U} and Jep = (i) Yk € 1y, (46)

Indeed, if this is not the case, for each z € By,(0,0) \ E, there exists k € 1_)/2 such that either
Ji. s Or J.x contains at least two elements; we assume without loss of generality that there exist

ke 17/Z and jj, j» € J .k such that j; # j,. Then, by (43) and (45),

- Z(5 = A_. *
2+ + A (i —u)e{xePlz. <xtij1’

x) = tg; and <x:<ﬁj2’ Xy =tg - 47)
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Since {(x:}k_l, h;l), ( xi;;z’ ti2)s e ( xfiﬂ;{’ ttivti )} is a prime generator group of P and int(PLz) is nonempty,

this and Lemma 2.2 imply that x;’;jl and x;';jz are linearly independent. Hence codim(/ NV (x}jl) N
k k k
N (x:;jz)) = 2. Noting that X; is a subspace of N (x;jl) N N(xfzjz), it follows from (33) that
k k k
X\ NN (x;jl) NN (xfljz), as a linear subspace of X,, is of codimension 2. Hence, by (47), P
k k
has a face F such that z + & + L@ —u) € F, dim(F) < dim(X,) — 2 and so z + [&, @] C
F—(n+ @ —u)+ i, '] C F+[a—u, & — ). Since each polyhedron has finitely many faces
(cf. [10, 16]) , there exist finitely many linear subspaces S, ---,S; of X; and wy, - ,w; € X5
!
such that dim(S ;) < dom(X») -2 (j=1,---,Dand z+[it, '] C J(S;+w;+[i—u', u' —u]) for
j=1
!
all z € Bx,(0,0) \ Ey. This means that (Bx,(0,0) \ Eo) + [i, #'] ¢ U(S;+w;+ [u—i', ' — ul)
j=1

and so
i

Ux,((Bx,(0,0) \ Eo) + [@1, #']) < Z,uxz(Sj twj+[a—i, & —a]) =0,
j=1
Thus, by (39) and the Fubini theorem, px,(Bx,(0, )\ Ey) = 0. Hence ux, (Ey) > ux,(Bx,(0,6)) > 0,
contradicting iy, (Ep) = 0. This shows that (46) holds, that is, there exist Z € By,(0,0) \ Ey and
(Ji» Ji) € Ivg_ X 1v; such that

Yoo=Z+a+ L - i) € F;?;(Pli_l) NF5(Pg) ke ly..

Noting that F2 (P; ) = Xy + F2.(P; ) and F(P;) = Xi + F;,(P;), one has % € F2.(P; )N
k - k - ¢ k -
F;k(PLi) for all k£ € 1vy:. It follows from Lemma 2.5 that for each k € 1y;, N, := N(x% j_) =
Y1 Jk
N(x% ) and
LeJk
F(Pg ) O By(X, i) = Fj (Pg) 0 By (X, i) = (X + Ni) 0 By (%, 7%)

for some r;, > 0. Hence (X + Ny) N Bx(X, ry) C PLi—l N Pti for all k € 1_72 This and (29) imply
that

T lnvonsear + 0 = Tel@anonsyary + b Yk € Ty=.
Since N, is a maximal subspace of X and both T‘i_l and Tli are linear, TLi_l = TL§| N, forall k €
ly:. Noting that X; C N, (thanks to the definitions of N, and X)), it follows that T‘i—l lx, = TL§|X1
forall k € 1z, and so Tx, = TL3|X1 = T@z Ix, = Trlx, (thanks to (42)). O

Theorem 3.2. Let f € PL(X,Y), and let X, and X, be closed subspaces of X such that
X C Xf’ X=X6X,, COdim(Xl) = dlm(Xz) < 00, (48)

where Xy is as in Theorem 3.1. Then there exist T € L(X,,Y), a finite dimensional subspace Y of
Yand g € PL(X,, Y) such that

JGa+x) =T(x) +g(x2) Y(x,x) € X; X X,. (49)
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Proof. Take (Py,Ty,by), - ,(Py, T, byy) € P(X) X L(X,Y) X Y such that (28) and (29) hold.
Then, by Theorem 3.1,
Ti(x)=---=Tux) VxeX; (50)

