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Abstract: We distinguish two kinds of piecewise linear functions and provide an interesting
representation for a piecewise linear function between two normed spaces. Based on such a
representation, we study a fully piecewise linear vector optimization problem with the objective
and constraint functions being piecewise linear. To solve this problem, we divide it into some
linear subproblems and structure a dimensional reduction method. Under some mild assumptions,
we prove that its Pareto (resp. weak Pareto) solution set is the union of finitely many generalized
polyhedra (resp. polyhedra), each of which is contained in a Pareto (resp. weak Pareto) face of
some linear subproblem. Our main results are even new in the linear case and further generalize
Arrow, Barankin and Blackwell’s classical results on linear vector optimization problems in the
framework of finite dimensional spaces.
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1 Introduction

Vector optimization has been recognized to be useful in theory and application and extensively
studied (see books [7, 12, 13, 22] and the references therein). However, the study of nonlinear
vector optimization is far from systemic (possibly because the vector ordering is much more
complicated than the scalar one). On the other hand, linear vector optimization has been well
studied (cf. [1–3, 6, 7, 12, 13, 15, 20, 22] and the references therein). In particular, in the finite
dimensional case, Arrow, Barankin and Blackwell in their pioneering paper [2] proved that both
the Pareto solution set and the weak Pareto solution set of a linear vector optimization problem are
the unions of finitely many faces of its feasible set (also see [12, Theorem 3.3] and [13, Theorems
4.1.20 and 4.3.8]). The linearity assumption is quite restrictive in both theory and application.
To overcome the restriction of linearity, one sometimes adopts the piecewise linear functions (cf.
[5,9,10,14,21,23,24]). The family of all piecewise linear functions is much larger than that of all
linear functions and there exists a wide class of functions that can be approximated by piecewise
linear functions. Moreover, one may use piecewise linear functions generated by finitely many
test data to establish mathematical models for some practical problems. Therefore, from the
viewpoint of theoretical interest as well as for applications, it is important to study piecewise
linear problems. Given two normed spaces X and Y , we consider two kinds of piecewise linear
functions from X to Y , denoted respectively by PL1(X,Y) and PL(X,Y). A function f is in
PL1(X,Y) if and only if its graph is the union of finitely many polyhedra in the product X × Y
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(cf. [11,24] and the references therein), while f is in PL(X,Y) if and only if there exist polyhedra
Pi in X, continuous linear operators Ti from X to Y and bi in Y (i = 1, · · · ,m) such that

X =

m⋃
i=1

Pi and f (x) = Ti(x) + bi ∀x ∈ Pi, i = 1, · · · ,m.

The family PL(X,Y) is also known in the literature (cf. [9, 21, 23]). Clearly, a continuous linear
operator from X to Y is always contained in PL(X,Y); however if Y is infinite dimensional then
every linear operator from X to Y must not be in PL1(X,Y). This motivates us to study the
relationship between PL1(X,Y) and PL(X,Y). To do this, we first consider polyhedra in normed
spaces. In Section 2, we provide several properties on polyhedra in normed spaces. In particular,
with the help of the notion of a prime generator group of a polyhedron (cf. [4,8,19]), we establish
some results on the maximal faces of a polyhedron, which not only play a key role in the proof
of the main theorem on piecewise linear functions but also should be valuable by themselves. In
Section 3, we prove that PL1(X,Y) is always contained in PL(X,Y) and that

dim(Y) < ∞ ⇔ PL1(X,Y) = PL(X,Y) and dim(Y) = ∞ ⇔ PL1(X,Y) = ∅.

As one of the mains results, we prove by using the Fubini theorem on Lebesgue’s measure that
each f in PL(X,Y) can be represented as the sum of a linear operator on an infinite dimensional
subspace and a piecewise linear function on a finite dimensional subspace.

In the case where the objective is piecewise linear but the constraint is linear, several authors
considered a partially piecewise linear vector optimization problem and proved that the weak
Pareto solution set of such a partially piecewise linear problem is the union of finitely many
polyhedra, while its Pareto solution set is the union of generalized polyhedra (cf. [5, 9, 21–23]
and the references therein). In Section 4, we consider a fully piecewise linear vector optimization
problem with both the objective and the constraint being piecewise linear. Based on the main
results in Section 3, we reduce a fully piecewise linear vector optimization problem (in brief
(PLP)) to several linear subproblems in the finite dimensional framework and prove that the weak
Pareto solution set (resp. Pareto solution set) of (PLP) is not only equal to the union of finitely
many polyhedra (resp. generalized polyhedra) Λ1, · · · ,Λν but also each Λi is contained in a weak
Pareto face (resp. Pareto face) of some linear subproblem. Moreover, we provide procedures to
obtain exact formulas for optimal value sets and (weak) Pareto solution sets of (PLP), which is
new even in the framework of finite dimensional spaces and in the linear constraint case.

2 Polyhedra in Normed Spaces

Let Z be a normed space with the dual space Z∗. Recall (cf. [16]) that a subset P of Z is a (convex)
polyhedron if there exist u∗1, · · · , u

∗
m ∈ Z∗ and s1, · · · , sm ∈ R such that

P = {x ∈ Z : 〈u∗i , x〉 ≤ si, i = 1, · · · ,m}. (1)

An exposed face of P is a set F such that F = {u ∈ P : 〈x∗, u〉 = sup
x∈P
〈x∗, x〉} for some x∗ ∈ Z∗

(cf. [16, P.162]). It is known that each polyhedron has finitely many exposed faces. Recall
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( [21, 24]) that a subset P̃ of Z is a generalized polyhedron if there exist a polyhedron P in Z,
v∗1, · · · , v

∗
k ∈ Z∗ and t1, · · · , tk ∈ R such that P̃ = P ∩ {z ∈ Z : 〈v∗i , z〉 < ti, 1 ≤ i ≤ k}. Given

z∗ ∈ Z∗ \ {0}, let N(z∗) denote the null space of z∗, that is, N(z∗) := {z ∈ Z : 〈z∗, z〉 = 0}.

Recall that a normed space Z is a direct sum of two closed subspaces Z1 and Z2, denoted by
Z = Z1 ⊕ Z2, if Z1 ∩ Z2 = {0} and Z = Z1 + Z2; and codimension codim(Z1) of Z1 is defined as
dimension dim(Z2) of Z2. It is well-known that codim(N(z∗)) = 1 for a nonzero linear functional
z∗ on Z. It is easy to verify that if Z = Z1 ⊕ Z2 then for each z ∈ Z there exists a unique
(z1, z2) ∈ Z1 × Z2 such that z = z1 + z2 and the projection mapping ΠZ2 : Z = Z1 ⊕ Z2 → Z2 is
linear, where

ΠZ2(z1 + z2) := z2 ∀(z1, z2) ∈ Z1 × Z2. (2)

It is known that if Q is a polyhedron in Z1⊕Z2 then ΠZ2(Q) is a polyhedron in Z2 (cf. [16, Theorem
19.3] and the following Proposition 2.1).

For a convex set C in Z, let int(C) (resp. rint(C)) denote the interior (relative interior) of C. It
is known that if dim(Z) < ∞ and C , ∅ then rint(C) , ∅. Throughout, let N denote the set of all
natural numbers. For m ∈ N, let 1m denote the set {1, · · · ,m}. Now we provide some results on
polyhedra which are useful for our analysis later.

Proposition 2.1. Let (z∗1, s1), · · · , (z∗m, sm) ∈ Z∗ × R and P := {z ∈ Z : 〈z∗i , z〉 ≤ si ∀i ∈ 1m}. Let
Z1 and Z2 be two closed subspaces of Z such that

Z1 ⊂

m⋂
i=1

N(z∗i ), dim(Z2) = codim(Z1) < ∞ and Z = Z1 ⊕ Z2. (3)

Then
P = Z1 + P̂ and rint(P) = Z1 + rint(P̂), (4)

where P̂ := {z ∈ Z2 : 〈z∗i , z〉 ≤ si, i = 1, · · · ,m}.

The first equality in (4) is a slight variant of [24, Lemma 2.1] and can be proved similar to
the proof of [24, Lemma 2.1], while the second equality in (4) is immediate from the following
observation: the affine subspace aff(Z1 + P̂) is equal to Z1 +aff(P̂) (thanks to (3) and the definition
of P̂).

From Proposition 2.1, one can see that many properties on polyhedra established in the finite
dimensional case also hold in the infinite dimensional one. In particular, the following corollaries
are consequences of Proposition 2.1 and [16, Corollary 6.5.1].

Corollary 2.1. Let {(u∗1, s1), · · · , (u∗n, sn)} and P be as in Proposition 2.1. Then rint(P) = {z ∈
Z : 〈u∗i , z〉 < si, i ∈ 1n \ ĪP} ∩

⋂
i∈ĪP

Fi, where ĪP := {i ∈ 1n : 〈u∗i , z〉 = si for all z ∈ P} and

Fi := {z ∈ Z : 〈u∗i , z〉 = si}.

Corollary 2.2. Let Z1 and Z2 be two closed subspaces of Z such that Z = Z1⊕Z2 and dim(Z2) < ∞.
Let P̂ be a polyhedron in Z2 and F̂ be a subset of P̂. Then F̂ is an exposed face of P̂ if and only if
Z1 + F̂ is an exposed face of the polyhedron Z1 + P̂ in Z.

The following proposition is known and useful for us (cf. [24, Lemma 2.2]).
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Proposition 2.2. Let P1 and P2 be two polyhedra (resp. generalized polyhedra) in Z. Then P1+P2

and P1 ∩ P2 are polyhedra (resp. generalized polyhedra).

Note that a closed subspace of Z is not necessarily a polyhedron in Z. In fact, it is easy to
verify that a closed subspace E of Z is a polyhedron in Z if and only if its codimension codim(E)
is finite. Note that if E is a closed subspace of Z with codim(E) < +∞ and if H is a subspace of
E then E + H is a closed subspace of Z with codim(E + H) < +∞. The following proposition can
be easily proved.

Proposition 2.3. Let Z be a normed space, E be a closed subspace of Z with codim(E) < +∞,
and let H be a subspace of Z. Then the following statements hold:
(i) E + H + P̂ is a polyhedron in Z for each polyhedron P̂ in some finite dimensional subspace of
Z.
(ii) H + P is a polyhedron for each polyhedron P in Z.

The following lemma is useful in the proofs of some main results.

Lemma 2.1. Let C1, · · · ,Cm be closed sets in a normed space Z such that B(x0, r0) ⊂
m⋃

i=1
Ci for

some x0 ∈ Z and r0 > 0. Then there exists i0 ∈ 1m such that B(x0, r0) ∩ int(Ci0) , ∅.

Proof. By the assumption, B(x0, r0) \
m−1⋃
i=1

Ci is open, and B(x0, r0) \
m−1⋃
i=1

Ci ⊂ B(x0, r0) ∩ int(Cm).

Hence either B(x0, r0)∩int(Cm) , ∅ or B(x0, r0) ⊂
m−1⋃
i=1

Ci, which implies clearly that the conclusion

holds. The proof is complete. �

With the help of Lemma 2.1, we can prove the following interesting proposition.

Proposition 2.4. Let C be a convex set in a normed space Z and let F1, · · · , Fν be exposed faces

of a polyhedron P in Z such that C ⊂
ν⋃

j=1
F j. Then there exists j0 ∈ 1ν such that C ⊂ F j0 .

Proof. By Proposition 2.1, there exist two closed subspaces Z1 and Z2 of Z and a polyhedron P̂ in
Z2 such that (3) and (4) hold. Hence, by Corollary 2.2, there exists an exposed face F̂ j of P̂ such

that F j = Z1+F̂ j ( j ∈ 1ν), and so C ⊂
ν⋃

j=1
(Z1+F̂ j). It follows from (2) and (3) that ΠZ2(C) ⊂

ν⋃
j=1

F̂ j.

Thus, it suffices to show that ΠZ2(C) ⊂ F̂ j0 for some j0 ∈ 1ν. To prove this, take (û∗j, α j) ∈ Z∗2 × R
such that

α j = sup
x2∈P̂
〈û∗j, x2〉 and F̂ j = {x2 ∈ P̂ : 〈û∗j, x2〉 = α j} ∀ j ∈ 1ν. (5)

Since ΠZ2(C) is a convex set in the finite dimensional space Z2, rint(ΠZ2(C)) , ∅. Take x̂ ∈
rint(ΠZ2(C)) and let Z3 := span(ΠZ2(C) − x̂). Then Z3 is a subspace of Z2 and there exists δ > 0

such that x̂+BZ3(0, δ) ⊂ ΠZ2(C) ⊂
ν⋃

j=1
F̂ j, that is, BZ3(0, δ) ⊂

ν⋃
j=1

(F̂ j− x̂)∩Z3. Hence, by Lemma 2.1,

there exist z3 ∈ BZ3(0, δ), ε ∈ (0, +∞) and j0 ∈ 1ν such that z3 + BZ3(0, ε) ⊂ (F̂ j0 − x̂)∩Z3. Letting
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û := x̂ + z3, one has û + BZ3(0, ε) ⊂ F̂ j0 . This and (5) imply that 〈û∗j0 , v̂〉 = 0 for all v̂ ∈ BZ3(0, ε)
and so 〈û∗j0 , v̂〉 = 0 for all v̂ ∈ Z3. Hence, ΠZ2(C) ⊂ x̂ + Z3 = û + Z3 ⊂ {x2 ∈ Z2 : 〈û∗j0 , x2〉 = α j0}.

Noting that ΠZ2(C) ⊂
ν⋃

j=1
F̂ j ⊂ P̂, it follows that

ΠZ2(C) ⊂ P̂ ∩ {x2 ∈ Z2 : 〈û∗j0 , x2〉 = α j0} = F̂ j0 .

�

We also need the following proposition.

Proposition 2.5. Let Pi be polyhedra in a normed space Z such that int(Pi) , ∅ (i = 1, · · · ,m).

Then there exist polyhedra Q j in Z with int(Q j) , ∅ ( j = 1, · · · , ν) such that
m⋃

i=1
Pi =

ν⋃
j=1

Q j and

int(Q j) ∩ Q j′ = ∅ for all j, j′ ∈ 1ν with j , j′.

Proof. The conclusion holds clearly when m = 1. Given a natural number n, suppose that the
conclusion holds when m = n. Let P1, · · · , Pn, Pn+1 be arbitrary n + 1 polyhedra in Z such that
each int(Pi) is nonempty. Then, by induction, it suffices to show that there exist polyhedra Q j in

Z with int(Q j) , ∅ ( j = 1, · · · , ν) such that
n+1⋃
i=1

Pi =
ν⋃

j=1
Q j and int(Q j) ∩ Q j′ = ∅ for all j, j′ ∈ 1ν

with j , j′. To do this, take polyhedra H1, · · · ,Hl in Z such that

n⋃
i=1

Pi =

l⋃
i=1

Hi, int(Hi) , ∅ and Hi ∩ int(Hi′) = ∅ ∀i, i′ ∈ 1l with i , i′. (6)

If int(Pn+1) ⊂
l⋃

i=1
Hi, then Pn+1 ⊂

l⋃
i=1

Hi and so
n+1⋃
i=1

Pi =
l⋃

i=1
Hi; hence the conclusion is trivially true.

Next suppose that int(Pn+1) *
l⋃

i=1
Hi. For each i ∈ 1l, take x∗i j ∈ Z∗ \ {0} and ti j ∈ R ( j = 1, · · · , κi)

such that Hi =
κi⋂

j=1
{x ∈ Z : 〈x∗i j, x〉 ≤ ti j}. Then

Z \ Hi =

κi⋃
j=1

{x ∈ Z : 〈x∗i j, x〉 > ti j} =

κi⋃
k=1

Λi
k ∩ {x ∈ Z : 〈x∗ik, x〉 > tik},

where Λi
1 := Z and Λi

k :=
k−1⋂
j=1
{x ∈ Z : 〈x∗i j, x〉 ≤ ti j} for k = 2, · · · , κi. Since int(Pn+1) \ Hi =

int(Pn+1) ∩ (Z \ Hi),

int(Pn+1) \ Hi =

κi⋃
k=1

int(Pn+1) ∩ Λi
k ∩ {x ∈ Z : 〈x∗ik, x〉 > tik}. (7)

For each k ∈ 1κi, let Qi
k := Pn+1 ∩Λi

k ∩ {x ∈ Z : 〈x∗ik, x〉 ≥ tik}. Then each Qi
k is a polyhedron in Z

and, by Corollary 2.1,

int(Qi
k) = int(Pn+1) ∩ int(Λi

k) ∩ {z ∈ Z : 〈x∗ik, z〉 > tik}. (8)
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Since int(Λi
k) = {z ∈ Z : 〈x∗i j, x〉 < ti j, j = 1, · · · , k − 1},

Qi
k ∩ int(Qi

k′) = ∅ ∀k, k′ ∈ 1κi with k , k′. (9)

Let Γ :=
{

(k1, · · · , kl) ∈ 1κ1 × · · · × 1κl :
l⋂

i=1
int(Qi

ki
) , ∅

}
and Q(k1,··· ,kl) :=

l⋂
i=1

Qi
ki

for all (k1, · · · , kl) ∈

Γ. Then, each Q(k1,··· ,kl) is a polyhedron in Z with int(Q(k1,··· ,kl)) =
l⋂

i=1
int(Qi

ki
) (thanks to Corollary

2.1). Hence, by (9),
Q(k1,··· ,kl) ∩ int(Q(k′1,··· ,k

′
l )
) = ∅ (10)

for all (k1, · · · , kl) ∈ Γ and all (k′1, · · · , k
′
l ) ∈ Γ \ {(k1, · · · , kl)}. Let

Q̃i
k := int(Pn+1) ∩ Λi

k ∩ {x ∈ Z : 〈x∗ik, x〉 > tik}.

Then int(Pn+1) \ Hi =
κi⋃

k=1
Q̃i

k (by (7)) and cl(Q̃i
k) ⊂ Qi

k. For any (k1, · · · , kl) ∈ I1 × · · · × Il, it is

easy from (8) to verify that
l⋂

i=1
Q̃i

ki
, ∅ if and only if

l⋂
i=1

int(Qi
ki

) , ∅. Noting that Pn+1 \ Hi ⊂

cl(int(Pn+1) \ Hi), by (7) and the definition of Q(k1,··· ,kl), one has

Pn+1 \

l⋃
i=1

Hi =

l⋂
i=1

(Pn+1 \ Hi)

⊂
⋃

(k1,··· ,kl)∈Γ

l⋂
i=1

cl(Q̃i
ki

) ⊂
⋃

(k1,··· ,kl)∈Γ

Q(k1,··· ,kl) ⊂ Pn+1.

It follows from (6) that
n+1⋃
i=1

Pi =

(
l⋃

i=1
Hi

)
∪

( ⋃
(k1,··· ,kl)∈Γ

Q(k1,··· ,kl)

)
. By (10) and (6), this shows that the

conclusion also holds when m = n + 1. �

For (u∗1, s1), · · · , (u∗n, sn) ∈ Z∗ × R and P = {z ∈ Z : 〈u∗i , z〉 ≤ si, i ∈ 1n}, we say that (u∗i , si) is
a redundant generator of P if P =

{
z ∈ Z : 〈u∗j, z〉 ≤ s j, j ∈ 1n \ {i}

}
(cf. [8,19]). For convenience,

we adopt the following notion.

Definition 2.1 We say that {(u∗1, s1), · · · , (u∗n, sn)} ⊂ Z∗ × R is a prime generator group of a
polyhedron P in a normed space Z if

P = {z ∈ Z : 〈u∗i , z〉 ≤ si, i ∈ 1n} (11)

and (u∗i , si) is not a redundant generator of P for all i ∈ 1n.

Every polyhedron has a prime generator group (cf. [4,19]). It is clear that if {(u∗1, s1), · · · , (u∗n, sn)} ⊂
Z∗ × R is a prime generator group of P then

P , {z ∈ Z : 〈u∗i , z〉 ≤ si, i ∈ 1n \ { j}} ∀ j ∈ 1n. (12)

In the remainder of this paper, we assume that every polyhedron P of Z is not equal to Z. So, it
is clear that u∗i , 0 for all i ∈ 1n whenever {(u∗1, s1), · · · , (u∗n, sn)} is a prime generator group of P.
Moreover, we have the following lemma.
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Lemma 2.2. Let {(u∗1, s1), · · · , (u∗n, sn)} be a prime generator group of a polyhedron P in a normed
space Z and suppose that int(P) , ∅. Then u∗j1 and u∗j2 are linearly independent whenever j1 ∈ 1n
and j2 ∈ 1n \ { j1} satisfy 〈u∗j1 , x̄〉 = s j1 and 〈u∗j2 , x̄〉 = s j2 for some x̄ ∈ P.

Proof. Suppose to the contrary that there exist j1 ∈ 1n, j2 ∈ 1n \ { j1}, x̄ ∈ P and α ∈ R \ {0} such
that 〈u∗j1 , x̄〉 = s j1 , 〈u

∗
j2 , x̄〉 = s j2 and u∗j2 = αu∗j1 . Take x0 ∈ int(P) and r > 0 such that B(x0, r) ⊂ P.

Then 〈u∗j1 , x〉 ≤ s j1 and 〈u∗j2 , x〉 ≤ s j2 for all x ∈ B(x0, r). It follows that α > 0 and

{x ∈ Z : 〈u∗j1 , x〉 ≤ s j1} = {x ∈ Z : 〈u∗j2 , x〉 ≤ s j2}.

Thus, P = {x ∈ Z : 〈u∗i , x〉 ≤ si, i ∈ 1n \ { j1}}, contradicting (12). �

Lemma 2.3. Let {(u∗1, s1), · · · , (u∗n, sn)} be a prime generator group of a polyhedron P in a normed
space Z. Then, for each j ∈ 1n,

F j(P) := P ∩ {x ∈ Z : 〈u∗j, x〉 = s j} , ∅. (13)

Lemma 2.3 is immediate from Definition 2.1. The following two lemmas will be quite useful
in the proof of our main result.

Lemma 2.4. Let {(u∗1, s1), · · · , (u∗n, sn)} be a prime generator group of a polyhedron P in a normed
space Z. Let F j(P) be as in (13) and

F◦j (P) := {z ∈ Z : 〈u∗j, z〉 = s j and 〈u∗i , z〉 < si, i ∈ 1n \ { j}} (14)

for all j ∈ 1n. Then the following statements are equivalent:
(i) int(P) , ∅.
(ii) F j(P) = cl(F◦j (P)) for all j ∈ 1n.
(iii) F◦j (P) , ∅ for all j ∈ 1n.
(iv) F◦j0(P) , ∅ for some j0 ∈ 1n.