Define T : X; — Y as T(x) := Ty(x) for all x € X;. Clearly, T € £L(X,,Y). For each i € Im, by
(48) and Proposition 2.1, take a polyhedron P; in X, such that P; = X; + P;. It follows from (28)

that X, = U P;. Moreover, since X; € X +,(29) and (50) imply that
i=1

fGa +x2) =Ti(x) + x2) + by = Ti(xy) + Ti(xp) + by = T(xy) + Ti(x2) + b; (51)

for all (x;,x,) € X; X P; and i € Im. Hence f(x;) = Ti(x,) + b; forall i € Im and x, € P;. Tt
follows that L
T,'(Xz) + b,‘ = T,'f(XZ) + b,‘/ Vi, i’ € Im and Vx, € Pl‘ N p,‘/.

m

Let ¥ := span (U(T,‘(Xg) + b,-)), andletg : X, — ¥ be such that g(xy) :=Ti(xy) + b; for all x € P,

i=1
and i € Im. Then ¥ is a subspace of Y with dim(¥) < mdim(X) + 1 < 400 and g is well defined.
It is easy from (51) to verify that (49) holds. O

4 Dimensional Reduction Method to Solve (PLP)

In this section, we always assume that X, Y are normed spaces and that f € PL(X,Y) and ¢; €
PL(X,R (j € 11). Consider the following fully piecewise linear vector optimization problem

(PLP) C —Minf(x) subject to ¢;(x) <0, j=1,---,L

Based on Proposition 2.5 and its proof (an elementary method), we can select P; € P(X), T; €
.E(X,Y), ufk,xfj e X* = L(X,R), bi € Y and tikacij e R (l =1,---,m, k = 1,--- ,qi and
j=1,---,0 such that

Pi={xeX: (u,x) <ty Vkelg), (52)
X = U P;, int(P)) # 0, P,Nnint(Py) =0 Vi,i' € 1m with i # i’ (53)
i=1
and L
Sflp, = Tilp, + b; and @lp, = x;'kj|P,~ —cij Y@, ))€lmxI1L (54)
For eachi € ﬁ, let .
Ai = {X eP;: <x:fj,x> < Cij VJ € 11} (55)

For a closed convex cone C in Y, let <. denote the preorder induced by C in Y, that is, for
Y, Y2 € Y, y1 <c y2 © y»—y1 € C. When the interior int(C) of C is nonempty, y; <¢ y; is defined
as y, —y; € int(C). For a subset Q of Y and a point w in Q, we say that w is a Pareto efficient
point of Q (with respect to C), denoted by w € E(Q, C), if there is no element v € Q \ {w} such
that v <¢ w. In the case where int(C) # (0, we say that w is a weak Pareto efficient point of €,
denoted by w € WE(Q, C), if there is no element v € Q such that v <¢ w.
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Let A denote the feasible set of fully piecewise linear vector optimization problem (PLP), that
1s,
A={xeX: ¢i(x) <0, ,¢(x) <0} (56)

We say that X € A is a Pareto (resp. weak Pareto) solution of (PLP) if f(x) € E(f(A),C) (resp.
f(¥) € WE(f(A), C)). Now we provide the procedures to obtain exact formulas for optimal value
sets and solution sets of fully piecewise linear vector optimization problem (PLP):

Step 1 (Decomposing the space X): Let

X =) Q NG NN, (57)
=1 (joellxlg;

where N/ (xl’.‘j) ={xeX: (x;.kj, x) = 0} is the null space of x:.‘j; namely, X, is the solution space of
the following system of linear equations

<Mjk7x>:<x?jax>:()7 i: 17”' , M, j: 17”' 7la k: 17”' ’Qi-

Take a maximal linearly independent subset {e},- - ,e}} of the finite set {u,, x;‘j © i€ 1m, j €

11, k € 1¢;}. Then, for each ¢ € 1v, the following system of linear equations
(e/,x)=1 and (e, x)=0 V' € 1v\ {1}

is solvable; take a solution A, of this system of linear equations. Let

X, := span{hy, -+, h)} = {Z th: t1,- - .t € R} (58)
=1
(in particular, X, = span{e],--- ,e}} when X is a Hilbert space). Then
X=X;+X, and X;NX, = {0} (59)

Step 2 (Constructing finite dimensional subspace Z of Y): Thanks to Theorem 3.1 and (59),