Proof. First suppose that (i) holds. Then, by Corollary 2.1, there exists x0 ∈ Z such that 〈u∗i , x0〉 <

si for all i ∈ 1n. For each j ∈ 1n, by (12), there exists v ∈ Z such that 〈u∗j, v〉 > s j and 〈u∗i , v〉 ≤ si

for all i ∈ 1n \ { j}. It follows that there exists λ0 ∈ (0, 1) such that

〈u∗j, λ0x0 + (1 − λ0)v〉 = s j and 〈u∗i , λ0x0 + (1 − λ0)v〉〉 < si ∀i ∈ 1n \ { j}.

Therefore, kx
1+k +

λ0 x0+(1−λ0)v
k+1 ∈ F◦j (P) for all (x, k) ∈ F j(P) × N. Letting k → ∞, it follows that

x ∈ cl(F◦j (P)) for all x ∈ F j(P), that is, F j(P) ⊂ cl(F◦j (P)). Since the converse inclusion holds
trivially, this shows implication (i)⇒(ii). Since (ii)⇒(iii) is immediate from Lemma 2.3 and
(iii)⇒(iv) is trivial, it suffices to show (iv)⇒(i). To prove this, let x̄ ∈ F◦j0(P), that is, 〈u∗j0 , x̄〉 = s j0

and 〈u∗i , x̄〉 < si for all i ∈ 1n \ { j0}. Taking h ∈ Z with 〈u∗j0 , h〉 < 0 (thanks to u∗j0 , 0), it follows
that there exists t > 0 sufficiently small such that 〈u∗k, x̄ + th〉 < sk for all k ∈ 1n. This shows that
x̄ + th ∈ int(P), and hence (iv)⇒(i) holds. The proof is complete. �
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Lemma 2.5. Let P1 and P2 be two polyhedra in a normed space Z such that int(P1) ∩ P2 = ∅,
and let {(u∗i j, si j) : j = 1, · · · , ni} ⊂ Z∗ × R be a prime generator group of Pi (i = 1, 2). Then for
any ( j1, j2) ∈ 1n1 × 1n2 and x0 ∈ F◦j1(P1) ∩ F◦j2(P2) there exists r > 0 such that N(u∗1 j1

) = N(u∗2 j2
)

and
F◦j1(P1) ∩ BZ(x0, r) = F◦j2(P2) ∩ BZ(x0, r) = (x0 +N(u∗1 j1)) ∩ BZ(x0, r), (15)

where BZ(x0, r) := {x ∈ Z : ‖x − x0‖ < r} and F◦j1(P1) is as in (14).

Proof. Let ( j1, j2) ∈ 1n1×1n2 and x0 ∈ F◦j1(P1)∩F◦j2(P2). Then x0 ∈ P1∩P2. Since int(P1)∩P2 =

∅, the separation theorem implies that there exists v∗ ∈ Z∗ \ {0} such that 〈v∗, x0〉 = inf
x∈P1
〈v∗, x〉 =

sup
x∈P2

〈v∗, x〉. Noting that

F◦j1(P1) ∩ BZ(x0, r) = (x0 +N(u∗1 j1)) ∩ BZ(x0, r) ⊂ P1 (16)

and
F◦j2(P2) ∩ BZ(x0, r) = (x0 +N(u∗2 j2)) ∩ BZ(x0, r) ⊂ P2 (17)

for some r > 0 (thanks to the definitions of F◦j1(P1) and F◦j2(P2)), it follows that 〈v∗, x0〉 =

inf
x∈(x0+N(u∗1 j1

))∩BZ (x0,r)
〈v∗, x〉 = sup

x∈(x0+N(u∗2 j2
))∩BZ (x0,r)

〈v∗, x〉. Hence inf
x∈N(u∗1 j1

)∩BZ (0,r)
〈v∗, x〉 = sup

x∈N(u∗2 j2
)∩BZ (0,r)

〈v∗, x〉 =

0, and so
N(v∗) = N(u∗1 j1) = N(u∗2 j2)

because v∗ is linear and both N(u∗1 j1
) and N(u∗2 j2

) are maximal linear subspaces of Z. This,
together with (16) and (17), implies that (15) holds. �

3 Piecewise Linear Vector-Valued Functions

In this section, we will distinguish PL1(X,Y) and PL(X,Y) and consider the structure of a piece-
wise linear function.

Proposition 3.1. Let X and Y be normed spaces. Then the following statements hold.
(i) The space L(X,Y) of all continuous linear operators between X and Y is always contained in
PL(X,Y).
(ii) PL1(X,Y) , ∅ if and only if dim(Y) < ∞. Consequently, if Y is infinite dimensional, then
every linear function from X to Y is not in PL1(X,Y).
(iii) PL1(X,Y) = PL(X,Y) when dim(Y) < ∞.

Proof. Since (i) is trivial and the sufficiency part of (ii) is a straightforward consequence of (i)
and (iii), it suffices to show (iii) and the necessity part of (ii). First suppose that PL1(X,Y) , ∅,
and let f be an element in PL1(X,Y). Then there exist finitely many polyhedra Λ1, · · · ,Λk in the
product X × Y such that

gph( f ) =

k⋃
i=1

Λi and X =

k⋃
i=1

Λi|X, (18)
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where Λi|X := {x ∈ X : (x, y) ∈ Λi for some y ∈ Y} is the projection of Λi into X. Given an i ∈ 1k,
by Proposition 2.1, there exist two closed subspaces Xi, X̃i of X and two closed subspaces Yi, Ỹi

of Y such that

X × Y = (Xi × Yi) ⊕ (X̃i × Ỹi), codim(Xi × Yi) = dim(X̃i × Ỹi) < ∞, (19)

Λi = Xi × Yi + Λ̃i, (20)

where Λ̃i is a polyhedron in X̃i × Ỹi. Since f is a single-valued function, it follows from (18) that
Yi = {0} and Ỹi = Y . Hence Y is finite dimensional, and the necessity part of (ii) is proved. Next
we prove f ∈ PL(X,Y). To prove this, we only need to show that there exist Ti ∈ L(X,Y) and
bi ∈ Y such that

f (x) = Ti(x) + bi ∀x ∈ Λi|X. (21)

Since every convex set in a finite-dimensional space has a nonempty relative interior, rint(Λ̃i) , ∅.
Take a point (ãi, b̃i) in rint(Λ̃i). Thus, ãi ∈ rint(Λ̃i|X̃i

), and Ei := R+(Λ̃i|X̃i
− ãi) and Zi := R+(Λ̃i −

(ãi, b̃i)) are linear subspaces of X̃i and X̃i × Ỹi, respectively. Noting that Λ̃i ⊂ gph( f ), define
T̂i : Λ̃i|X̃i

− ãi → Ỹi such that

T̂i(ui) := f (ui + ãi) − f (ãi) = f (ui + ãi) − b̃i ∀ui ∈ Λ̃i|X̃i
− ãi. (22)

Then gph(T̂i) = Λ̃i − (ãi, b̃i). Let T̃i : Ei → Ỹi be such that

T̃i(tui) := tT̂i(ui) ∀(t, ui) ∈ R+ × (Λ̃i|X̃i
− ãi).

It is easy to verify that T̃i is well-defined and its graph is just the linear subspace Zi = R+(Λ̃i −

(ãi, b̃i)), and so T̃i is linear. Hence there exist e j ∈ Y and e∗i j ∈ E∗i ( j = 1, · · · , p) such that

e1, · · · , ep are linearly independent and T̃i(x) =
p∑

j=1
〈e∗i j, x〉e j for all x ∈ Ei. For each j ∈ 1p, let

ẽ∗i j : Xi + Ei → R be such that 〈ẽ∗i j, u + v〉 = 〈e∗i j, v〉 for all (u, v) ∈ Xi × Ei. Then, by (19) and
Ei ⊂ X̃i, ẽ∗i j is a linear functional on Xi + Ei, and its null space

N(ẽ∗i j) := {x ∈ Xi + Ei : 〈ẽ∗i j, x〉 = 0} = Xi + {v ∈ Ei : 〈e∗i j, v〉 = 0}.

Since Xi is a closed subspace of X and dim(Ei) < ∞, it follows thatN(ẽ∗i j) is a closed subspace of
X. Hence ẽ∗i j is a continuous linear functional on Xi + Ei (thanks to [17, Theorem 1.18]). By the

Hahn-Banach theorem, there exists x∗i j ∈ X∗ such that x∗i j|Xi+Ei = ẽ∗i j. Let Ti(x) :=
p∑

j=1
〈x∗i j, x〉e j for

all x ∈ X. Then Ti ∈ L(X,Y),

N(Ti) ⊃
p⋂

j=1

N(x∗i j) ⊃ Xi and Ti|Λ̃i |X̃i
−ãi

= T̃i|Λ̃i |X̃i
−ãi

= T̂i. (23)

Let x be an arbitrary element in Λi|X and take y ∈ Y such that (x, y) ∈ Λi. Then, by (19) and (20),
there exist xi ∈ Xi and x̃i ∈ Λ̃i|X̃i

such that (x̃i, y) ∈ Λ̃i and (x, y) = (xi + x̃i, y) (because Yi = {0}).
Hence, by (22) and (23), one has

f (x) = f (x̃i) = y = T̂i(x̃i − ãi) + b̃i = Ti(x̃i − ãi) + b̃i = Ti(x) − Ti(ãi) + b̃i.
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This shows that (21) holds with bi = −Ti(ãi) + b̃i and so f ∈ PL(X,Y). Therefore, PL1(X,Y) ⊂
PL(X,Y).

Now suppose that dim(Y) < ∞. To prove the converse inclusion PL1(X,Y) ⊃ PL(X,Y), let
f ∈ PL(X,Y). Then there exist Pi ∈ P(X), Ti ∈ L(X,Y) and bi ∈ Y (i = 1, · · · ,m) such that

X =

m⋃
i=1

Pi and f (x) = Ti(x) + bi ∀x ∈ Pi and ∀i ∈ 1m. (24)

By dim(Y) < ∞, there exist y∗1, · · · , y
∗
q ∈ Y∗ such that Y∗ = span{y∗1, · · · , y

∗
q}. For any x ∈ X, since

Ti(x) = y ⇐⇒ [〈y∗,Ti(x)〉 = 〈y∗, y〉 ∀y∗ ∈ Y∗]
⇐⇒ [〈y∗j,Ti(x)〉 = 〈y∗j, y〉, j = 1, · · · , q],

Ti(x) = y⇐⇒ [〈T ∗i (y∗j), x〉 = 〈y∗j, y〉, j = 1, · · · , q].