T:= Thlx, = Talx, =+ = Tulx,- (60)
Let D denote the finite set G{Ti(hl), --+,Ti(h,), b;} and take u,,--- ,u; in D with ¢ being the
maximal integer such that u ll :é D\ f(X 0,

uy € D\ (T(Xy) + spanfu}), -+ ,ug € D\ (T(Xy) + spanfur, -+, ug1}),
where X; and h,,--- , h, are as in Step 1. Let
Z = span{uy,- -+ , ug}. (61)

Clearly, Z is a subspace of Y such that

dim(Z)=¢ and T(X;)NZ ={0}. (62)

16



Let I1; denote the projection from T(X,) ® Z onto Z, that is,
Mz(y+2) =z Y2 e T(X)xZ, (63)
and let Cz be a convex cone in the finite dimensional space Z defined by
Cz:=T,(TX)®Z)NCO). (64)

Step 3 (Exact formulas for weak Pareto optimal value set and weak Pareto set of (PLP)): For each
i€ M, let

Aii={xn e P (x),x) < ¢ Yjell), (65)
where P; := {x; € X, : (U, x2) <ty Yk € 1_ql-}. The weak Pareto optimal value set WE(f(A), C)
and weak Pareto solution set S* of (PLP) can be formulized as follows:
() If (T(X)) ® Z) N int(C) = 0 then WE(f(A),C) = f(A) and S = A.
(i) If (T(X,) ® Z) N int(C) # O then

WE(£(4),0) = T(Xp) + V" and §" = X, + A0 (117 0 T)™ (V) — (b)),

i=1 i=1

where V' := TI(Ti(A)) + b;) \( U O(T#(Ay) + by) + (T(X)®2Z) N int(C)) (thanks to Theorems
i’elm

4.1 and 4.3 and Lemma 4.1).

Similarly, with Corollary 4.1 and Proposition 4.2 replacing Theorems 4.1 and 4.3, we can also
obtain the formulas for the Pareto optimal value set and Pareto solution set of (PLP). Based on the
above procedures, we establish the structure theorems for Pareto solution sets and optimal value
sets of (PLP).

To prove the main results in this section, we need the following lemma.
Lemma 4.1. Suppose that (T'(X) ®2Z) Nint(C) is nonempty. Then
intz(Cz) = Nz((T'(X)) ® Z) N int(C)), (66)

where intz(Cz) denotes the interior of Cz in the subspace Z.

Proof. By the assumption, take (X;,Z) € X; X Z and r > 0 such that
T(%)+Z+rBjyez € TXD®Z)NC. (67)

Noting that the projection IT, is an open mapping from 7'(X,)®Z to Z, (64) implies that int;(C) >
I,((T(X;) ® Z) N int(C)). Hence it suffices to show the converse inclusion. To do this, let z €
intz(Cz). Then there exists o > 0 sufficiently small such that z + 0(z — Z) € Cy, that is, T (%) +
z+0(z-2) € (T(X))®Z) N C for some x; € X;. It follows from (67) and the convexity of C that

N ;. (F(%1)+2+rB; ) A A % B; A
Tyrerooy D HPCes, - (F(X )@ Z)NC, and so T(RLE) 4 74 TN o (X))@ Z)NC.

1+o0 1+o 1+o

1+o
Hence, by (64) and (63),

X +0Xx
1+o0

)+z+

N orBj orllz(By )
C, o1, (T( T(Xn@z) - 2Brxez)

1+o0 1+o0

This shows that z € intz(C7) (because Il is an open mapping from T(X,) ® Z onto Z). The proof
is complete. m|
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Define f : X, — Z by

f(x2) := (T 0 f)(x2) = T(f(x2)) Yz € X

Then, f is a piecewise linear function between the finite dimensional spaces X, and Z. For each

i€ lm,recall that P; := {x, € X, : (u, x2) <ty Yk € 1g;}. By (52), (53), (57) and (58), one has

X =U P;and P; = X, + P; (Vi € W). From (54), (60) and the definition of Z (see (61)), it is
icelm

easy to verify that

F00 = A&y + TPy +b) c TX) + Z =T XD @ Z

iclm

and f(x;+x2) = T(x))+ f(x2) € T(X))+ f(x,) for all (x;, x2) € X; xX>. Noting that f(x2)— f(x2) =
f(x) — Tz (f(x2)) € T(Xy), it follows that

O +x2) € TX) + f(x2)  Y(x1,x2) € X; X Xa. (68)

To solve the original piecewise linear problem (PLP), consider the following piecewise linear
problem in the framework of finite dimensional spaces:

(PLP) C, — min f(x,) subject to x, € X, and ¢;(x2) <0, -+, @i(x2) < 0.

Let A denote the feasible set of (P,Ij)). Then the feasible set A of (PLP) is equal to X; + A.

Next we establish the relationship between the weak Pareto optimal value set and weak Pareto
solution set (resp. the Pareto solution set) of (PLP) and that of (PLP).

Theorem 4.1. Let S™ and S" denote the weak Pareto solution sets of piecewise linear problems
(PLP) and (PLP), respectively. The following statements hold:

(i) If (T(X)) @ Z) N int(C) = 0 then WE(f(A), C) = f(A) and S* = A.

(i) If (T (X,) ® Z) N int(C) # O then

WE(f(A),C) = T(X)) + WE(f(A),C,) and S" = X; +8". (69)

Proof. First suppose that (T(Xl) @ Z) Nint(C) = 0. Then, since T(Xl) ® Z is a linear subspace of
Y, T(X)@Z)n (T(X))®Z) —int(C)) = 0. Noting that

fA) = fX+A) =TX)+ fA) cTX)eZ (70)

(thanks to (68)), it follows that f(A) N (f(A) — int(C)) = (. This shows that WE(f(A),C) = f(A)
and S = A. Next suppose that (T'(X,)) ® Z) N int(C) # 0. Then, by Lemma 4.1, intz(Cz) =
[,(T(X,)®Z)Nint(C)). Since I, is the projection from T'(X)®Z to Z, T(X,)+E = T(X,)+I14(E)
for any set E in T(Xl) ® Z. Hence, by Lemma 4.1,

TX)+(TX)dZ2)Nnint(C) = T(X)) + H((T(X,) @ Z) N int(C))
= T(X)) + intz(Cy).
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Noting that WE(Q, C) = Q\ (Q + int(C)) for any set in Y, it follows from (70) that

(X)) + fA) \ (T(X) + f(A) + int(C))

(TX) + fA)\ T X)) + fA) + T (X)) @ Z) Nint(C))
(TX) + fA) \ (T(X) + F(A) + intz(Cy))

T(X1) + fA)\ (FA) +intz(C2))

T(X)) + WE(f(A), Cy).

WE(f(4),C)

This shows the first equality of (69). To prove the second equality of (69), let x, € $*. Then
x; € A and f(x,) € WE(f(A), C5). Hence,

Xi+mCcX +A=Aand f(X; + x) = T(X) + f(x2) € WE(f(A),C)

(thanks to (68) and the first equality of (69)). It follows that X; + x, € $" and so X; + Svecsv.
Conversely, let x € §*. Then there exists (x1, x;) € X; X A such that x = x; + x, and f(x1+x) €
WE(f(A),C) = T(X)) + WE(f(A),CZ). Noting that f(x; + x,) € f(X; + x2) = T(X)) + f(xz) and
T(X,)NZ = {0}, one has f(xz) € WE(f(A), C,). Hence x, € $" and x = x; + x, € X, +5". Hence
the second equality of (69) holds. m|

Theorem 4.2. Let (x1, x;) € X, XA. Then f(x1+x2) € E(f(A), C) if and only iff(xz) € E(f(A), Cy)
and C; = C N (T(X)) ® Z).

Proof. By (68), f(A) = f(X; + A) = T(X,) + f(A). Hence
fA) = fx) + x0) = TX)) + fA) - f(x).
Noting that f(A) — f(x,) c Z, it follows that
(f(A) = f(x1 + x)) N =C = (T(Xy) + f(A) - fx)) N =(C N (T (X)) @ 2)).
Thus, from the definitions of the projection IT : T(X,)®Z — Z (see (63)), it is easy to verify that
(f(A) = f(x; + 1)) N =C = IL(C N (T (X)) 8 2)) + (f(A) - f(x)) N —C7,
where IT;(y + z) = y for all (y,2) € T(X,) ® Z. Therefore, f(x, + x,) € E(f(A), C) is equivalent to
I,(C N (T (X)) @ 2) + (f(A) - f(x)) N =C = {0},
Since T(X;) N Z = {0}, it follows that f(x1 + x3) € E(f(A), C) if and only if
(€N ([T X)) @2) = (fA) - f(x))n-Cz = {0},
namely C; = C N (T'(X;) ® Z) and f(x) € E(f(A), C,). The proof is complete. O

The following corollary is a consequence of Theorem 4.2.
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Corollary 4.1. Let S denote the Pareto solution set of piecewise linear problem (P/L\P). The
following statements hold:

() IfC, £ CN(T(X)) ®Z) then S = 0.