Hence gph(Ti) = {(x, y) ∈ X × Y : 〈T ∗i (y∗j), x〉 − 〈y
∗
j, y〉 = 0, j = 1, · · · , q}, and so gph(Ti) is a

polyhedron of X × Y . Noting (by (24)) that

gph( f ) =

m⋃
i=1

(gph(Ti) + (0, bi)) ∩ (Pi × Y),

it follows that gph( f ) is the union of finitely many polyhedra in X×Y . Therefore, f ∈ PL1(X,Y).
The proof of (iii) is complete. �

Given f ∈ PL(X,Y), there exist (P1,T1, b1), · · · , (Pm,Tm, bm) in the productP(X)×L(X,Y)×Y
such that (24) holds. For i ∈ 1m, since each polyhedron is closed, the first equality of (24) implies
that int(Pi) ⊃ X \

⋃
j∈1m\{i}

P j and so X =
⋃

j∈1m\{i}
P j whenever int(Pi) = ∅. Hence, without loss of

generality, we can assume that each Pi in (24) has a nonempty interior. Moreover, we assume
without loss of generality that there exists k ∈ 1m satisfying the following property:

(Ti, bi) , (Ti′ , bi′) ∀i, i′ ∈ 1k with i , i′ (25)

and for each j ∈ 1m there exists i ∈ 1k such that (T j, b j) = (Ti, bi). For each i ∈ 1k, let

Ii := { j ∈ 1m : (T j, b j) = (Ti, bi)} and Qi :=
⋃
j∈Ii

P j. (26)

Then X =
⋃
i∈1k

Qi, X ,
⋃

i∈1k,i, j
Qi and f |Q j = T j|Q j + b j for all j ∈ 1k. We claim that

int(Qi) ∩ int(Qi′) = ∅ ∀i, i′ ∈ 1k with i , i′. (27)

Indeed, if this is not the case, there exist i, i′ ∈ 1k with i , i′, x ∈ X and r > 0 such that
B(x, r) ⊂ Qi ∩ Qi′ , and so f (x) = Ti(u) + bi = Ti′(u) + bi′ for all u ∈ B(x, r). Since Ti and Ti′ are
linear, it follows that (Ti, bi) = (Ti′ , bi′), contradicting (25). Hence (27) holds. Since each Qi is
closed, (27) can be rewritten as

Qi ∩ int(Qi′) = ∅ ∀i, i′ ∈ 1k with i , i′.

Therefore, by Proposition 2.5, we have the following result.
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Proposition 3.2. For each f ∈ PL(X,Y) there exist (Pi,Ti, bi) ∈ P(X)×L(X,Y)×Y (i = 1, · · · ,m)
such that

X =

m⋃
i=1

Pi, int(Pi) , ∅, Pi ∩ int(P j) = ∅ ∀i, j ∈ 1m with i , j, (28)

and
f |Pi = Ti|Pi + bi ∀i ∈ 1m, (29)

that is, f (x) = Tix + bi for all i ∈ 1m and all x ∈ Pi.

Let {Λ1, · · · ,Λm,Λ
′
1, · · · ,Λ

′
m′} ⊂ P(X) be such that X =

m⋃
i=1

Λi =
m′⋃
j=1

Λ′j. Then X =
⋃

(i, j)∈1m×1m′
Λi∩

Λ′j. Setting I = {(i, j) ∈ 1m × 1m′ : int(Λi ∩ Λ′j) , ∅}, one has X =
⋃

(i, j)∈I
Λi ∩ Λ′j. This yields the

following proposition.

Proposition 3.3. For any f , f ′ ∈ PL(X,Y) there exist (Pi,Ti, bi), (P′i ,T
′
i , b
′
i) ∈ P(X)×L(X,Y)×Y

(i = 1, · · · ,m) such that (28) holds and

f |Pi = Ti|Pi + bi and f ′|Pi = T ′i |Pi + b′i ∀i ∈ 1m. (30)

Now we are ready to establish the main result in this section.

Theorem 3.1. Let (P1,T1, b1), · · · , (Pm,Tm, bm) ∈ P(X) × L(X,Y) × Y and f ∈ PL(X,Y) be such

that (28) and (29) hold. Then X f := lin
(

m⋂
i=1

Pi

)
is a closed subspace of X with codim

(
X f

)
< ∞

and
T1(x) = · · · = Tm(x) ∀x ∈ X f .

Proof. For each i ∈ 1m, take a prime generator group {(x∗i j, ti j) : j ∈ 1νi} of Pi. Then,

Pi = {x ∈ X : 〈x∗i j, x〉 ≤ ti j, j ∈ 1νi} (31)

and
Pi , {x ∈ X : 〈x∗i j, x〉 ≤ ti j, j ∈ 1νi \ { j′}} ∀ j′ ∈ 1νi. (32)

Hence, X1 := X f =
⋂

i∈1m

⋂
j∈1νi

N(x∗i j) is a closed subspace of X with codim(X1) ≤
m∑

i=1
νi, and so there

exists a closed subspace X2 of X such that

X = X1 ⊕ X2 and codim(X1) = dim(X2) < ∞. (33)

Let
P̂i := {x ∈ X2 : 〈x∗i j, x〉 ≤ ti j, j ∈ 1νi}. (34)

Then, by (31) and Proposition 2.1,

Pi = X1 + P̂i and int(Pi) = X1 + intX2(P̂i). (35)
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It follows from (28) and (33) that

intX2(P̂i) , ∅ and P̂i ∩ intX2(P̂i′) = ∅ ∀i, i′ ∈ 1m with i , i′. (36)

Fix two arbitrary distinct indices i and i′ in 1m. We only need to prove Ti|X1 = Ti′ |X1 . To prove
this, let

F◦j (Pi) :=
{
x ∈ X : 〈x∗i j, x〉 = ti j and 〈x∗il, x〉 < til for all l ∈ 1νi \ { j}

}
and

F◦j (P̂i) := {x ∈ X2 : 〈x∗i j, x〉 = ti j and 〈x∗il, x〉 < til for all l ∈ 1νi \ { j}}. (37)

Then, by the definition of X1 and (33), F◦j (Pi) = X1 + F◦j (P̂i) and F◦j (P̂i) , ∅ (thanks to Lemma
2.4). Take (ū, ū′) ∈ intX2(P̂i) × intX2(P̂i′) and u∗ ∈ X∗2 \ {0} such that 〈u∗, ū′ − ū〉 , 0. Then there
exists δ > 0 such that

ū + BX3(0, δ) ⊂ intX2(P̂i) and ū′ + BX3(0, δ) ⊂ intX2(P̂i′), (38)

where X3 := N(u∗) = {x ∈ X2 : 〈u∗, x〉 = 0}. Hence

dim(X3) = dim(X2) − 1, X2 = X3 ⊕ R(ū′ − ū) (39)

and
intX2

(
[ū, ū′] + BX3(0, δ)

)
= (ū, ū) + BX3(0, δ) , ∅, (40)

where [ū, ū′] := {ū + t(ū′ − ū) : 0 ≤ t ≤ 1} and (ū, ū′) := {ū + t(ū′ − ū) : 0 < t < 1}. For each
z ∈ BX3(0, δ), let

Iz := {i ∈ 1m : P̂i ∩ (z + [ū, ū′]) contains at least two points}

and I◦z := {i ∈ 1m : intX2(P̂i) ∩ (z + [ū, ū′]) , ∅}. Then I◦z ⊂ Iz, and P̂i ∩ (z + [ū, ū′]) contains
at most an element for all i ∈ 1m \ Iz. Noting that X2 =

⋃
i∈1m

P̂i (thanks to (33)—(35) and (28)), it

follows that
z + [ū, ū′] =

⋃
i∈Iz

P̂i ∩ (z + [ū, ū′]) ∀z ∈ BX3(0, δ). (41)

Regarding X2 as the Euclidean space Rdim(X2) (without loss of generality), let µX2 and µX3 denote
the Lebesgue measures on X2 and X3, respectively. Setting E0 := {z ∈ BX3(0, δ) : I◦z , Iz}, we
claim that µX3(E0) = 0. To prove this, let z be an arbitrary element in E0. Then there exists iz ∈ Iz

such that iz < I◦z , and so P̂iz ∩ (z + [ū, ū′]) ⊂ P̂iz \ intX2(P̂iz). Since P̂iz \ intX2(P̂iz) is the union of
finitely many faces of P̂iz , it follows from Proposition 2.4 that there exists a face of P̂iz containing
the convex set P̂iz ∩ (z + [ū, ū′]), that is, there exists v∗ ∈ X∗2 \ {0} such that

P̂iz ∩ (z + [ū, ū′]) ⊂ {x2 ∈ P̂iz : 〈v∗, z2〉 = sup
x∈P̂iz

〈v∗, x〉} = P̂iz ∩ (v +N(v∗))

for some v ∈ X2 with 〈v∗, v〉 = sup
x∈P̂iz

〈v∗, x〉. Since P̂iz ∩ (z + [ū, ū′]) is a segment containing at least

two points (thanks to the definition of Iz) and v∗ is linear, the entire segment z+[ū, ū′] is contained
in the hyperplane v +N(v∗). Noting that each P̂i (as a polyhedron in X2) has finitely many faces,

12



it follows that there exist v∗1, · · · , v
∗
q ∈ X∗2 \ {0} and v1, · · · , vq ∈ X2 such that z + [ū, ū′] ⊂

q⋃
k=1

(vk + N(v∗k)) for all z ∈ E0, that is, E0 + [ū, ū′] ⊂
q⋃

k=1
(vk + N(v∗k)). Since each N(v∗k) is of

dimension dim(X2)− 1, µX2(E0 + [ū, ū′]) ≤ µX2

(
q⋃

k=1
(vk +N(v∗k))

)
≤

q∑
k=1
µX2(vk +N(v∗k)) = 0. Thus,

by (39) and the Fubini Theorem on measure, one has µX3(E0) = 0. Next, let z ∈ BX3(0, δ) \ E0.
Then Iz = I◦z . Thus, by (41) and the definition of I◦z ,

z + [ū, ū′] =
⋃
κ∈I◦z

P̂κ ∩ (z + [ū, ū′]) and intX2(P̂κ) ∩ (z + [ū, ū′]) , ∅ ∀κ ∈ I◦z .

Hence, by (36), intX2(P̂κ)∩ (z+ [ū, ū′]) and intX2(P̂κ′)∩ (z+ [ū, ū′]) are two disjoint open segments
in z + [ū, ū′] for any κ, κ′ ∈ I◦z with κ , κ′. Noting that z + ū ∈ intX2(P̂i) and z + ū′ ∈ intX2(P̂i′) (by
(38)), it follows that there exist ιz0, ι

z
1, · · · , ι

z
γz
∈ 1m and λz

0, λ
z
1, · · · , λ

z
γz
∈ [0, 1) such that

Iz = I◦z = {ιz0, ι
z
1, · · · , ι

z
γz
}, ιz0 = i, ιzγz

= i′, λz
0 = 0, λz

k−1 < λ
z
k, (42)

z + ū + [0, λz
1)(ū′ − ū) = (z + [ū, ū′]) ∩ intX2(P̂i),

z + ū + (λz
γz
, 1](ū′ − ū) = (z + [ū, ū′]) ∩ intX2(P̂i′),

z + ū + [λz
k−1, λ

z
k](ū

′ − ū) = (z + [ū, ū′]) ∩ P̂ιzk−1

and
z + ū + (λz

k−1, λ
z
k)(ū

′ − ū) = (z + [ū, ū′]) ∩ intX2(P̂ιzk−1
)

for all k ∈ 1γz. Therefore

z + ū + λz
k(ū
′ − ū) ∈ P̂ιzk−1

∩ P̂ιzk
∀k ∈ 1γz. (43)