(i) If C; = C N (T(X,) ® Z) then

S =X, +$§ and E(f(4),0) = T(X)) + E(f(A), Cy).
Remark 4.1 By Corollary 4.1(i) and Theorem 4.1(i), piecewise linear problem

(PLP) has no Pareto solution when Cz + C 0 (T(X,) ® Z), and the weak Pareto solution set
of (PLP) is just the entire feasible set A of (PLP) when (T'(X)) ® Z) N int(C) = 0. Therefore,
we only need to consider the Pareto solution set and the weak Pareto solution of (PLP) when
C;=CN(TX)®Z) and (T(X)) ® Z) Nint(C) # 0, respectively.

To establish formulas for the solution sets of fully piecewise linear problem (PLP), for i € 1m,
consider the following linear subproblems

(LP), C —minT;x + b; subject to x € A;.
In the framework of finite dimensional spaces, we also consider the following linear subproblem
(LP), C; — minII,(T;x + b;) subject to x € A,,

where A; is as in (65).

By Theorem 4.1 and Corollary 4.1 (with linear problems (LP); and (I:T’)i replacing respec-
tively piecewise linear problems (PLP) and (PLP)), we have the following result (thanks to
Ai = X] + AAI)

Proposition 4.1. For eachi € 1m, let S i (resp. ') and S ; (resp. S ') denote the Pareto solution
sets (resp. weak Pareto solution sets) of linear problem (LP); and (IjIB)i, respectively. The follow-
ing statements hold:

(i)S;=0ifC, # Cn(T (X)) ®Z).

(ii)S; =X, +8,;ifC, =Cn(TX)® 2).

(i) S = A; if (T (X)) ® Z) N int(C) = 0.

(iv) S¥ = X; + 8V if (T(X,) ® Z) Nint(C) # 0.

The following theorem provides formulas for the weak Pareto solution set and weak Pareto
optimal value set for piecewise linear problem (PLP). Recall that a weak Pareto face (resp. Pareto
face) F of linear problem (LP); is a face of A; such that each point in F is a weak Pareto solution
(resp. Pareto solution) of (LP);. We also need the following theorem by Arrow, Barankin and
Blackwell [2].

Theorem ABB. Let X = R?, Y = R? and C = R%. Suppose that f and each ¢; in (PLP)
are linear. Then the Pareto solution set and weak Pareto solution set of (PLP) are the unions of
finitely many faces of the feasible set A.

Theorem 4.3. For eachi € ﬁ, let

V) =Tz (Ti(A) + bi) \ (F(A) + intz(C2)) (71)
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and
S,:= ANl 0T)" (VW _ Hz(b,-)) . (72)

Suppose that (T(X,) ® Z) N int(C) # 0. Then the Jfollowing statements hold:
(i)S¥ =S, andWE(f(A) CZ) = UVW where I :={i € lm: A, # 0).

iel iel
(ii) If, in addition, the ordering cone C in Y is assumed to be polyhedral then for eachi € I there

exist finitely many polyhedra P;y, - - - ’qu,- in X» and faces F, - - - Fi, of A; such that S; = U P,]

and Pij cF ij C S Y forall je 1g;. Consequently, S¥ is the union of finitely many polyhedra in
X5, each one of which is contained in a weak Pareto face of some linear subproblem (LP),.

Proof. Let i be an arbitrary element in I. Then, since f(£) = H(Ti(%)) + [z(b;) for all % € A,
A0 (T o TNV = TI(by)) = A; 0 f~1(V). Hence, by (71) and (72),

$i=Anf'(UY) and VP = A3, (73)

Thus, to prove (1), it suffices to show that S; = §¥ N A; (because A = UA,- and f(ﬁ Yy =
iel

WE(f(A), C»)). To do this, let &; € $* N A,. Then f(a;) € WE(f(A),Cy), that is, f(a;) ¢
F(A) + intz(Cy). Since

Sa) = Hz(Tia;) + by) € Tz(Ti(A;) + b)),
this and (71) imply that f(a;) € V}". Hence a; € S (thanks to (73)). This shows that $* N 4; c §.
Conversely, let &; € ;. Then, by (72) a; € Al, I1(T:(a))) € VW I1(b;) and so f(a ) € VW Since
fa) e f(A) = HZ(T A) + b) f@) ¢ fA) + 1ntZ(CZ) (thanks to (71)) Notlng that A CA,it
follows that f(a) € f(A)\(f(A)+1ntZ(CZ)) = WE(f(A), C,),andso &; € A; ﬂf (WE(f(A), Cy) =
A; N 8§". This shows that §; c A; N $". Therefore, S; = A; N $". The proof of (i) is complete.

To prove (ii), suppose that the ordering cone C is polyhedral. Then, since the projection
mapping I, : T(X,) ® Z — Z is a linear operator and since Z is finite dimensional, C; =
IL,(T(X)®Z)NC)isa polyhedral cone in Z (thanks to [16, Theorem 19.3] and Proposition 2.1).
On the other hand, by the assumption that (TXD®2)N int(C) # 0, Lemma 4.1 implies that

int;(Cy) = I,((T(X,) ® Z) N int(C)) # 0.
Since I1(T j(fi )+b;) and C7 are polyhedra in the finite dimensional space Z, their sum I1(T j(A D+
b;) + Cy is a polyhedron in Z and so is closed. Hence IT,(T;(A;) + b;) + C; = cl(TI(T{(A)) + b)) +
intz(Cz)). Noting that HZ(TJ(A i)+ bj) +1intz(Cy) is open in Z, it follows that
intz(TIZ(T{(A)) + b)) + Cz) = TI(T;(A;) + b;) + intz(C).

Thus, by Proposition 2.1, there exist (zj.l, rit)s e, (zj.qj, r'jq;) in Z* X R such that

Hz(Tj(AAj) + b]) + intz(Cz) = {Z IS4 <Zj’k’ Z> < Fjk, k=1--- ,q]‘}. (74)
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Since A = (J A}, it follows from (71) that
jel

VY= TAT(A) + b))\ U(f(Aj) + intZ(Cz)]
jel

= TATHA) + b) \ || _JTAT,(A)) + b)) +intZ(Cz)]

jel

4j
= AT A) + b\ || [ Jiee 2 <z;k,z><rjk}]

jel k=1

qj
= ﬂ U (HZ(TI-(A,-) +b)\{z€Z: (Ty,2) < rjk})

jel k=1

qj
= N @TiA) + by ntz e Z: (a2 = rad).

jel k=1

Since I is a subset of 1m, we assume without loss of generality that there exists n € 1m such that
I = 1n. For any (k;,--- ,k,) € 1g; X --- X 1q,, let

n

Ol iy = [ | (MTiA) + b)Y Nz € Z 2 (g, 2) 2 1))

j=1

Then, each Qék1,~--,kn) is a polyhedron in Z and

= U Qs (75)

(ki k€T
where IT; := {(ky,- - ,ky) € 1gy X -+~ X 1g, : Qék.,--~,kn) # 0}. Let
Pfkl,..‘ k) = ANz o Ti)_l(Qékl,...’kn) —Uz(b)) VYki, -+ ky) €11,

Then each Pékl’_“ %) is a polyhedron in the finite dimensional space X, and

(ky, ke )EIL;

Thus, to prove (ii), it suffices to show that for each (ky, - - - , k,) € II; there g)iists aface F of A, such
that pékl,---,kn) cFcS . By Theorem ABB (applied to linear problem (LP),), there exist finitely

is contained in §' "

N A A~ N Vi A A
many faces Fj; --- , F;, of A; such that §" = Ul F;;. Noting that each P€k|,~-~,k,,)
]:

(thanks to (i) and (76)), it follows from Proposition 2.4 that ﬁék iy C F;, for some j € 1v;. The
1 n) J
proof is complete. O
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Formulas (i) and (ii) in Step 3 of the procedure provided in Section 1 are immediate from
Theorems 4.1 and 4.3.

To establish formulas for the Pareto solution set and Pareto optimal value set, we need the
following lemma, which is a variant of a formula appearing in the proof of [24, Theorem 3.4].