This and (36) imply that z + ū + λz
k(ū
′ − ū) < intX2(P̂ιzk−1

) ∪ intX2(P̂ιzk
) for all k ∈ 1γz. Letting

J−(z,k) := { j ∈ 1νιzk−1
: 〈x∗ιzk−1 j, z + ū + λz

k(ū
′ − ū)〉 = tιzk−1 j} (44)

and
J(z,k) := { j ∈ 1νιzk : 〈x∗ιzk j, z + ū + λz

k(ū
′ − ū)〉 = tιzk j}, (45)

it follows from (34) and Corollary 2.1 that J−(z,k) , ∅ and J(z,k) , ∅ for all k ∈ 1γz. We claim that
there exist z̄ ∈ BX3(0, δ) \ E0 and ( j−k , jk) ∈ 1νιz̄k−1

× 1νιz̄k such that

J−(z̄,k) = { j−k } and J(z̄,k) = { jk} ∀k ∈ 1γz̄. (46)

Indeed, if this is not the case, for each z ∈ BX3(0, δ) \ E0 there exists k ∈ 1γz such that either
J−(z,k) or J(z,k) contains at least two elements; we assume without loss of generality that there exist
k ∈ 1γz and j1, j2 ∈ J(z,k) such that j1 , j2. Then, by (43) and (45),

z + ū + λz
k(ū
′ − ū) ∈

{
x ∈ P̂ιzk

: 〈x∗ιzk j1
, x〉 = tιzk j1 and 〈x∗ιzk j2

, x〉 = tιzk j2
}
. (47)
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Since
{
(x∗

ιzk1, tιzk1), (x∗
ιzk2, tιzk2), · · · , (x∗

ιzkνιzk

, tιzkνιzk
)
}

is a prime generator group of Pιzk
and int(Pιzk

) is nonempty,

this and Lemma 2.2 imply that x∗
ιzk j1

and x∗
ιzk j2

are linearly independent. Hence codim(N(x∗
ιzk j1

) ∩
N(x∗

ιzk j2
)) = 2. Noting that X1 is a subspace of N(x∗

ιzk j1
) ∩ N(x∗

ιzk j2
), it follows from (33) that

X2 ∩ N(x∗
ιzk j1

) ∩ N(x∗
ιzk j2

), as a linear subspace of X2, is of codimension 2. Hence, by (47), P̂ιzk

has a face F̂ such that z + ū + λz
k(ū
′ − ū) ∈ F̂, dim(F̂) ≤ dim(X2) − 2 and so z + [ū, ū′] ⊂

F̂ − (ū +λz
k(ū
′ − ū)) + [ū, ū′] ⊂ F̂ + [ū− ū′, ū′ − ū]. Since each polyhedron has finitely many faces

(cf. [10, 16]) , there exist finitely many linear subspaces S 1, · · · , S l of X2 and ω1, · · · , ωl ∈ X2

such that dim(S j) ≤ dom(X2)− 2 ( j = 1, · · · , l) and z + [ū, ū′] ⊂
l⋃

j=1
(S j +ω j + [ū− ū′, ū′ − ū]) for

all z ∈ BX3(0, δ) \ E0. This means that (BX3(0, δ) \ E0) + [ū, ū′] ⊂
l⋃

j=1
(S j + ω j + [ū − ū′, ū′ − ū])

and so

µX2((BX3(0, δ) \ E0) + [ū, ū′]) ≤
l∑

j=1

µX2(S j + ω j + [ū − ū′, ū′ − ū]) = 0.

Thus, by (39) and the Fubini theorem, µX3(BX3(0, δ)\E0) = 0. Hence µX3(E0) ≥ µX3(BX3(0, δ)) > 0,
contradicting µX3(E0) = 0. This shows that (46) holds, that is, there exist z̄ ∈ BX3(0, δ) \ E0 and
( j−k , jk) ∈ 1νιz̄k−1

× 1νιz̄k such that

x̄k := z̄ + ū + λz̄
k(ū
′ − ū) ∈ F◦j−k (P̂ιz̄k−1

) ∩ F◦jk(P̂ιz̄k
) ∀k ∈ 1γz̄.

Noting that F◦j−k
(Pιz̄k−1

) = X1 + F◦j−k
(P̂ιz̄k−1

) and F◦jk(Pιz̄k
) = X1 + F◦jk(P̂ιz̄k

), one has x̄k ∈ F◦j−k
(Pιz̄k−1

) ∩

F◦jk(Pιz̄k
) for all k ∈ 1γz̄. It follows from Lemma 2.5 that for each k ∈ 1γz̄, Nk := N(x∗

ιz̄k−1 j−k
) =

N(x∗
ιz̄k jk

) and

F◦j−k (Pιz̄k−1
) ∩ BX(x̄k, rk) = F◦jk(Pιz̄k

) ∩ BX(x̄k, rk) = (x̄k +Nk) ∩ BX(x̄k, rk)

for some rk > 0. Hence (x̄k +Nk) ∩ BX(x̄k, rk) ⊂ Pιz̄k−1
∩ Pιz̄k

for all k ∈ 1γz̄. This and (29) imply
that

Tιz̄k−1
|(x̄k+Nk)∩BX(x̄k ,rk) + bιz̄k−1

= Tιz̄k
|(x̄k+Nk)∩BX(x̄k ,rk) + bιz̄k ∀k ∈ 1γz̄.

Since Nk is a maximal subspace of X and both Tιz̄k−1
and Tιz̄k

are linear, Tιz̄k−1
|Nk = Tιz̄k

|Nk for all k ∈

1γz̄. Noting that X1 ⊂ Nk (thanks to the definitions of Nk and X1), it follows that Tιz̄k−1
|X1 = Tιz̄k

|X1

for all k ∈ 1γz̄, and so Ti|X1 = Tιz̄0
|X1 = Tιz̄γz̄

|X1 = Ti′ |X1 (thanks to (42)). �

Theorem 3.2. Let f ∈ PL(X,Y), and let X1 and X2 be closed subspaces of X such that

X1 ⊂ X f , X = X1 ⊕ X2, codim(X1) = dim(X2) < ∞, (48)

where X f is as in Theorem 3.1. Then there exist T ∈ L(X1,Y), a finite dimensional subspace Ŷ of
Y and g ∈ PL(X2, Ŷ) such that

f (x1 + x2) = T (x1) + g(x2) ∀(x1, x2) ∈ X1 × X2. (49)
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Proof. Take (P1,T1, b1), · · · , (Pm,Tm, bm) ∈ P(X) × L(X,Y) × Y such that (28) and (29) hold.
Then, by Theorem 3.1,

T1(x) = · · · = Tm(x) ∀x ∈ X f . (50)

Define T : X1 → Y as T (x) := T1(x) for all x ∈ X1. Clearly, T ∈ L(X1,Y). For each i ∈ 1m, by
(48) and Proposition 2.1, take a polyhedron P̂i in X2 such that Pi = X1 + P̂i. It follows from (28)

that X2 =
m⋃

i=1
P̂i. Moreover, since X1 ⊂ X f , (29) and (50) imply that

f (x1 + x2) = Ti(x1 + x2) + bi = Ti(x1) + Ti(x2) + bi = T (x1) + Ti(x2) + bi (51)

for all (x1, x2) ∈ X1 × P̂i and i ∈ 1m. Hence f (x2) = Ti(x2) + bi for all i ∈ 1m and x2 ∈ P̂i. It
follows that

Ti(x2) + bi = Ti′(x2) + bi′ ∀i, i′ ∈ 1m and ∀x2 ∈ P̂i ∩ P̂i′ .

Let Ŷ := span
(

m⋃
i=1

(Ti(X2) + bi)
)
, and let g : X2 → Ŷ be such that g(x2) := Ti(x2) + bi for all x ∈ P̂i

and i ∈ 1m. Then Ŷ is a subspace of Y with dim(Ŷ) ≤ mdim(X2) + 1 < +∞ and g is well defined.
It is easy from (51) to verify that (49) holds. �

4 Dimensional Reduction Method to Solve (PLP)

In this section, we always assume that X,Y are normed spaces and that f ∈ PL(X,Y) and ϕ j ∈

PL(X,R ( j ∈ 1l). Consider the following fully piecewise linear vector optimization problem

(PLP) C −Min f (x) subject to ϕ j(x) ≤ 0, j = 1, · · · , l.

Based on Proposition 2.5 and its proof (an elementary method), we can select Pi ∈ P(X), Ti ∈

L(X,Y), u∗ik, x
∗
i j ∈ X∗ = L(X,R), bi ∈ Y and tik, ci j ∈ R (i = 1, · · · ,m, k = 1, · · · , qi and

j = 1, · · · , l) such that
Pi = {x ∈ X : 〈u∗ik, x〉 ≤ tik ∀k ∈ 1qi}, (52)

X =

m⋃
i=1

Pi, int(Pi) , ∅, Pi ∩ int(Pi′) = ∅ ∀i, i′ ∈ 1m with i , i′ (53)

and
f |Pi = Ti|Pi + bi and ϕ j|Pi = x∗i j|Pi − ci j ∀(i, j) ∈ 1m × 1l. (54)

For each i ∈ 1m, let
Ai := {x ∈ Pi : 〈x∗i j, x〉 ≤ ci j ∀ j ∈ 1l}. (55)

For a closed convex cone C in Y , let ≤C denote the preorder induced by C in Y , that is, for
y1, y2 ∈ Y , y1 ≤C y2 ⇔ y2 − y1 ∈ C. When the interior int(C) of C is nonempty, y1 <C y2 is defined
as y2 − y1 ∈ int(C). For a subset Ω of Y and a point ω in Ω, we say that ω is a Pareto efficient
point of Ω (with respect to C), denoted by ω ∈ E(Ω,C), if there is no element v ∈ Ω \ {ω} such
that v ≤C ω. In the case where int(C) , ∅, we say that ω is a weak Pareto efficient point of Ω,
denoted by ω ∈WE(Ω,C), if there is no element v ∈ Ω such that v <C ω.
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Let A denote the feasible set of fully piecewise linear vector optimization problem (PLP), that
is,

A := {x ∈ X : ϕ1(x) ≤ 0, · · · , ϕl(x) ≤ 0}. (56)

We say that x̄ ∈ A is a Pareto (resp. weak Pareto) solution of (PLP) if f (x̄) ∈ E( f (A),C) (resp.
f (x̄) ∈WE( f (A),C)). Now we provide the procedures to obtain exact formulas for optimal value
sets and solution sets of fully piecewise linear vector optimization problem (PLP):
Step 1 (Decomposing the space X): Let

X1 :=
m⋂

i=1

⋂
( j,k)∈1l×1qi

N(x∗i j) ∩ N(u∗ik), (57)

where N(x∗i j) := {x ∈ X : 〈x∗i j, x〉 = 0} is the null space of x∗i j; namely, X1 is the solution space of
the following system of linear equations

〈u∗ik, x〉 = 〈x∗i j, x〉 = 0, i = 1, · · · ,m, j = 1, · · · , l, k = 1, · · · , qi.