Lemma 4.2. Let By, - - , B,, be subsets of Y. Then

E{U Bl-,CJ = [ J ) EB.C)\ (B, + )\ E@B,.O)).
ielm i€elm jelm

Proof. Let B := |J B;and E; := () (E(B;,C)\ ((B; + C) \ E(B;,())) foralli € 1m. We need
icelm jelm

to show E(B,C) = |J E;. For each y' € E(B, C), there exists i’ € 1m such that y € By and so
i=1

Yy € E(By,C). Since (B; + C) N E(B,C) C E(B;,C) for all j € 1m, Yy € E(B;,C) forall j €

Im with y* € B; + C. It follows that y ¢ (B; + C) \ E(B;,C) for all j € 1m. Hence y’ €

E(By,C)\ ((Bj+C)\E(B;,C))) forall j € 1m, that is, y' € E;. This shows that E(B,C) c |J E;.

iclm

Conversely, let y € | J E;. Then there exists iy € Im such thaty € E;,. Let z € BN (y— C). We only
i=1

need to show z = y. Take j € 1m such that z € B ;. It follows that z € B; N (y — C). Noting that

E;, C E(B;,, (), itis clear that z = y if j = iy. Now suppose that j # iy. By the definition of E;,

one hasy € E(B;,, C)\((B;+C)\E(B;,()),andsoy ¢ (B;+C)\E(B;,C). Sincey € z+C C B;+C,

y € E(B},C). Hence {y} = B; N (y — C) > z. This shows that y = z. The proof is complete. O

Proposition 4.2. Let S and S/,\( iel:={ielm: A # /Q} ) denote the Pareto solution set
of piecewise linear problem (PLP) and linear subproblem (LP),, respectively. Suppose that the
ordering cone C is polyhedral. Then there exist finitely many generalized polyhedra F,--- | F »
in X, such that the following statements hold:

~ LN
(i) S :kL_jl Fr.
(ii) For each k € 1p there exist i € I and a face F of A; such that F, c F c §,.

Proof. For each i € I, let S; = A,- NS. Then § = U§ ., and S; is clearly contained in the
iel
Pareto solution set S; of linear subproblem (LP),. Thus, by Theorem ABB and Proposition 2.4, it

A

suffices to show that there exist finitely many generalized polyhedra G, - - - , G, in X, such that
S;= U Ga. Noting that f|A,- =1z o flz, = lz o Ti|s, + Iz(b;), one has
k=1
$i=4in fTE(A).C2) = A 0 (117 0 T) ' E(f(A), C2) ~ Tz(B). (77)

Since C is a polyhedral cone in Y, C N TX)®Z)is a polyhedral cone in T(X,) ® Z. Hence
Cy, = I,(CN((TX)®2Z))is a polyhedral cone in the finite dimensional space Z. It follows
that B; + C is a polyhedron in Z and E(B;,Cz) = E(B; + Cz,C7) is the union of finitely many
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polyhedra in Z for each j € I (thanks to Theorem ABB), where B = HZ(TJ-(A i)+ bj). Hence
E; .= NE(B;,Cy) \ (B, + C2) \ E(B}, Cy)) is the union of finitely many generalized polehedra in
jel
Z forall i € I. Since
fdy =7y =8,
iel iel
This and Lemma 4.2 imply that E( f A),Cy) = U E; and so E( f (A), C) is the union of finitely
iel
many generalized polyhedra in Z. Thus, by (77), for each i € I there exist finitely many general-

A

ized polyhedra Gy, - , Gy, 1n X, such that S;= U Gy The proof is complete. O
k=1

Based on Corollary 4.1 and Proposition 4.2 (and its proof), we can establish exact formulas for
the Pareto solution set and Pareto optimal value set of fully piecewise linear vector optimization
problem (PLP).

The following corollary establishes the structure of the weak Pareto solution set and Pareto
solution set for (PLP).

Corollary 4.2. Let S” and S be the weak Pareto solution set and Pareto solution set of fully
piecewise linear vector optimization problem (PLP), respectively. Suppose that the ordering cone
C is polyhedral. Then the following statements hold:

p
(i) There exist finitely many polyhedra Fi,--- ,F, in X such that S* = |J F and each Fy is

k=1
contained in a weak Pareto face of some linear subproblem (LP),.

p

(ii) There exist finitely many generalized polyhedra F,,--- ,F, in X such that S = |J Fy and F
k=1

is contained in a Pareto face of some linear subproblem (LP),.