Take a maximal linearly independent subset {e∗1, · · · , e
∗
ν} of the finite set {u∗ik, x

∗
i j : i ∈ 1m, j ∈

1l, k ∈ 1qi}. Then, for each ι ∈ 1ν, the following system of linear equations

〈e∗ι , x〉 = 1 and 〈e∗ι′ , x〉 = 0 ∀ι′ ∈ 1ν \ {ι}

is solvable; take a solution hι of this system of linear equations. Let

X2 := span{h1, · · · , hν} =

 ν∑
ι=1

tιhι : t1, · · · , tν ∈ R

 (58)

(in particular, X2 = span{e∗1, · · · , e
∗
ν} when X is a Hilbert space). Then

X = X1 + X2 and X1 ∩ X2 = {0}. (59)

Step 2 (Constructing finite dimensional subspace Z of Y): Thanks to Theorem 3.1 and (59),

T̂ := T1|X1 = T2|X1 = · · · = Tm|X1 . (60)

Let D denote the finite set
m⋃

i=1
{Ti(h1), · · · ,Ti(hν), bi} and take u1, · · · , uς in D with ς being the

maximal integer such that u1 ∈ D \ T̂ (X1),

u2 ∈ D \ (T̂ (X1) + span{u1}), · · · , uς ∈ D \ (T̂ (X1) + span{u1, · · · , uς−1}),

where X1 and h1, · · · , hν are as in Step 1. Let

Z := span{u1, · · · , uς}. (61)

Clearly, Z is a subspace of Y such that

dim(Z) = ς and T̂ (X1) ∩ Z = {0}. (62)
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Let ΠZ denote the projection from T̂ (X1) ⊕ Z onto Z, that is,

ΠZ(y + z) := z ∀(y, z) ∈ T̂ (X1) × Z, (63)

and let CZ be a convex cone in the finite dimensional space Z defined by

CZ := ΠZ((T̂ (X1) ⊕ Z) ∩C). (64)

Step 3 (Exact formulas for weak Pareto optimal value set and weak Pareto set of (PLP)): For each
i ∈ 1m, let

Âi := {x2 ∈ P̂i : 〈x∗i j, x2〉 ≤ ci j ∀ j ∈ 1l}, (65)

where P̂i := {x2 ∈ X2 : 〈u∗ik, x2〉 ≤ tik ∀k ∈ 1qi}. The weak Pareto optimal value set WE( f (A),C)
and weak Pareto solution set S w of (PLP) can be formulized as follows:
(i) If (T̂ (X1) ⊕ Z) ∩ int(C) = ∅ then WE( f (A),C) = f (A) and S w = A.
(ii) If (T̂ (X1) ⊕ Z) ∩ int(C) , ∅ then

WE( f (A),C) = T̂ (X1) +

m⋃
i=1

V̂w
i and S w = X1 +

m⋃
i=1

Âi ∩ (ΠZ ◦ Ti)−1(V̂w
i − ΠZ(bi)),

where V̂w
i := ΠZ

(
Ti(Âi)+bi

)
\

( ⋃
i′∈1m

ΠZ
(
Ti′(Âi′) + bi′

)
+ (T̂ (X1) ⊕ Z) ∩ int(C)

)
(thanks to Theorems

4.1 and 4.3 and Lemma 4.1).

Similarly, with Corollary 4.1 and Proposition 4.2 replacing Theorems 4.1 and 4.3, we can also
obtain the formulas for the Pareto optimal value set and Pareto solution set of (PLP). Based on the
above procedures, we establish the structure theorems for Pareto solution sets and optimal value
sets of (PLP).

To prove the main results in this section, we need the following lemma.

Lemma 4.1. Suppose that (T̂ (X1) ⊕ Z) ∩ int(C) is nonempty. Then

intZ(CZ) = ΠZ((T̂ (X1) ⊕ Z) ∩ int(C)), (66)

where intZ(CZ) denotes the interior of CZ in the subspace Z.

Proof. By the assumption, take (x̄1, z̄) ∈ X1 × Z and r > 0 such that

T̂ (x̄1) + z̄ + rBT̂ (X1)⊕Z ⊂ (T̂ (X1) ⊕ Z) ∩C. (67)

Noting that the projection ΠZ is an open mapping from T̂ (X1)⊕Z to Z, (64) implies that intZ(CZ) ⊃
ΠZ((T̂ (X1) ⊕ Z) ∩ int(C)). Hence it suffices to show the converse inclusion. To do this, let z ∈
intZ(CZ). Then there exists σ > 0 sufficiently small such that z + σ(z − z̄) ∈ CZ, that is, T̂ (x1) +

z + σ(z − z̄) ∈ (T̂ (X1) ⊕ Z) ∩C for some x1 ∈ X1. It follows from (67) and the convexity of C that
T̂ (x1)+z+σ(z−z̄)

1+σ
+

σ(T̂ (x̄1)+z̄+rBT̂ (X1)⊕Z )

1+σ
⊂ (T̂ (X1)⊕Z)∩C, and so T̂

( x1+σx̄1
1+σ

)
+z+

σrBT̂ (X1)⊕Z

1+σ
⊂ (T̂ (X1)⊕Z)∩C.

Hence, by (64) and (63),

CZ ⊃ ΠZ

(
T̂
( x1 + σx̄1

1 + σ

)
+ z +

σrBT̂ (X1)⊕Z

1 + σ

)
= z +

σrΠZ(BT̂ (X1)⊕Z)
1 + σ

.

This shows that z ∈ intZ(CZ) (because ΠZ is an open mapping from T̂ (X1) ⊕ Z onto Z). The proof
is complete. �
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Define f̂ : X2 → Z by

f̂ (x2) := (ΠZ ◦ f )(x2) = ΠZ( f (x2)) ∀x2 ∈ X2.

Then, f̂ is a piecewise linear function between the finite dimensional spaces X2 and Z. For each
i ∈ 1m, recall that P̂i := {x2 ∈ X2 : 〈u∗ik, x2〉 ≤ tik ∀k ∈ 1qi}. By (52), (53), (57) and (58), one has
X2 =

⋃
i∈1m

P̂i and Pi = X1 + P̂i (∀i ∈ 1m). From (54), (60) and the definition of Z (see (61)), it is

easy to verify that

f (X) =
⋃
i∈1m

(T̂ (X1) + Ti(P̂i) + bi) ⊂ T̂ (X1) + Z = T̂ (X1) ⊕ Z

and f (x1+x2) = T̂ (x1)+ f (x2) ∈ T̂ (X1)+ f (x2) for all (x1, x2) ∈ X1×X2. Noting that f (x2)− f̂ (x2) =

f (x2) − ΠZ( f (x2)) ∈ T̂ (X1), it follows that

f (x1 + x2) ∈ T̂ (X1) + f̂ (x2) ∀(x1, x2) ∈ X1 × X2. (68)

To solve the original piecewise linear problem (PLP), consider the following piecewise linear
problem in the framework of finite dimensional spaces:

(P̂LP) CZ −min f̂ (x2) subject to x2 ∈ X2 and ϕ1(x2) ≤ 0, · · · , ϕl(x2) ≤ 0.

Let Â denote the feasible set of (P̂LP). Then the feasible set A of (PLP) is equal to X1 + Â.

Next we establish the relationship between the weak Pareto optimal value set and weak Pareto
solution set (resp. the Pareto solution set) of (PLP) and that of (P̂LP).

Theorem 4.1. Let S w and Ŝ w denote the weak Pareto solution sets of piecewise linear problems
(PLP) and (P̂LP), respectively. The following statements hold:
(i) If (T̂ (X1) ⊕ Z) ∩ int(C) = ∅ then WE( f (A),C) = f (A) and S w = A.
(ii) If (T̂ (X1) ⊕ Z) ∩ int(C) , ∅ then

WE( f (A),C) = T̂ (X1) + WE( f̂ (Â),CZ) and S w = X1 + Ŝ w. (69)

Proof. First suppose that (T̂ (X1) ⊕ Z) ∩ int(C) = ∅. Then, since T̂ (X1) ⊕ Z is a linear subspace of
Y , (T̂ (X1) ⊕ Z) ∩ ((T̂ (X1) ⊕ Z) − int(C)) = ∅. Noting that

f (A) = f (X1 + Â) = T̂ (X1) + f̂ (Â) ⊂ T̂ (X1) ⊕ Z (70)

(thanks to (68)), it follows that f (A) ∩ ( f (A) − int(C)) = ∅. This shows that WE( f (A),C) = f (A)
and S w = A. Next suppose that (T̂ (X1) ⊕ Z) ∩ int(C) , ∅. Then, by Lemma 4.1, intZ(CZ) =

ΠZ(T̂ (X1)⊕Z)∩int(C)). Since ΠZ is the projection from T̂ (X1)⊕Z to Z, T̂ (X1)+E = T̂ (X1)+ΠZ(E)
for any set E in T̂ (X1) ⊕ Z. Hence, by Lemma 4.1,

T̂ (X1) + (T̂ (X1) ⊕ Z) ∩ int(C) = T̂ (X1) + ΠZ((T̂ (X1) ⊕ Z) ∩ int(C))
= T̂ (X1) + intZ(CZ).
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Noting that WE(Ω,C) = Ω \ (Ω + int(C)) for any set in Y , it follows from (70) that

WE( f (A),C) = (T̂ (X1) + f̂ (Â)) \ (T̂ (X1) + f̂ (Â) + int(C))
= (T̂ (X1) + f̂ (Â)) \ (T̂ (X1) + f̂ (Â) + (T̂ (X1) ⊕ Z) ∩ int(C))
= (T̂ (X1) + f̂ (Â)) \ (T̂ (X1) + f̂ (Â) + intZ(CZ))
= T̂ (X1) + f̂ (Â) \ ( f̂ (Â) + intZ(CZ))
= T̂ (X1) + WE( f̂ (Â),CZ).

This shows the first equality of (69). To prove the second equality of (69), let x2 ∈ Ŝ w. Then
x2 ∈ Â and f̂ (x2) ∈WE( f̂ (Â),CZ). Hence,

X1 + x2 ⊂ X1 + Â = A and f (X1 + x2) = T̂ (X1) + f̂ (x2) ⊂WE( f (A),C)

(thanks to (68) and the first equality of (69)). It follows that X1 + x2 ⊂ S w and so X1 + Ŝ w ⊂ S w.
Conversely, let x ∈ S w. Then there exists (x1, x2) ∈ X1 × Â such that x = x1 + x2 and f (x1 + x2) ∈
WE( f (A),C) = T̂ (X1) + WE( f̂ (Â),CZ). Noting that f (x1 + x2) ∈ f (X1 + x2) = T̂ (X1) + f̂ (x2) and
T̂ (X1)∩Z = {0}, one has f̂ (x2) ∈WE( f̂ (Â),CZ). Hence x2 ∈ Ŝ w and x = x1 + x2 ∈ X1 + Ŝ w. Hence
the second equality of (69) holds. �

Theorem 4.2. Let (x1, x2) ∈ X1×Â. Then f (x1+x2) ∈ E( f (A),C) if and only if f̂ (x2) ∈ E( f̂ (Â),CZ)
and CZ = C ∩ (T̂ (X1) ⊕ Z).

Proof. By (68), f (A) = f (X1 + Â) = T̂ (X1) + f̂ (Â). Hence

f (A) − f (x1 + x2) = T̂ (X1) + f̂ (Â) − f̂ (x2).

Noting that f̂ (Â) − f̂ (x2) ⊂ Z, it follows that

( f (A) − f (x1 + x2)) ∩ −C = (T̂ (X1) + f̂ (Â) − f̂ (x2)) ∩ −(C ∩ (T̂ (X1) ⊕ Z)).