Corollary 4.2 is immediate from Theorem 4.1, Corollary 4.1, Propositions 4.1, 4.2 and 4.3
and Corollary 2.2.

Dropping the polyhedral assumption on the ordering cone C but imposing the C-convexity
assumption on f(A), we have the following structure theorem on the weak Pareto solution set of
(PLP), which generalizes and improves the corresponding result established by Arrow et al. [2]
in the finite dimensional and linear case.

Theorem 4.4. Let C be a convex cone in Y such that f(A) is C-convex, that is, f(A) + C is
a convex subset of Y. Then there exist finitely many polyhedra F,--- ,F, in X satisfying the
following properties:

P
(i) S¥ = | Fy
k=1

(ii) For each k there exists i € I such that Fy is a face of A; and Fy, C S, where [:={ielm:
A; # 0} and S is the weak Pareto solution set of linear subproblem (LP);.
Consequently each Fy is just a weak Pareto face of linear subproblem (LP); for some i € I.

Proof. Let x € A. Then x € §" if and only if f(A) N (f(x) — int(C)) = O, which is equivalent to
(f(A)+C)N(f(x) —int(C)) = 0. Thus, by the separation theorem and the convexity of f(A) + C,
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x € §" if and only if there exists ¢* € C* \ {0} such that {(c*, f(x)) = inf(c*,f(u)). Let
Uue.

S¥(c) o= {x €A (", f(0) = inf(c", f(u))} Vet e CH\ {0)

and C*(f,A) := {c* € C*\ {0} : §"™(c*) # 0}. Then, since the feasible set A of (PLP) is equal

to |JA;,onehas S = U S"(cH = U U SY(c*) N A;, where A(c*) = {i € I :
iclm c*eC*(f,A) c*eCH(f,A) ieA(c*)
S¥(c*) N A; # 0}. On the other hand, for ¢* € C*(f, A) and i € A(c*),

SUHNA = {x €A (¢, f(x) = min(c, f(w))
= {X S Ai . <C*, Tix + b1> = min(c*, Til/l + bl>}

UEA;

= {x€A;: (", Tix)= miAn<c*, T;u)}
UEA;

= {x€A;: (T;(c),x)= n;iAr_l<T,-"(C*), u}

(thanks to (54) and (55)) is a face of A; and a subset of the weak Pareto solution set of linear
subproblem (LP);. Since every polyhedron only has finitely many faces, there exist ¢},--- ,¢), €
C*(f,A) such that

S = S NA; = SY(cy) NA,.
J U v

p
c*eC*(f,A) ieA(c*) k=1 ieA(c})

The proof is complete. O

Remark 4.2 If Y = R and C = R, then each set in Y is trivially C-convex. The C-convexity
of the set f(A) is equivalent to that the function f is C-convexlike on A(cf. [18]).

In the framework of locally convex topological vector spaces, Luan [9] considered the struc-
ture of solution sets for (PLP) when each ¢; is linear. It is worth mentioning that our all results
are still valid when X and Y are locally convex topological vector spaces. In fact, noting that
Proposition 2.1 is valid when Z is a locally convex topological vector space and that the subspace
Z, in Proposition 2.1 is finite-dimensional, Z, can be regarded as a normed space (because Z, and
RYmZ) are linearly isomorphic and topologically homeomorphous (cf. [17]).

5 Conclusions

In this paper, we clarify relations between two kinds of piecewise linear functions. In particular, it
is proved that there does not exist a piecewise (single-valued) function into an infinite dimensional
space such that its graph is the union of finitely many polyhedra. With the help of the Fubini
theorem on measure theory, we prove in a constructive way that every piecewise linear function
between two infinite dimensional spaces can be represented as the sum of a linear operator on an
infinite dimensional subspace and a piecewise linear function on a finite dimensional subspace.
Based on such a representation, we provide a dimensional reduction method for solving a fully
piecewise linear vector optimization problem (PLP). Using such a reduction method, we establish
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procedures to obtain exact formulas for (weak) optimal value sets and (weak) Pareto solution
sets of (PLP), which requires only to solve two systems of linear equations and to compute the
projections to the solution space of a system of linear equations. As a consequence, the weak
Pareto solution set of (PLP) is proved to be the union of finitely many polyhedra, each of which
is contained in a weak Pareto face of some linear subproblem. This is new even in the case where
every constraint function is linear.
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