Thus, from the definitions of the projection ΠZ : T̂ (X1)⊕Z → Z (see (63)), it is easy to verify that

( f (A) − f (x1 + x2)) ∩ −C = Π1(C ∩ (T̂ (X1) ⊕ Z)) + ( f̂ (Â) − f̂ (x2)) ∩ −CZ,

where Π1(y + z) = y for all (y, z) ∈ T̂ (X1) ⊕ Z. Therefore, f (x1 + x2) ∈ E( f (A),C) is equivalent to

Π1(C ∩ (T̂ (X1) ⊕ Z)) + ( f̂ (Â) − f̂ (x2)) ∩ −CZ = {0}.

Since T̂ (X1) ∩ Z = {0}, it follows that f (x1 + x2) ∈ E( f (A),C) if and only if

Π1(C ∩ (T̂ (X1) ⊕ Z)) = ( f̂ (Â) − f̂ (x2)) ∩ −CZ = {0},

namely CZ = C ∩ (T̂ (X1) ⊕ Z) and f̂ (x2) ∈ E( f̂ (Â),CZ). The proof is complete. �

The following corollary is a consequence of Theorem 4.2.
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Corollary 4.1. Let Ŝ denote the Pareto solution set of piecewise linear problem (P̂LP). The
following statements hold:
(i) If CZ , C ∩ (T̂ (X1) ⊕ Z) then S = ∅.
(ii) If CZ = C ∩ (T̂ (X1) ⊕ Z) then

S = X1 + Ŝ and E( f (A),C) = T̂ (X1) + E( f̂ (Â),CZ).

Remark 4.1 By Corollary 4.1(i) and Theorem 4.1(i), piecewise linear problem

(PLP) has no Pareto solution when CZ , C ∩ (T̂ (X1) ⊕ Z), and the weak Pareto solution set
of (PLP) is just the entire feasible set A of (PLP) when (T̂ (X1) ⊕ Z) ∩ int(C) = ∅. Therefore,
we only need to consider the Pareto solution set and the weak Pareto solution of (PLP) when
CZ = C ∩ (T̂ (X1) ⊕ Z) and (T̂ (X1) ⊕ Z) ∩ int(C) , ∅, respectively.

To establish formulas for the solution sets of fully piecewise linear problem (PLP), for i ∈ 1m,
consider the following linear subproblems

(LP)i C −min Tix + bi subject to x ∈ Ai.

In the framework of finite dimensional spaces, we also consider the following linear subproblem

(L̂P)i CZ −min ΠZ(Tix + bi) subject to x ∈ Âi,

where Âi is as in (65).

By Theorem 4.1 and Corollary 4.1 (with linear problems (LP)i and (L̂P)i replacing respec-
tively piecewise linear problems (PLP) and (P̂LP)), we have the following result (thanks to
Ai = X1 + Âi).

Proposition 4.1. For each i ∈ 1m, let S i (resp. S w
i ) and Ŝ i (resp. Ŝ w

i ) denote the Pareto solution
sets (resp. weak Pareto solution sets) of linear problem (LP)i and (L̂P)i, respectively. The follow-
ing statements hold:
(i) S i = ∅ if CZ , C ∩ (T̂ (X1) ⊕ Z).
(ii) S i = X1 + Ŝ i if CZ = C ∩ (T̂ (X1) ⊕ Z).
(iii) S w

i = Ai if (T̂ (X1) ⊕ Z) ∩ int(C) = ∅.
(iv) S w

i = X1 + Ŝ w
i if (T̂ (X1) ⊕ Z) ∩ int(C) , ∅.

The following theorem provides formulas for the weak Pareto solution set and weak Pareto
optimal value set for piecewise linear problem (P̂LP). Recall that a weak Pareto face (resp. Pareto
face) F of linear problem (LP)i is a face of Ai such that each point in F is a weak Pareto solution
(resp. Pareto solution) of (LP)i. We also need the following theorem by Arrow, Barankin and
Blackwell [2].

Theorem ABB. Let X = Rp, Y = Rq and C = R
q
+. Suppose that f and each ϕ j in (PLP)

are linear. Then the Pareto solution set and weak Pareto solution set of (PLP) are the unions of
finitely many faces of the feasible set A.

Theorem 4.3. For each i ∈ 1m, let

V̂w
i := ΠZ

(
Ti(Âi) + bi

)
\
(

f̂ (Â) + intZ(CZ)
)

(71)
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and
S̆ i := Âi ∩ (ΠZ ◦ Ti)−1

(
V̂w

i − ΠZ(bi)
)
. (72)

Suppose that (T̂ (X1) ⊕ Z) ∩ int(C) , ∅. Then the following statements hold:
(i) Ŝ w =

⋃
i∈Ī

S̆ i and WE
(

f̂ (Â),CZ

)
=

⋃
i∈Ī

V̂w
i , where I := {i ∈ 1m : Âi , ∅}.

(ii) If, in addition, the ordering cone C in Y is assumed to be polyhedral, then for each i ∈ Ī there

exist finitely many polyhedra P̂i1, · · · , P̂iqi in X2 and faces F̂i1, · · · , F̂iqi of Âi such that S̆ i =
qi⋃
j=1

P̂i j

and P̂i j ⊂ F̂i j ⊂ Ŝ w
i for all j ∈ 1qi. Consequently, Ŝ w is the union of finitely many polyhedra in

X2, each one of which is contained in a weak Pareto face of some linear subproblem (L̂P)i.

Proof. Let i be an arbitrary element in Ī. Then, since f̂ (x̂) = ΠZ(Ti(x̂)) + ΠZ(bi) for all x̂ ∈ Âi,
Âi ∩ (ΠZ ◦ Ti)−1(V̂w

i − ΠZ(bi)) = Âi ∩ f̂ −1(V̂w
i ). Hence, by (71) and (72),

S̆ i = Âi ∩ f̂ −1(V̂w
i ) and V̂w

i = f̂ (S̆ i). (73)

Thus, to prove (i), it suffices to show that S̆ i = Ŝ w ∩ Âi (because Â =
⋃
i∈Ī

Âi and f̂ (Ŝ w) =

WE( f̂ (Â),CZ)). To do this, let âi ∈ Ŝ w ∩ Âi. Then f̂ (âi) ∈ WE( f̂ (Â),CZ), that is, f̂ (âi) <
f̂ (Â) + intZ(CZ). Since

f̂ (âi) = ΠZ(Ti(âi) + bi) ∈ ΠZ(Ti(Âi) + bi),

this and (71) imply that f̂ (âi) ∈ V̂w
i . Hence âi ∈ S̆ i (thanks to (73)). This shows that Ŝ w ∩ Âi ⊂ S̆ i.

Conversely, let âi ∈ S̆ i. Then, by (72), âi ∈ Âi, ΠZ(Ti(âi)) ∈ V̂w
i − ΠZ(bi) and so f̂ (âi) ∈ V̂w

i . Since
f̂ (âi) ∈ f̂ (Âi) = ΠZ

(
Ti(Âi) + bi

)
, f̂ (âi) < f̂ (Â) + intZ(CZ) (thanks to (71)). Noting that Âi ⊂ Â, it

follows that f̂ (âi) ∈ f̂ (Â)\
(
f̂ (Â)+intZ(CZ)

)
= WE( f̂ (Â),CZ), and so âi ∈ Âi∩ f̂ −1(WE( f̂ (Â),CZ)) =

Âi ∩ Ŝ w. This shows that S̆ i ⊂ Âi ∩ Ŝ w. Therefore, S̆ i = Âi ∩ Ŝ w. The proof of (i) is complete.

To prove (ii), suppose that the ordering cone C is polyhedral. Then, since the projection
mapping ΠZ : T̂ (X1) ⊕ Z → Z is a linear operator and since Z is finite dimensional, CZ =

ΠZ((T̂ (X1)⊕Z)∩C) is a polyhedral cone in Z (thanks to [16, Theorem 19.3] and Proposition 2.1).
On the other hand, by the assumption that (T̂ (X1) ⊕ Z) ∩ int(C) , ∅, Lemma 4.1 implies that

intZ(CZ) = ΠZ((T̂ (X1) ⊕ Z) ∩ int(C)) , ∅.

Since ΠZ(T j(Â j)+b j) and CZ are polyhedra in the finite dimensional space Z, their sum ΠZ(T j(Â j)+
b j) +CZ is a polyhedron in Z and so is closed. Hence ΠZ(T j(Â j) + b j) +CZ = cl

(
ΠZ(T j(Â j) + b j) +

intZ(CZ)
)
. Noting that ΠZ(T j(Â j) + b j) + intZ(CZ) is open in Z, it follows that

intZ
(
ΠZ(T j(Â j) + b j) + CZ

)
= ΠZ(T j(Â j) + b j) + intZ(CZ).

Thus, by Proposition 2.1, there exist (z∗j1, r j1), · · · , (z∗jq j
, r jq j) in Z∗ × R such that

ΠZ(T j(Â j) + b j) + intZ(CZ) = {z ∈ Z : 〈z∗jk, z〉 < r jk, k = 1 · · · , q j}. (74)
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Since Â =
⋃
j∈Ī

Â j, it follows from (71) that

V̂w
i = ΠZ(Ti(Âi) + bi) \

⋃
j∈Ī

( f̂ (Â j) + intZ(CZ)


= ΠZ(Ti(Âi) + bi) \

⋃
j∈Ī

(ΠZ(T j(Â j) + b j) + intZ(CZ)


= ΠZ(Ti(Âi) + bi) \

⋃
j∈Ī

q j⋂
k=1

{z ∈ Z : 〈z∗jk, z〉 < r jk}


=

⋂
j∈Ī

q j⋃
k=1

(
ΠZ(Ti(Âi) + bi) \ {z ∈ Z : 〈z∗jk, z〉 < r jk}

)
=

⋂
j∈Ī

q j⋃
k=1

(
ΠZ(Ti(Âi) + bi) ∩ {z ∈ Z : 〈z∗jk, z〉 ≥ r jk}

)
.

Since Ī is a subset of 1m, we assume without loss of generality that there exists n ∈ 1m such that
Ī = 1n. For any (k1, · · · , kn) ∈ 1q1 × · · · × 1qn, let

Qi
(k1,··· ,kn) :=

n⋂
j=1

(
ΠZ(Ti(Âi) + bi) ∩ {z ∈ Z : 〈z∗jk j

, z〉 ≥ r jk j}
)
.

Then, each Qi
(k1,··· ,kn) is a polyhedron in Z and

V̂w
i =

⋃
(k1,··· ,kn)∈Πi

Qi
(k1,··· ,kn), (75)

where Πi :=
{
(k1, · · · , kn) ∈ 1q1 × · · · × 1qn : Qi

(k1,··· ,kn) , ∅
}
. Let

P̂i
(k1,··· ,kn) := Âi ∩ (ΠZ ◦ Ti)−1(Qi

(k1,··· ,kn) − ΠZ(bi)) ∀(k1, · · · , kn) ∈ Πi.

Then each P̂i
(k1,··· ,kn) is a polyhedron in the finite dimensional space X2 and

S̆ i = Âi ∩ (ΠZ ◦ Ti)−1(V̂w
i − ΠZ(bi)) =

⋃
(k1,··· ,kn)∈Πi

P̂i
(k1,··· ,kn). (76)

Thus, to prove (ii), it suffices to show that for each (k1, · · · , kn) ∈ Πi there exists a face F̂ of Âi such
that P̂i

(k1,··· ,kn) ⊂ F̂ ⊂ Ŝ w
i . By Theorem ABB (applied to linear problem (L̂P)i), there exist finitely

many faces F̂i1 · · · , F̂iνi of Âi such that Ŝ w
i =

νi⋃
j=1

F̂i j. Noting that each P̂i
(k1,··· ,kn) is contained in Ŝ w

i

(thanks to (i) and (76)), it follows from Proposition 2.4 that P̂i
(k1,··· ,kn) ⊂ F̂i j′ for some j′ ∈ 1νi. The

proof is complete. �

22



Formulas (i) and (ii) in Step 3 of the procedure provided in Section 1 are immediate from
Theorems 4.1 and 4.3.

To establish formulas for the Pareto solution set and Pareto optimal value set, we need the
following lemma, which is a variant of a formula appearing in the proof of [24, Theorem 3.4].

Lemma 4.2. Let B1, · · · , Bm be subsets of Y. Then

E

⋃
i∈1m

Bi,C

 =
⋃
i∈1m

⋂
j∈1m

(
E(Bi,C) \ ((B j + C) \ E(B j,C))

)
.

Proof. Let B :=
⋃

i∈1m
Bi and Ei :=

⋂
j∈1m

(
E(Bi,C) \ ((B j + C) \ E(B j,C))

)
for all i ∈ 1m. We need

to show E(B,C) =
m⋃

i=1
Ei. For each y′ ∈ E(B,C), there exists i′ ∈ 1m such that y′ ∈ Bi′ and so

y′ ∈ E(Bi′ ,C). Since (B j + C) ∩ E(B,C) ⊂ E(B j,C) for all j ∈ 1m, y′ ∈ E(B j,C) for all j ∈
1m with y′ ∈ B j + C. It follows that y′ < (B j + C) \ E(B j,C) for all j ∈ 1m. Hence y′ ∈
E(Bi′ ,C) \ ((B j + C) \ E(B j,C))) for all j ∈ 1m, that is, y′ ∈ Ei′ . This shows that E(B,C) ⊂

⋃
i∈1m

Ei.

Conversely, let y ∈
m⋃

i=1
Ei. Then there exists i0 ∈ 1m such that y ∈ Ei0 . Let z ∈ B∩ (y−C). We only

need to show z = y. Take j ∈ 1m such that z ∈ B j. It follows that z ∈ B j ∩ (y − C). Noting that
Ei0 ⊂ E(Bi0 ,C), it is clear that z = y if j = i0. Now suppose that j , i0. By the definition of Ei0 ,
one has y ∈ E(Bi0 ,C)\((B j +C)\E(B j,C)), and so y < (B j +C)\E(B j,C). Since y ∈ z+C ⊂ B j +C,
y ∈ E(B j,C). Hence {y} = B j ∩ (y −C) 3 z. This shows that y = z. The proof is complete. �

Proposition 4.2. Let Ŝ and Ŝ i (i ∈ Ī := {i ∈ 1m : Âi , ∅}) denote the Pareto solution set
of piecewise linear problem (P̂LP) and linear subproblem (L̂P)i, respectively. Suppose that the
ordering cone C is polyhedral. Then there exist finitely many generalized polyhedra F̂1, · · · , F̂p

in X2 such that the following statements hold:

(i) Ŝ =
p⋃

k=1
F̂k.

(ii) For each k ∈ 1p there exist i ∈ Ī and a face F̂ of Âi such that F̂k ⊂ F̂ ⊂ Ŝ i.

Proof. For each i ∈ Ī, let S̃ i := Âi ∩ Ŝ . Then Ŝ =
⋃
i∈Ī

S̃ i, and S̃ i is clearly contained in the

Pareto solution set Ŝ i of linear subproblem (L̂P)i. Thus, by Theorem ABB and Proposition 2.4, it
suffices to show that there exist finitely many generalized polyhedra Ĝi1, · · · , Ĝiνi in X2 such that

S̃ i =
νi⋃

k=1
Ĝik. Noting that f̂ |Âi

= ΠZ ◦ f |Âi
= ΠZ ◦ Ti|Âi

+ ΠZ(bi), one has

S̃ i = Âi ∩ f̂ −1(E( f̂ (Â),CZ)) = Âi ∩ (ΠZ ◦ Ti)−1(E( f̂ (Â),CZ) − ΠZ(bi)). (77)

Since C is a polyhedral cone in Y , C ∩ (T̂ (X1) ⊕ Z) is a polyhedral cone in T̂ (X1) ⊕ Z. Hence
CZ = ΠZ(C ∩ (T̂ (X1) ⊕ Z)) is a polyhedral cone in the finite dimensional space Z. It follows
that B j + CZ is a polyhedron in Z and E(B j,CZ) = E(B j + CZ,CZ) is the union of finitely many
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polyhedra in Z for each j ∈ Ī (thanks to Theorem ABB), where B j := ΠZ(T j(Â j) + b j). Hence
Ei :=

⋂
j∈Ī

E(Bi,CZ) \
(
B j + CZ) \ E(B j,CZ)

)
is the union of finitely many generalized polehedra in

Z for all i ∈ Ī. Since
f̂ (Â) =

⋃
i∈Ī

f̂ (Âi) =
⋃
i∈Ī

Bi,

This and Lemma 4.2 imply that E( f̂ (Â),CZ) =
⋃
i∈Ī

Ei and so E( f̂ (Â),CZ) is the union of finitely

many generalized polyhedra in Z. Thus, by (77), for each i ∈ Ī there exist finitely many general-

ized polyhedra Ĝi1, · · · , Ĝiνi in X2 such that S̃ i =
νi⋃

k=1
Ĝik. The proof is complete. �

Based on Corollary 4.1 and Proposition 4.2 (and its proof), we can establish exact formulas for
the Pareto solution set and Pareto optimal value set of fully piecewise linear vector optimization
problem (PLP).

The following corollary establishes the structure of the weak Pareto solution set and Pareto
solution set for (PLP).

Corollary 4.2. Let S w and S be the weak Pareto solution set and Pareto solution set of fully
piecewise linear vector optimization problem (PLP), respectively. Suppose that the ordering cone
C is polyhedral. Then the following statements hold:

(i) There exist finitely many polyhedra F1, · · · , Fp in X such that S w =
p⋃

k=1
Fk and each Fk is

contained in a weak Pareto face of some linear subproblem (LP)i.

(ii) There exist finitely many generalized polyhedra F1, · · · , Fp in X such that S =
p⋃

k=1
Fk and Fk

is contained in a Pareto face of some linear subproblem (LP)i.

Corollary 4.2 is immediate from Theorem 4.1, Corollary 4.1, Propositions 4.1, 4.2 and 4.3
and Corollary 2.2.

Dropping the polyhedral assumption on the ordering cone C but imposing the C-convexity
assumption on f (A), we have the following structure theorem on the weak Pareto solution set of
(PLP), which generalizes and improves the corresponding result established by Arrow et al. [2]
in the finite dimensional and linear case.

Theorem 4.4. Let C be a convex cone in Y such that f (A) is C-convex, that is, f (A) + C is
a convex subset of Y. Then there exist finitely many polyhedra F1, · · · , Fp in X satisfying the
following properties:

(i) S w =
p⋃

k=1
Fk.

(ii) For each k there exists i ∈ Ī such that Fk is a face of Ai and Fk ⊂ S w
i , where Ī := {i ∈ 1m :

Ai , ∅} and S w
i is the weak Pareto solution set of linear subproblem (LP)i.

Consequently each Fk is just a weak Pareto face of linear subproblem (LP)i for some i ∈ Ī.

Proof. Let x ∈ A. Then x ∈ S w if and only if f (A) ∩ ( f (x) − int(C)) = ∅, which is equivalent to
( f (A) + C)∩ ( f (x) − int(C)) = ∅. Thus, by the separation theorem and the convexity of f (A) + C,
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x ∈ S w if and only if there exists c∗ ∈ C+ \ {0} such that 〈c∗, f (x)〉 = inf
u∈A
〈c∗, f (u)〉. Let

S w(c∗) :=
{
x ∈ A : 〈c∗, f (x)〉 = inf

u∈A
〈c∗, f (u)〉

}
∀c∗ ∈ C+ \ {0}

and C+( f , A) :=
{
c∗ ∈ C∗ \ {0} : S w(c∗) , ∅

}
. Then, since the feasible set A of (PLP) is equal

to
⋃

i∈1m
Ai, one has S w =

⋃
c∗∈C+( f ,A)

S w(c∗) =
⋃

c∗∈C+( f ,A)

⋃
i∈Λ(c∗)

S w(c∗) ∩ Ai, where Λ(c∗) := {i ∈ Ī :

S w(c∗) ∩ Ai , ∅}. On the other hand, for c∗ ∈ C+( f , A) and i ∈ Λ(c∗),

S w(c∗) ∩ Ai = {x ∈ Ai : 〈c∗, f (x) = min
u∈Ai
〈c∗, f (u)〉}

= {x ∈ Ai : 〈c∗,Tix + bi〉 = min
u∈Ai
〈c∗,Tiu + bi〉}

= {x ∈ Ai : 〈c∗,Tix〉 = min
u∈Ai
〈c∗,Tiu〉}

= {x ∈ Ai : 〈T ∗i (c∗), x〉 = min
u∈Ai
〈T ∗i (c∗), u〉}

(thanks to (54) and (55)) is a face of Ai and a subset of the weak Pareto solution set of linear
subproblem (LP)i. Since every polyhedron only has finitely many faces, there exist c∗1, · · · , c

∗
p ∈

C+( f , A) such that

S w =
⋃

c∗∈C+( f ,A)

⋃
i∈Λ(c∗)

S w(c∗) ∩ Ai =

p⋃
k=1

⋃
i∈Λ(c∗k)

S w(c∗k) ∩ Ai.

The proof is complete. �

Remark 4.2 If Y = R and C = R+, then each set in Y is trivially C-convex. The C-convexity
of the set f (A) is equivalent to that the function f is C-convexlike on A(cf. [18]).

In the framework of locally convex topological vector spaces, Luan [9] considered the struc-
ture of solution sets for (PLP) when each ϕ j is linear. It is worth mentioning that our all results
are still valid when X and Y are locally convex topological vector spaces. In fact, noting that
Proposition 2.1 is valid when Z is a locally convex topological vector space and that the subspace
Z2 in Proposition 2.1 is finite-dimensional, Z2 can be regarded as a normed space (because Z2 and
Rdim(Z2) are linearly isomorphic and topologically homeomorphous (cf. [17]).

5 Conclusions

In this paper, we clarify relations between two kinds of piecewise linear functions. In particular, it
is proved that there does not exist a piecewise (single-valued) function into an infinite dimensional
space such that its graph is the union of finitely many polyhedra. With the help of the Fubini
theorem on measure theory, we prove in a constructive way that every piecewise linear function
between two infinite dimensional spaces can be represented as the sum of a linear operator on an
infinite dimensional subspace and a piecewise linear function on a finite dimensional subspace.
Based on such a representation, we provide a dimensional reduction method for solving a fully
piecewise linear vector optimization problem (PLP). Using such a reduction method, we establish
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procedures to obtain exact formulas for (weak) optimal value sets and (weak) Pareto solution
sets of (PLP), which requires only to solve two systems of linear equations and to compute the
projections to the solution space of a system of linear equations. As a consequence, the weak
Pareto solution set of (PLP) is proved to be the union of finitely many polyhedra, each of which
is contained in a weak Pareto face of some linear subproblem. This is new even in the case where
every constraint function is linear.
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